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GLOBAL PROPERTIES OF A VIRUS DYNAMICS MODEL WITH
SELF-PROLIFERATION OF CTLS

CUICUI JIANG, HUAN KONG, GUOHONG ZHANG*, AND KAIFA WANG*

ABSTRACT. A viral infection model with self-proliferation of cytotoxic T lymphocytes (CTLs) is pro-
posed and its global dynamics is obtained. When the per capita self-proliferation rate of CTLs is
sufficient large, an infection-free but immunity-activated equilibrium always exists and is globally
asymptotically stable if the basic reproduction number of virus is less than a threshold value, which
means that the immune effect still exists though virus be eliminated. Qualitative numerical simula-
tions further indicate that the increase of per capita self-proliferation rate may lead to more severe
infection outcome, which may provide insight into the failure of immune therapy.

1. INTRODUCTION

Outbreaks of viral infection have become a major global health concern. Different kinds of virus, such
as hepatitis B virus (HBV), hepatitis C virus (HCV), human immunodeficiency virus (HIV), Ebola Virus
and Zika Virus, have been associated with severe outcomes. A great deal of effort has been put toward
to understand the life cycle of these virus. With the development of biomedical research, mathematical
models also play an increasingly important role to provide insights into virus infection and dynamics, as
well as on how an infection can be reduced or even eradicated. For example, on HBV infection, Nowak
et al. [13] first proposed a basic three-dimensional viral infection model within-host. Note that immune
responses play a critical part in the process of viral infections. Nowak et al. [14] further proposed the
following four-dimensional system with the cytotoxic T lymphocytes (CTLs) population based on the

basic model:
!

' =s— Bxv—diz,
! — — —
y/ - va d2y pyz, (11)
v =ky — uv,
2 =cyz — dzz.

Here x(t),y(t),v(t) and z(t) represent uninfected target cells, infected cells, free virus and CTLs, re-
spectively. Uninfected cells are produced at a constant rate s, die at rate d;z, and become infected at
rate Sxv. Infected cells are produced at rate Sxv and die at rate doy. Free virus are produced from
infected cells at rate ky and die at rate uv. CTLs are produced at rate cyz due to the stimulation of
infected cells, and die at rate d3z. Infected cells are eliminated by CTLs at rate pyz. After that, based
on the basic models, many studies were carried out to analysis of the dynamics of various virus infection
within-host, such as [1, 9, 12, 15, 16, 17, 22, 23, 25] and the reference therein.
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Recent studies on the production mechanism of immune cells show that its self-proliferation cannot
be neglected besides the stimulation of infected cells in [7]. Thus, to understand the effect of self-
proliferation, based on the system (1.1) and [7], we propose the following new virus infection model:

' =s— Bav —dizx,

y' = Pav — day — pyz,

v = ky — uv,

2 =cyz+rz(l- =) —dsz.

(1.2)

Here the logistic proliferation term rz(1 — z/m) describes the self-proliferation of CTLs, in which
parameter r denotes a per capita self-proliferation rate, and m means the capacity of CTLs population.

When r = 0, i.e., without self-proliferation of CTLs, (1.2) has been completely analyzed in [10] if
there is not explicit dynamics of free virus under a plausible quasi steady-state assumption. To explore
the effects of the recruitment of immune responses on virus infection, the main contribution of the
present paper is to obtain the complete global properties of (1.2) when r > 0.

2. GLOBAL DYNAMICS ANALYSIS

Since we are interested in the dynamics of viral infection, and not the initial processes of infection,
we assume that the initial condition of (1.2) has the form z(0) > 0,y(0) > 0,v(0) > 0 and 2(0) > 0.
Based on the initial conditions, it is easy to show that the solutions of system (1.2) are non-negative
and ultimately bounded. The equilibria of (1.2) are the solutions of the following algebraic equations:

s — fBxv —dix =0,

ky — pv =0,

cyz +rz(1 — %) —dzz = 0.
Clearly, system (1.2) always has infection-free equilibrium Eq = (7-,0,0,0). According to the definition
and algorithm of the basic reproduction number of virus in [4], we can obtain the basic reproduction

number of virus Ry = d? ;fu' Using the fourth equation of (2.1), we have z = 0 or

2= %(r —ds +cy). (2.2)

When 2z = 0, based on the first three equations of (2.1), it is easy to obtain that the immunity-inactivated
infection equilibrium E; = (dli%o’ dl“(g}f_l), dl(Rﬁo_l) ,0) always exists if Ry > 1.

In addition, using the third and first equation of (2.1), we have
s Sp

= — a. d = = . 2.3
VT M T T d T Bhy + dupe (2:3)
After that, using the second equation and (2.3), we have
k
%xy —doy — pyz = 0. (2.4)

Thus, when y = 0, using (2.2), we know that an infection-free but immunity-activated equilibrium
Ey =(4,0,0, M) will appear if r > ds. Otherwise, using (2.2), (2.3) and (2.4), we have

k ks m
f(y)z%x—dgfpz B fdgf—p(rfngrcy):().

By +di r
Clearly, f(+00) < 0 and function f(y) is monotonically decreasing since f'(y) < 0 always valid. As a
result, f(y) = 0 has a unique positive root if

£(0) = Bks mp

mp
=2 4y “E(r—ds) =dy[Ry— 1 — —
dl,u 2 T‘<r 3) 2[0

vl (r—ds)] >0,
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ie., Rgy > 1+ %(7‘ - dg)
When r < d3, according to (2.2), in order to keep the positive of z, we need

dg—T')_ Bksc
¢ Bk(ds—r)+dip

f( —dy >0

is valid, i.e., Rg > 1+ %ﬁ;m'

In summary, we have the following proposition.

Proposition 2.1. The following hold.

(i) If Ro > 1, the immunity-inactivated infection equilibrium Ep always exists. FEspecially, an
infection-free but immunity-activated equilibrium Fo will appear if r > ds.

(ii) Suppose that 0 <r <ds. If Ry > 1+ %ﬁ;”, system (1.2) has a unique immunity-activated
infection equilibrium Es = (z3,ys,vs, 23), where

St k m
r3=——"-"—, U= — z3=—(r—ds+c
5= Bhys + dap’ My37 3 r( 3+ cys),
and ys is the unique positive root of f(y) =0 in this case.

m

(iii) Suppose that r > ds. If Ry > 1+ %?13)’ system (1.2) has a unique immunity-activated
infection equilibrium Ey = (x4, Y4, v4, 24), where

St k m
= =, = — s = — — d s
Bhys + dips Uy uy4 = (r —ds + cya)

and y4 1s the unique positive root of f(y) =0 in this case.

Ty

In order to obtain the stability of above mentioned equilibria, we first give the Jacobian matrix J of
system (1.2) at (z,y,v, 2),

—pBv —dy 0 —Bx 0
pu —dy—pz  Px —py
= 2.
J 0 k — i 0 (2:5)
0 cz 0 cy+nr—ds— Qﬁ

So we have the following results.

Theorem 2.2. The following hold.
(i) When 0 < r < ds, the infection-free equilibrium Eqy is globally asymptotically stable if Ry < 1,
and it is unstable when Ry > 1.
(ii) When r > ds, the infection-free equilibrium Ey is always unstable.

Proof. According to (2.5), we have the characteristic equation of system (1.2) at Ey
(A+di)(A = (r —d3))Ho(A) = 0, (2.6)

where Ho(A\) = A2+ (da + p) X + dau(1 — Rp). Tt is easy to show that A\; = —d; < 0 and A\ = r — d3 are
the roots of (2.6). Further, we can get all roots of Hy(\) are negative real part if Ry < 1, and there is
one positive real root if Ry > 1.

(i) When 0 < r < ds, we have Ay < 0. As a result, the infection-free equilibrium Ej is locally
asymptotically stable if Ry < 1 and 0 < r < d3, and is unstable if Ry > 1. When r = d3, Ay = 0.
Thus, the center manifold is a curve tangent to the z-axis. In this case, settling a transformation
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T=x—x,§=y,0=uv,% =z, we know (1.2) becomes
s
7' = —Brv — B—v —dqz,
dy

Bs
y = Bav+ -y — day — pyz,
1
v =ky— /w

2 =cyz — —22
m

2.7)

where we substitute x, y, v, z for Z, 3,0, Z. To obtain the approximative expression of the center manifold,

we set
x = koz? + k32 + O(2?),
y =ngz® +n3z2° + O0(2*),
v =boz? + b3z + O(2?),
and obtain
dz

dz

df [2]€QZ+3]€32 +O( )] dt
d dz
d—y [2n22 + 3n32% + O(z )]dt
dv _

dt

(

dz

[2b22+3b32 +O( )} dt

Substituting (2.7) and (2.8) into

(&bQ—Fdlkg)Z — (£b3+d1k3— fkg)Z +O( ) 0,

2.9), we have

S S 2r
(%ng + dang)2® — (%ns + dang — —ng)z +0(2°) =0,

(kng — pba)2* + (kng — pbs + Ebg)zg +0(z*) =0.
Comparing the coefficients of z and 2% in (2.10), we have
ko =ks =ng =n3g=by =0b3 =0.
As a result, substituting (2.8) into the last equation of (2.7), we have

dzi T2

a erO()

(2.8)

(2.10)

(2.11)

Thus, the zero point z = 0 of (2.11) is locally asymptotically stable, then Ej is locally asymptotically

stable if Rg < 1 and r = ds.
Let
p

d
L0:x7$07x01n£+y+—2v+fz.
To k c

Taking the time derivative of Ly along the solution of system (1.2), we have

L =(1— ?)(s — Bav — dix) + frv — d2y — pyz

do P 2
?(ky o) + - (cyz +rz(l— E) - d32>

2
T X prz
:d1$0(2 - = —

o T k cm c

L L
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if Rop < 1land 0 < r < dz, and L = 0 only if x = zp,v = 0 and z = 0 simultaneously, i.e., the
maximal invariant subset in {(z,y, v, 2) : Lg|(1.2) = 0} is the singleton {Ep}. As a result, Ey is globally
asymptotically stable based on the LaSalle’s invariance principle.

(ii) When r > ds, the eigenvalue Ay = r — d3 > 0. So the infection-free equilibrium Fjy is always
unstable. O

Theorem 2.3. Suppose that immunity-inactivated infection equilibrium FEy ezists, i.e., Ry > 1.
i) When 0 < r < ds, Ey is globally asymptotically stable if 1 < Ry < 1+ Bk(ds ") and it is
(i) ; globally asymp y ;

cdip
unstable when Rg > 1+ ﬁkc(;lfu r)
(ii) When r > ds, Ey is always unstable.
Proof. Let x1 = ﬁ,yl = %,Ul = %. According to (2.5), we have the following charac-
teristic equation of system (1.2) at F4

()\ —CYyp —r + d3)H1(>\) = O,
where Hi(A\) = A3 + a1 A? + ag\ + a3, and
a; =ds + m+ diRy >0, as = d1(d2 + ,LL)R() >0, az = dldQM(RQ — 1) > 0.
Here we use fvy; = di(Ry — 1), ka1 = dau. Further, we have
ajas — ag = R(Q)d%(dz + ,U) + drdap(Ro + 1) + Rodl(dg + /Lz) > 0.

Clearly, Ay =r —ds+cyy =r —ds —|—%IZ°1)
parts of Hq(A) are negative according to Routh-Hurwitz criterion.

(i) When 0 < r < d3, we know A\ < 0if Ry <1+ Bh(ds— T), i.e., F is locally asymptotically stable

cdip
in this case. Otherwise, it is unstable.
Let

is an eigenvalue at E; of system (1.2), and the real

5;:1@1 (v—v; —v1ln E) + 2
Y1 U1 c

Taking the time derivative of Ly along the solution of system (1.2), and using s = fxiv1 +di21, fr1v1 =

Ll—Z*l’l*l’llHi‘Fy ylfyllny—Jr
1

doy1 and ky; = pvi, we have

Iy =(1 = (s - oo = diz) + (1~ 2 (B — duy e

ﬂ)ﬁmwl
v’ ky

p
C
—diay <2mw)+ﬂm (39«’1WW>
X

T

+(1-

pdip Bk(dsz —r) prz’
Ry —1-— — <0
* Bk ( 0 cdipt Tom =
if Rg <1+ ﬁkéggu T), and Lj =0 only if x =z, L y1 = UL and z = 0. In this case, it is easy to obtain

that the maximal invariant subset in {(z,y,v, 2) : L}|(1.2) = 0} is the singleton {E1}. As a result, £}
is globally asymptotically stable based on the LaSalle’s invariance principle.
(ii) When r > ds, Ay = r — d3 + cy1 > 0 is always valid. So F; is always unstable. a

Theorem 2.4. Suppose that v > ds. The infection-free but immunity-activated equilibrium FEo is

globally asymptotically stable if Ry < 1+ %jg) and unstable if Ry > 1+ W.
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Proof. According to (2.5), we have the following characteristic equation of system(1.2) at Es
()\ + dl)()\ +r— dg)Hg()\) = 0,

where Hg(A) = A2 + (da + i + pz2)A + dap(1 + 220=%) _ Ry Tt is easy to obtain that A} = —d; <

rdo
0,A\y = —r +d3 < 0 are the eigenvalues at Fs of system(1.2), and all roots of Hs(\) are negative real
part if Rg < 1+ %;da). Thus, E5 is locally asymptotically stable if Ry < 1 + %;dg’). Otherwise,
it is unstable.
Let
Lo=1x—129 —382111i +y+ —2R0U+B(z—zQ —Zghli),
To k c Z3

where x5 = i, 29 = m(%d”. Taking the time derivative of L along the solution of system (1.2), we
have

d
Ly =(1 - %)(8 — Bav — dyx) + fav — doy — pyz + fRo(k‘y — pv)

+ B(l — 2—2) <cyz +rz(l — i) — d3z>
c z m

—d
(2= L T gy (Ry— 1 — M)y TP )<
To T rdsy cm

if Rg <1+ %d:d?’), and L5 = 0 only if 2 = 25,y = 0 and z = 29, i.e., the maximal invariant subset in
{(z,y,v,2) : L5|(1.2) = 0} is the singleton {E>}. As a result, E5 is globally asymptotically stable based
on the LaSalle’s invariance principle. a

Theorem 2.5. The following hold.

(i) When 0 < r < ds, the immunity-activated infection equilibrium Es is globally asymptotically
stable as long as it appears, i.e., Ry > 1+ %ﬁ;”.

(ii) When r > ds, the immunity-activated infection equilibrium Ey is globally asymptotically stable
as long as it appears, i.e., Ry > 1+ %‘gda).

Proof. For the sake of description, the equilibria F3 and E4 are uniformly denoted as Fy. = (X, Y, Us, 24)-

First, we discuss the local stability of F., according to (2.5), we have

—dy—oc 0 =% 0

o - T —py*
0 CZx 0 — 2

where 0 = fv, > 0,a = dy + pz. > 0, 9 = pr,. > 0. The characteristic equation of system (1.2) at E.
is
A4 A3 + @\ + ag\ +ag =0,

in which

r
1= —zi+a+u+w>0,

m
. r
Gy = CpzlYs + Ez*(a +p+w) + w(a+mu) >0,
. r
a3 = cpzays(p + @) + Ez*w(a + 1) + apo >0,

r
G4 = CUPZ Y+ + apo—z, > 0,
m

w=dj +o.
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After some calculations, we have
. . r r? o, 7 9
aray — az =cpzuys(—2 + @) + (@ + p+ @) —5z + —z(a+ p+ @)
m m m
+ a(aw + 2dipp+ po + @) + pw(p + @) > 0,

2.2 2 r 2.2 2 9

o R o r
as(arae — ag) — a%a4 =pac®p?22y? + chzuEzfyf +cp z*y*w(Ez* + a)

7‘2 r
+ CPWZ;O:ZJ* [a(2@ + p) + (w + p)?] + Cpngy* [(2

+ p)a? + u(3dy + 2p + 4o) + 2% |a + (p + @) (@ + p?)]

+ capzys [(@* + po)o + w(w + dip))] — cop®pozay.
3 2
T3

T2 r 2
+ [ﬁz* + oL (a+p+w)+ Ez*w(oz + p)] [ma

+ a(w? + 2dypu + po) + pw(p + w)] + apo [wa?® + (o
+2dypu + po)a + p(w® + dip)] + ap’o’.

Notice that this only has one negative term. Using the first and the last terms, and this negative term,

we have

P22yl — cupozay. + pPo”) > ap(2epuozay. — cupozay.) > 0,

ap(e
thus, as(a1az —ag) —alas > 0. Moreover, it follows from the Routh-Hurwitz criterion that E, is locally
asymptotically stable.

In order to obtain the global stability of F,, let

L*:x—x*—x*lni—f—y—y*—y*lni—&—Bx*v*(v—v*—v*lnl)—l—g(z—z*—z*lni).
T Y ky. Vs c Zx

Taking the time derivative of L, along the solution of system(1.2), we get

L, =(1-— x—;)(s — Bav —dyz) + (1 — yﬁ)(ﬁxv —doy — pyz)

+(1- %)BZ;:)* (ky — pv) + %(1 - Zf) (cyz +rz(l— %) - ng).
* d -
Using s = Bx.vs + d1Zx, BTy = doys + PYs2s, kY. = pv, and y, = w, we have

mc

L =2dyz, — dyx — dlx*ﬁ + Bx. vy + Brev — ﬂx*v*ﬁ — vay—*
T x Yy

Uy
+ BT Vs — DYs2s + PYsz + DY2 — BTV — 630*1)*5 + Br, vy
*

+2 <7"z(1 - i) - d32> — PYZs — b <rz*(1 - i) - dgz*)
c m c m
=d17.(2 — % - xi) + B (3 - — — —— - —) — E(z —2)% <0,

and L, = 0 only if x = x, yl = -~ and z = z,. In this case, it is easy to obtain that the maximal invari-
ant subset in {(x,y,v, z) : L}|(1.2) = 0} is the singleton {E.}. As a result, E, is globally asymptotically
stable if it exists based on the LaSalle’s invariance principle. O

For the convenience of reading, we summarize the complete global properties of system (1.2) as shown
in Figure 1.
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1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
' ' 1 1 1
1 1 1 1 1
1 1 1 1 1 E4 is GAS
1 1 1 1 1
1 1 1 E is GA 1 E A 1 .
' ' ' 41 GAS ' ,ISGAS | E, isUS
I f E, is GAS I I f
1 . 1 1 . . 1 . 1
, E,isGAS | E,isUS ' E, isUS E,isGAS ; EjisUS E,isUS
1 1 1 1 1

. ' : 1 . 1 . 1 1

E isGAS E,isUS ' E, isUS E,is GAS | E0 is US E,is US E0 is US ' E,isUS
1 1 1 1 1
1 1 1 1 1
1 L 1 1 !
1 R 1 - 1 R

Osr<d, ! Ro r=d; R r>d, 2 Ro
- 3

FIGURE 1. Global properties of system (1.2). Here, Ey = (dil, 0,0,0), E1 =

(d1%07 dlu([(?]:il)a dl(Rﬁ(Jil)vo)a Ey = (di1a0707 M)a E; = (333a2437v3723) and Fy =

(24,Ya,v4, 24) are the equilibria of system (1.2), the exp(ressig)n of F3 and E, is shown
T*dg

in Proposition 2.1. Ry =1+ %‘Z’;” and Ry = 1+ PT.

3. NUMERICAL SIMULATIONS

Although the complete global properties of system (1.2) have been obtained in Figure 1, it is
noted that the immunity-activated infection equilibrium F3 or Ey is related to the parameters of self-
proliferation of CTLs (r and m) from Proposition 2.1. When Ej5 or E, is globally asymptotically stable,
the infected cells (ys or y4) and corresponding proportion of infected cells %yfyd or :c4yﬁy4 are often used
to describe the severity of the infection. In this section, we give numerical simulations to investigate

the effect of self-proliferation of CTLs, and explore the potential significance in clinical practice. First,

we fix
s=10x10*ml™!-day ™!, 5=3.0x10"*ml™' -day™!, p=0.5ml™" - day !,
c=9.6x10"%ml™ -day™!, d; =0.01 day ', dy = 1.0 day ', d3 = 0.035 day ',
k = 8 virions/cell, p = 2.4 day ™",

which are within the similar ranges as those ones employed in [5, 12, 17, 22]. Then, let parameters r

and m change to qualitatively explore their influence on the values of F3 or E,, and the corresponding
proportion of infected cells.

FIGURE 2. Simulations of F3 and the corresponding proportion of y3 when 0 < r < dj3.
Panel (A)-(E) are the simulated surface with two parameters changing.
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When r € [0.0,0.035] and m € [100,1000], i.e., 0 < r < d3, Figure 2 shows the simulated surface
of E3 and the corresponding proportion of y3 changing with parameters » and m. Along with the
increase of parameter r, although the infected cells (y3) and virus load (v3) will decrease (Figure 2B
and Figure 2C), the proportion of infected cells (;;%,-) is gradually increase (Figure 2E). In particular,
the immune cells (z3) also decrease with the increase of r (Figure 2D). These qualitatively indicate that
the severity of infection may increase with the increase of r in case of 0 < r < d3. Along with the
increase of parameter m, Figure 2A and Figure 2D show that uninfected cells (z3) and immune cells

(z3) will increase gradually, while infected cells (y3), virus load (v3) and the proportion of infected cells
Y3

( z3+Y3

the severity of virus infection.

) are decrease gradually. These qualitatively indicate that increasing parameter m can reduce

FI1GURE 3. Simulations of F4 and the corresponding proportion of y4 when 0 < r < djs.
Panel (A)-(E) are the simulated surface with two parameters changing.

When r € [0.0351,0.07] and m € [100,1000], i.e., » > d3, Figure 3 shows the simulated surface of
E, and the corresponding proportion of y, changing with parameters » and m. Comparing Figure 3
with Figure 2, we can find that all components of the immunity-activated infection equilibrium F, will
increase with the increase of parameter r, including the proportion of infected cells (w:ﬁfm ). Along with
the increase of parameter m, the variation of all components is similar to that in Figure 2.

4. DISCUSSION

In this paper, a viral infection model with self-proliferation of CTLs is proposed and its global
dynamic behavior is obtained. From Figure 1, comparing with [10], we can find the dynamic behavior
of (1.2) will not change if the per capita self-proliferation rate of CTLs is insufficient, i.e., 0 < r < ds.
However, when r = dz, the immunity-inactivated infection equilibrium FE; is always unstable if it
appears. Especially, when r > d3, a new steady state (named as infection-free but immunity-activated
equilibrium F5) appears and is globally asymptotically stable if the basic reproduction number is less
than a threshold, which means that the immune effect still exists though virus be eliminated. This is
consistent with the clinical practice of virus infection because immune cells are usually not depleted
after a patient recovers. In fact, memory T cells can be maintained in lymphoid and nonlymphoid
organs through self-renewal [3], including central memory T cells and effector memory T cells [18].
In particular, recent study on HBV also find that HBV specific TNF-a CD4 T cells may be in the
early stage of differentiation rather than depletion of T cells [19], which suggests that the stability of
immunity-inactivated infection equilibrium FE; may be impossible in clinical practice.

On the effect of self-proliferation of immune cells, qualitative numerical simulations (Figure 2 and Fig-
ure 3) indicate that although there are different shape mode under different intensity of self-proliferation,
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the increase of per capita self-proliferation rate (r) can worsen the infection, while the increase of the
capacity of CTLs (m) can reduce the severity of infection. Thus, inappropriate intensity of per capita
self-proliferation rate may lead to more severe infection outcome, which is similar to the effect of cova-
lently closed circular DNA (cccDNA) self-amplification rate in HBV infection [8]. These may provide
insight into the failure of immune therapy [2].

Recently, under a plausible quasi steady-state assumption, [6] ignored the direct effect of virus load,
but introduced the delayed activation effect of immune cells, and the dynamics of the corresponding virus
model was studied. Compared with the results of [6], we can find that quai steady-state assumption
cannot affect the dynamic behavior, which is consistent with the conclusion of [20]. Note that the
spatial migration of virus particles is an inherent characteristic of virus infection within-host [21, 28].
We will further analyze the effect of delay and spatial migration on the process of virus infection, such
as global stability, bifurcation and the invasion speed of virus particles based on the latest research
results [11, 24, 26, 27] in the future study.
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