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GLOBAL STABILITY OF A HCV DYNAMICS MODEL WITH CELLULAR
PROLIFERATION AND DELAY

ALEXIS NANGUE, ARMEL WILLY FOKAM TACTEU, AND AYOUBA GUEDLAI

ABSTRACT. In this work, we propose and investigate a delay cell population model of hepatitis C virus
(HCV) infection with cellular proliferation, absorption effect, and a non-linear incidence function. First
of all, we prove the existence of the local solutions of the model, followed by the existence of the global
solutions and the positivity. Moreover, we determine the infection free equilibrium and the basic
reproduction rate Rg, which is a threshold number in mathematical epidemiology. Then we prove the
existence and uniqueness of the infection persist equilibrium. We also proceed to study the local and
global stability of this equilibrium. We show that if Rg < 1, the infection free equilibrium is globally
asymptotically stable, which means that the disease will disappear and if Rg > 1, we have a unique
infection persist equilibrium that is globally asymptotically stable under some conditions. Finally, we
perform some numerical simulations to illustrate the obtained theoretical results.

1. INTRODUCTION

Hepatitis C is a disease caused by HCV, which is a virus that attacks liver cells, causing them to
become inflamed. The World Health Organization (WHO) estimates in [29] that globally, 71 million
people are chronic carriers of hepatitis C infection and that in 2016, around 399,000 people died from it,
most often as a result of cirrhosis or hepatocellular carcinoma (primary liver cancer). This organization
is leading actions to reduce the number of new cases of viral hepatitis by 90% and the number of deaths
associated with this disease by 65% by 2030. Due to the severity of hepatitis C infection, it is necessary
to develop the tools that help to understand this disease. It is for this reason that several mathematical
models have been developed to better understand the dynamics of the hepatitis C virus within the liver
itself [1, 2, 7, 18, 20, 19, 17]. Eric Avila Vales et al. in [2] studied an intra-host delay model, which is a
pioneer work which inspired the work in the present paper. Indeed, we note that in their model, the loss
of pathogens due to the absorption that we can find in [10, 30, 23] in uninfected cells is ignored. When
a pathogen enters an uninfected cell, the number of pathogens in the blood decreases by one. This is
called the absorption effect (see, for example, [4]). To place the model on a more solid biological basis,
we use the saturated infection rate (saturated infection rate found in [25, 30]) and cellular proliferation
effect. These three aspects added to the model studied in [2] make the model we are studying a more
realistic model in the biological sense. We note that in most intra-host models of virus dynamics, the
loss of pathogens due to the absorption into uninfected cells is ignored. In biology, it is natural that,
when pathogens are absorbed into susceptible cells, the numbers of pathogens are reduced in the blood
volume which : this phenomenon is called absorption effect. Hence, some researchers (see, for example,
[4, 16, 30] and the references therein) have included the absorption effect into their models. In several
of models with or without delay, the process of cellular infection by free virus particles is typically
modelled by the mass action principle, that is to say, the infection rate is assumed to occur at a rate
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proportional to the product of the concentration of virus particles and uninfected target cells. This
principle is insufficient to describe the cellular infection process in detail, and some non-linear infection

rates have been proposed. Li and Ma [14], Song and Neumann [25] considered a virus dynamics model

bzv
14+av®
dynamics model with the non-linear infection rates

2 (7)1 (14 (7)) =t ey

where p, ¢, k > 0 are constants, respectively. Recently, Huang et al. [12] considered a class of models
of viral infections with a non-linear infection rate and two discrete intracellular delays, and assumed
that the infection rate is given by a general non-linear function of uninfected target cells and free virus
particles F'(x,v), which satisfies certain conditions.

The rest of this paper is organized as follows. Section 2 gives a description of the newly constructed
model. Section 3 deals with the existence, the positivity and boundedness of solutions of our model.
In Section 4, the threshold parameter Ro(7) of our DDE model (2.1) is derived and the existence
of the equilibria are discussed in relation to the value of Ro(7). Section 5 and section 6 show the

with Monod functional response Regoes et al.[21] and Song and Neumann [26] considered a virus

local and global stability of the infection free equilibrium and infection persist equilibrium respectively.
Additionally, some numerical results are displayed this supports the obtained theoretical results. Finally,
a brief discussion and some possible future ideas are presented in Section 7.

2. MODEL CONSTRUCTION

In this section, motivated by what has been said previously, we propose an HCV infection model
with time delay, absorption effect and monod functional response, taking into account the proliferation
of both exposed cells and HCV infected hepatocytes :

%t(t) = At ruH() (1 - W) — pH(t) - m
S - BOE)
with initial conditions
H(9> = L:01(9) > 0, 1(9) = 902(9) >0, V(Q) = 903(9)’ -7 <60 <0, (2'2)

where ¢ = (1,2, ¢3) € C([—7,0],RY) which is the Banach space of continuous functions
v: [-1,0] —>Ri = {(H, LV)ER3|H>0,1>0,V > 0} withnorm |||l = sup {|e1l, |e2l, les|}-
—7<60<0

The model (2.1) is a modification of model (2) studied in [2] and later in [1]. The features of the
latter is as follows : H(t), I(t) and V (¢) denote the concentration of uninfected hepatocytes (or target
cells), infected hepatocytes and free virus, respectively. All parameters are assumed to be positive
constants. Here, target cells are generated at a constant rate A and die at a rate p per uninfected
hepatocyte. These hepatocytes are infected at rate § per target cell per virion. Infected cells die at
rate a per cell by cytopathic effects. Because of the viral burden on the virus-infected cells, we assume
that 4 > «. In other words, we assume that the average life-time of infected cells (é) is shorter
than the average life-time of uninfected cells (é) [5, 24]. The proliferation of infected and uninfected
hepatocytes due to mitotic division obeys to a logistic growth. The mitotic proliferation of uninfected
hepatocytes is described by rg H(t) [1 — (H(t) + I(¢))/k], and mitotic transmission occurs at a rate
rrI(t) [1 — (H(t) 4+ I(t))/k], which is the mitotic division of infected hepatocytes. It should be mentioned
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that the model (2) in [2] has r; = rgy. Uninfected and infected hepatocytes grow at the constant rate
rg and ry respectively , and k is the maximal number of total hepatocyte population proliferation.
Infected cells produce virions at an average rate u per infected cell, and ~y is the clearance rate of virus
particles. The population of virions decreases due to the infection at a rate SH(¢)V (¢)/[1 + aV (¢)] :
this is absorption phenomenon. It should be noted that according to [20], to have a physiologically
realistic model, in an uninfected liver when k is reached, liver size should no longer increase i.e. A < uk.
We assume that the contacts between viruses and uninfected target cells are given by an infection rate
BH()V(t)/[1 + aV(t)], it is reasonable for us to assume that the infection has a maximal rate of g
The parameter 7 accounts for the time between viral entry into a target cell and the production of new
virus particles. The recruitment of virus producing cells at time ¢ is given by the number of cells that
were newly infected at time ¢ — 7 and are still alive at time ¢. Here, m is assumed to be a constant
death rate for infected but not yet virus-producing hepatocytes. Thus, the probability of surviving the

time period from ¢t — 7 to t is e=™7.

3. WELLPOSEDNESS

In this section, we show that our model (2.1) is mathematically and biologically well posed.

Theorem 3.1. All solutions of system (2.1) with initial conditions (2.2), where H(0) > 0, I(0) > 0,
V(0) > 0, are positive and under the initial conditions (2.2), the solution (H(t), I(t), V(t)) of model
(2.1) is existent and unique. Moreover, for any positive solution (H(t), 1(t), V(t)) of system (2.1)
we have : limsup H(t) < Hy = [(TH =)+ ((rag —p)?+ 4%)1/2]

t——+o0

M >0 and My > 0 such that I(t) < My, V(t) < My.

Gy the existence of constants
TH

Proof. Firstly, we deal with the fact that R? is positively invariant with respect to the dde model
system (2.1). We prove the positivity by contradiction. Suppose H(t) is not always positive. Then, let
to > 0 be the first time such that H(to) = 0. From the first equation of system (2.1), dIZ(tto) =A>0.
By our hypothesis this means that H(t) < 0 for t € (¢t — €,to), where ¢ is an arbitrary small positive
constant. Implying that exist t{; < to such that H(t{) = 0 : this is a contradiction because we take tg
as the first value which H(tyo) = 0 . It follows that T'(¢) is always positive. We now show that I(t) > 0

for all ¢ > 0. By considering the second equation of system (2.1), one has :

I(t)= I(0)exp <at + o (1 - H(“);I(“)) du) + exp [at + o (1 - H(“);I(“)> du}

[ [ﬁe_m;i(zv_(;)_vg —7) exp ( —au+t [ (1 _ W) d&)] du.

u—171 € [-7,0] since u € [0,7] and furthermore by assumption for ¢ € [—7,0] we have : H(
0, I(t)>0, V()>0, H()>0, I(0)>0 and V(0)> 0. We deduce that

)
/Ot [ﬂe‘T"LH(U — V-1 o <_au n /Ou rr <1 - M) d9)} du

1+aV(u—1) k
is positive for all ¢ € [0, 7] and hence I(t) > 0 for all ¢t € [0,7]. Let us show by recurrence on n that
I(t) > 0 for all t € [n7, (n+ 1)7]. Let P,, the proposition : Vn € N I(t) > 0Vt € [n7, (n+ 1)7].
a) For n =0, Py is verified.
b) Suppose that for n € N, I(t) > 0 for all ¢ € [n7,(n + 1)7] and show that I(t) > 0 for all
t € [(n+1)7, (n+2)7]. According to (3.1), for u € [(n+1)7, (n+2)7], we have u—7 € [n7, (n+1)7].



4 A. NANGUE, A. W. FOKAM TACTEU, AND A. GUEDLAI

By recurrence assumption, the term

/Ot VGT?T;V_(J)_VT(;L =) exp <au + /Ou re (1 - H(g);j(a)> dé)ﬂ du

is positive. Therefore I is positive on [(n 4 1)7, (n + 2)7] and consequently P, 11 is true. Hence
I(t) > 0 for all £ > 0.

We finally show that V(¢) > 0 for all £ > 0. Since I(t) > 0 for all ¢ > 0 and n > 0, we have :

dv (t) BH(t)
a2 (‘7 - 1+V(t)) V).

Integrating the previous expression on [0, t], we obtain :

V(t) > Voexp </Ot (7%) dU>,

which ensures that V' (¢) > 0 for all ¢ > 0. Thus deduce that R3 is positively invariant with respect to
model (2.1).

Secondly, the existence and uniqueness of the solution (H(t), I(t), V(t)) can be easily proved by using
the following theorems(Theorem 2.1 and Theorem 2.2 Page 19 in [13)]).

Finally, let us show that the solution (H(t),I(t),V(t)) is uniformly bounded. For any positive
solution of system (2.1), we have

. red\?| &
limsup H(t) < Ho = |(rg — p) + ((TH —p)? +4k> Gy
t—+o00 TH
since the first equation of (2.1) yields
dH( ) TH ;12
< — H(t) — —H=(%).
0 <X (urmE () - 20

Then there is a t; > 0 such that for any sufficiently small £ > 0 one has H(t) < Hy + ¢ for t > ¢;. Now
let for ¢t > 0, define U(t) as below

e_m(t_s)iH(S)V(S) ds. (3.2)

Uy =HO+1t)+6 | 1+aV(s)

Taking the derivation of the previous expression along the solution, collecting and simplifying some
terms, we obtain, for ¢ > 0,

au(e)

2 = O+ 10) ) (1- H(”;j”ﬂ) — () — al(t)

= ut )+ rp1(0) (1= D) g [ oo T,
~ s (THITI) (TH+TI ( —];)2—,uH(t)—aI(t)
~ut) + i) (1- T g [0 e HOT,
< A+<7"H4+”)k—u (t) — al(t) mﬁ/ emmit= )ﬂi‘;i ;ds
< )\+<TH4+TI)I€—I)U(t),
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where b = min {u, a, m}. It follows that

4\ k
limsup U () < 2 Fra £k
t—s 400 4b

that is, there exist to > 0 and My > 0 such that U(t) < M for t > t2. Then I(t) has an upper bound
M;. Tt follows from the third equation of system (2.1), that, for ¢ > 0

O <o) - v o),

from which we have that
4N\ + (TH —+ T])k'

li t) < .
imsup V (¢) < 0

t—> 400

- =3

Then there exists My > 0 such that V(t) < My for ¢ > to. This completes the proof of Theorem 3.1

O

Remark 3.1. From Theorem 3.1, one has that the solution of initial value problem (2.1), (2.2) enters
the region

Hence T, of biological interest, positively-invariant under the flow induced by the problem (2.1), (2.2).

Now, we determine the equilibria of model (2.1).

4. EQUILIBRIA AND BASIC REPRODUCTION NUMBER

4.1. Infection free equilibrium and basic reproduction number. Model (2.1) always has the
uninfected equilibrium Ey = (Hy, 0,0).

By using similar techniques in [9] and [27], we obtain the basic reproduction number (spectral radius
of next generation matrix) for model (2.1) as

1 Hy nBe~ "™ Hy
motr) = [ (- )+ S

Here, Ro(7) is the average number infected cells produced by one infected hepatocyte after introducing
infected hepatocyte into fully susceptible hepatocyte population, that plays a crucial role in the dy-
namics. Generally, the basic reproduction number Ro(7) helps us to decide whether viruses clean out
with time or not. Ey = (Hp,0,0) is the trivial equilibrium of model (2.1).

To find the other equilibrium of (2.1), we solve the following algebraic system :

H+1 BHV
AbrgH (1-202) — yH — - 41
st (1- L) o, (4.1)
Be~ M HV H+1
pe 8V (12 ar= 42
Ttay 1 k ol =0, (4.2)
BHV

V- - 4
=V 1+aV (3)

4.2. Infection persist equilibrium.
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4.2.1. Ezistence of an infection persist equilibrium.

Proposition 4.1. The system (2.1) possesses an infection persist equilibrium denoted as Ey = (Hy, I, V1)
Zf Ro(T) > 1.

Proof. From (4.3), one has

gl BH V1
L=-Vi+ ——~. 4.4
FT T e 4
Reporting (4.4) into (4.1) yields the following second degree algebraic equation in H :
TH T‘Hﬂvl 2 TH Y BVl
|-+ —FH —p— ==V - H,+X=0. 4.5
<l<; +lm(1+avl)> 1+<TH A Y A (45)

The discriminant of the algebraic equation (4.5) is given by :

2
TH Y BV1 TH ruBVi
A= —u——=V; — AN — + ——— . 4.

(TH a k n ! 1—|—aV1> /\(k‘ kn(1+ aVy) >0 (4.6)

Thus, equation (4.5) has a unique positive root known as :

o, _THyy, PN A
(rH p knvl 1+aV1>+\/>

TH raBVi
o(lH  __THEVL
( k + kn(1+aV1))

We can once again denote Hy = f(V1). Substituting (4.4) into (4.2), one gets:

—Tm V. H.V; H1+1‘/1+ BHl(LVI H.V;
ﬁellﬁ—n(pﬁ—knﬁ LA ><1— 1 nitalh) —a<z%+n(511)>=07

Hy =

1+ aly (1+aly) k 14+ al;

which is equivalent to

—rm ¥ BH,V;
B (1 (B o)
L+aV; n - n(l+a) k n - n(l+alh) ’

since V7 > 0. Taking into account the fact that H; = f(V7) one has

w+rj <PY+ ﬂf(vl) > 1 f(Vl)"‘V‘%‘/l"i‘g{l(X(lz)\Xl) O{(’Y Bf(vl) > =0
. n o n(l+aln) '

1+aly n(1+ aVy) k

On the other hand we also have

_<’”H+”’5V1)>f<v1)2+(m—u—mvm— m )f(V1)+A=0- (4.7)

ko kn(l4+aWy kn 1+4+aV;

Let

—Tm o Bf(Vi)Va

Fony = B (z+-2290) [ 1- TV + 3V + e
14+ aly n ' n(l+aVr) 2 (4.8)
Bf (V1)
—Q (% + 77(14”‘1%/1)) .
Obviously, F is continuous on [0; +oo[. We have, for V; = 0,
0 0 0
F(O) = pe 7 0) +rr (24 0O (LSO o (2, IO
U U k n U
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with

(rar — p) + 1 (rer — ) + 422
fo)— H— [ \2/(:;)/‘ k
k

= H,.

We finally obtain

oo 32

nBe”"™MHy 7y Hy
e (1) ]

which is equivalent to :

H
F(0) = a (Z + ﬁno> (Ro—1). (4.9)
Ro(7) > 1, implies F(0) > 0. From 0 < Hy = f(V1) < C, with C > 0 according to Theorem 3.1, we
—Tm V —‘rmC
have V}E&oo % = 0 since Vllinioo 616_'_7(1‘/1 = 0 and, consequently
hma<v+%ﬁWﬂ)av
Vi—s+oo n  n(l+4+alr) n
and W
Bf (V1) Vi
T Bf (V1) 1_ FV) + Vi + Sarew C e
Vi—4oo I n 77(1 + aVl) k '
Therefore

lim F(V1) = —o0.

Vi—+oco
The intermediate value theorem ensures the existence of Vi > 0 such that F(V;) = 0. The existence of
V7 also ensures the existence of Hy and I. Therefore the infection persist equilibrium E; = (Hy, 11, V7)
exists. O

Now let’s take a look at uniqueness.
4.2.2. Uniqueness of the infection persist equilibrium.

Proposition 4.2. Let A = [4\ + (rg + r1)k]/4b. If e7™™ > a/n and A/k < 1/2 then the infection
persist equilibrium Ey = (Hy, 11, V1) is unique when it exists.

Proof. From equation (4.8), one has

TR (R A W Y PR L1 {0 B ¥
. (H“Vl<e _n) n(1+aVy) 1= B +A|f (V)
Fwﬂm>(aem>m(v %ﬁW0)<v+MU@)

(1+CLV1)2 n k n 7’](1—‘,—(],‘/1) n 77(1_,'_@‘/1)2
raff(Vi) FA) + 2V + FH5,
Cp(lavi)?2 | 2 ;

where Vv v
A:_Tl <’Y+,3f(1)> <1+61>
k\n n(l+als) n(l+aV1)
The expression of A can be rewritten in the following form :
r1f L F(V1) + 2V + BECA oy i
n(l+aVy) k nk  n(l+aVy)

A:
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Thus
2y 28f(V)VL
F/(V) _ /8 —-m _ « + riB 1— 2f(vl) + n Vl + 77(1+(7.1V1)1
V= e & ) T P
o Bf(Vi)Vi
i f/(vl) _ rraBf(Va) 1_ f(Vl) + 77V1 + n(1+aVr)
nk n(1+aVi)? k
aBfVi) (o —em\ e (Y. Br0) N[ . BrOA)
+m<re )*f o Fatreny 5 T acrany |-
Dividing equation (4.7) by f(V1), we obtain
rH rafVi rH Y A1 ) A
— (e A ) rvi) + (g —p— v — = 0. 4.10
(k lm(l—i—aVl))f( ! (TH Py " 11an ) T ) (4.10)
Using the implicit differentiation we get from 4.10 :
Vi) \(re | A rafVi 7
vy = (Y B n ruBf(Va >(+ n _
F) (nk I+a)? " kn(+av)2)\k " fOA)2 " k(1 +aly)
We deduce from the latter that
B —Tm o T B raBf(Vi)
() = “Otan)? (e - 5) et @ T o ) |
-1 2y 28f(V1)V;
LAy _rapVa B 1 2f(Vi) + n Vi+ 7](1+a1V1)1
f(v1)? kn(14+aVi) n(1+aVy) k
-1
r rgBf(Vi) r A T BV
X( T (1+fv1)2 + kn}(llJravi)z) <zf + 5z t kn(ﬂaxl/l))
1
(- B ruBf (V1) r A ru VA
+k’f]< 717113 + (I+aVq)? + knl({1+aVi)2> (lf + T2 + % I ))

n(l+aVi
Bf (Vi)W
_raBfa) (SO G | b1 (
n(1+aVi) k

(1 + aV1)2
e (74 BV T _Br)
_?I <,,7 + 77(1+a%/1)) (T] + 77(1+a\>1)2) '

a e*‘rm)
n

The terms
aBf0) (0 o
(1 + aV1)2 n )
_ B 2f (Vi) + 2V + 210N

) n(l+avy) (TH’Y n B n raBf(Vi) )
77(1 + ClVl) k nk (1 + aV1)2 k"l](l + aV1)2

TH A raBVi !
(/f * f(Vh)? * kn(1+ aVl))

and

i+ a2 )\ & T T+ an,

B —rm @\ [(THY B ruaBf(Vh) rH A rafVi O\
T+ an) ( n) ( ok (ran)? )( " >>
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. . « _
are negative since — — e~ 7" < 0 and % < % Once more we deduce that
n

, Ty (THY raBf(Vh) ruaBf(Vh) ruf (Vi) rH\ !
P < | )
kn \ kn (I+aV1)?kn  (L+aVi)kn (14 aVih)3~kn k
Bf(Vi)Va
CraBfi) (L, SV Vi GRS <7+ Bf (V1) ) y
(1 +aVy)? k kE\n n(l+al)
<’Y n Bf(V1) )
n o n(l+aVr)?)’
since
(rm 3 ruff(V1) ) (m P S 7714 )‘1
nk (I1+aV1)?  kn(l+aly)? E o f(1)?2  kn(1+aly)
(e rafBf(V1) rafBf(V1) n ruB?f2 (V1) (7’7H>71
—\ kn  (1+aV1)2kn  (1+aVi)kn (14 aVi)3vkn k '
Thus
\% V; V; V
Fv) < TI(V_% Bf (V1) ) (7 ﬁf(1)2>__r1(7_% Bf(Vi) ) (7 5f(1)2>
k\n nl+aV1)) \n n(+al) E\n n(l+ah)) \n nl+al)
CmaBfi) [, 04+ 3+
n(l+aVr)? k ’
Bf(Vi)Vi
F/(V) B Tlaﬂf(vl) B f(‘/l) + %Vl + 77(1(-‘4-11)\/1)
VoS T+ alg)? k
Therefore
F'(») <.
The fact that F is strictly decreasing function allows us to state that V; is unique. Uniqueness of

implies those of H; and I;. Therefore one can concludes that Fy = (Hy, 11, V) is unique. ([l

5. ASYMPTOTIC STABILITY ANALYSIS OF THE INFECTION FREE EQUILIBRIUM
The aim of this section is to study the local and global stability of the infection free equilibrium.

5.1. Local stability analysis of Ejy. The following result gives conditions for equilibrium Ejy to be
locally asymptotically stable.

Proposition 5.1. If Ro(7) < 1, then the infection free equilibrium Eo of system (2.1) is locally asymp-
totically stable.

Proof. The characteristic equation associated to the Jacobian matrix at the infection free equilibrium,
Ey = (Hy,0,0) is given by the following determinant :

(TH—M—QTTHHO)—X

PJ(EO)(X) = 0

TH
——H,

—BH
k BHy

(’I“[ — %Ho — a) - X ﬂe_T("H—X)HO =0. (51)

n (—y—PBHy) - X
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Computation of the determinant (5.1) yields :

PJ(EO)<X) = (X - (TH — k= Q%Ho)) (X2 + (%Hg +yv+a—r; +ﬁH0) X)
+ (—rm — r1BHy + ay + afBHy + %Hm + %Hgﬁ _ nﬂe(m+X)TH0> —0.
Since

T 1—@ = —i
H L =p H(]’

the first factor of the characteristic equation Pz g )(X) =0 is

_ TH . A rgHy
X—(’I‘H—/J,—Q?HQ)—/L— <I{0+ A ),

which have a negative eigenvalue. The other two eigenvalues satisfy the following transcendental poly-

nomial
X2+ asX 4 az +b3(r)e X7 =0, (5.2)

where \

r r

ay = L= ——Iu—i—)\—i—a—&—ﬁHo,
rg Ho rg
H H
az = —rr7y (1 - ko) —riBHy (1 - ko) +a (v + BHo)

and

b3(1) = —nBe™ """ Ho.
When 7 =0, (5.2) yields
X%+ asX + az +b3(0) = 0. (5.3)
Note that ay > 0 as —T%u + a > 0since r; <rg and p < a, and
I Hy nBHo
oty [ (1= 52) + S -
—a(y + BHo) [Ro(0) — 1].
If Ro(0) < 1 then az+b3(0) > 0. It follows that for 7 = 0, according to Routh-Hurwitz criteria [8, 3],
infection free equilibrium Ey = (Hy,0,0) is locally asymptotically stable.
Now, let us consider the distribution of the roots of (5.2) when 7 > 0.
Assume that, X = wi, (w > 0) is a solution of (5.2). The substitution of X = wi, (w > 0) into (5.2)
yields :

as + bs (0)

—w? +iwag + az + bz(1) coswr — ib3(7) sinwt = 0,
then separating in real and imaginary parts the previous equation, we obtain

az —w? = —b3(7)coswt
asw = b3(7)sinwr.

Squaring and adding the last two equations, we get

(a3 —w?)? = bi(1)cos? wr,
ajw? = b3(7)sinwr,

and simplifications yields
w* + (a2 — 2a3)w? + (a2 — b2(7)) = 0.
Furthermore, if
w*=2Z; A=a3—2a3 B(r)=a3—b3(7),
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we obtain equation

F(Z)=2*+AZ + B(1) =0, (5.4)
where
rIA I 2
A = (7+/3Ho)2+( ! —I—i-a) >0
rgHo  ro
and

B(r) = a3 — b3(7) = (a3 — bs(7)) (az + bs(7)).
We know that
as + b3(7) = —a(y+ BHo)(Ro(r) — 1).

Thus,
B(1) = a(y+ BHp)2(1 — Ro(1)) (TL’QO — b 4ot %) .
Since
H
ERELLENNEN)
rH

if Ro(7) < 1, then B(7) > 0. Now as A > 0, B(7) > 0 and w > 0, then F(Z) > 0 for any Z > 0 which
contradicts F'(Z) = 0. This show that characteristic equation (5.4) does not have pure imaginary roots
when Ro(7) < 1.

Now, let us show that equation (5.2) has all its roots with real negative part when Ro(7) < 1. Let

P(X)= X2+ aX +az et q(X)=bs(r).

and
H
az—T1<1—kO>+Oé et p=++ BHo,
thus :
ax =a-+p et az=ap,
and

PX)=X+ (a+p)X + ap.
Let us verify if the four conditions of Theorem 1 p.187 [6] are satisfied.
1) Using the Routh-Hurwitz criteria [8, 3], if P(X) = 0, it follows that if a +p = a2 > 0 and

ap = az(y + BHo) <—7’1 (1 - i?) +Oé> >0,

then the real part of X 2: R.(X) < 0. Here the first condition holds.
2) For 0 < y < +00, we have:

p(—iy) = —y* —ila+p)y+ap
p(—iy) = —y’+ila+p)y+ap
p(iy)
q(—iy) = nBHee ™"
= q(iy).

And the second condition is satisfied.
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3) For 0 <y < 400
pliy) = —y*+(a+p)iy+ap
p(iy)? = (ap—y)* +y(a+p)?
= @+ +v%),

thus |p(iy)| > ap. Note that for Ro(7) < 1,

H, Hoe~™T
ap — nBHoe™" = (v + fHy) (—r, (1 - 0) +a— 7730)

k v+ BHo
_ v+ 5Ho) *fHO) (1= Ro(7)) > 0.

Thus
ap > nBHpe ™.
Therefore
ap > |q(iy)l,
and it follows that
p(iy)| > la(iy)|.
4) The last condition holds since:

lg(X)] _ nBHoe "7
Ip(X)] X2+ (a+p)X +ap

and

aX)| _
X oo ‘p(X)‘ a

Finally, if Ro(7) < 1, the infection free equilibrium Fy of system (2.1) is locally asymptotically stable.
This completes the proof. O

5.2. Global stability analysis of Fj. For biological models and virus dynamics models in particular,
it is interesting to study the stability of positive equilibria. All hepatocytes populations must persist.
It is also necessary for all hepatocyte population to be present initially. Therefore, a genuine concept
of global stability for positive equilibrium points in biological models is that every model solution
that starts in the positive orthant IRi must remain there for all finite values of ¢ and converge to the
equilibrium when t tends to oo.

In this section, applying Lyapunov functionals as in Vargas-De-Leon [28], we consider the global
stability of the infection free equilibrium Ej.

Theorem 5.2. Assume that the condition rg = (v + SHo)rre™ /v holds. If Ro(7) < 1, then the
infection free equilibrium Eo = (Ho,0,0) of system (2.1) is globally asymptotically stable in R,

Proof. Define the Lyapunov functional

THIBH()V(t)
v+ BHy

Hit w)
tra ﬁ/ 1+cV t— ) - 59

H(t) H,
ui) = 6”"7’/ T= 20 gy 4 emmryI(t) +
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U is defined and continuous for any positive solution (H(t),I(t),V(t)) of system (2.1). Let us calculate
the derivative of U(t) along a positive solution of (2.1). We have:

au(t H — Hp) - .
WO~ e EI) fgy e +

T[BHO .

— V(¢

v+ BHo ®)
H(t—w)V(t—w)

T Hdt/ 1+aV(t— ) d.

Since u =t — w and

Ht—wV(t—-—w) d [T Hu)V(u)
bra g dt / 1+ aV(t —w) dw = —Pra du J, 1+aV(u) du,

it follows that

dU(t) (H — Hy) H+1T BHV
—L = M\ 1—-—— | —uH -
dt © Ty e k P T vav
ruBHE —1)V(t—T) m H+1
T I 1 - = _ WLTI
[+ av(t—7) +rgeirr i rgoe
+THBH077[ _ raBHYV raB2HoHV _raBH({t-T)V(t—1)
v+ B8Hy v+ B8Hy (v + BHo)(1 +aV) 1+aV(t—r71)
THﬁHV
1+aV '
Using the fact that
o — . THHO . i
H H = L H07
we get
dU(t) (H - HO) TH A TH ﬂHV
= o ey Y (N g - g -
dt ©NTTTH R k 1+aV
H, H— H 12
+e™ Irgrr (1 — —0) _ e Irgry o) - rge”™ rr— —rgyae™ I
k k k
+7"H5H0’I]I _ THﬂHo’yV _ ’r‘Hﬁ2H0HV ’I“HBHV.
v+ BHy y+BHy  (y+BHy)(1+aV) 1+4aV’
rHT
- — Z[OI €™ (H — Ho) + 1) + €™ rgal(Ro(r) — 1)
ri(H — Hp)? rre™’ THY
AT HyV
¢ aa, P\ Ty T T,
BHV mr THY
Trar \TY Ym0
Therefore,
WO < mry WO sy em ((H — Ho) + 1) + e™rpal (Ro(r) — 1) (56)
since -~
H _ mT
v+ BHo e

Thus < ( ) < 0 since Ro(7) < 1.Furthermore, dU( = 0if and only if H(t) = Hoy, I(t) = 0 and V() =
Therefore7 the largest compact invariant set in {(H(t),[(t),V(t)) / dU(t) = 0} when Ro(r) < 1 is
Ey = (Hy,0,0), where Ey is the infection free equilibrium. This shows that tgnoo(H(t),I(t), V(t))
(Hp,0,0). By the Lyapunov-LaSalle invariance theorem for delay differential systems (Theorem 2.5.3
n [13]), this implies that Ej is globally asymptotically stable in the interior of ]Ri.

O
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5.3. Numerical results. In this section, we present some numerical simulations which validate our
theoretical results. To explore system (2.1) and illustrate the stability of infection free equilibrium
solution, we consider the set of following parameters value :

7 =5 1y = 0,05 17 = 0.0428; m = 0,021; k = 1200 ;
a=0,001; 5 =9,2419.10""; = 0,02; v = 0, 02; (5.7)

a=0,021; A\=20;7=0,2.

We obtain Figure 1.

Phase Space

1200 [
H(t)
1000 500
400
800
300
600 [ > 200
100
400 ff v(t)
0
‘ 80
200 1200
40
. I(t) 20 800
0 100 200 300 400 500 600 700 800 900 I(t) 0 600 H(t)
t
(A) (B)

FIGURE 1. Dynamical behaviour of system (2.1) with the set of parameter values (5.7)

We have Ro(5) = 0.5513 < 1 and the infection free equilibrium E; = (1140.8;0;0) is globally
asymptotically stable. The graph in (a) shows the time series of the solutions with constant initial
conditions. The graph in (b) shows the trajectory in the phase diagram of system 2.1, which illustrates
the stability of the uninfected Ey with the history functions ¢1(6) = 800, w2(8) = 80, ¢3(8) = 300
(first trajectory); p1(0) = 750, pa(0) = 75, p3(f) = 250 (second trajectory); ¢1(6) = 700, p2(8) = 70,
©3(6) = 200 (third trajectory).

6. ASYMPTOTIC STABILITY ANALYSIS OF THE INFECTION PERSIST EQUILIBRIUM

The aim of this section is to study the local and global stability of the infection persist equilibrium
for system (2.1).

6.1. Local stability analysis of F;. We now study the local stability behaviour of the infection persist
equilibrium F; when Ro(7) > 1 for system (2.1). Thus, linearizing system (2.1) at the infection persist
equilibrium Fy; = (Hy, 1, V1), we obtain that the associated transcendental characteristic equation is
given by
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,Lmele —THf, ,(155‘}1)2

58—(7n,+x)T g _ BeTTTHZ\WVA g B Be—(m+X)TH1 _
1+aV; D (A+aVi) 1, wh —X (I+aV1)? =0.

BV BH
B 1+ai/1 Y - (1+a\/1'1)2

When we take into account the identities

-X

A orH TH BV1
p=— Mg Ty
TH— [ 22 + i + e + T+avy’

e TH\V, 1y 1
A+av), | TR

rr —o = —
the characteristic equation reduces to
X3+ as(1) X% + a1 (1) X + [b1(7)X + ba(7)] e X7 + ag(1) = 0. (6.1)

where

A r e~ H1V; r H
G, PO g O

) =7+ 1+av)l, & (1+avi)?’

Be”TMH V; rr
_pe AL T
D e vy A L I e v R e A

T]ﬁHlfl BQG_TWH%V& A TH
ATy
o)

Be TH\VI Ty BHy TH B2H,Vy
_THpgoo_
((1+av1)11 T TETACE EOVT T @+ an)?
Aorg Be~™TH Vi rr riBH I
ao(T) = -

A H g pe hn I, 4 1P
ok )\ arann YT E T i an )

.
+2H,

526_7mH12V1
k

pre " THiV)Y I riBH I n BH,
(14 aV4)31

TE T kAt ane) T Atrane

kK k(Q+aV)  (L+aVi)2l
_n,@e_(m+X)TH1 rH ﬁe—(m+X)T‘/1

(1+aVh)? kY (T4 aWn)

( rinly VAL 526TmH1V12>
bi(r) =

A T T
bo(1) = — (H1 + ?HHl + lfll>

nBe” Mt Hy ryBe” (M TTH
(1+aV1)2 k(1+aV1)

BH,  nBe” MmOy,
(1+GV1)2 (1+GV1)

Define
PO\ T) = X3 4+ as(1) X% + a1 (1) X + ao(7)
and

QA7) =b1(7)X + ba(7).
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When 7 = 0, we have from (6.1) that

P(X\,0) 4+ Q(X,0) = X3 +a3(0)X? + (a1(0) + b1(0)) X + b2(0) + ag(0) = 0. (6.2)

By the Routh-Hurwitz criterion the conditions for the real part of X to be negative are ay(0) > 0,
ap(0) + b2(0) > 0 and @ = a2(0)(a1(0) 4+ b1(0)) — (ap(0) + b1(0)) > 0. In our case az(0) > 0. In other
hand, we have

BH1V; aVy rr rrBH I TH Lo 8

0) + b1(0) = Tt g e T T e a T
@ (0) +6:(0) (1+aV1)1171—|—aV1 * kfy 1t (1+alh)? k 1(1"’“‘/1)2
A 1y BHV; ATy raH1l
+ (I{l + kHl) <(1+LLV1)[1 "!‘7) + Ezll + T(TH _7"1)
H,+1 B BH,
CeuH (11—
= ( R ><1+av1>2+<1+av1>2“

H, V2 o 2H  +1
_ _epHi\Viy  BHL <M+TII1—TH<1— 1+ 1))

(1+CLV1)211 (1+aV1)2 k
A TH 5H1V1 A7y
— 4+ —H —_— — =T
+<Hl+ k 1) <(1+aV1)11+7)+H1k !
rgH.T rryl
n Hkl 1(7"H—T1)+ IZ 17
since
nBH,  BH1Viy BPHIV,

(I1+aVi)*L; ~ (1+aVi)2L;  (1+aVi)3L

and

BV BA o (1o it h B n pH,
Q+ai)? (I+an)z 7 k) A+an)? ' Q+an)2t”

It follows that if

2H, +1
_1+1> -0,

,LL+’I“1[1—7‘H <1 A

then

a1(0) + by (0) > 0. (64)
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Furthermore, using (4.3) we obtain

aal0) +a(0) = (7 + 2 ) (1- ) 2

ok T 1tani) Qtan)l |
+i rr riBH I rgfH1 V1 n np*H\Vy
HA\E " T karan)2) TR +av)) T A taly)?
_ riBH I N BH1 V1 7?"152H1V1-717 53H12V12
kL+aVi)2 \I; " 1+aVily) k(1+aVi)®  (I+aVi)ih’

A TH 1 ﬁHlVl
(= +EH ) (1=
(H1 T 1) ( 1+aV1> (1 +avi)l, |

A (7"1 I riBH 1 ) BH Vi
k

T\ i ran?) TR an)

(TH I )_ riBPHVE i BPHAVAL BPHPVY

C1+4aVy ) kQ+aW)?  k(I+ah)?  (1+aWh)*D

BPH\ Vi (7V+ BfH\ VA >
(1+U,V1)3 Il ! (1+aV1)Il

A rH 1 BH1Vy
(2 4+8g (1=
(H1 % 1) ( 1+aV1> Ea

A (7’1 I riBH I ) BH1 V4
k(

H A\ E P T RkA+an)2 1+ aV)

+

e T _ riBPHEV; _7"152H1V1]1 B2H V2
Ho90an ) k@ +an)? k(L +avi)? | (Lt aVi)3l, "

_ iJrTiHH aBH, V} " BH Vi 11
' T Y Granzn ) Tk ran) T 110y

+i I I riBH I riB2H1Vy 17H1+1-1
I A\ " T kA ran?) T @ an)? k
n B2H\V; E—r
I+aVi3\n ')
Finally, if
W1
Tr < Tl,
then

ap(0) + b2(0) > 0.

Thus, if 7 = 0, by the Routh-Hurwitz criterion, we have the following theorem :

17

Theorem 6.1. Assume Ro(0) > 1, if Q >0 and r; < ‘I/Tl then the unique infection persist equilibrium

Ey = (Hy, 11, V1) is locally asymptotically stable as T = 0.
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Now we are going to check if it is possible to have a complex root with a positive real part for 7 > 0,
assuming
H(1):ap+by >0, az(a; +b1) — (ao + bg) > 0.
Note that X = 0 is not root of the equation because ag + bs > 0. Suppose then that X = iw, (w > 0),
is a root of equation given by:

P(X,7)+Q(X,T)e "™ =0 (6.5)
with
P(X,7) = X?+ax(1)X?+a1(7)+ ao(r),
Q(X,7) = bi(1)X +by(7)

As X =iw is a root of equation (6.5), we have

P(iw,7) + Q(iw, 7)e ™7 =0

and
—iw® — ag(T)w? 4 iy (T)w + ao(T) 4 (b1 (T)iw + ba(7)) e ™7 = 0.
And it follows that
—iw? — ag(T)w? 4 ia1 (T)w + ag(T) + (iby (T)w + ba(7)) (cos wT — isinwr) = 0
We obtain : —iw® — az(7)w? + iay (T)w + ao(7T) + ib1 (T)w cos wT + ba(T) cos wT + by (T)w cos wT
— ibo(7) sinwt = 0. Consequently, we have the following relation :
ao(T) — ag(T)w? = —bo(T) coswT — by (T)wsin wr
{ a1 (T)w — w? = —b1(T)w cos wT + by () sinwr.

Multiplying (6.6) by —b1(7)w and (6.7) by ba2(7), we get :

(—ao(7) + ag(T)w?)bi(1T)w + (a1(T)w — w?)ba(7)
b3(7) + b3 (7)w?

= sinwrT.

Therefore

(a2(7)b1 (1) — ba(7))w?® + (a1 (7)ba(7) — ao(7)ba(7))w
b3(7) + bi(7)w? '

Similarly, multiplying (6.6) by ba(7) and (6.7) by by (7)w, we obtain:

by (T)w? + [az(7)ba(7) — a1 (1) (7)]w? — ao(7)ba(7)
b3(7) + bi(7)w?

sinwrt =

COSWT =

Moreover for X = iw, we get :

3

P(iw,7) = —iw® — as(1)w? + iay (T)w + ao(7),

and
Q(iw, 7) = ib1 (T)w + ba (7).
Therefore one has :
Pliw,7) _ i(az(7)bi(7) — ba(7))w® + (a1 (7)ba(T) — ao(7)b1(T)w)
Q(iw, T) b3(T) + b3(T)w?
(Br(r)wt + (az(PIba(r) = ar(7)ou (7)) = ao(T)ba(7) )
b3(7) + bF(7)w? '

)

It follows that :

Sin(wr) = I (
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and
Q(iw, )
COS(UJT) = _Re (P(Z(UT) .
Thus from the fact that sin?(wr) + cos?(wr) = 1 we have
|Q(iw, ) [? ; 2 ; 2
1Pl 7)F =1 and |Q(iw, )" =|Q(iw,T)|".

We conclude that w is a positive root of the equation |P(iw,7)|* — |Q(iw, 7)|?> = 0. Furthermore

|P(X,7)]? = w8 + ai(7) — 2a1 (1)w* 4 a2 (1) — 2a0(7)az(T)w? + CL%(T)

and
[Q(X, 7)[> = b3(7) + bi(1)w”.
We get
Wl — Aw* + Bb? +C =0 (6.8)

where

A= as(7r) — 2a1(7),

B = a3(1) —2ao(1)az(1) — b3(7),

C= a@r)-Br).
Let z = w? , we obtain

2+ A2+ B2 +C=0 (6.9)

Suppose that (6.9) has at least one positive root. Let zy be the smallest value of its roots. Then (6.8)
has the root wy = /zo and from (6.7) we get the value of 7 associated with wy such that X = wi is a
pure imaginary root of (6.5). This value of 7 is given by:

1 bg(agwg — ao) + ble(wg — alwo)

To = — arccos
wo b3 + biwd

Ultimately we can summarize what precedes in the following result. Thus according to Theorem 2.4
p.48 [22], we have :

Theorem 6.2. Suppose (H(1)) is verified,

(1) If C >0 and A = A2 — 3B < 0, then the roots of (6.5) have a negative real part for all 7 > 0,
therefore the infection persist equilibrium E1(Hq, I, V1) is locally asymptotically stable.

(2) If C <0 o0orC >0, 2 >0 and 2} + Az§ + Bz + C < 0, then all the roots of the equation
(6.5) have a negative real part when T € [0,7], and therefore the infection persist equilibrium
E\(Hy, 11, V7) is locally asymptotic stable in [0, 1p].

6.2. Global stability analysis of Fj.

Theorem 6.3. Denote

rH 4N\ + (TH + T‘])k‘ 7’]A
= — — A= — ~— -7 =
E=pu—ryg+ A (H1+I1), m , et Q 5
Assume
B3H, [/IQA(l + af?) aBAV;y

rg=rie™, >0 and k>

4den?(1 4 alq)? nli(1+aVy)’
then the unique infection persist equilibriumEy = (Hy, I, V1) for system (2.1) is globally asymptotically
stable for any T > 0.
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Proof. Define a Lyapunov functional for F,

_ H,V,
L) = L)+ {1 ), (6.10)
where
H I 1%
o omr n—H mr [ =D " BH\Vi Vil +n)
L(t) =rre /H ; dn+rpe /I ; dnﬂlinh(wavl) /V (1 77(1+aV1)>d
and
T (HE—nVE-n(ta) | HE—w)V(t 7)1 +aV)
Ly (®) ‘TH/O ( I +avi—r) U THEWMA eV =) )d‘”‘
We have :
dLy(t)  d T(H({t—-w)V(t—w)(l+alh) 11 H(t —w)V(t—w)(l4aV) d
at dtrH/O HVil+aV(t—w) HW(1+aV(t—w) -
Denote
Uu=t—w,
we obtain :
dLi () dud [T (H@V@Q+ah) | H@V@1+a)))
a Tatau ), HVi(1+aV(w) — HWwl+aV() |

t—T1

H(u)V(u)(1+aVh) 1 -1 Hu)V(u)(1+aV)
HVi(1+4aV(u)) H\Vi(14aV(u))
_ rgH(E—1)V(t—71)(1+aVi) t g

HVi(l+aV(t—1))
rHV(1+aVs) HV(1+aV)
HVi(1+4aV) HVi(l+aV)’
rgH(E—1)V(t—71)(1+aVi) LH({t-7)V(t—7)14aV)

= —TH )
H(t— 1)V (t—7)(1 +aV)

HVi(l+aV(t—T1))

—’I“th

T In

H1V1(1—|—aV(t—T)) IH1V1(1+(LV(t—T)) ’
rgHV (14 aVy) H; V(14 aV)
THE AT g2t gl 79
Tviltav) P E TN TV A an)

Besides, a direct calculation yields :

% = rzemT@H +rge™” 7 ;Il)jJr Tleme (1 - m> v,
= (H — Hy)rre™” (2 - %{(H‘F—’) - 1?21/ +ry —M>
e (1~ ) (ﬂelszfa‘/?i(i)) D 1) a)
Frre™ nhff[ iévl ) (1 N ‘xf((lli 58) (”I A 16+H X/) '

Hence using (4.1), (4.2) and (4.3) we get :
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dL(t A 1%4 A
dE) _ rIemT(HH1)<H7Z{(H+I)1—faV1£[1+7ZI(H1+11)
A% o Bee™TH({t—7)V(t—7) rp
1+aV1>+TH€ U‘”( TMxavi—r) ~kxE@+D

+%(H1 ) - Be Hy(t—71)Vi(t — T)) rre™ SH V;

11(1—|—aV1) T]Il(l—FCL‘/l)
(1 _ i1+ aV)) ((rﬂVl - 5LV) BV Hy _ BVH )
V(1+alWh) Vi (1+aVh) (Q+aV)/)’

Cancelling identical terms with opposite signs and collecting terms yields consecutively

dL(t) ~\NH - H)? rg
ar T—?[(H—Hl)*‘(]—h)]

\% |4 BH(t—1)V(t—7)
_B<1+aV a 1+aV>> ”H(I_Il)( I(1+aV(t—1))

=re™ (H — Hy) (

TleTYLTBHlv'l

BH,V; "L e
i T, ((H—H1)+(I—h))>+,M

 L(14aVh)  k

(1_1/1(1+av)> (n(IVl—IlV)+ BVH, BVH )

V(1+aW) Vi (1+aVi) (1+aV)

_ mrt (H_H1)2 TH mT 2
= —Arre T, + (— . rre™ (H — Hy)

r rrr ’
. ?HT[GWT(H_ Hl)(I_Il) _ %emT(H— H1)(I_Il)

21

_ %eﬂﬂ'([ _ [1)2) +

1+aV1 H1V1(1+aV) H1V1(1+G,V(t—7'))

BHAVA [ —rge™IVi(14+aV) rpliH(t —7)V(t—7)(1+ali)
1+al LV +aV) HIVi(1+aV(t—1))

BH1 V1
1+aV1

S P T I 7 TR A W 7

7"]€m762H1V1
- (V — H-H
n(1+aVy)3 V=W 1+

rre™aB?H HV, (V — V;)?
a1+ aV)3(1 + aV)
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2
H— H)?
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HH, k
BHV} _emTTIHV(l—i—avl) rgH({t —71)V(t—7)(1+aVy)
].—F(L‘/l H1V1(1+QV) H1V1(1+QV(t—T))
ﬂHlvl emTT]V(l + aV1) . emTr K + emTrI(]. + aV) . emT’[’
11ai \ Vi(l+aV) 7 1+aV !
BH Vi et g omr HL e"TrVi(l+aV)I
T+avi \7 7 " H LV(1+aVh)

gL HE—71)V({E—7)1+aV1) | rre™ B2H,Vy
H\IVi(1+aV(t—1)) n(1+aVi)3

rre™ a2 HVi(V — V)2 rre™ BHLV; <H1 H 2)

(V—=V1)(H — Hy)

7]]1(1+aV1)3(1+aV) 1+aV1 H H1
Additionally,
H, H (H — Hy)?
o=
H H1 HHl
thus,

2
dL(t) BH1V1 (H — H1)2 raTI
= =™ = - m | (H—H I—-T
e ( AJr1+av1) HH, P\l )+ (= h)

BHAVL [ e™TriHV(1+aVh) n rgH{t —71)V(t—7)(14 alh)
1+aWy HiVi(1+aV) HVi(l+aV(t—1))

BH\VA [ re™ V(A +aVi)I  rgLhHt—7)V(—71)(1+aV1)]
1+aWy LVi(1+aV) HIVi(14aV(t—1))

H) e BHIVA (1 V1(1+aV)> <V(1+aV1) V)

3 mT mT 7
+ 3rye rre 7h T av; VT av) Nitay) T
rie™T B2 H V; rie™maB2H HV(V — Vy)?
- (V-V))(H — Hy) +
(1l +aV7)3 ( D v nli (14 aV1)3(1 4 aV)
The fact that BHLV, -
1V1 THI11
— = (u—ru)H Hy+1
1+ av, (w—rg)H + (H1 + )

yields

dL(t
O e & (1~ ) = e (1 - ) 4 (1 - 1)

BH Vi [ G r HV (14 aVy) N reHt—71)V(Et—7)(1+aV)
1+4aVy HyVi(1+aV) HVi(l+aV(t—1))
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It follows that

dL(t) £ B2HH,V; 2
2 o g emT _ Bttt 0 SNV VAN
o S e g ((H Hy) + 277(1+aV1)3(V Vi)
N rre™” BH; B BEH VAL + a) afAVy (V= Wh)?
(14 aV)(1+ aVh)? 4en?(1 4 alh)? nli(1+alh) !

BH\ VA [ o riHV (14 aVy) n rgH({t —71)V(t—71)(14 alh)
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According to (6.10), we have:
dL dL . BH\V; dL,

dt  dt ' 1+aV; dt

Thus,
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The function z — x — 1 — lnz is positive on ]0; +o0[, therefore, since

. 53H1V12A(1 + CLQ) aﬂAVl
45772(1—&—(1\/1)4 77[1(1+(LV1)

<0 and >0

we deduce that

ar)

dt
Furthermore, 2 — 0 if and only if H(t) = H(t —7) = Hy, V(t) = V(t —7) = V; and I(t) = I,.

Therefore, the largest compact invariant set M is the singleton {F1}, where Ej is the infection persist
equilibrium. This shows that tlim (H,1,V) = (Hi,I,Vi). By the Lyapunov-LaSalle invariance theo-
—00

rem for delay differential systems (Theorem 2.5.3 in [13]), this implies that F; is globally asymptotically
stable in the interior of Ri. ]

6.3. Numerical results. In this section, we present some numerical simulations which validate our
theoretical results. To explore system (2.1) and illustrate the stability of infection persist equilibrium
solution, we consider the set of following parameter value :

7 =10; 8 =0.0027; rg = 0.01; m = 0.02; r; = 0.0061; \ = 5;

w=0.02;a4a=0.001;7=05;v=2.1;a=0.05; ¢ =0.0116 > 0;

(6.11)
A = 550; Ey(379.7959; 0;0); Ey = (156.9218;38.0708; 7.5522)

_ B2 H1 Vi A(14aQ) BAV:
k= 1200 > 457;2(11%‘,1)4 + n11a(1+aV1) = 8.0643.

For these parameter values, calculation by the formula of basic reproduction number leads to Ry =
2.0729 > 1; and thus, the infection persist equilibrium FE; = (156.9218;38.0708;7.5522) is globally
asymptotically stable. This conclusion is demonstrated in Figure 2). The graph in (a) shows the time
series of the solutions with constant initial conditions. The graph in (b) shows the trajectory in the
phase diagram of system 2.1, which illustrates the stability of the infected F; with the history functions
©1(0) = 120, p2(0) = 80, ¢3(0) = 20 (first trajectory); ¢1(0) = 210, v2(6) = 120, p3(0) = 25 (second
trajectory); ¢1(6) = 330, ¢2(0) = 200, ¢3(0) = 30 (third trajectory).

7. CONCLUSION

In order to better understand the dynamics of HCV viral infection, this paper presents a mathematical
study on the global dynamics of improved intra-host HCV models based on models in [2] and [1]. In this
work we have established results about the local and global stability of equilibria known as infection
free equilibrium and infection persist equilibrium. We can conclude that the stability of infection free
equilibrium is completely determined by the value of the basic reproductive number Ro(7). If Ro(7) < 1,
then the infection free equilibrium will be asymptomatically stable and unstable if Ro(7) > 1. For the
infection persist equilibrium, we established conditions to ensure the local stability. We have needed
another conditions to ensure the global stability for this equilibrium. Most of the results obtained in
the present work generalize, in the same framework, those obtained by Eric Avila Vales et al. in [1] in
the sense that in [1] the proliferation rates of infected and uninfected hepatocytes are identical and the
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FIGURE 2. Dynamical behaviour of system (2.1) with the set of parameter values (6.11)

absorption phenomenon was absent.

This work can be developed in many ways as follows:

(i)

(i)
(iif)

(iv)

By taking into consideration the effect of several time discrete delays that may occur during
the infection process, diffusion of cells and virions or other biological processes. For example,
the following model can be study:

LHg’t) — DuAH(,t)+ A+ rHw, ) [ 1 = @D @D ]j Hm))

)  BHE V(1)

uH (@) 14+ aV(x,t) ’
ol(xz,t) Be ™ H(x,t — 1)V (x,t —11)
o DiAl(,t) + 1+aV(z,t —7)

+rrl(z,t) (1 - W) —al(z,t)v,
oV (x,t) N oy _ BH(z,t)V(z,1)
—a = Dy AV (z,t) + ne I(z,t — 1) — 4V (z,1) TtV

where the parameter 7 accounts for the time between viral entry into a target cell and the
production of new virus particles, after which the cells produce virus at per capita rate ne="2™2
with a delay of 7. The constant m; is assumed to be the death rate for cells that are infected
but not yet producing virus, so that e~™"1 is the probability of surviving from time ¢ — 75 to
time ¢. Likewise the constant ms is assumed to be the birth rate of the virions so that e="2"™2
is the probability of producing a fraction of 7 virions from time ¢ — 75 to time ¢. And Dy, Dy
and Dy give the rates at which the target cells, the infected cells and the virus particles diffuse
respectively;

By fitting the model with real data and finding a better estimation for the values of parameters.
Using a more general incidence rate as a function with certain desired properties, as considered
in [11] or considering distributed delays in the equations for the infected cells and the virus
particles, as is discussed in [15].

By investigating HCV co-infections with other viruses.
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