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ON THE WEAK SOLUTION OF THE VON-KARMAN MODEL WITH
THERMOELASTIC PLATES

JAOUAD OUDAANI AND MUSTAPHA RAISSOULI

ABSTRACT. In this article we aim to study the dynamic Von-Karman model coupled with thermoelastic
equations without rotational terms, subject to a thermal dissipation. We establish the existence as
well as the uniqueness of a weak solution related to the dynamic model. At the end, we apply the
finite difference method for approximating the solution of our problem.

1. INTRODUCTION

Nonlinear oscillation of an elastic model, for dynamic von-Karman model without rotational terms,
subject to a thermal dissipation [4] describes the phenomenon of small nonlinear vibration with a vertical
displacement to the elastic plates. The case of nonlinear thermoelastic plate interaction coupled with
thermal dissipation plays an interesting place in this subject and will be our fundamental target in the
present paper. The model with clamped boundary conditions, in the note account of rotational terms,
can be formulated as follows ([4]):

Find (u, ¢,6) € L?([0,T], H§(w)) x H3(w) x H}(w) such that

g + A%+ pA0 — (¢ + Fo,u] = p(z)  in wx[0,T],

kO; — nAO — pAu; =0 in wxI[0,7T],

(7)0) U,y = U0, (ut)|t=0 =u, 9|t=0 = 00 mn W,
u=0,u=0 on T'x[0,T7],
=0 on T,

and
0 { A%¢ + [u,u] =0 in wx[0,7T],
(Q) ¢p=0,0,0=0 on T x[0,7T].
Here, u is the displacement, ¢ denotes the Airy stress function and € is the thermal function, w is the
surface plate, ug, u1, 0y refer to the initial data and [.,.] stands for the Monge-Ampere symbol defined
through ([1])
[(b, u] = 011¢020u + O11ud22¢ — 2012¢012u. (11)

The parameters p, 7 > 0 are fixed real numbers and & > 0 measures the capacity of the heat/thermal.
The plate is subject to the internal force Fj and the external force p. In [4], the authors studied the
problem of the von-Karman model for the case 0 < k < 1.

Our fundamental target in this paper is to explore a condition that should be satisfied by the
external/internal loads and the initial data for ensuring the existence and the uniqueness of a weak
solution for to the von-Karman evolution, without rotational terms nor clamped boundary conditions,
subject to the thermal dissipation when k£ > 0 and 0 < p < 2n. The present approach turns out of to
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construct an iterative process converging, in an appropriate sense, to the unique solution of the initial
problem.

This paper will be organized as follows. In Section 2 we present the mathematical structure of the
model that will be studied in the sequel together with some basic tools and results. In Section 3 we use
an iterative method that will be a good tool for establishing the existence and the uniqueness of a weak
solution of the dynamical plate problem without rotational terms, subject to a thermal dissipation.
Section 4 deals with a numerical simulation for approaching the solution of the initial problem.

2. Preliminaries and main results

Throughout this paper, we denote by w a nonempty bounded domain in R? with regular boundary
I' = dw. We suppose that the parameters k, i, ) in the problem (Pp) are such that & > 0 and 0 < pu < 27).

Let p > 1 be a real number and m > 1 be an integer. The notation |.|,,, refers to the standard norm
of LP(w) while ||| . stands for the classical norm of H™(w). For u € HZ(w), we put

foll = 1uls = ([ (807)’,

which is obviously a norm in HZ(w) ([4, 5]). Otherwise, we set
ull2 = lull® + fual2, (2.1)
We state the following result which will be needed in the sequel, see [7].
Theorem 2.1. Let f € L?(w). Then the following problem

Av=f in w,
(R)s v=0 on T,
d,v=0 on T,

has one and only one solution v € HE(w) N H*(w) satisfying
[vll < colfla, -
where cog > 0 is a constant depending only on mes(w).
Let us mention the following remark.

Remark 2.1. (i) Under the condition that f € L? ( [0,T], L? (w)), the solution of (R) belongs to the set
LQ([O,T] ,HE(w)n H? (w)) (i) We mention again that the constant c¢o > 0 in Theorem 2.1 depends

only on mes(w) and does not depend on f.

The following result will be needed later, see [7, 3].
Theorem 2.2. Let g € L? ( [0,T] ,LQ(w)>, ug € L*(w) and k,n, > 0. Then the following problem :

kuy —nAu=pg in wx|[0,T],
D w,_ = Ug m w,
( =0

u=20 on T x[0,T],

has one and only one solution u € C([0,T]; H*(w) N H}(w)) N C*([0,T]; L*(w)).

We have the following result as well.
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Proposition 2.3. Let f € H*(w), k> 0 and 0 < p < 2n. Then the solution u of (D), when g = —Af,
satisfies the following inequality

t t
Ve 0.7, 0<kul,+@n—w [ [Vul, <kl a [ VG, (2.2)
0 0

Proof. Since u is the solution of the problem (D), with ¢ = —Af, then ku; — nAu = —pAf and so
k{ug, u) — n{Au,u) = —p{Af,u), where (.,.) refers to the standard inner product of L?(w). This latter
equation is equivalent to

kd

2 dt
By Hélder inequality in L?(w) and the standard inequality ab < %az + %b2, valid for any a,b > 0, we
can write

uls., +1|Vul3,, = w(Vf, V). (2.3)

1 1
(V£. V) < [(Vf, V)| < [Vfly,, [Vuly,, < 51V, + 5 Vull,-

Substituting this in (2.3) we get

kd 2 2 1% 2 19 2

5% |u|2,w +n |vu|2,w < 5 |vf|2,w + 5 |vu‘2,w .
Integrating side by side this latter inequality with respect to ¢ > 0, and using the fact that (u)
in w, we obtain

li=o = U0

k t k t t
Sluletn [1Vul, < Sl + 5 [ 9B+ [ v,
0 0 0
This implies (2.2) and the proof is finished. O
The following result will be needed as well, see [4].
Theorem 2.4. Let f € L*([0,T], L?*(w)) and (ug,u') € HZ(w) x L?(w). Then the problem

uy + A?u=f in wx[0,7T],
(S1)§ u=0u=0 on I'x[0,T],
u|t=0 = Ug, (ut)|t=0 =u n w,

has a unique solution such that (u,u;) € C°([0,T ], H3(w) x L*(w)).
For the sake of simplicity, we set

With this, the following result may be stated.

Proposition 2.5. Let u,v € Hg(w) be with small norms and Fy € H*(w) be such that ||Fo|,,, < i
Let ¢, € HZ(w) be the solutions of A%¢p = — [u,u] and A%p = — [v,v], respectively. Then there exists
0 < c1 <1 such that

|l 6) = fo, gl |, <erlu—rl

B

and

‘Fl(uvd)) _Fl(UaSO)Lw <c ||U_U|| .

Proof. According to [4], we have

[, 8] =[] || < o hull® + [[ol* )l = o],
| EL

)
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for some ¢y > 0 depending only on mes(w). If we assume that |lu|| < ¢ and |jv|| < ¢, for some ¢ > 0
enough small, then we get

‘ [U,¢] - [’U, 50] ‘2&1 < QCOC2 ”U — U” .
Otherwise, by using (1.1) it is not hard to check that

| (Fo,u=v]| <4lRll,,-

)

It follows that we have

Fl(u7¢) Flv(p‘ S‘ +F07 [L,O-FF(),’U]‘Q 3
<01~ foel], +| (R vl],
2w 2,w
< (2coc +4||Fo||4,w) lu— ]
If | Foll,,, < § and
1 —4|F
.. [Fole.
200
then
0<20()C <c = 2006 +4HF0H4W<1
In summary, the proposition is completely proved. O

Remark 2.2. According to Remark 2.1,(ii), the constant ¢; in Proposition 2.5 depends only on mes(w)
and ||F0||4 w"*

Now, we are in the position to state and establish the following main result.

Theorem 2.6. Let f € L*([0,T],L?*(w)), 6o € Hj(w) and (up,u) € HE(w) x L?*(w). The following
problem:

g + A%u+ pAd = f in wx1[0,7T],
(S) k6; — nAf = pAuy in wxI[0,7T],
u=0u=0=0 on T'x[0,T7],

(u)\f,:o = Uo, (ut)\f,:o =1, (6)\t:o =0y in w,
has one and only one solution (u,8) € L*([0,T ], H2(w)x HE(w)) satisfying that u, € L*([0,T ], L?(w))
and, for any t € [0,T],

T
ol + b+ 2n [ (90R <e (uol? + kiR [ IEL) @)

Further, the so-called energy equality holds true:

t t
lull2 + 20 / V02, + 107, = uoll® + [a2,, + k|6ol2., +2 / / fur. (2.6)
0 0 w

Proof. To prove our result, we will study the problem (S) by considering the nth-order approximate
solution and its associate variational problem. We divide the proof into fourth steps.

Step 1: Let { ey, e}, } be a basis in the space H3(w) x H{(w). The n-order Galerkin approximate
solution to the problem (S;), with clamped boundary conditions on the interval [ 0,7 ], is a function
(u™(t),0m™(t)) of the form, [1, 6],

th er, and 6" (t Zlk ek,nf123

k=1
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where (hg, 1) € W2°°(0,T;R) x W1>(0,T;R). Let (u", ¢",6") be a solution of (Py) and (Q) corre-
sponding to the initial data (w0, 8n0) and u,; such that the two following requirements are satisfied:

(tno, Ono) converges to (ug, 0) in L2([0,T], Ha(w) x H(w)) (2.7)

(tn1) converges to @ in L2([0,T], L*(w)). (2.8)

Now, let us consider the iterative problem (S,,) associated to the problem (S) given by:

ulh + A%y + A" = f in wxI[0,7T],
(S) kOy — nAO™ = pAuy in wxI[0,T],
" ut=0,u"=0"=0 on T x[0,7T],

(u")‘mo = Upo, (u?)|t=0 = Up1, (0”)|t=O =0, in w,

We now multiply the first equation of (S,) by u}* and the second equation by 6™ and we then integrate
both them over w, with the help of some standard integral rules, we get

/uttut /Au”Aut —l—,u/A@”ut —/fut
b [ oo [(96m2 = [ supen

Since (up, ™) € H}(w) x Hg(w) and / A"y = / 0" Auy', the two last equations imply that

1d n|2 n||2 n n n
s (B +1a) [ o = [ .

o 0B Ve = [ o

w

From these two latter equalities we deduce that we have

1 d n n n
5%0 t|2w+H | >+§£|9 |2w+77|V9 |2w /fut
Integrating this latter equality over [0, ¢], and using (2.1) with the fact that
u|nt:0 = Uno, (u?)\t:O = Un1, 9‘2:0 = 97107

we get

1 ¢ 1 ¢
S (et + k1o ) [ 1907 = 5 (lum b+ ool + klouol3 ) + [ [ e 29)
0 0 Jw

Let s € [0, T]. By the Hélder inequality in L?(w), with (2.1), we have

t t

/ / fup < / Flae 16215

0 w 0
1 [t L[t o
5/0 |f|2,w+§/0 ‘ut/‘Z,w (2.10)
LT, ot 2 12 s 2
S 1Bt [ (el ke 42 [ 9.
2 0 2 0 0

IN
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Combining (2.9) and (2.10), we have shown that

[l + k16713, + 27 / t V6™ [5.0 < [tml3 o, + ltnol® + % [Onol3,,
’ T t s
[ B [ (g 20 [ 9o, ). 2
Step 2: For 0 < s < t, we put
1) = [0+ k10" 20 [ 1967,
The inequality (2.11), yields

1) = [ 1z = i+ kw2 [0 = [ (i k0B 20 [ 907 )as

T
2 2 2 2
< fuma 3+ ol + ool + [ 178
It follows that

% (e_s /03 I(z)dz) =e° (I(s) — /OS I(z)dz)

. (2.12)

2 2 2 2

B+ lunol + K16l + [ 1£3,).
0

S e—s ( |un1

Now, if we remark that

T T
2 2 2 2 2
a3+ el + ol + [ 17 =10+ [ 178
0 0

does not depend on s, and we integrate (2.12) over [0, ], then we get

t d . S t . 5 5 9 T 5
e [ 1)z |ds < (| emds) { JumB + lunol® + k16wol3 + [ 1 ),
o ds 0 0 ’ ’ 0 ’

from which we deduce
2
2w ) :

t T
et [ 1)z < 0= )l + lunol + Brol3 + [ 17
0 0
2 r 2
2w +/ |f|2,w>
0

It follows that
2 2 2 r 2
= (e = 1) (Junt B + o+ K100l + [ 11

t —t
/ 1)z < 92 (funa 2, + wnoll” + 6o
0
0

T
2 2 2 2
< (@ 1) (Ju B+ ol + B0l + [ 175,

This, with (2.11), yields
t T
o3+ 103 20 [ 190 < (Tl + ol + B 10n0l3, + [ 173,
0 0

T
2 2 2 2
(@ = D)l + ol + K16l + [ 175,
0

and therefore

t T
ni2 ni2 n|2 2 2 2 2
[+ k16" 3+ 20 [ V673 < €T (JumlE + ol + K0l + [ 173.) (213)
0 0
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According to (2.7) and (2.8), the sequences (ung,0no) and (u,1) are, respectively, bounded in the
spaces L*([0,T], HE(w) x H}(w) x L?(w)) and L2([0,T], L*(w) x L?(w)). This, with (2.13), imply
that the sequences (u",6™) and (u}) are also bounded, respectively, in L?([0,7], H3(w) x H{(w) x
L?(w)) and L?([0,T], L*(w) x L?(w)). These latter Banach spaces are reflexive and therefore there
exists a subsequence (u™,6™) such that (u™,6™) — (u,6) weakly in L?([0,7], HZ(w) x L*(w)) and
((u™)e, VO™) — ((u)s, V) weakly in L?([0,T7], L*(w) x L*(w)).

Step 3: In this step, we will establish that (u, #), previously defined, is a weak solution of the problem
(S), by following the same way as in [8].

Let ¢; € C*(0,T) be such that ¢;(T) =0 for any 1 < j < jo, and we set

Jo Jo
V=) Ui®e, p=) 9@
j=1 j=1
According to (S,), with further elementary manipulations and operations, we may infer that

*/OT/WU?’%+u/OT/wv9"zw+/0T/wAumA¢=/0T/wf¢f/wumlw(o) (2.14)

T
/ <— k/ inwt +77/ VQ"”V(‘D—M/ VU'”ZVSOt) = —k,‘/ enlogo(o) —p,/ VunﬂVgo(O) (215)
0 w w w w w
Letting n; — +00 in (2.14) and (2.15) we deduce that the two following equalities

f/OT/wum+u/OT/wv9vw+/OT/wAqu=/()T/wfwf/wwm)
/OT(—k/wewt+n/WVGVw—uAVuV¢t) :—k/wGow(O)—u/wVﬂVsa(OL

hold true for all ¢y € L2([0,T], H3(w)), with ¢ € L*([0,T], H'(w)) and ¢ € L*([0,T], H}(w)), with
¢¢ € L2([0,T), L*(w)), such that ¢)(T) = »(T) = 0. This means that (u,#) is a weak solution of the
problem (S).

Further, by analogous way as for proving (2.13), we may show that for all ¢ € [0, 7], we have the

and

and

following inequality

t T
lully + k1015, +2n [ V05, < e ([al, +lluol®+ k6o, + [ |fl5e )- (2.16)
0 0

Step 4: We now show the uniqueness. Let (u1,6;) and (us,02) are two solutions of (S). Then
(u1 — us, 01 — 09) is a solution of the following problem

(ur — ua)e + A%(u1 — ug) + pA(f; —63) =0 in wxI[0,7T],
k(91 — 92),5 — ’I7A(91 — 92) = MA(U1 — Ug)t o w X [0, T] s
91—922’&1—11,2:8,,(’&1—’&2):0 on FX[O,T],

(ur = u2)j,_y = 0, (1 = u2)r)j,o, =0, (61 = b2),_, =0 in w.
According to (2.16) we have

t
o1 =l + 163 = 0af3 +20 [ 196 =)
0

< e ([ —wl3, + Il (w)o = (w2)ol” + kI(62)o0 — (B2)ol3,. )-

Then we deduce u; = us and 67 = 6.
Finally, by (2.9) we have for all n > 0

1 n n2 i n2 1 2 2 2 ¢ n
3 (hlo+ k1678 )+ [ 196" = 5 (a3 + Nl + 1603 ) + [ [ put
0 0 Jw
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from which by letting n — +oo we get (2.6), so completing the proof. ]

3. Iterative approach and convergence result

To establish the existence and the uniqueness of a weak solution for (Pp), without rotational terms
i.e. a =0, we will use the following iterative approach.
Let n > 2 and let 0 # u; € HZ(w) be given. We define ¢,_; € H3(w) as the unique solution of

A%¢, 1 = —[Up_1,Un_1] and (un,0,) as the solution of the following problem :
(un)tt + A2un - F(unflu ¢n7179n) m w X [OuT] )
(P) k(0n): — nAb, = pA(uy): in wxI[0,7T],
" Uy = Oy =60, =0 on T'x[0,T],

(un)\t=o = Uo, ((un)t)\t=o = U, (an)\t=o =6 in w,
where we set F(u,¢,0) = Fi(u,¢) — pAf + p and, F is defined by (2.4).
The main result of this section is recited in the following.

Theorem 3.1. Let p € L*(w), (ug,u) € Hi(w) x L*(w) and 6y € Hi(w). We suppose that all the
following norms

1Follg e [Plo - lluoll®, [@l5,, and |6l
are small enough, and 0 < u < 2n. Then the problem (Py), without rotational forces, has one and only
one weak solution (u,¢,0) in L?([0,T], H3(w) x HE(w) x H§(w)) such that uy € L2([0,T], L*(w)).

Proof. We divide it into four steps.
Step 1: Let us consider the problem (P,,) with 0 # u; does not depend on t. For the sake of simplicity
we use the notation

t
1 O)I1. = llull2 + k(612 + 21 / Vo2,

where, ||.||, is defined by (2.1). Let ¢o > 0 be the constant defined by Proposition 2.5. For ||Fyll, , < 1
we choose ¢ =: ¢(||Fyl|,, , co, ') > 0 such that

1—4|Folly,
0<dege<1, and 0 <c< {f/ — 2%
200

We also choose u; (independent on ¢) such that 0 < ||u1ll, , <c<1.
By using an induction method, we will prove that the two following inequalities

2 2 2 2
lull = llunll™ + [(un)ily < llwallz,, and ll¢nlly ., < fluall;,, (3.1)

are satisfied for all n > 1 and ¢ € [0, 7.
Since u; does not depend on ¢, then we have

lully =: | + [(w)el3,, = Nl -
Now, let ¢; be the solution of A%¢; = —[uy,u; ]. Theorem 2.1 tells us that there exists cg > 0 such
that
o1lla. < collwrsurllyy,,

and by using the same way as in the proof of Proposition 2.5, with [jui[[, , < c and 0 < 4coe < 1, we
may deduce that
2
[f1ll5, < 4deo [lurlly,, < 4deocllually, < flur

2w
Hence, the inequalities (3.1) are satisfied for n = 1.
Assume that for £ =2,...,n and ¢t € [0, T], we have

2 2
lurllo < lluallz, and {|@klly, < llually, -
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According to Theorem 2.1 and Proposition 2.5, with Remark 2.1 and Remark 2.2, we have
2
[@nlly < coll tn, un Iy, < 4co fJunll” < dcoc [[unll < e [Junll -

Since w41 is a solution of (P,,11), Proposition 2.6, Proposition 2.5 and Theorem 2.1 imply that, there
exist ¢; > 0, with

0 <1 =:2c0¢ + 4| Foll,,, <1, (3.2)
such that

T
2 2 —2
Iunsrsbus)l < €7 (Fuall + Kl60f3 + [l + [ 1FaCuns ) + o)
0
2 2 2 r 2
T — 2
< (Juoll* + k16ol3,., + I3, +2 / (172 (s 60) B + 913.))
2 2 2 r 2 2
< (ol + k0l + [+ 26 [ P+ 2 1o )
2 —12 2 4 2
< (Juoll* + [al3, + k1003, +27€3 a3, + 2T ol3,,, ).
This, with the fact that 0 < ¢; < 1, |lu1|| < 1 and ¢? ||u1||‘21’w <c ||u1||§’w, implies that

2 — 12 2 2 2
N Cunsrs Bl < € luoll® + [, + k160f3,, +2Tex [lunll3,, + 2T [pl3.., )-

If we choose ¢ > 0 and [|Fyll, , small enough then c; defined by (3.2) is also small enough and so
0 < ¢y =:2TeT¢; < 1. We can then write

2 —12 2 2 2
[tn1, Bl < €T (uoll® + (@ + 1603, + 2T 913, ) + ez ... (33)

In another part we can write

1—c
B c2) 2, (3.4)

since the left quantity of this inequality was assumed to be small enough. Otherwise, it is not hard to
check that

2 2 2 2
[uoll™ + |u|2,w +k |00‘2,w + 2T |P|2,w =

lun1llo == lunsr|* + 1 (uns1)els o < N (@nsr, Ot (3.5)
and
[Dnll2e < c1llunlly, < llually,, -
According to (3.3), (3.5) and (3.5) we deduce that we have

2 2 —2 2 2 2
lwnsally < € (lluoll® + (@, + K 106l3, + 2T 1913, ) + 2 a3,

(1 — Cg)
eT

2 2 2
<e’ lurllz,, + ez Jurllz, = lluallz, -

Furthermore, we have
[én+1llaw < coll tngrs tnga Il s
which with, [lu1[|,,, < cand 0 < 4coe < 1, immediately yields
2 2
Il < Ao lunsa® < deo flurll?,, < deoe sy, < furly,, -
In summary, we have shown that for all n > 1 and any ¢ € [0,7] one has
2 2
lunlly < llually,, and (ol < lluallsy, -
Moreover we have .
2 2 2
B0 20 [ 196,30 < a0 < ]
0
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Step 2: For n > 2, let (up,0,) be a solution of (P,). Let 2 < m < n. It is not hard to see that
"™ =: 60, — 0, and u™™ =: u, — Uy, satisty the following:

ul™ 4+ A2u™ 4 p A = Fy(up—1, on-1) — F1(Um—1,dm—1) in w x[0,7T],

kO™ — nAO™™ = pA(u™™); in wxI[0,7T],
um =" = 0,u" =0 on T x[0,7T],
(unm)ltzo = ((unm)t)h:o - ((anm)t)\tzo =0 in w.

According to Proposition 2.5 and Theorem 2.1 we deduce that

||¢n—1 - ¢m—1||2)w < 4cpe ||Un—1 - um—l” .

Using Proposition 2.6 and Proposition 2.5 again we have
T
| (tn, = U, B — O, < eT/ [Py (n—1, $n-1) = F1(Um—1, bm-1)l5,
0
t
< cleT/ tn—1 = || -
0

This, with 0 < c3 = eT¢; < %7 yields

t
1t = i, By — 610). 503/ (et — et Ot — O]l
0

t t
< (ez)™? /O /0 (O R——
t t n—m+1 . t t
Scm72/.../ c / uy — w10y — 01)||,
(c3) = kzz;) (c3) ) [ (u2 — 102 — 61)]]

< (eg)? //gu’“// (w2, 82)1, + )11, )

n—m-+1
< (esT)™ 2 > (e F (4l )-
k=0
It follows that we have
T n—m+l
/O (tn = v, O = O)[l, < T(esT)™ > > (esT)¥ (A [luall3,),
k=0

and so we infer that
||¢n - ¢m|l2)w < dcpe ”un - Um” .
The sequence (un, ¢n—1)n>2 is a Cauchy sequence in the Banach space L?([0,7], H3(w) x H3(w)).
It follows that (u,, $n—1) converges to (u,¢) in L([0,T], H3(w) x H3(w)) and (u,); converges to (u),
in L*([0,7], L*(w)).
Step 3: Now, let us rewrite that 6™ =: 6,, — 8, is a solution of the following problem
kO™ — nAO™™ = pA(u™™);  in w x [0,7T],
omm =0, on T'x1[0,7T],
((0™™)¢)),o =0 n w.

Using Theorem 2.2, Proposition 2.3 and inequality (2.2), we have

t t
E0n_1— 9m—1|%W +(2n - M)/O [V (0n—1 — emfl)@,w < M/O (IV(upn—1 — umfl)t|2,w)2-
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We deduce that (6,,) is a Cauchy sequence in the Banach space L?([0, T, H}(w)) and so (6,,) converges
to 6 in L2([0,T], H}(w)). Otherwise, by Proposition 2.5 we may deduce that Fy (u,_1,$,_1) converges
to Fi(u,¢) in (L?(w))?.

Thanks to Theorem 2.4, we have (u,, (u,):) € C°([0,T], H(w) x L*(w)) with (uy)

((un)t)j,—y = w1, and so (u)j,_, = o, ((w)¢),_, =T

lico = U0 and

For showing that (u, ) is a weak solution of the problem (Py), we follow the same way as in [8].
Let {ej,e}} be a basis in the space HZ(w) x H}(w) and let ¢; € C1(0,T) ,1 < j < jo, be such that
@, (T) = 0. We set

Jo Jo
V=D 9i®e 9=) ¢;®¢
j=1 j=1

As in the proof of Theorem 2.6 (Step 3), we have

_/OT/w(unWtw/oT/wveanr/OT/wAunM:/OT/w(pl(un_l,¢n_1)+p)¢_/wu1¢(0) (3.6)
and
/OT(klenwt+n[dvenku[dvunth) = fk/wﬁocp(()) fu/wVIHVgo(O). (3.7)

Letting n — oo in (3.6) and (3.7) we deduce that, for all ¢ € L?([0,T], HZ(w)), ¥ € L*([0,T), L*(w)),
o € L?([0,T), H}(w)) and o, € L*([0,T], L*(w)) with ¢(T) = »(T) = 0, we have

/()T/wmthru/oT/wvevw+/oT/wAuA¢/OT/M(Fl(u@)er)q/;/wuw(o),
d
/OT<k/(09<Pt+ﬂ/wV0Vsou/quV<pt) = —k/weosﬁ(o) *M/WVWVQD(O).

Hence, (u,0) is a weak solution of the problem (S;) with f = Fy(u, ¢) + p.

an

Summarizing, we have proved that (u,¢,0) is a weak solution of the thermoelastic von-Karman
evolution.

Step 4: We now prove the uniqueness. Assume that there exist two weak solutions (u!, ¢*,0') and
(u?,¢2,0%) in L?([0,T], H} (w) x HZ(w) x H}(w)) such that, for some ¢ > 0 small enough, we have
|u|| < ¢ and |[u?|| < c. Then u'? =:u' —u? and 6'* =: §' — 6 satisfy the following problem

uf? + A%ul? = F(ul, ¢, 0') — F(u?,¢%,0%) in wx[0,7],

k012 — nAG? = pAut? in wxI[0,7T)],
(P3)] u?2=0,u2=012=0 on T x[0,T],

ul?(z1,22,0) =0, (u'?)¢(z1,22,0) =0 in w.

(0'2)¢(z1,29,0) =0 in w.

It follows that (u! —u?,0' — 6?) is a solution of the problem (P3). Proposition 2.5, Proposition 2.6 and
Theorem 2.1 ensure that there exists ¢; > 0 such that

T
I — 2,6 — )|, < eT/O |Fi(ut, ¢") — Fi(u2, ¢9)|2,

T T
ScleT/ Hul —u2H2 ScleT/ ||(u1—u2,t91 —HZ)H*.
0 0
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Since ¢; is small enough so 0 < ¢5 = eTe; < % and therefore

T T
/ H(u1 —u? 0t — 92)H* < T03/ H(ul —u?, 0! — 6%
0

0

)

which, with 0 < T'c3 < 1, immediately yields u! = u?, §' = 62 and then ¢! = ¢2.

In conclusion, the dynamic von-Karman equations coupled with thermal dissipation, without rota-
tional inertia, has one and only one weak solution (u, ¢, 0) in L? ( [0,T], H3(w) x Hg(w) x H (w)) The
proof of the theorem is finished. O

We end this section by stating the following result.
Proposition 3.2. Let (u,¢,0) € LQ([O,T} ,HE(w) x HE(w) x H&(w)) be the unique solution of (Po).
Let ¢g € H3(w) be the unique solution of A%¢y = — [ug, ug]. Then the following equality
t
E(u(t), u(t), ¢) + k10]5, + 2n/ V0il5.., = E1(uo, T, ¢o) + K 6o5,
0

holds true for any t € [0,T], where we set

B(a(t) ur(1),6) = el + [l + 5 | (1801" = 2{u, FoJu — apu)

and

~ 1
By (uo, W, o) =: [l ,, + [luol|* + 5/ (|A<Z50|2 — 2[uo, Foup — 4PU0)-

Proof. By virtue of Theorem 2.6, for any ¢ € [0, 7] we have the following equality

t
2 2 2 2, =2 2
[[ully +277/0 VO3 + K10l = lluoll™ + [uly,, + & 10ol5,

t t
w2 [Rwowrz [ [ poz.
0 Jw 0 Jw
First, let us observe that we have

/Ot/wp(xl,xz)ut :/wp(:r,l,xg)u(t)_/wp(xl’m)u().

Otherwise, with A2¢ = [u, u], we have

/Ot/wﬂ(u,@ut /Ot/w[u,qb—kFo]ut:AtA[u,¢]ut+/OtA[u7FO]ut’
T S [ [ i,

1 , 1 , 1 1
— (a6l 4= [ a - Fy— = F.
4L| | ‘*‘4/w| ol +2/(U[U7U] 0 QA[UO,UO] 0

Substituting these into (3.8), we get

K 1
||u||(2)—|—217/O |V9|§7w—|—k|9|;w+§/ \A¢|2—/ [w, u] F0—2/p(3c1,x2)u

1 t
= ol + [+ 00+ 5 [ 180 = [l =2 [ [ peraau

The proof of the proposition is finished. O
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4. Numerical application

In this section we will investigate a numerical resolution of our initial problem in the aim to illustrate
the previous study.

4.1. Preliminaries. We take w =]0,1[x]0, 1[C R? and let T' > 0. For solving numerically the problem
(Po), we use the finite difference method by considering a uniform mesh of width k. For this, let us de-
note by wy, the set of all mesh points inside the domain w with internal points: (z;,y;) = (¢h, jh), i,j =
1,..N—=1, h=1/(N+1), At = 1/T. Otherwise, we denote by w}, the set of boundary mesh points and
by uy the finite-difference that approximates w. In [2], the author discussed a numerical study about
the convergence and stability for the conservative finite difference schemes related to the dynamic von
Karman plate equations.

In the aim to approximate numerically the unique weak solution of our problem, we use the discrete
model of von-Karman evolution presented in [2, 9]:

6t2ufj + (62 + 65)92} + Aiu. [uiy vy + Fij | +pij  in wp,
k61075 — (82 + 0.)07; — 6y (02 + 55)% =0 in wp,
(%) Aijfj: [u]uj] ?n Wh,
ug; = (00)ij> Orugy = (©1)ij, 0 = (00)i in - wp,
u?j vi; =01=0 on wy,
ou 6 oF on wp,

with the following discrete dlfferentlal operators:

wtt —2ul; —&—u%fl

§2un — L
(At) ’
n+1
Sl — u
t ij At )

2 —4
Apuy =77 [wijo + Uijr2 + Uim2j + Uiv2j — 8(Wij—1 + Uijt1 + Uim1j + Uiy1j)
+2(wi—1j-1 F Uim1j41 + Uit1j—1 + Wir1j+1) — 205 |,

n n n
Uity — 2ui; +ug g

2, n __ —1j
6zuij - h2 ’
n _ n n
2n = Y~ 20 F W
,LIU,L = h2 )
n n n n
§2 ul — Uit 141 — Uig1j—1 — Uim1j41 T U151
(2h)? ’
n — 52,1 §2,n 2 2 2, n 2 ol
[uij’ ’Lj] 69: 13574 26 uzjazyv +§ 136$ YN

Summarizing the above, we have in fact transformed the above problem to the numerical resolution
into 2 steps, as itemized below:

Step 1: We first utilize the numerical procedure of 13-point formula of finite difference discussed in [6].
This method is used for illustrating the weak solution of the next problem:

Av=1fi in w,

v=q on T,

v = go on T.
Step 2: Afterwards, we adopt the discrete model of the von-Karman evolution (x) for approaching the
solution of the thermoelastic model coupled with the dynamic von-Karman evolution.
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4.2. Non-coupled approach. In [6], the author discussed a numerical analysis of finite-difference
method about the numerical resolution of the Biharmonic equation. Such method, which is known as
the non-coupled method of 13-point, may be summarized by the following result:

Proposition 4.1. The 13-point approximation of the Biharmonic equation for approaching the unique
solution v of the problem (P) is defined by:

Lypvi; = h_4{vij—2 + Vijya + Vicgj + Vigaj — 8(Vij1 + Viji1 + Vim1j + Vig1j)
+2(Vic1jo1 F Vic1j41 F Vit1jo1 F Vig11) — 20%’;‘} = fu(wi, ;)
fori,j=1,2,...,N — 1, where we set v;; = v(z;,y;).

When the mesh point (z;,y;) is adjacent to the boundary @y, then the undefined values of vy, are
conventionally calculated by the following approximation of d,v:

Vi—2,5 = %Ui+l,j — v + ivi—l,j - h(azv)i—l,ja
Vij—2 = %Ui,j-i-l — v + %Uz’,j—l — h(0yv); j-1,
Vit2,j = %'Ui-&-l,j — v + SVi-1 ~ h(0z0)i+1,5,
Vijr2 = %Ui,jJrl — vi; + gvi,jq — h(0yv)ijy1-

The following example illustrates the previous theoretical study.

Example 1. Let us consider the following body forces:
pz,y) =102z — 1)%(y — 1)2(eY),
w =100 (@~ (e ),
0o = 1022(z —y — 1)(e~ (=D (=%
up = 107322 (y — 3)3 (e~ V"),

Fy = 10_396(6_”2_”2) sin?(7x).

Displacement of plate, T = 0.1s Displacement of plate, T = 50s
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Contour displacement valueT = 50s Contour thermal valueT = 50s
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