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THE EXISTENCE AND UNIQUENESS OF SOLUTIONS OF A NONLINEAR
TOXIN-DEPENDENT SIZE-STRUCTURED POPULATION MODEL

YAN LI AND QIHUA HUANG

ABSTRACT. In this paper, we study a toxin-mediated size-structured population model with nonlinear
reproduction, growth, and mortality rates. By using the characteristic method and the contraction
mapping argument, we establish the existence-uniqueness of solutions to the model. We also prove
the continuous dependence of solutions on initial conditions.

1. INTRODUCTION

How do anthropogenic and natural environmental toxins affect population dynamics and ecological
integrity? It is an essential question in environmental toxicology [1, 11]. Mathematical models (including
individual-based models, matrix population models, ordinary differential equation models, and so on)
have been widely applied to address this question [4, 5, 6, 7, 9]. In terms of the fact that in a population,
individuals of different sizes may have different sensitivities to toxins, Huang and Wang [8] developed
a size-structured population model for a population living in an aquatic polluted ecosystem, which is
given by the following system of nonlinear first-order hyperbolic equations:

up + (g(z, P(t))u)y + u(z, P(t),v(z,t))u =0, Z € (Tmin, Tmax), t > 0,

ve + g(x, P(t))ve + o(z,t)v — a(z, t)E(t) = 0, Z € (Tmin, Tmax),t > 0,

9(Tanins P(£) (i, 1) = /x : Bz, P(t), v(x, ) u(z, t)dz, ¢ >0, W
V(Zmin, t) = 0, t>0,

u(z,0) = up(x), Z € (Tmin, Tmax),

v(x,0) = vo(z), Z € (Tmin, Tmax)

where u(x,t) represents the density of individuals of size z at time ¢; P(t) = f;::" u(x,t)dx is the total
population biomass at time ¢, where xy,in and T, denote the minimize size and the maximum size of
the population, respectively; v(z,t) denotes the size-dependent body burden — concentration of toxin
per unit population biomass. The function g(z, P(t)) represents the growth rate of an individual of
size x which depends on the total population biomass due to competition for resources. The function
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w(z, P(t),v(z,t)) denotes the mortality rate of an individual of size x which depend on the total pop-
ulation biomass and the body burden. The function S(z, P(t),v(z,t)) is the reproduction rate of an
individual of size . The function o(z,t) is the toxin elimination rate due to the metabolic process
of the population. The function a(x,t) represents the toxin uptake rate by the population from the
environment. The function E(t) is the concentration of toxin in the environment at time ¢. See [8] for
detailed model derivation.

In [8], an explicit finite difference approximation to partial differential equation problem (1.1) was
developed. The existence and uniqueness of the weak solution — a solution in integral form with two
test functions — were established and convergence of the finite difference approximation to this unique
weak solution was proved.

The main purpose of this paper is to prove the existence-uniqueness of solutions of problem (1.1) by
using the characteristic method and contraction mapping theorem, and the continuous dependence on
initial conditions, which are quite different from the method of numerical approximation used in (1.1).

2. EXISTENCE AND UNIQUENESS RESULTS

Throughout the discussion, we let Q1 = (Zmin, Zmax) X (0, 00) and Q3 = (Zmin, Tmax) X (0, 00) X (0, 00).
We make the following assumptions on the parameters in problem (1.1):

(H1) g(z, P) is a strictly positive Lipschitz function with respect to « and P in ©; with a common
Lipschitz constant L.

(H2) p(z, P,v) is a nonnegative Lipschitz function with respect to z, P, and v in Qy with a common
Lipschitz constant L.

(H3) B(z, P,v) is a nonnegative Lipschitz function with respect to z, P,v in Q2 with a common
Lipschitz constant Lg. Furthermore, (x, P,v) is uniformly bounded in 2y with 0 < 8 < Ba.

(H4) a(z,t) is a nonnegative Lipschitz function with respect to x in ©; with a Lipschitz constant L.
Furthermore, a(z,t) is uniformly bounded in € with 0 < a < ayy.

(H5) o(z,t) is a nonnegative Lipschitz function with respect to x and ¢ in £; with a Lipschitz constant
L,.

H6) E(t) is a nonnegative continuous function and bounded for 0 < ¢ < co with 0 < E(t) < Ejy.

(HT) up(z) € LY (Tmin, Tmax) and ug(z) > 0.

HS8) wvo(z) is a nonnegative Lipschitz function with a Lipschitz constant L, and bounded for &, <

T < Tmax With 0 < wg(z) < wpyr.

We begin with the definition of the solutions of problem (1.1).
Definition 2.1. A nonnegative function (u(z,t),v(z,t)) on [Tmin, Tmax] X [0,T), with wu(z,t) and

v(z,t) integrable, is a solution of (1.1) if P(t) = [ u(x,t)dx is a continuous function on [0,7)
and (u(zx,t),v(z,t)) satisfies (1.1)3 4,56 and the equations

Du(z,t) = —jiu(z,1), (2.1)

Dy(x,t) = —[o(z,t)v — a(z,t)E(t)] (2.2)
with
Du(z,t) = lim w(X (t + h;x, t)},}t +h) —u(x,t) |

D'U(.’ﬂ,t) — lim ’U(X(t + h,fE,t)7t + h,) — ’U((E,t)7
h—0 h
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where T is a positive constant, ji(z, P(t),v(x,t)) = g(z, P(t)) + p(z, P(t),v(x,t)) and X (t;zo,%0) is
the solution of the equation for the characteristic curves given by

B — gt P, (23)
x(tg) = xp.

From (H1), we know that the function X (¢;xo,%o) is strictly increasing. Thus a unique inverse
function 7(x; xg,to) exists. Let Z(t) = X (t; Zmin, 0) be the characteristic through the point (zmin,0).
In what follows, we reduce problem (1.1) to a system of coupled equations for P(t) and B(t) by using
the method of characteristics, where

B(t) = / M B P, v 1) ulz, ) da.

min

Integrating (2.1) along the characteristics, we have

uo(X (0; 2, ))e™ Jo AX (si2:6).P(s).0(X (si2,1).5))ds| x> Z(t),

U(x, t) = B(T(Imin)) e* f:(mmin) /I(X('S?wmin,T(J/’min))xP(S)rv(X(S§wmin7T(w1nin))75))d3
9(@min; P(T(Zmin)))

where 7(Zmin) = 7(Tmin; €, t). Similarly, we have

t
@8 0o (X (052, 8))e ™ Jo (X (siwt)s)ds / a(X(s;2,1), 8)E(s)e™ Je o X(mmthmdrqe 0 > 7(4),
viw, = 0

0, x < Z(t).
(2.5)
Then

Tmax t .
P(t) = / u(z, t)dz :/ B(n)e~ I M(X(s,wmanm)ﬁP(S),v(X(S;wmmm)’S))dsdn
T 0

min

. /xmx o (£)e N H(X(s;g,o),P(s),v(X(s;E,O)))dsdg

Zmin

and
t t
B(t) = / BUX (8 @aviny 1), P(), 0(X (£ anin, 1), 8)) B(y)e ™ o # X Emim ) P 0 (X Simin ) gy
0
| (2.7)
+ / BX (t Tumin, €), P(8), v(X (8 Tin, §), 1) Jug(§)e™ o HX SO P v(X (€0 s,

If P(t) and B(t) are nonnegative continuous solutions of (2.6) and (2.7), then u(z,t) and v(z,t)
defined by (2.4) and (2.5) respectively are the solutions of (1.1). On the other hand, if u(z,t) and
v(x,t) are the solutions of (1.1), then P(t) and B(t) are nonnegative continuous solutions of (2.6) and
(2.7). Therefore, in order to obtain the existence and uniqueness results for problem (1.1), we only need
to study the solvability of the system consisting of integral equations (2.6) and (2.7).

By using the contraction mapping theorem, we first obtain the local existence and uniqueness results
for problem (1.1). To this end, let

Srac = 1 € C0.TIFO) = lugll11,0 < £(8) < K, where K > [uollz1},
St ={f€C[0,T)|0 < f(t) < H, where H > Bar|luo||r}

For each P € Sp.k, the function X (¢;x0,t0) is well-defined by the characteristic curve (2.3). Thus,
there is a unique function v(z,t) determined by (2.5).
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Define the operator Y : Sp.x x Sp.p — C[0,T] x C[0,T] by Y(P,B) = (®(P,B),V(P, B)) where
®(P, B) and ¥(P, B) are given by the right-hand sides of (2.6) and (2.7) respectively. Then, a fixed point
of the operator Y corresponds to a solution of (2.6) and (2.7). Next lemma establishes the existence
and uniqueness of a fixed point of the operator Y.

Lemma 2.1. Suppose that hypotheses (H1)-(H8) hold. Then there exists a value T > 0 for which Y
has a unique fized point in Sp.x X S, C C[0,T] x C[0,T].

Proof. As mentioned above, we just need to show that Y has a unique fixed point in Sp,x x St.. For
any P,P € Sr i, B,B € Sp.u, let u, 4 and v, 0 be given by (2.4) and (2.5) corresponding to B, B and
P, }5, respectively. We use the following notations to simplify the expressions:

(X (8 Tamin, ), P(5),0(5, 1) = pp,  pu(Xp(8; Tmin, 1), P(5),0(8, 1)) = pip;
BX p (5 Tmin, 1), P, 0) = B, B(Xp(s: Tmin, 1), P.v) = B
WX p(55€,0), P,0) = fip, p(X(53€,0), Pv) = jip;
Bp(X(5:€,0),P,0) = Bp, Byp(X(5:£,0), Pv) = Bp.
In terms of (2.7), we can conclude that
U(P,B)(t) < Bu /Ot B(n)dn + Burlluoller < B HT + Burlluollr < H.
By a series of computations, we have

(U(P,B)(t) — ¥(P,B)(t)| < TBum|B — Blloo + (BsrHL, + HL)T(|Xp — X p|
+|P—P|+|v—1|).

Since X p(t; Tmin, 0) and X p(t; min, 0) are the solutions of

X~ gt P1)
33(0) = Tmin

and

L (e, P(1))

dt
2(0) = Zpmin
respectively, we have that
1 Xp — Xp) <Lg/0t(Xp—Xﬁ,|+|P—P|)ds. (2.8)
Gronwall’s inequality tells us that
Xp = Xp| < LyTebT|| P — P... (2.9)
Similarly, we get
18P = Bpl < Ls(|Xp — Xp| + |P — Pl + v — 0])ds, (2.10)

p — pp| < Lu(IXp = Xp| + [P = P+ |v - 8|)ds, (2.11)
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|v — 9] SUM/O \U(Xp)—a(Xp)|ds+EM/O a(Xp,s)/ lo(Xp) —o(Xp)|dsds

00 (X) ~ 10X+ ar [ a(Xin) — alXp, )]s 1)
< (vmTLs + Ly + EppayTLy + Ey L T)| Xp — Xp|
< (vmTLy + Ly 4+ ExrayTLy + ExyLoT)L,TelsT||P — P||o.
Thus,
[W(P, B)(t) — U(P,B)(t)| < TBum|B = Bllos + h1(T)T||P = P, (2.13)

where
h(T) = (BuHL, + HLg) T [LyTe"s™ +1
+(wmTLe + Ly + EypayT Ly + ExLT)LgTe ] .

For the ® component, note that
(P, B)(t) ~ B(P, B)(1)) = / (B - Ble ey
+ / (e et e ety
+ /:max uo(€) (e Jo Ards _ o= Jo Badsyqe (2.14)

min

< / B(n) — Bn)ldn + / B(n) / e — ppldsdy

xn]ax t
[ unle) [ lan - ppldsde,
x 0

min

Let F(n) = B(n) — B(n), by (2.7), we get

t t R t .
|E'(1)] SﬁM/O \F(n)ldn+/0 B(n)lﬁp—ﬁpldnJrﬁM/o B(n)|lpp — ppldn

. (2.15)
- / ug()|Bpe™ Jo irds — BreJo ieds|dg,
which leads to
t
F(8)] < Bu / [F ()| + (),
0
where
t t
(1) :/ B(n)|Bp — Bpldn + ﬂM/ B(n)|lpp — ppldn
0 0 (2.16)

Jr/ uo(€)|Bpe Jo Ards — B Jo Reds|de,

min
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We also find that

Bpe=Jorrds o= JoReds) =|(Bp — By)e Jo Ards 4 f(em Janrds o o mpds))

. (2.17)
< |Bp — Bl +5M/ liip — fiplds.
0
From the above analysis, we can conclude that
&(t) < [Bulluollre®™ T (Lg + BrrLy) + uollLr (L + Bar L T))-
[LyeXsTT +1 + (vpTLy + Ly 4+ ExranTLy + ExiLaT)elsTTL]| P — Pllo
— J(T)|[P - Pw.
Thus,
t t A
FO1< S [ 1IP0I+ 00) < s [ [F)ldn -+ ID]P = Pl
0 0
By Gronwall’s inequality, we have that
[F(#)] < J(T)|| P = Pllocels P97 = J(T)||P = Plloce™",

Therefore,

|®(P, B)(t) — ®(P, B)(1)]

< TI(T)|P = Plloce™ T + (Barlluol| 1™ T + [|uo || 1) T Ll | P = Pllos (2.18)

(Lye™s™T + 1+ (vyTLy + Ly + ExpayTLy + ExLoT)TLye™oT)
=: Thy(T)||P — P||oe.
Combining (2.13) and (2.18), we obtain
< (Th(T) + Tho(T))||P — Pllsc + TBur||B — Blloe (2.19)
=r(T)(||[P = Plloo + ||B = Bll=),
where
r(T) = max{(Thi(T) + Th2(T)), TS}

Note that r(0) = 0. Therefore, there exists a sufficiently small constant 7 > 0 such that r(T") € (0, 1).
Hence, for such a small T, the mapping Y is a contractive mapping. By the contracting mapping
theorem, Y has a fixed point. The proof is completed. O

Note that the uniqueness of the solution P(t) and B(t) of system (2.6)-(2.7) implies that the unique-
ness of the solution to problem (1.1) because each w(z;t), v(x,t) given by (2.4) and (2.5) is uniquely
determined by P(t) and B(t). Thus, we have the following result on local existence and uniqueness to
(1.1).

Theorem 2.2. Suppose that hypotheses (H1)-(H8) hold. Then there exists a value T > 0 such that
problem (1.1) has a unique solution up to time T.

In order to establish the global existence-uniqueness result for problem (1.1), we conclude the fol-
lowing upper bound on P(t) for ¢ € [0,T7].
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Lemma 2.3. Let u(z,t) and v(x,t) be a solution of (1.1) up to time T. Then for t € [0,T], P(t)
satisfies the following bound

P(t) < |Jug| 1€’

Proof. P(t) is differentiable since P(t) = ["™* u(x,t)dz and u(z,t) is differentiable by Definition 2.1.

ZTmin

Differentiating (2.6) with respect to t, we get

P(t) = / " B, P o) — pla P(2). o, 1)) ulz, )z < BarP(E),

min

Gronwall’s inequality tells us that
P(t) < |Jug| 1€’

Using similar arguments as in the proof of Theorem 3 in [2], we are able to derive the following global
existence-uniqueness result. O

Theorem 2.4. Suppose that hypotheses (H1)-(H8) hold. Then problem (1.1) has a unique solution for
t €1]0,00).

3. CONTINUOUS DEPENDENCE ON INITIAL CONDITIONS

The purpose of this section is to establish the continuous dependence of solutions on initial conditions.
For this purpose, we first show that the fixed point of the operator ® associated with an initial condition
depends continuously on initial conditions.

Lemma 3.1. Let P;(t) and Py(t) be the fized points of (2.6) associated with initial conditions (ug1,vo1)
and (ug2,vo2), Tespectively, then

eBut

1 LHUOI _U02||L17 (31)

where L is the contraction constant of the operator ®.

|P1(t) — Pa(t)| <

Proof. Tt is easy to see that

|PL(t) — P2(t)] < [Pr(t) — P3(t)] + [ Ps(t) — Pa(t)], (3-2)
where
t
Ps(t) :/ Bs(n)e” f,f#(Xz(S»fmin771)7P2(S)7v2(X2(8;95min»n),s))dsdn
0
L / T o1 ()6~ I8 1OE (5.0, Pa(9) 02 (Xa(si€.0).))ds ¢
Zmin
and
Bs(t) =

t
o (£ Zamins 1), Po(t), v2(Xo(; Tanins 1), ¢ 2(n)e” ,;’u(Xz(s,wmimn),Pz(S),vz(Xz(S;wmm,n),S))dsd
B(X n), P X n),t))Bs(n)e” U]
0

* / B(X2(t; Tmin, £), Pa(t), va(Xa2(t; Tmin, §), ) )uo1 (§)e™ Jo #(X2(5:6,0), Pa(s) w2 (Xa(s6.0).9))ds g

min
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Direct calculations give

t
t i S ),V S;Tmi S S
|Ps(t) — Py(t)] :/ (Bs(n) — Ba(n))e” Sy (X2 (8,@min,m), Pa(8),02(X2(8:%min,n),5))d dn
0
+ /zmx (01 (€) — ug2(€))e™ Iy #(X2(5§§>0)1P2(5)”U2(X2(5§§10)))d5d£

min

¢
< / |B3(n) — Ba2(n)|dn + |luor — uoz||L
0

and

¢
|B3(t) — Ba(t)| < BM/ |B3(n) — B2(n)|dn + Barlluor — uozl|rr-
0
So we can conclude that
|P3(t) — Pa(t)| < €M ||ugy — uoel| -

From (3.2), by the contraction mapping theorem, we have

|PL(t) — P ()] < [PL(t) = Bs(t)| + [Ps(t) — Pa(t)| < LIP(E) — Pa(t)| + | Ps(2) — Pa(t)]

< L|Pi(t) — Pa(t)] + e |uor — w0zl 11

which implies (3.1).

197

In the following, in virtue of the above estimates (3.1), we can show the continuous dependence of

solutions on initial conditions.

Theorem 3.2. Let (u1,v1) and (ug,ve) be the solutions of (1.1) with initial conditions (uo1,vo1) and
(up2, vo2), respectively. Then for any € > 0, there exists § = 0(e,t,upi,vo;) > 0 such that if ||uor —

uo2| 21 + ||vor — vo2||z1 < 0, then

lur — w2z + [lv1 —vallr <e.

Proof. Firstly we estimate the difference between the two characteristics. By (2.8) and Gronwall’s

inequality, and combining with (3.1), we find that

t L LyeLatBu)(t=3)
|Xp, — Xp,| < Lg/o |Py(0) — Py(0)|doels =) < mllwl — uo2|[ 1,
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which implies that when ¢ > s, | Xp, — Xp,| = 0 as ||ugr — woz||rr — 0. We assume that Z;(t) < Za(t).
By (2.4), direct calculations show that

/ (@, 8) — sz, £)]dz
§ /zl(t) B(11(2min))  B(72(min)) o S oy X1 P s
- Zmin g(xmina Pl) g(xmin’PQ)

Z1(t
_|_/ 1 M(e* J7 oy A(X1,PLv1)ds ef:Z("'min) ﬂ(XzJ’z,vz)dS)dx
Tmin g(xmin» P2)

T

Za(t
+/ 2(t) (um(Xl)e* (X Prods B(TQ(xmin))ef:Z(mmm)ﬁ(Xg,Pz,vg)ds)d
Z1(t) 9(Tmin, P2)

+/ max uol(Xl)( fo (X1,Py,v1)ds efot [L(XQ,Pg,vg)dS)dx
Zg(t)

+f t))( |1 (X1) — Uol(X2)|e I3 i(X2,P2 vz )ds 4

+/ (uo1(X2) — uo2(X2))e™ Jo i (X2, P2,v2)ds .
Z>(t)

and

Tmax Z2(t) + t +
/ |1)1(J:7t) — 'U2(x7t)|dx :/ (’U01(X1)€_ Jo o(X1,8)ds + / a(Xl, s)E(s)e_ /S a(Xl,'r)d-rds)dx

Z1(t) 0

min

Tmax t .
/ / [a(X1,5) = a(Xs, 8)|E(s)e™ - 7509 dsdy
Z>(t)

/ / (Xa, 8)E(s)[e™ - 7X1mdr _ o= [1o(X2m)dr]qdy

+/ a UOl(Xl)[e_ f(;‘ o(X1,7)dr e fot U(XQ’T)dT}del‘
ZQ(t)

Tmax +
+ / (v01(X1) — vo1(X2))e™ Jo o(X2m)dT 4y
Z(t)

+ / (”U()l(XQ) - UOQ(XQ))67 fot U(Xz’T)dex,
Zz(t)

where X; = Xp,, (i = 1,2), i is defined in Definition 2.1. The following proof can be completed by

using similar arguments as in the proof of Theorem 2 in [2]. |

4. CONCLUDING REMARKS

In this paper, by using the method of characteristic and contracting mapping theorem, we proved the
existence-uniqueness of solutions to problem (1.1). We also derive the continuous dependence on initial
conditions of the solutions. In the future, we plan to study the asymptotic behavior of the population
under the influence of environmental toxins. In addition, problem (1.1) assumes that the population
growth rate g = g(x, P(t)). This mortality rate, however, may depend on the body burden v. Including
the dependence of the growth rate on the body burden (i.e., g = g(x, P(t),v(x,t))) will yield new and
challenging problems.
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