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ENERGY CRITERIA OF GLOBAL EXISTENCE FOR THE HARTREE
EQUATION WITH COULOMB POTENTIAL

NA TANG, CHENGLIN WANG, AND JIAN ZHANG

ABSTRACT. This paper studies a class of Hartree equations with Coulomb potential. Combined with
the conservation of mass and energy, we analyze the variational characteristics of the corresponding
nonlinear elliptic equation. According to the range of parameters, we construct the evolution invariant
flows of the equation in different cases. Then the sharp energy thresholds for global existence and blow-
up of solutions are discussed in detail.

1. INTRODUCTION

In this paper, we study a class of Hartree equations with Coulomb potential:
ior + Ap + Blz| T+ (J2] T+ o )p + plPe =0, t > 0,2 € R, (1.1)
where ( 2)2( 2) A
n— v —
B CE R T
and ¢ = (¢, z) is a complex value wave function of (t,z) € RT x R™.

Equation (1.1) is considered as the first-principle model for beam-matter interaction in X-ray free
electron lasers (XFEL)[1, 4, 9]. The parameter 8 denotes the strength of an electron beam interaction
with external Coulomb force. Recent developments using XFEL include the motion of atoms, measuring
the dynamics of atomic vibrations and biomolecular imaging [3, 8, 23]. Besides, in the context of BEC,
such a model equation is also known as the Gross-Pitaevskii for dipole Bose-Einstein condensation with
Coulomb potential[24].

For (1.1), the local well-posedness was established in [6, 10]. Feng and Zhao [10] obtained the global
well-posedness for (1.1) under some assumptions. In [15], authors proved the existence of ground states
and normalized solutions for (1.1) with harmonic potential. If we remove the term S|z|~! in (1.1), this
equation may occur blow up in finite time for the whole range of p, see [25, 26]. To our knowledge,
the existence of blowup and the sharp criteria of global existence for (1.1) has not been studied in the
literature.

n>3 2<~vy<min{4, n}, 0<B<

We recall the Hartree equation:

ipe+ Ap+ (|27 x o) p* 2o =0, t > 0,2 € R™. (1.2)

When « = 2, the equation (1.2) becomes Choquard-Pekar equation, which occurs in the modelling of
quantum semiconductor devices, the electron transport and the electron-electron interaction(see [17]).
There are numerous results for equation (1.2). Whenn > 3,2 < a <1+ ﬁ ,
[13] proved the local and global well-posedness and the existence of blow-up solutions. The dynamics
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of blow-up solutions was investigated in [5, 20, 22, 28, 29]. In [2, 12, 21], they showed the sharp criteria
for blow-up and scattering in H!'(R"). Huang, Zhang, Chen [16] and Tian, Yang, Zhou [25] showed the
sharp criteria of global existence for the Hartree equation with subcritical perturbations. And Leng,
Li, Zheng [18] showed the sharp criteria of global existence for the Hartree equation with supercritical
perturbations. In [26], they detected the dynamical properties of blow-up solutions. Lieb [17] showed
the uniqueness of the radial symmetric standing wave in R3.

The nonlinear Schrodinger equation with Coulomb potential is as follows:

ivr + Ap + Blz) "o = M (Je)?)e, t >0,z € R™. (1.3)

When 8 > 0, it provides a quantum mechanical description of Coulomb force between two charged
particles and corresponds to having an external attractive long-range potential due to the presence of a
positively charged atomic nucleus(see [19]). When 8 < 0 and f(|¢|?) = ||~ * |p|? , Chadam, Glassey
[5] obtained the existence of the unique global solution in H!(R?). Hayashi, Ozawa [14] showed the
global existence and a decay rate of solutions when the initial data belongs to a weighted-L? space.
For (1.1), we construct different invariant flows under different parameter ranges. Then we obtain the
sharp energy thresholds for global existence and blow-up of solutions for (1.1). We mainly consider the
following cases:

(1) 0<p< % 2 < v < min{n, 4}:
(2)
3
(
(

2
p=—, 2 <7y <min{n,4};
n
2
)~ !
4) p=—,2 <~ <min{n,4};
n
4
) %

4
<p<—,2<~vy<min{n,4};
n

np
B) —<p< ——,2< 4 < —:

" p n 2 TS5
(6) ﬁ<p<7n—2’ %§7<min{4,n}.

This paper is organized as follows: in Section 2, we establish some basic facts including local well-
posedness, the conservation laws of mass and energy, and sharp inequalities. In Section 3, we give the
sharp energy thresholds of blow-up and global existence for (1.1).

2. PRELIMINARIES
We impose the initial data of (1.1) as follows
0(0,7) = ¢o, = € R™. (2.1)
For the Cauchy problem (1.1) and (2.1), we define the energy space as
HY(R") := {v:v e L*(R"), Vv € L*(R™)}, (2.2)

and introduce the inner product

(u,v) := /Vu - Vv + vvdz, (2.3)

whose associated norm denoted by || - ||:. Here and hereafter, for simplicity, we use [ -dx to denote
Jon -dz.
Rn

Lemma 2.1. 1619 Assume ¢y € H'(R™), there exists a unique solution ¢(t) of the Cauchy problem
(1.1) and (2.1) in C([0,T); HY(R™)) for some T € (0,00] (mazimal existence time). We have the
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alternatives T = oo (global existence) or else T < oo and tlinjlﬂ lo(@)]| g = oo (blow up). Moreover for
—

allt € [0,T), the solution p(t) satisfies the following:
(i) Conservation of mass:

[1etPdz = [ oo (24)
(i) Conservation of energy:
Ee(®) = [ 31960 = Sl o) - 1]+ [P IO - — 1ot ds = Bleo). (25

By a direct calculation, we have the following result.

Lemma 2.2. Let o9 € H'(R"), [|z*|¢ol?dz < oo and ¢(t,z) be a solution of the Cauchy problem
(1.1) and (2.1). Put J(t) := [|z]*|¢(t,x)|*dx, then one has

1"

_ _ dnp
J (1) :/8|V¢I2—4ﬁ\x| Hel? = 29(|J| ™7+ o)l ~ mlwl”“dw

2.6
—81B(p0) + [ =Pl — d(y ~ D[Vl + (47~ DBlel el -
Lemma 2.3. 27 Let oo € HY(R") and [ |z|?|¢o|?dz < co. Then the following estimate holds:
[lekds < 2( [ 196Pan)t([ Pz, (27)
Lemma 2.4. 27 For0<p< - f 5 and v € HY(R"),
4—(n—2)p np
ot < Sh oty 2 1vul2 2:8)
where R is the unique positive ground state solution of equation:
“AR+ 4_(2]3_2)1)1% _|RPR=0,R € H'(R™. (2.9)
Lemma 2.5. (72 For 0 < v < min{4,n} and v € H'(R"), one has
(= % o) o]l < WVLLWHUEL_WHVUH; (2.10)
where W is a positive ground state solution of equation:
—AW+4_TVW—(\x|—u|W|2)W=0,WeH1(R”). (2.11)
Lemma 2.6. "1 Assume 1 < o < n,v € WHe(R"), then
||;|IZ v < (%)a/\vwdfc. (2.12)

In the end, for simplicity, we denote

1 B B 1 1 B8

CESTT T = w2 m—22
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3. SHARP ENERGY THRESHOLDS

In this section, we state the sharp criteria for global existence and blow up of (1.1). According to
the range of parameters p and 7y, we show the results in the following six cases.

2
Case I: 0 < p < —, 2 < v < min{n, 4}. In this case, we have three theorems. Let
n

2 4—2np+2p

P H o B
2F np| VR, 29[ VW3
2—np -2 2—np, 22
D, — S 3v—np
np np(2*np) ge=z (2= np), 2
Dy = D2 nn) | on(2 )y
2 Vay(y = 1) dy(y-1)
" 2 2 4—2n
by — [22 P (np)*1 ARV RV p]m,
(agDy)*r—mp
2m 2v—2,2-m, 2py—2p 4=2np
by — [2 P(np) =y P VR, VW, =

(ang)Z‘Y—"P

~np—2. (n—2)*(2va; — npay)r " np | _np_
Ky = [ ]
dy 2y -4)(n—-2)2-48(y-1)
Under the constraint : ||¢oll2 < b1, we define two invariant sets:

Gi={p e H 1 E(p) +collol3 < Ku,|l¢ll%: <y}

Bi={pe H": E(¢) +colel3 < K1, llell3 > w1},
where y; is the unique positive maximizer of :

1 np
fily) = ol a1y —agy”. (3.1)

- . . d
Let g1 > 0 be the first positive root of equation fi(y) = — f1(y) =

2
Theorem 3.1. For 0 < p < — and 2 < v < min{n,4}. Assume |poll2 < b1, then the following facts
n

are true:
(i) When po € G1 U {0} and fi(y1) < K1, the solution o(t,x) of the Cauchy problem (1.1) and
(2.1) ezists globally in t € (0,00).

(ii) When o € By and |x|pg € L*(R™), the solution p(t,x) of the Cauchy problem (1.1) and (2.1)
blows up in a finite time.

Proof. Firstly, according to (2.8) , (2.10) and (2.12), we estimate the energy functional E(yp), for all
t € (0,77,

p B
E(p(t) + collp(®)3 > 5HV80||3 - m\\vsﬂﬂg - *||<PH§ + Co||90||§
1 4— np
-~z el T IVells - 7||<ﬂ|| ||V<PH ’
AvwizT > np||VRIETT
1 B 2 1 4-2
>l — — _ v v 2
25~ gl ~ g o el (32
2 p+ p np
llly [l

- 2% np|VR|}
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Let y = [lo(t)]|%: > 0, for all t € (0,77,

E(p(t) + colle®3 = flle®in) = fi(y), (3-3)

where f; is defined in (3.1).
Secondly, we claim that the maximum of f;(y) on [0, +00) is greater than 0. Let

1 np _
9(y) = — —ary* Tt —ay’
ao
It follows that f1(y) =yg(y), lim g(y) = lim g(y) = —oco and ¢'(y) has only one zero point
y—0t Yy—>+00
Yo [(2 — np)al 2737117
2(’}/ — 1)&2

Thus the maximum of g(y) on [0, +00) is g(yo). From ||¢o||2 < b1, we can obtain
a?vﬁag*”p < (agDy)™P=27,

which implies
np _q 1

1 np _
9(yo) = — —aryy”  —azyy > 0.
ag

Note that fi(y) — 0~ as y — 0% and fi(y) - —oo as y — +oo. Therefore, fi(y) has the unique
positive maximizer y; on [0,00) and f1(y1) > yog(yo) > 0.

Thirdly, we prove the invariance of G; and B;. When fi(g1) < K, combined with the structure
of f1(y), we can easily know that G is a nonempty set. If ¢y € Gy, f1(y1) < K; and (¢, x) is the
corresponding solution of the Cauchy problem (1.1) and (2.1), then by Lemma 2.1, we have for all
tel0,T),

Fllleln) < Elp) +eollell3 < Ki. (3.4)

We only need to prove llell3: < y1. Otherwise, by the continuity of ¢(t) there exists ¢ € [0,T") such
that ||¢(?)||3;. = y1, and then

Ale@®NE) = filyr) > K,
which contradicts (3.4). Thus |¢[|%: < 1, which implies the solution ¢(t,z) of the Cauchy problem
(1.1) and (2.1) exists globally in t € (0,00). We can obtain B; is a nonempty invariant set by the same

token.
Finally, we prove the statement (ii) of Theorem 3.1. From (2.6), we have

() = 8vE(po) + /

16y — 8np, | ==2p ne
< 8vE(p) + ——llells * IVells —4y - 2)[IVell3

8y —4np

P p[PT2 — 4(y = 2)|Vl* + (4y — 4)Bla| el dx

2 1
+ (4y — 4)5[(71_72)2||V<PH3 + 5”90”%]

< 8Y[E(p) + collpll3] + Hi(y),

where
np 8 -1
Hify) = (51— dnparyF + 00 iy gy
(n—2)
H{(y) has only one zero point y* on [0, +00),
* [ (’I’L - 2)2(27 - np)npal ]2727”0

Y 222y -4~ 4B — 1)
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Hi(y) is increasing on(0, y*) and decreasing on (y*, +00), so the maximum of H;(y) is
2

(n — 2)%(2va; — npay) P np _np

55 = —8yK). 3.6
(=27~ - 4B~ ) 1 (30
By the invariance of By, if ¢g € By then for all ¢t € [0,T),

filllellin) < Bl) +collolls < K.

Inserting the results into (3.5), we obtain

J"(t) < $y[E(p) + collell3] + Hi(y*) < 0.

Therefore from Lemma 2.1 and 2.3, it must be the case T' < oo, which implies that the solution (¢, x)
of the Cauchy problem (1.1) and (2.1) blows up in a finite time. This completes the proof of Theorem
3.1. ([

Hi(y*) = (4 — 2np)|

Under the constraint : by < [|@oll2 < b2, we define two invariant sets:

Gy ={p e H : E(p) + collell3 < Ku, llellzp < el

By ={p € H': E(p) +colloll3 < K1, [l@llfp: > v2},
where y9 is the unique positive maximizer of equation (3.1).Let g3 > 0 be the first positive root of the

equation fi(y) = — f1(y) = 0 under the constraint b; < ||@o|l2 < ba.

dy
2
Theorem 3.2. For 0 < p < -~ and 2 < v < min{n,4}. Assume by < ||@o|l2 < be, then the following
facts are true:
(i) When po € G U {0} and fi(y2) < K1, the solution o(t,x) of the Cauchy problem (1.1) and
(2.1) exists globally in t € (0,00).

(ii) When o € By and |x|pg € L2(R™), the solution p(t,x) of the Cauchy problem (1.1) and (2.1)
blows up in a finite time.

Proof. Firstly, we claim that f;(y) < 0 and f;(y) has two extrema on [0,4+00). When b; < ||@o|l2 < b2,

we have
1 npay ne_q

! _ o) _ y—1
f1(y) o 5 Y yagy ',

and 2 )

np(2 —np)a; e _
‘W) =——F—v? =0y Day
Then f](y) — —oco as y — 0T or y — +oo, and f{(y) has only one zero point y,,,

_ (2 —np)npa;y |7

m = |

np

4(y — 1)vas 7
so the maximum of f{(y) on [0, 00) is
1 npay (2 —np)npay , np-2 (2 — np)npay , 21-2
! m) = — — 2y—np — -~ |2y-mp, 3.7
Filom) = = - SR C IO 5 ] | (3.7

4(y — 1)vaz
By b1 < |lgoll2 < bz, we can get
(aoDl)n:DiQ’Y < G?A{iQaginp < (ang)np72’y,
which implies that fi(y) < 0 and f{(ymm) > 0. Note that fi(y) is increasing on (0, y,,) and decreasing

on (Ym,+00). Therefore fi(y) has two zero points on [0, +00), it follows that f;(y) has two extrema on
[0,400). Let y3 represent the minimal point and yo represent the maximal point. It is not hard to find
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Yz <y, fi(y2) > Ki.

And then, the same as the proof of Theorem 3.1, we can verify that both G, and Bs are nonempty
invariant sets. Thus we obtain that the solution ¢(¢, ) of the Cauchy problem (1.1) and (2.1) exists
globally in ¢ € (0,00). Besides, we can also verify

J"(t) < 8Y[E(p) + collel3] + Hi(y™) < 0.
Therefore from Lemma 2.1 and 2.3, it must be the case T' < oo, which implies the solution ¢(t,z) of

the Cauchy problem (1.1) and (2.1) blows up in a finite time. This completes the proof of Theorem 3.2.
O

Under the constraint : ||¢gll2 > b2, we define the following invariant set:

By={pe H': E(p) +clel3 < Ki llelE >yt
where yy, is the unique positive solution of f;(y) = K;. Then we get a sufficient condition for blow-up
of solutions.

2
Theorem 3.3. Let 0 < p < —, 2 < v < min{n,4} and |z|po € L?*(R™). When ||poll2 > ba and
n

o € Bs, the solution p(t,x) of the Cauchy problem (1.1) and (2.1) blows up in a finite time.

Proof. Firstly, we claim that fi(y) < 0 and f1(y) has no extrema on [0,+00). When |[poll2 > b2, we

have
1 npaiy np_y

/ - = _ 5 _ y—1
hy) = —-—5v Yazy' ",
and ( )
np(2 —np)a; np_ _
i (y) = 4 y2 2 —(y = Dagy’ 2.
Then f](y) — —oco as y — 0T or y — +oo, and f{(y) has only one zero point y,,,
o [(2 — np)npay i
A(y — 1)yaz
so the maximum of f{(y) on [0, 00) is
1 npa; (2 —np)npay , np-2 (2 — np)npa; , 222
(ym) = — — B g PP 3.8
fl(y ) ao 2 [ 4(,}/_ 1)’)/&2 ] Y 2[ 4(7_ 1)7&2 ] ( )

By |l¢oll2 > b2, we can get

0y a3 > (ag D)™,
it follows that f1(y) <0 and f{(ym) < 0. Therefore fi(y) is decreasing on [0, +00), which implies f;(y)
has no extrema on [0, +00). By the monotonicity of fi(y), there exists unique yi € (0, +00) such that

fily) = Ky .
And then, the same as the proof of Theorem 3.1 and 3.2, we can verify that B3 is a nonempty
invariant set. Besides, we can also verify

J"(t) < 8v[E(p) + collell3] + Hi(y") < 0.

Therefore from Lemma 2.1 and 2.3, it must be the case T' < oo, which implies the solution ¢(t,x) of
the Cauchy problem (1.1) and (2.1) blows up in a finite time. This completes the proof of Theorem
3.3. |

2
Case II: p = —, 2 < v < min{n, 4}. Denote
n

i = VWIE[((n — 2)% = 28)[VR3 — (n = 2)*[l¢]5]
272(n - 2)?|[VR|3

)
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_ IVWIBI((n = 2)*(y = 2) = 2B(y = I)IVR[3 = (n = 2)*(v = Dll¢ll5]
2771 (n = 24| VR| 3

2 9 2
5 — (=27 els]-

K>

< [((n—2)* = 2B)IVR

We define two invariant sets:

2 y—2 20 2

Ga={p € H' : E(p) + collplls < Ko, llellip < wallells < (— = (n— 2)2)||VR||2”},
1 2 2 2 _ =2 2p z

By={p e H : E(p) + callellz < Kz, [ollzn > ya, llells < (7 P Q)Q)HVRHQ }-

2
Theorem 3.4. For p = — and 2 < v < min{n,4}, the following facts are ture:
n
(i) When o € G4 U {0}, the solution ¢(t,x) of the Cauchy problem (1.1) and (2.1) exists globally
int e (0,00).
(i) When @o € By and |x|pg € L?(R™), the solution ¢(t,z) of the Cauchy problem (1.1) and (2.1)

blows up in a finite time.

Proof. Firstly, according to (2.8) , (2.10) and (2.12), we estimate the energy functional E(yp), for all
t€ (0,7},

1 B B
E(p(t)) + colle@®)3 > 511 Vell3 — mllvwllg - ZH@H% + colleoll3
1 4 1 2 9
- e el — ollg le
3y V2 [P VIR lell3 1ol 22
T G A % App—— >
2 (22 I T g g Y
1 2
- — el el
2| VRg
Let y = [lo(t)]|%: > 0, for all t € (0,77,
E(o(t)) + colle®)3 > f2(le)3n) = fa(y), (3.10)
where
2
1 B lpolls 1 2
f2(y) =15 - - Y— 51 Y2,
2 (n=22 gvgy;  2"IVWIS
2
1 B lleolls 1
() =15 — - — Y.
? 2 (n—2)? 2VR j 25-79|| VW3
P12 28 2
By [lell3 < (7 Sl o Q)Q)HVRHQ , we know

2 20 2
lellg < (- W)HVRH%

so f4(y) has only one zero point y4 on [0, +00),

;]
:
2

i = YWVWIBI((n = 2)* = 2B)[[VRIl3 — (n —2)*|lp
272(n = 2)?|VR|3

Then the maximum of fs(y) is
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_AIVWIBL(n — 2)2 — 28)[VR]3 — (n— 2)*|lll3 2

f2(ys) I
2 (n—=2*VR|3

Secondly, we prove the invariance of G4 and By. Combined with the structure of f3(y), we can easily
know both G4 and By are nonempty sets. If vy € G4, by Lemma 2.1, the corresponding solution (¢, x)
of Cauchy problem (1.1) and (2.1) satisfies: for all ¢ € [0,T),

Pale®l3n) < Ble(®) + alle] < Ko, (3.11)
and
Il < (1= - =25 IV RIS

We only need to prove [|¢||%;; < ys. Otherwise, by the continuity of ¢(t) there exists ¢ € [0,7) such
that ||p(%)||3: = ya, then by computation we can get

F2le@NF) = folya) > Ko,

which contradicts (3.11). Thus [¢||3: < ya, which implies the solution ¢(¢,z) of the Cauchy problem
(1.1) and (2.1) exists globally in ¢ € (0,00). We can obtain the invariance of By by the same token.
Finally, we prove the statement (ii) of Theorem 3.4. From (2.6), we have

8y —4np B
J"(t) = 8vE(po) + / pTMp” —4(y = 2)|Vel* + (4y — 4)Bla| " |p|*dx (3.12)
< 8Y[E(p) + colloll3) + Ha(y),
where
40y = Dligolis 86(y — 1
Hs(y) = [(—)HEOHQ —4(y-2)+ m(_Q)g)]y-
IVR|3
2 7-2 28 2 ~ i
When (o3 < (—— I " o 2)2)||VRH2' , the maximum of Hz(y) on [y4, +00) is :

2| YW BI(n — 2)% — 28)|VRI5 — (n — 2)|l¢ll3]
(n—2)4|VR

% [(n—2)*(v = Dllgll — ((n—2)*(y—2) — 26(y — 1)) VR3]
= *8’}/K2.

Hs(ya)

4
n
2

By the invariance of By, if ¢ € By, then for all t € [0,T),
Fllelin) < BEe) +aleli < K2, llelin > v
Inserting the results into (3.12), we obtain
J"(t) < 89[E(p) + colll3] + Ha(ys) < 0.

Therefore from Lemma 2.1 and 2.3, it must be the case T' < oo, which implies the solution ¢(¢,z) of
the Cauchy problem (1.1) and (2.1) blows up in a finite time. This completes the proof of Theorem
3.4. (Il
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2 4
Case IIT: — < p < —, 2 <y < min{n,4}. Denote
n n

4—(n—2)p
K= P4 (= 2PCy el =
dnpy “[(27 —4)(n —2)2 —4B8(y — D] VR[5 ’
4 —np, np-a 4—np, 4y-a
D — d4y—n 4y —n
3 (47_4) v P+(47_4) e,
dpy—4 8—2
b3 — [HVR”Zp’Y p”vWHQ np]m
2Py =87+4(qq D3)4v—"p ’
el T ol
a3 = ———— Sy = ———— ,
o vRIp EEPEAE
1 2 d-(=2)p g, 1 a2y
— 2 4 - 2 7, 3.13

- o . d .
Let g3 > 0 and y5 be the first and second positive roots of the equation f4(y) = d—fg(y) = 0 respectively.
Yy
Then we define two invariant sets:

Gs ={p e H" : E(¢) + allells < K3, llelli < ws, [lell2 < b},
Bs ={p e H': E(p) + collpll3 < K3, l¢llF > us, llell2 < bs}.

2 4
Theorem 3.5. For - <p< - and 2 < v < min{n, 4}, the following facts are ture:
(i) When po € G5 U {0} and f5(y3) < Ks, the solution ¢(t,x) of the Cauchy problem (1.1) and
(2.1) exists globally in t € (0,00).

(ii) When @o € Bs and |x|pg € L2(R™), the solution p(t,x) of the Cauchy problem (1.1) and (2.1)
blows up in a finite time.

Proof. Firstly, according to (2.8) , (2.10) and (2.12), we estimate the energy functional E(yp), for all
te (0,7,

1 B B
E(p(t)) + collp(®)3 > §HVSD||§ - m\\%ll% - ZH‘PH% +aollell3
1 d—ry ~ 2 4—(n=2)p np
- ozl Vel - —<=zmlel, = (IVelly®
el IV — el T IVl
1 B 2 1 4-2 2
> —2 R, — |l 3.14
>[5 - gl - e lell el (3.14)
2 el T el
np[VRIE 72 Pl
Let y = [lo(t)]|%: > 0, for all t € (0,77,
E(p(t)) + colle@®)3 > fs(lle®)3) = fs(y), (3.15)
where f3 is defined in (3.13). And then
1 1 A-(n=2)p 1 _
/ - = = p] 771_7 42"7'771
1 np
=— —azyt ' —aw T,

ao
4—(n—2
2

- 4—2
T N ] 12 PN ] 2]
2|VWI[3

8V RII3
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We can verify that f{(y) has only one zero point
27734 —np)[[ VW3
224102
(v=Dlwolz 7 = "IVRIS
i (y) = 400 as y — 0" and fY(y) - —oo0 as y — +oo. Thus the maximum of f}(y) on [0,00) is
f3(W0)- By [[¢oll2 < bs, we can get

y—np

%0 = [

a§7_4ai_np < (agD3)™P=47,
which implies f4§(7g) > 0. Note that liril f4 = —o0, so there exists a unique y5 € (Yo, +00) such that
y‘) (o ]

fi(y) = 0. Thus f3(y) is increasing on (7o, y5) and decreasing on (ys,+00). So the maximum of f3(y)
on [0,400) is f3(ys).

Secondly, we prove the invariance of G5 and Bs. When f3(ys3) < K3, combined with the structure
of f5(y), we can easily know both G5 and By are nonempty sets. If @9 € G5, by Lemma 2.1, the
corresponding solution ¢(t,z) of Cauchy problem (1.1) and (2.1) satisfies: for all ¢t € [0,T),

Flle@)llin) < E(e(t) + colle®)l3 < Kz, lell2 < bs. (3.16)

We only need to prove [|¢||3,; < ys. Otherwise, by the continuity of ¢(t) there exists ¢ € [0,7) such
that ||¢(%)||3;1 = ys, then by computation we get

fs(le@71) = fs(ys) > K,

which contradicts (3.16). Thus ||¢[/3,, < ys, which implies the solution ¢(t,z) of the Cauchy problem
(1.1) and (2.1) exists globally in ¢ € (0,00). We can obtain Bs is a nonempty invariant set by the same
token.

Finally, we prove the statement (ii) of Theorem 3.5. From (2.6), we have

8y —4np _
7)) =898 (en) + [ TL=TE 1ot — 4y = DIVl + (4~ 9)8lal el
16y — 8np,, , i=(n=2p np
<8VE(p) + ——llella 7 IVely — (4y = 2)[IVell3
(3.17)
2 1
4y — 1) Bl——= Vel + =ll¢ll3
+ (= DBl 19l + 5ol
< 89[E(p) + collpll3] + Hs(y),
where 1608 - 86 0
fy_ np 4—(n—2)p np /y_
Hs(y) = ——=—— 2 yd 4[4y - 2)+ —— .
Then H} has only one zero point y* on [0, 00),
4—(n—2)p
7ol (n —2)*(2y —np)[lwolly |

[(n—2)%(2y = 4) = 48(y = V]IV R
Hj3(y) is increasing on (0,y*) and decreasing on (y*,4+00). So the maximum of H3(y) on [0, +00) is :
s—2mp (=T - mlgolls *
— —2n n—2)z —n a4
Hy () = ——2 ST IR )T = 87K,

np [(n—2)%(2y —4) —48(y - D] F[|[VR]3
By the invariance of Bs, if ¢ € Bs, then for all ¢t € [0,T),

fsllellzn) < Ble) +collells < Ks, el > ys.

Inserting the results into (3.17), we obtain

J"(t) < $v[E(p) + collell3] + Ha(y) < 0.
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Therefore from Lemma 2.1 and 2.3, it must be the case T' < oo, which implies the solution ¢(¢,x) of
the Cauchy problem (1.1) and (2.1) blows up in a finite time. This completes the proof of Theorem
3.5. O

4
Case IV: p = —, 2 < v < min{n, 4}. Denote
n

yo — MIWIEI(n =22 = 29) |V RIS ~ (n = 2)% o]
2-2(n - 2)2|VR|y
_IWIBL(n — 2)%(y — 2) —28(y = D)[VR]3 — (n—2)2(y — Dlo]]

21 (n — 2)4||VR|;
% [((n—2)* = 28)|VRIIZ — (n—2>[lell3 ).

)

K,

We define two invariant sets:

i 7-2 28 3

Go ={p € H' : E(p) + collpllz < Ku, lell7n <wellells < (— = n— 2)2)||VR||2'},
1 2 2 a2 28 W

Bo={p € H': E(e) + collell < Kasllelin > o ol < =3 - =2 )19 RIf).

4
Theorem 3.6. Forp = -~ and 2 < v < min{n, 4}, the following facts are ture:
(i) When @ € Gg U {0}, the solution ¢(t,z) of the Cauchy problem (1.1) and (2.1) exists globally
int e (0,00).
(i) When ¢o € Bg and |x|pg € L?(R™), the solution ¢(t,z) of the Cauchy problem (1.1) and (2.1)
blows up in a finite time.
Proof. Firstly, according to (2.8) , (2.10) and (2.12), we estimate the energy functional E(yp), for all
t € (0,7,

1 5 B
E(p(t)) + colle(t)]3 > §HWII§ - mll%ll% - Z\IcpH% + collell3

CH— T L lel3 el
T i e Py — —1 ||¥ Ll g
R R
(3.18)
S N 1 S S 1 T
2 (n-2) 3 VI3
1 4
e llelF el
2|VRII5
Let y = [l¢(t)]|3,: > 0, for all t € (0,77,
E(o(®) + colle®IE = Falo@®2) = faly), (3.19)
where
R loll3 1
$olls 2
faly) =[5 — - Y— = y?,
2 (n=22 gvgjy 2 IIVWIS
4

/ 1 B el 1

Yy) =15 4 Y.
WG Rl TV
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— 2 2 4
. B ) Q)HVRHQ", we know

4 20
lellg < (1 - W)HVR

4
n
2

4
5]

so f4(y) has only one zero point yg on [0, +00),
4
_AUVWIEI((n —2)* = 28)[[ VR[5 — (n —2)*|l¢
= - )
272(n - 2)?|VR|l3

Then the maximum of f4(y) is
_ MVWIEI((n —2)* = 2B)[VRI|3 — (n — 2)?[l¢l3]?
falys) = s :
2/(n = 2)Y|VR]3

Secondly, we prove the invariance of Gg and Bg. Combined with the structure of f4(y), we can easily
know both Gg and Bg are nonempty sets. If vy € Gg, by Lemma 2.1, the corresponding solution (¢, x)
of Cauchy problem (1.1) and (2.1) satisfies: for all ¢ € [0,T),

falle®lF) < E(e(t) + collp®)]3 < Ka, (3.20)
4 v—2 28 4
r < — VR|3.
ol < T3 - g I VA
We only need to prove [|¢||3,; < ys. Otherwise, by the continuity of ¢(t) there exists ¢ € [0,7) such

that ||¢(%)]|%,: = ys. Then by computation we get
Fallle@|l32) = falys) > Ka,

which contradicts (3.20). Thus [¢||%: < ys, which implies the solution ¢(¢,z) of the Cauchy problem
(1.1) and (2.1) exists globally in ¢ € (0,00). We can obtain the invariance of Bg by the same token.

Finally, we prove the statement (ii) of Theorem 3.6. From (2.6), we have
8y —4np _
—— el =4y = 2|Vl + (4y — 4)Bl2| 7 ol *da (321)

7(6) = $vB(o0) + [ L=
< 8Y[E(p) + colloll3] + Ha(y),

where
Ay - Dgols 83(y — 1)
H( =|— = —4( —2)—1—7].
R R e

2 4

" _62)2)||VR§, the maximum of Hy(y) on [yg, +00) is :
4 4

_ 2 IWIBL(n — 2)° - 28) VRIS — (0~ 22Nl

B £

(n =2 VER|3

4 7—2
Wh » —
en ol < (1=

Hy(ys)
a a
x [(n=2*(v = Dlells = ((n—2)*(y = 2) = 28(y = )| VE]5]
= —8’7K4.
By the invariance of Bg, if ¢ € Bg, then for all t € [0,T),
falllelliFn) < E(e) +collolls < K, el > ve.

Inserting the results into (3.21), we obtain
J"(t) < 87[E(0) + collwll3] + Halys) < 0.



74 N. TANG, C. WANG, AND J. ZHANG

Therefore from Lemma 2.1 and 2.3, it must be the case T' < oo, which implies the solution ¢(¢,x) of
the Cauchy problem (1.1) and (2.1) blows up in a finite time. This completes the proof of Theorem 3.6.

O
4 4
Case V: f<p<7,2<’y<@. Denote
n n—2 2
K= =270 =2) —28(y 1),
2(n —2)%y
Then we have two invariant sets:
B+1)y—1 2
Gr=fp e i B(o) + CE R0l < Ko e < 25, Vel <),
B+ 1)y
Br={p € 1 s B(o) + T =208 < Kool < 257,190l > V),
where Y is shown in the proof of the following theorem:
4 4
Theorem 3.7. For - <p< —" and 2 <~y < 2 the following facts are ture:
(i) When @o € Gz U {0}, the solution o(t,x) of the Cauchy problem (1.1) and (2.1) exists globally

int e (0,00).

(ii) When o € By and |x|po € L*(R™), the solution p(t,x) of the Cauchy problem (1.1) and (2.1)
blows up in a finite time.

Proof. Firstly, according to (2.8) , (2.10) and (2.12), we estimate the energy functional E(yp), for all
€ (0,17,

By —1) B o B 2, By—1) 2
E(p(t) + yo le®)l5 > 2||V<PH2 o _2)2||V<P||2 llll2 + 47 llll2
1 np
ol IVell3 — 4————fw , = Vel
1 ﬂ 2 ﬁ 2 1 -
— [ v _ = - Y v Y
5 = 2)2]” ollz ||30||2 NIITE lells ™ IV eell3
2 np
-— \Y% 2. 3.22
ororElel T Il (322)
Let y = [|[Vo(¢)|l2 > 0, for all ¢ € (0,7,
Bly -1
Be(t) + "I 01 = m(IVe0)1) = my), (3.23)
where
1 8 B 1 4— 1= (" D2 np
hy:*_7y2_7902_790 7 750 yz,
25 4— ('n 2)p np
ri(y) =1 - ely "y - == lle Y2 Py = ha(y)y.
Thus ha(y) = 0 has only one positive solution,
np —4 4—(n=2)p
(y) = —(v — @4773 oll, T yET <o,

which implies fis is decreasing on [0, +00). Note that fiz(0) =1 — -
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4—(n—2

)p
((n—2)* - B)IVW]]3 _lelly 2 (((n —2)? = B)IVW]|3
(n —2)2[lel ™" VRIS (n—2)2[ell3
Since hy is continuous on [0, +00), there exists a unique positive Y,
(0 =27 = BIVWIZ, =,
(n— 220}

such that fi2(Y") = 0, thus the maximum of f;(y) is h1 (V).
Secondly, we prove the invariance of G7 and B;. Combined with the structure of 7 (y), we can

)72 (-2 <0,

)77 =

ha|(

Y e[o,(

2
easily know both G7 and By are nonempty sets. If ¢y € G7, by Lemma 2.1 and |||z < mY, the
corresponding solution ¢(t,x) of Cauchy problem (1.1) and (2.1) satisfies: for all ¢t € [0,T),
By —1) (n—2)°(v—-2)-28(y—1)
4~y 2(n —2)%y
We only need to prove ||[Vplla2 < Y. Otherwise, by the continuity of ¢(t) there exists ¢ € [0,7") such
that ||[Ve(t)]l2 =Y, then by computation we get

m(IVe®)l3) < E(p) + lell3 < Y2 < (Y). (3.24)

6(7 — 1) ||
dy
which contradicts (3.24). Thus ||Vg|2 < Y, which implies the solution ¢(t,z) of the Cauchy problem
(1.1) and(2.1) exists globally in ¢ € (0,00). We can obtain the invariance of B; by the same token.

Finally, we prove the statement (ii) of Theorem 3.7. From (2.6), we have

7)< 89B(en) + [ 47 = DIV + (47 = DBl IVl + oPlda

h(IVe@)l2) =m(Y) < E(p) + oll3,

(27
—sale) + 2Dy - A=U=H S0 Do
n—22(y—2)—28(y— 1)y 4n—2)2(y—2)—8B(y— 1),
IS P R s FLGEL

Therefore from Lemma 2.1 and 2.3, it must be the case T < oo, which implies the solution ¢(t, z) of
the Cauchy problem (1.1) and (2.1) blows up in a finite time. This completes the proof of Theorem 3.7.
O

4 4
Case VI: — <p< —— P < v < min{4,n}. Denote
n n

-2 2
(n—2)*(np — 4) — B(2np — 4)
2(n—2)%np

Kg = Y2,

Then we have two invariant sets:

B+1)y—1 P
Gs={pe i Bg)+ P o kol < — 2 ¥, [Vells < V),
4y (n—2)
B+1)y—1 2
By—{pe i B(p)+ PHVI=L 4i ol < Kol < =255 ¥ [Vl > V')

where Y’ is shown in the proof of the following theorem:

4
5 and % <~ < min{4,n}, the following facts are ture:
n—

(i) When @ € GgU{0} , the solution ¢(t,x) of the Cauchy problem (1.1) and (2.1) exists globally
int e (0,00).

4
Theorem 3.8. For — <p <
n
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(ii) When @o € Bg and |x|pg € L2(R™), the solution p(t,x) of the Cauchy problem (1.1) and (2.1)
blows up in a finite time.

Proof. Firstly, according to (2.8) , (2.10) and (2.12), we estimate the energy functional E(¢p), for all
t € (0,7,

B(np —2) B 2 By 2, Blp—2) o
E(p(t)) + TH@( |3 > 2||V<P||2 o2 IVellz =7 llellz + WH@HQ
1 2 np
\V4 Y \V4 2
o E R R v B PR L
- 1 B 2 5 2 1 4—y e
2 - np
- — Vol . 3.25
Let y = ||[Vo(t)||2 > 0, for all ¢t € (0,77,
B(np — 2
Bel0) + L2 o0 2 na(I9e(0)le) = (o) (3.26)
where
1 8 I} 1 4 4— (n 20y
I N _ = 2 _ Y E— 2
2/8 1 1 4- (77 2)p np
h/ 1 _ -2_ __- 2 —2 = h .

The same as the proof of Theorem 3.7, there exists a unique positive Y’ such that % (Y’) = 0, thus the
maximum of hiz(y) is Az (Y”).
Secondly, we prove the invariance of Gg and Bs. Combined with the structure of iiz(y), we can easily

8
know both Gg and Bg are nonempty sets. If ¢y € Gg, by Lemma 2.1 and ||¢||3 < Wy@7 the
n—

corresponding solution ¢(¢, z) of Cauchy problem (1.1) and (2.1) satisfies: for all ¢ € [0,T),

B(np—2) (n—2)*(np —4) — B(2np — 4)
maIVo)13) < Bp) + =2 el < e

Y2 < hg(Y). (3.27)

We only need to prove [|[Vp|l2 < Y’. Otherwise, by the continuity of ¢(t) there exists ¢ € [0,7") such
that ||[Ve(t)]l2 =Y, then by computation we get

m(IVe®IR) = ha(r") < B() + LD o,

which contradicts (3.27). Thus ||Vg|l2 < Y, which implies the solution ¢(¢,z) of the Cauchy problem
(1.1) and (2.1) exists globally in ¢ € (0,00) . We can obtain the invariance of Bg by the same token.
Finally, we prove the statement (ii) of Theorem 3.8. From (2.6), we have

J"(t) = 4npE(po) — /(2np — 8)IVel? — (np — 27)(J2] ™ * |l )|l — (2np — 4)Bla| "ol da

< anpBlen) — [ (np =9IVl = (2np = 9)8[—5 IVi? + 5llda
. (9~ 8 — B(hr (3.28)
— tnplB(p) + LDy - L2 =8 S PO =80

(n—2)%(np —4) — B(2np — 4) v _ (n—2)2(2np — 8) — B(4np — 8)

Y”? =0.
2(n —2)%np (n—2)2

<dnp
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Therefore from Lemma 2.1 and 2.3, it must be the case T' < oo, which implies the solution ¢(¢,x) of
the Cauchy problem (1.1) and (2.1) blows up in a finite time. This completes the proof of Theorem 3.8.
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