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ABSTRACT
This paper investigates the concepts of distributive ideal, dually distributive ideal and standard
ideal in a join semilattice. It concerns with the property of ideals in a distributive semilattice. We
obtain a characterization theorem for distributive (dually distributive) and standard ideal in a join
semilattice. We establish the necessary and sufficient condition for a distributive ideal to be
standard ideal. Finally, we bear out the fundamental theorem of homomorphism and
Isomorphism theorem of standard ideal.

Keywords: Distributive ideal, Distributive semilattice, Dually Distributive ideal, Standard ideal,
Join Semi Lattice.

[AMS Subject Classification (2000): 06A12, 06A06, A6B99)]

1. INTRODUCTION

The concept of distributive ideal, standard ideal and neutral ideal in a lattice L has been
introduced and studied by Hashimoto (1952); and Gratzer and Schmidt (1961). Properties of
distributive ideals of Birkhoff (1967) are considered in our work. In this paper we studied the
notion of distributive (dually) ideal and standard ideal in a semilattice of Gratzer (1978) and
produced a characterization theorem of standard ideal. The necessary and sufficient condition for
a distributive ideal to be standard ideal was produced. Finally, the fundamental theorem of

homomorphism and Isomorphism theorem of standard ideal were proved.

2. METHODOLOGY
Hashimoto (1952) and Gratzer and Schmidt (1961) have defined standard and distributive ideal
and standard and distributive element in a lattice L and an example of standard ideal as a

[1P-b]

principal ideal. Also, they afforded a result that if “s” 1is a standard element and if “a” is an

arbitrary element of lattice, then a A s is a standard element of the principal ideal (a] and this
result is not valid for distributive elements. The properties of distributive ideals Birkhoff (1967)

were considered for our work and we investigated the notion of distributive (dually) ideal,
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standard ideal in a semilattice of Gratzer (1978) and produced a characterization theorem of
standard ideal. We established the necessary and sufficient condition for a distributive ideal to be
standard ideal. Finally, we obtained the fundamental theorem of homomorphism and

isomorphism theorem of standard ideal.

3. DISTRIBUTIVE IDEALS
3.1. Definition
A semilattice is a partially ordered set (S, <) in which any two elements in S have the least upper

bound in S.

3.2. Definition

A semilattice is a non empty set S with binary operation v defined on it and satisfies the

following:

Idempotent law : ava= a forallain§,

Commutative law avb= bva foralla, binS§,

Associative law : av(bvc) = (avb)vce forallab,cinS.
3.3. Theorem

In a semilattice S, define a < b if and only if a v b ="b for all a, b in S. Then (S, <) is an ordered
set in which every elements has a least upper bound, conversely, given an ordered set P with that

property, define a v b =1.u.b.(a, b). Then (P, <) is a semilattice.

3.4. Definition

A non empty subset D of a semilattice S is called an ideal if

(i) forxinD,yinD=xvyinD, (i) forxinD,tinSandt<x = tinD.

3.5. Theorem
If I(S) denotes the set of all ideals of a semilattice S, then I(S) is a lattice with respective to the
following:

(1) D]S Dz if and only if D1 c Dz
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(i) D;vD, ={xinS/x= XV Xy, where x;isinDj, xyisin Dy}
(i) Dy A D; ={xinS/xisin D;andx is in D,}; where D, D, are in I(S).
3. 6. Definition
The smallest ideal containing x in S is denoted by (x] and is given by (x] = { sin S /s < x}.

Such ideal is called principal ideal generated by x.

3.7. Definition
An ideal D of a semilattice S is called distributive ideal if and only if

DvXAY)=(DvX)A(DvVvY)forall X, Y in I(S).

3.8. Definition
An ideal D of semilattice S is called dually distributive ideal if and only if
DAXVY)=(DAX)v(DAY) forall X, Y in I(S).

3.9. Remark
The following example shows that an ideal need not be a distributive or dually distributive.
Consider the semilattice S={l,ab.c,a,...... , 1,30 } given in figure 1.
1
b
a

a;

a9

Figure 1. Semilattice ideal need not be a distributive (dually distributive).

Clearly D={ ay, aj..... ap,a}, X={ ao, a;..... ay,b}, and Y={ ao, a;..... a,,c} are ideals of S.
Now X A Y = {ay, aj........ an} , DV (XAY)={apa........ an, a},

DvX =SandDvY=S.

Therefore  DvX)A(DvY)=Sand (DvX)A(DVvY)zDv (X AY).

Hence D is not a distributive ideal of the semilattice S.
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Therefore DA(XVvY)= (DAX)v(DAY)

Hence D is not a dually distributive ideal of the semilattice S.

3.10. Result

If D; and D, are distributive ideals then D; v D, is also distributive.

3.10.1. Proof : Let Dy and D, are distributive ideals of S. Then for any two ideals X and Y of S,
DivD)V((XAY)=Dv(Dav(XAY))

=D; v [(D2Vv X) A (D2v Y)] (as Dy is distributive)

=[(D; v (Dyv X)]A[D;v (D:VvY)] (as D, is distributive)

=[D1v D) vX]A[DivDy)vY]

Therefore Dy v D, is a distributive ideal.

3.11. Definition

A semilattice S is said to be directed below if a, b € S, then there exists ¢ such thatc <a, ¢ <b.

3.12. Definition
A semilattice S is called distributive if and only if w < a v b, where w, a, b in S = there exists x,

yinSsuchthatx <a,y<bandw=xvy.

3.13. Theorem
A semilattice S is distributive if and only if
(1) Sis directed below.
(i1) The lattice I(S) of all ideals of S is a distributive lattice.

3.13.1. Proof : Suppose a semilattice S is distributive.
(1) To prove that S is directed below:
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Leta,barein S. Thenav b € S. Since a <a v b and S is distributive there exists X, y in S such
thatx <a,y<banda=xvy.Triviallyy<xvy=a.
Therefore for a, b in S there exists y in S such that y <a, y <b so that S is directed below.

(i1) To prove that the lattice I(S) is distributive:

Nowx vy e D;v (D ADs)

<xeD,ye (D, ADs)<>xeDj,yeDyandy € Ds
<xeDjyeDyandxeD; yeDiexvyeDivDyandxvy € DyvDs
& xvye (DivDy) A(DyvDs).

Therefore D; v ( Dy A D3) = (D;v Dy) A (D v Ds).

Alsox vy e (D; ADy) v (D; ADj)

<xeDiADy; yeDiADsexeDjandx e D; ye Dy andy € D3
<xeDjyeDiandxe D, yeDis<xvyeDiandxvy e DyvDs

< xvye D A(DyvD;).

Therefore D; A ( Dy v D3) = (D A Dy) v (D1 A Ds3) and I(S) is a distributive lattice.
Conversely, suppose that S is directed below and I(S) is distributive lattice.
Letw<avbwherea,b,w e S.

Now (W] = (W] A ((a] v (b])= (W] A (a]) v (W] A (b]) =ap Vv a;,where a, € (a], a; € (b].
Hence there exists ag, a; in S such that ag <a; a; <band (w] =a v a;.

Therefore S is distributive semilattice.

3.14. Definition A binary relation 0 on a lattice L is called congruence relation if
(1) Oisreflexive:x=x(0) forall xin L
(i1)) Oissymmetric:x=y (0) =>y=x(0)forallx,yinL
(i11)) O is transitive : x=y(0) and y = z(0)
=x=z(0)forallx,y,zin L
(iv) 0 satisfies substitution Property : x =x;(0) and y = y;(0)

=xvy =x;vyi(@)andx Ay=x; Ay () forall x,y, x5, yiin L.

3.15. Theorem

Let D be an ideal of semilattice S. Then the following conditions are equivalent.
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(1) D is distributive.

(i1) The map ¢ : X = D v X is a homomorphism of I(S) onto
[D)={XinI(S)/ X =D}.

(ii1) The binary relation 0p on I(S) is defined by X =Y (Op) if and only if

DvX=DvVvY,, where X, Y in I(S) is a congruence relation.

3.15.1. Proof: Let D be an ideal of semilattice S.

To prove that (i) = (ii):

Suppose (i) holds. Then Dv (X AY)=(D v X) A(D Vv Y) for all X, Y in I(S)
Defineamapp: X >DvXbyo(X)=DvX. — (1)

For X, YinI(S),p(XvY)=DvXvY)=DvD)v(XvY)=Dv[Dv(XVY)]
=Dv[DvXvY]|=Dv(DvX)vY)[=DvX)v(DVY) =0X)Vv ¢(Y).

Similarly, p (X AY)=DVv(XAY)=(DVvX)ADVY)=0(X)Ao(Y).

Therefore @ is homomorphism.

Next let X in [D). Then X > D so that ¢ (X) =D v X =X.

Therefore for any X in [D), there exists X in I(S) such that ¢ (X) = X so that ¢ is homomorphism
of I(S) onto [D).

To prove (1i) = (iii):

Suppose the map ¢: X — D v X is a homomorphism of I(S) onto

[D)={ X in I(S)/X > D}.Define the binary relation Op in I(S) as X =Y (0p) if and only if D v
X =D v Y where X, Y in I(S). We shall show that the relation is congruence:

(a) For any X in I(S), D v X =D v X trivially so that X = X (6p) for all X in I(S). Therefore 0p, is
reflexive.

(b)For X, YinI(S),X=Y(6p) >DvX=DvY=>DvY=DvX=Y=X(0p).

Therefore Op is symmetry.

(c)For X, Y,ZinI(S),X=Y Op)andY=Z(0p) >DvX=DvYandDvY=DvZ=Dv
X =D v Z = X=Z(0p). Therefore Op is Transitive.

(d) Substitution Property:

Suppose X =X; (Op)and Y=Y, (Op) for X, Y, X}, Y inI(S). ThenDv X=Dv X;andDVvY
=DvY:. - (2)
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By (1) and (2) and since ¢ is a homomorphism,
DvXvY)=eXvY)=0X)ve(Y),
=DvX)v(DvY)=DvX) ) viDvY)=0oX)Vveo(Y)=0(XVvY)
=Dv(X;vY)).

Therefore X vY=(X;vY)op.

Similarly we can prove that X A Y = (X; A Y)0p.

Therefore Op is a congruence relation.

To show that (ii1) = (1):

Suppose the binary relation Op defined by X =Y (Op) ifand only if Dv X=Dv Yisa
congruence relation.

For X, YinI(S), Dv(DvX)=(DvD)vX=DvX=DvX=X(0p)

= X =D v X (6p) by symmetry. Similarly we can prove Y =D v Y (Op).

Then by substitution property X AY=[ (D v X) A (D v Y)] (0p).

Hence DV (XAY) =Dv(DVvXX)ADVY) =DvX)A(DVY).

Therefore D is distributive.

3.16. Result
Let D be an ideal of semilattice S. Then by applying the principle of duality to 2.15 we can have
the equivalence of the following conditions.
(1) D is dually distributive.
(i) The map ¢ : X > D A X is a homomorphism of
[(S)onto (D]={XinI(S)/X<D.}
(ii1) The binary relation 0p on I(S) is defined by X =Y (Op) if and only if

DAX=DAY,where X, Y in I(S) is a congruence relation.

3.17. Definition

An ideal D of a semilattice S is called standard ideal if
X/\(DVY) = (X/\D)V(X/\Y) for all X,Y e I(s).

The following example shows that every ideal need not be a standard ideal.
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3.18. Example
Let S = {ay, aj, ay,..... ay,a, b,c,d,1} be the semilattice as shown in figure 2 and let D = {a,, a,,
a,..... ap,a} < S.

Then forallx,y €D, xvy=aanda eD. Nextletx €D, teS and lett <x.
Now t <x and x €D implies that t = a; ,

0<i<nort=a.lIneither caseta €D and D is an ideal of S.

Similarly we can show that X = {a, a;, a,,..... a,, b}and

Y = {ay, aj, az,..... ap, ¢}, are ideals of S. Now X AY = {ap, a, .....a,} ; DVvY=S,

X AD={ay, ai,.... an}, X/\(DVY):{ao, ai,.... ap, b}=X and (X/\D)\/(X/\Y):{ao, al,.... an}.
Therefore XA(DVY)#(XAD)V(XAY),

shows that X is not a standard ideal.

Figure 2. Semilattice ideal need not be a standard ideal.

3.19. Theorem
Let L be lattice and let &be the binary relation on L defined by: x = y(0) if and only if x <y. If 0
is reflexive and symmetric, then 0 is a congruence relation if and only if the following three

properties are satisfied for all x,y,z in L.
i) x=y(@)exay=(xvy)(d)
(i) x<y<z,x=y(f)andy=z(0)=x=12(0)

(1) Xx= y(@) and X < y:>X/\t=(y/\t)(6) and th=(yvt)(9) forallte L
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3.19.1. Proof: Let the binary relation 6 defined on a lattice L by:

x=y(0) if and only if x<ybe reflexive and symmetric. Assume that @ is a congruence

relation. We prove that 0 satisfies the properties (1), (i1) and (iii).

(1) Letx= y(H). Then x <y and this implies XxAy=X and xv Yy =Yy so that

XAY= (X v y)(é’) .Conversely, suppose XA Y= (Xv y)(49). Then XA Yy<Xvyand this implies
XAY<X orxAy=x(6). Since 8 is symmetric we havex=XAy(6). Since 8 is a congruence
relation, this gives X = y ().

(i) Let x<y<z,then x<yand y<z and this implies X = y(@) and y= 2(6’).

Since @ is a congruence relation @ is transitive, so that X =2 (0)

(ii1) Let x= y(H) andX <y, then fort € L, xvt<yvtimplies Xvt E(yvt)(é’) and similarly
XAt<yat fortin L, we have X At = y/\t(ﬁ).

Conversely, suppose @ satisfies the properties (i), (ii) and (iii).
We shall show that & is a congruence relation.

Given 6 is reflexive and symmetric.

Let x=Yy(6) andy=12(0). Then x<y and y<z and these implyXx<y<z.
By property (ii) we have x = z(6).Therefore 6 is transitive.

Let x=X (0)and y=y,(0) sothat x<x andy<y,.

This together with the property (iii) gives

XvYy=XVvyandalso XAYy=X /\yl(é?) forx,y,,X,yeL.

Thus @ satisfies substitution property.

Hence, @ is a congruence relation.
3.20. Theorem

Let D be an ideal of a semilattice S. Then, the following conditions are equivalent.

(1) D is standard ideal.

© CNCS, Mekelle University 28 ISSN:2220-184X



Rama Ravi Kumar,E.S., Venkateswara Rao, J and Srinivas Kumar,V (MEJS)  Volume 3 (1):20-36, 2011

(2) The binary relation 8, on I(S) defined by X =Y (‘90 ) if and only if (X A Y) vD, =XVvY for
some D, <D is a congruence relation.

(3) D is distributive and for all X, Y € I(S)
DAX=DAY,DvX=DvY implies X=Y

3.20.1. Proof: Suppose D is an ideal of a semilattice S. Define the binary relation 6, on I(S) as
X =Y (6, )ifand only if (XAY)v D, =Xv Y for some D, <D.

(1) => (2) It is sufficient to prove that

(1) 6, 1s reflexive

(i1) €, is symmetric

(i) X =Y (6’D) SXAY = (XVY)(G)

(iv) X<Y<Z X=Y(6,) and Y =Z2(6,) = X=Z(6,)

(v) X<Y and XEY(HD) = X/\ZEYVZ(@D) forall X, Y, Z €I(s)

(1) Let X, Y €I(s) be arbitrary.
Then, by the definition of 8, we have (X v X) vD;=Xv X

for X=D, <D :>XEX(«9D) for all X € I(S). Thus &, is reflexive
(i) For X, Y €I(S), X = Y(Bp) =X A Y) vD; = X vY, for some D; < D.
= (YAX)vD,=YVX for someD;< D =Y=X(6,).
Thus 6, is symmetric.
(iii) X=Y(6,) = (XAY)vD,=XVY forsome D;< D
S [(XAY)A(XVY)]vD, =(XAY)v(XVY) forsome Dy< D,

and by taking X=X AY and Y=XVvY we have
(XAY )v Di=XvYforsomeD < D XAY= (XvY)@D

(iv) Suppose X <Y <Z,X=Y(6,) and Y=Z(6,)
:>(XAY)VD1=XvYand (Y/\Z)VD2=Y\/Z for D; D, < D.
Now, XvD=YandYvD,=27.
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Since, X <Y and Y <Z we have,

Xv(D,vD,)=(XvD,)vD,=YvD,=Z for D,vD, <D.

Then, (XAZ)v(D,vD,)=Xv(D,vD,)=Z=X v Z

Therefore X=Z7(6,) .

(v) Suppose X<Y and X=Y(6,) = (XAY)vD,=XVY forsomeD;< D.
Since X<Y = XvZ<YVvZ =((XVZ)A(YVZ))vD, =(XvZ)v(YVvZ)
Therefore (XvZ)=(YVZ)(6, ).

Similarly we can prove that (XA Z)=(Y AZ)(6, ).

Therefore 6, is a congruence relation.

To show that (2) = (3):

Suppose the binary relation 6, on I(s) defined by X=Y (HD) if and only if
(X A Y) vD,=XvVvY forsome D;< D is a congruence relation.

First we prove that D is a Distributive ideal. . For all X,Y el(s) we have X <D v X
= XA(Dv X)=X=[XA(Dv X)]vD=X v D =(*])

AlsoX v (D vX)=X v D =(*2)

So from (*1) and (*2) we get [ X A (D v X)] v D = X v (D vX)

This together with the definition of &, implies X =(D v X)( 6,) = (1)

Similarly one can show that Y =(Dv Y)(6,) =(2)
Since 6,is a congruence relation, we have X AY=[( D v X)A(D v Y)( 6).
= (XAY)A[(DVX)A(DVY)]vD=(XAY)v(DvX)A(DVY)
( by the def of 6,)
= (XAY)vD=(DvX)A(DvY) since XAY <(DvX)A(DVY).
Therefore (XA Y)vD=Dv(XvY)=(DvX)A(DvY)forall X,Y I(S)

Therefore D is a distributive ideal.

Next let us assume that

DAX=DAY and DvX=DvVvY, forall X, Y €I(S) we shall show that X =Y.
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From (1) we have X AY = [(D vX)A(Dv Y)] (65 ) (since §, is congruence relation)
=[Dv X)A (Dv X)](6,)(sinceD v X=D v Y)
- (DvX)(6)
=X(6,) (by (1)
But X/\YEX(HD) :>((X/\Y)/\X)VD1:(X/\Y)VX for some D, <D
:>(X/\Y)VD1 =X. (since X € I(S) and I(S) is a lattice) = (3)
Also D, <(XAY)vD, =X, D, <D=D, <DAX=DAY =D, <DAY<Y =D, <Y
and D, <X,D, <Y=D <XAY.
So (XAY)vD,=XAY.Butby (3),(XAY)vD, =X.

Therefore and im X=X AY plies X<Y ........ 4)

Similarly, we can show that Y <X ............... (5)

Therefore from (4) and (5) we have X =Y.

To show that (3) = (1):

Suppose D is distributive and for all X,Y € I(s)
DAX=DAY,DvX=DvYimplies X=Y.

We shall show that D is standard ideal or
XA(DVY)=(XAD)v(XAY)forall X,Y € I(s).

ForX,Y €I(S),letB=XA(DvY) and C= (XAD)v(XAY).
Wehave (X AD) v(XAY)<Xand(XAD) v(XAY)< D vY sothat
XAD)V(XAY)<XA(DvVY)orC< B.

This givesDAC<DAB ....... (1)
NowDAX<DandDAX<(DAX)v(XVvY)=C.
=DAX<DACSDAB=DA[XA(DVY)]

=[DA(DVY)|AX=DAX
Therefore DAB=D AC.

Also since D is distributive Dv B=Dv (X/\(DVY)) = (DvX)/\(Dv(D\/Y))
:(D\/X)/\(DVY)
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= Dv(X/\Y)
Z(Dv (DA X)) V(X AY)(by absorption property)
=(Dv(XAD))v(XAY)
=D\/(X/\D)V(X/\Y)
=DvC
Therefore DvB=DvC.

Hence, DAB=DAC and DvB=DvVvC.
So by (3) B=C and D is a standard ideal.

3.21. Theorem

Every standard ideal in a semilattice S is a distributive ideal but converse is not true.

3.21.1. Proof: By the theorem, 2.20 every standard ideal in a semilattice S is a distributive ideal.
In the semilattice S = {ay, a;, a,,..... ap,a, b,c,d,1}as shown in figure 3 the ideal

D = {ay, aj, az,..... a,, 1 } is a distributive ideal but not a standard ideal.

Figure 3. Semilattice distributive ideal is not a standard ideal.

3.22. Theorem

The necessary and sufficient condition for a distributive ideal D to be standard in a semilattice S
istht DAX=DAYandDvX=DvYforall X, Y € I(S) implies X =Y.

3.22.1. Proof: Immediate from the theorem 2.20.
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3.23 Statement
Suppose ¢ is a homomorphism of a semilattice S on to a semilattice S; and D is a standard ideal
of S. The binary relation Op defined by x = y(0p) if and only if ¢(x) = ¢(y) where X,y € S, is
such that

(1) Op is a congruence relation on S

(i1) S/0p is a semilattice

(i)  S/Op=S,

3.23.1. Proof: (i) First let us show that Op is a congruence relation on S.
Since @(x) = o(x) for x € S, by definition of Op, we have x = x (6p). Thus Op is a reflexive.
Suppose x = y(0p) for x, y € S.Then ¢(x) = @(y) or ¢(y) = ¢(x), which implies that y = x (6p).
Thus Op is symmetric.
Suppose x = y(0p) and y = z(0p) for x,y, z € S.
Then ¢ (x) = ¢(y) and ¢(y) = ¢(z) so that ¢(x) = ¢(z) which implies x = z(6p). Thus Op is
transitive.
Suppose x = x; (0) and y = y1(6) .Then we have ¢ (x) = ¢(x;) and ¢(y) = ¢(y1)
Now ¢ (x vy)=0X) Vv ¢o(y) (as ¢ is homomorphism)
=(x1) vV o(y1) = ¢(X1 v y1) (as @ is homomorphism).
This implies x vy = (X1 v y1) (Op).
Similarly, o(x A'y) = 0(x) A 0(y) = 0(x1) A O(y)=@(x1 A y1) implies X A'y = X1 A yi(Op).
Therefore Op satisfies substitution property.
Hence 0Op is a congruence relation.
(i1)) To prove S/0p is a semilattice let S/Op = { [x] Op / x € S}.
Define v on S/0p by [x] (Op) Vv [y] (Bp) = (X Vy) (6p)
where [X] (Op), [y] (Bp) € S/Op. Since x,y € S, x vy € S as S is a semilattice which implies (x v
¥) (Bp) € S/0p.
Therefore S/0p 1is a semilattice.
(ii1) To prove S/0p = Sy, let us define a map y : S/0p — S; by v ([x] (Op)) = @(x) for
[x] (Bp) € S/Op.
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For [x] (0p), [y] (6p) € S/0p, [x] (Bp) = [y] (6p) =x=y(0p) = @(x) = ¢(y)
=y ([x] (8p)) = v ([y] (6p)).
Therefore vy is well defined.
Further, for [x] (8p), [y] (Bp) € S/6p, v ([x] (Bp)) = v ([y] (Bp)) = o(x) = ¢(y)
=x=y (6p) = [x] (6p) =[y] (Op).
This show v is one-one.
Let z;e S;. Then there exists z € S such that ¢(z) = z;, since ¢ is onto. So [z] (6p) € S/Op and y
([z] (6p)) = ¢(z) =z
Therefore, for z; € S), there exists [z] (Op) € S/0p such that v ([z] (Op)) = z; so that y is onto.
Finally, let us show that y is homomorphism.
For [X] (Op), [y] (Bp) € S/Op we have
v ([x] (®p)) v [y] (Bp))  =w ((xVvy) (Op))
= (xvy)
= 0(x) v o(y)
=y ([x] (6p)) v v ([y] (Bp)).

Therefore y is an onto homomorphism.Hence S/0p = S;.

3.24. Theorem
Let S be a semilattice, I is an ideal of S and D is a standard ideal of S such that D < I. Then
(1) I is a standard ideal in S and if and only if I/D is a standard ideal in S/D
(i1) S/1 = (S/D)/ (I/D)
3.24.1. Proof: Let S be a semilattice, I is an ideal of S and D a standard ideal of S such that D —
L.
(1) Let I be a standard ideal in S.
To prove that I/D is a standard ideal in S/D, it is sufficient to prove that I/D is the homomorphic
image of I. Now, define ¢ : S — S/D by ¢(x) = [x] Op, where x € S.
As in theorem 2.23 one can see that ¢ is an onto homomorphism.
If we restrict ¢ from I to I/D, we have ¢(I) is an onto homomorphic image of I and ¢(I) = I/D,
which implies @(I) = I/D is a standard ideal.
Conversely suppose that I/D is a standard ideal of S/D.
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For X, Y € I(S), let X, Y be the homomorphic images of X and Y respectively under the map ¢ :
S - S/D.
Since I/D is a standard ideal in S/D, we have
X =Y (0yp) (from characterization theorem for standard ideal)
= (Y/\?)vil =X Vv Y for some I, <I=1/D
=>XAY)v=XvVvYforsomel, <I.
= X=Y(0;) = lisastandard ideal in S.
(i1) To prove that S/I = (S/D)/(I/D) define g: S — (S/D)/(I/D) by g(x) =[X ] Owp) where x € S.
Forx =y where x,y € S. = [X ] Oup) =[ Y ] Oy = g(x) = g(y). Therefore g is well defined.
To show that g is onto, let [X | Op) € (S/D)/(I/D). Then X € S/D for some x € S and g(x) =
[ X 18wp) - Therefore g is onto.
Finally, forx,y € S, gx vy)=[ XV Y ]0wp) =[X]0up) v [Y]0wm)=g(X) v &)
This shows that g is a homomorphism

Clearly ker g =1, so that by fundamental theorem of homomorphism S/I = (S/D)/(I/D).

3.25. Theorem

A semilattice S is distributive <> Every ideal D of S is a standard ideal.

3.25.1. Proof: Assume that in a semilattice S every ideal D is a standard ideal.

Then by the theorem 2.20, D is a distributive ideal and DV(X/\Y) = (DVX)/\(D\/Y) for all

X, Y €1(s). This is true for all D so that I(s) is a distributive lattice.
This implies that S is a distributive semilattce by Theorem 2.13
Conversely, suppose that a semilattice S is a distributive semillatice and D is an ideal of S. Now
S is a distributive semilattice of I(s)
= I(s) is a distributive lattice, by Theorem 2.13
= Every element in I(s) is standard, since I(s) does not contain N5 or M3

= Every ideal D of S is a standard ideal.

4. CONCLUSION
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In this paper, we investigated the notions of distributive (dually) ideal and standard ideal in a
semilattice, and established a characterization theorem of standard ideal. We ascertain that set of
all ideals of a semilattice is a lattice. We attain the equivalent conditions for a semilattice (ideal
of a semilattice) to be distributive (dually distributive). We confirm that every ideal need not be a
standard ideal. We define a congruence relation on a lattice and achieve its equivalent conditions.
We get hold of the equivalent conditions for an ideal of a semilattice to be a standard ideal. We
set up that every standard ideal in a semilattice is a distributive ideal but converse is not true. We
take the necessary and sufficient condition for a distributive ideal to be standard in a semilattice.
We concluded with the result that a semilattice is distributive if and only if every ideal of it is a

standard ideal.
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