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GLOBAL DYNAMICS OF A TWO-STRAIN HIV INFECTION MODEL WITH
INTRACELLULAR DELAY

JIN XU

ABSTRACT. In this paper, we formulate a mathematical model to describe the interaction of two
strains of HIV virus and the target cells within a host. The model is in the form of delay differential
equations with two discrete delays to account for the average time for replication for the two strains.
The model dynamic turns to be generically determined by two composite parameters R and Ra, the
basic reproduction numbers for strain 1 and strain 2, respectively in the absence of the other strain,
in the sense that except for the critical case Ry = Ra > 1, the solutions are proved to converge to the
corresponding equilibrium globally. The method used is Lyapunov functionals.

1. INTRODUCTION

It has been realized that mathematical modelling can provide valuable insight into HIV-1 pathogene-
sis. These mathematical models are formulated by using differential equations to explore the mechanisms
and dynamical behaviors of the viral infection process [3, 8, 17, 18, 19]. Such understanding may offer
guidance for developing efficient anti-viral drug therapies [14, 15, 10].

Most existing mathematical models for HIV virus dynamics are by systems of ordinary differential
equations. A standard and classic differential equation model for HIV infection is the following system
of ODEs [16, 14, 18]:

T =X—dT —kTV,
T* = KTV — uT*, (1.1)
V =pT* — ¢V,

where T'(t), T*(t) and V() are the population sizes of uninfected target cells, infected cells and the
free virus particles, respectively, at time ¢. The assumption is that uninfected cells are generated at
a constant rate, A, and die at a rate d. Free virus particles infect uninfected target cells at a rate
proportional to the product of their abundances, kTV. The rate constant, k, describes the efficacy of
this process. Infected cells produce free virus particles at a rate proportional to their abundance, pT™*.
Infected cells die at a rate T either due to the natural death or the action of the virus and free virus
particles are removed from the system at rate ¢V by the immune system or natural decay. Therefore,
the average life-time of an infected cell, a free virus particle and an uninfected cell are 1/u, 1/c and
1/d respectively. The model well predicts the primary phase of HIV infection, showing that during
the first weeks of infection there is a peak in viral load with a subsequent decline to a relatively stable
steady-state.
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Now, we assume there is an another subtype of virus in within a host which competes with the
original virus for host cell resource. Assuming that super infection is negligible, an ordinary differential
equations can be formulate along the line of (1.1) to describe the interaction between the two subtype
viruses and host cells, as given below.

T =\—dT — kyTVy — ko TVa,

Tl =kTV, — M1T17

Ty = koTVa — poTs, (1.2)
Vi=piTi— Vi,

Va = poTs — c2Va,

where T7(t) denotes the population size of cells productively infected by strain-1 virus, whereas T5(t)
denotes the population size of cells productively infected by strain-2 virus at time ¢; Vi (¢) and Va(t)
represent the respective population sizes of subtype-1 and subtype-2 viruses; ki and ks represent the rate
constants at which uninfected target cells are infected by subtype-1 and subtype-2 viruses, respectively.
The two subtypes of infected cells are assumed to have two different death rate p; and ps. Once
uninfected target cells are infected by subtype-1 (subtype-2) viruses, new subtype-1 (subtype-2) virus
particles are produced with constant rate p; (p2). The new subtypes of virus have the respective
clearance rate ¢; and co. All the parameters of the model are assumed to be positive. Here we omit the
super-infection in host cells.

However, in reality, there is a lag between the time target cells are contacted by virus particles and
the time the contacted cells become actively affected meaning that the virions have enter cells and
started producing new virions [23]. This can be explained by the initial phase of the virus life cycle,
which include all stages from viral attachment until the time that the host cell contains the infectious
viral particles in its cytoplasm. To account for this lag, models that include time delays have been
developed and investigated [8, 15, 23]. One distinct feature of delay differential equation models is
that a delay typically destabilizes an stable equilibrium and causes sustained oscillation through Hopf
bifurctions. By rigorously establishing the global dynamics of the two-strain competitive viral model
with intracellular delays, we show that no sustained oscillations are possible in our model.

To incorporate the intracellular phase of the virus life-cycle, we assume that subtype-1 virus and
subtype-2 virus production occur in average, 7, and 7o time units later, after the respective virus enter
the host cells. The recruitment of subtype-1 virus producing cells at time ¢ is given by the number of
cells that were newly infected by strain-1 at time ¢ — 7 and are still alive at time ¢. In the same way, the
recruitment of subtype-2 virus producing cells at time ¢ is given by the number of cells that were newly
infected by strain-2 at time ¢ — 75 and are still alive at time ¢. If we assume two constant death rates
s1 and so for infected but not yet virus-producing cells for subtype-1 and subtype-2, the probability of
subtype-1 surviving the time period from ¢t — 71 to t is e~ *171 the probability of subtype-2 surviving the
time period from ¢ — 75 to ¢ is e~ *272. The transfer diagram for the transmission of viral infection under
such a scenario is shown in Figure 1. Thus the following delay differential equations model is proposed:

T =X —dT(t) — ki T($)Vi () — k2 T(t)Va (1),

Ty =k T(t — 1) Vi(t —7)e™ 2™ — g T (t),

Ty = koT(t — 1) Va(t — 72)e ™2™ — puoTo(t), (1.3)
Vi =piTi(t) — el Va(t),

Vo = paT(t) — e2Val(t),
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FIGURE 1. Transfer diagram for model (1.3)

Delays have been incorporated into virus dynamics models in [8, 23, 12], but only for single strain
models. Here we consider two strains. Many previous in-host models also considered the effects of
anti-viral drug therapies such as HAART [15, 1, 21], but only local stability were analysed in these
works. We note that by renaming the coeffiicients due to the effect of reverse transcriptase inhibitors
and protease inhibitors, the model in [15, 1, 21] can be transformed into the form of (1.3). Our results
on the global dynamics of model (1.3) can apply to these models with anti-viral therapies, and hence
can rule out the exitence of periodic solutions. This shows novelty of this work and should benefit other
researchers working on similar models.

In the present section we analyse model (1.3) including intracellular delays. We establish global
asymptotic stability of the infected-free, and single-infected by constructing Lyapunov functionals. To
this end, we first establishes the well-posedness of (1.3) in section 3.2. Then we discuss the existence
of equilibria in the feasible region and derive the basic reproductive number Ry. It turns out that Ry
is a decreasing function of the delay 71 and R is a decreasing function of the delay 75. These imply
that ignoring the intracellular delays will overestimate the basic reproduction number. We show that
the basic reproductive number R, generically determines the global dynamics of model (1.3). More
specifically, if Ry < 1, the infection-free equilibrium Ej is globally asymptotically stable, and two
subtype viruses will be cleared; if Ry > 1 and Ry # Rp, the single-infected equilibrium arising from
the greater basic reproduction number is globally asymptotically stable. The proof utilizes a global
Lyapunov functional that is motivated by the work in [11, 12]. The global stability of single-infected
equlibira rule out any possibility of sustained oscillations. In addition, numerical simulations are also
conducted to demonstrate global dynamics of system (1.3).

2. WELL-POSEDNESS

In the same way as in the previous section, the system (1.3) is biologically acceptable in the sense that
no population goes negative. We expect that starting from non-negative initial values, the corresponding
solution remains non-negative. To proceed, we follow the convention to denote by Cy = C([—71,0],R)
and Cy = C([—72,0],R) the Banach spaces of continuous functions mapping the interval [—7;, 0] into
R, i = 1,2, with norm ||®;|| = sup_r,<e<o |®:(0)| for ®; € C;. Let 7 = max {7, 72}, denote by
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C = C(]-7,0],R) the Banach space of continuous functions mapping the interval [—7,0] into R, with
norm ||®| = sup_r<g<o|®(0)| for # € C. The nonnegative cone of C,Cy and Cs are defined as
ct = C([-7,0],Ry),Cf = C([-71,0],R;) and Cf = CO([-72,0],R;). The initial conditions for
system (1.3) are chosen at t = 0 as p € O+t x Ry x Ry x O} x C5. The well-posedness for our delay
differential equation model (1.3) is established by the following theorem.

Theorem 2.1. Under the above initial conditions, all solutions of system (1.3) are positive and ulti-
mately bounded in C x R x R x C7 x Cy

Proof. First, we prove that T'(t) is positive for all ¢ > 0. Assuming the opposite, let ¢; > 0 be the first
time such that 7'(t;) = 0, which means T'(t) > 0 as ¢t € [0,¢1). Since

T =X\—dT(t) — ky T(t)Vi(t) — koT(t)Va(t),

we get T'(t;) = A > 0,and hence T'(t) < 0 for t € (t; — €,;) where € > 0 is sufficiently small. This
contradicts T'(¢t) > 0 for t € [0,¢1). It follows that T'(t) > 0 for ¢ > 0. Next, we show V;(¢) > 0 for all
t > 0. Assume the opposite and let to > 0 be the first time such that V;(t2) = 0. Since

Vi(t) = mTi(t) — e Va(t),

we have V; (ta) = p1T1(t2). On the other hand, solving T} (t) by the second equation of (1.3) gives
to
Tl(tg) = (Tl(O) +/ k‘lT(G - Tl)Vl(Q - ,7_1)67817'16;“9(19)67#1@ >0
0

Hence Vi (t2) = p1Ti(t2) > 0 implying Vi (t) is positive for all ¢ > 0.
The positiveness of T'(¢) and V;(t) and the following formula

t
() = (T3(0) + / I T(0 — 1)V (6 — m1)e T eM0dg)e "t > 0,
0

in turn leads to the positiveness of T} (¢t) for all ¢ > 0. Similarly, we can show that V5(¢) and T5(t) are
positive for ¢ > 0 under positive initial conditions.

From the first equation of (1.3), we obtain T'(t) < A — dT'(t). Hence limsup;_,ooT(t) < 3. Adding
the first three equations of (1.3), it follows

(T(t) + Tl(t —+ T1) +T2(t + TQ))I =A— dT(t) — ‘LtlTl(t + Tl) — ‘LLQTQ(t + ’7'2)

+ kT Vi(t)(e ™ — 1) + ko T(t) Va(t) (7™ — 1)
SA=HT(t) + Ta(t + 1) + Ta(t + 72))

where 7 = min{d, p1, po}. Thus, limsups_,oe(T(t)+T1(t+71) +To(t+72)) < 2. For any € > 0,3t* > 0,
such that T(t) + Ti(t + 71) + To(t + 2) < 2 + € for all ¢t > t*. Thus, T(t), 71 (t) and T»(t) are all

ultimately bounded by % The fourth equation of (1.3) implies

. A
Vi=piTh(t) —aaVi(t) < pl(; +e)—cVi(t),t >t

This implies limsup;—yoo V1 < %(%—!—e). Since € > 0 is arbitrary, we attain limsup;— oo V1 (t) <

1
ilarly, we can obtain limsup;_ oo Va(t) < ’Z;‘ Therefore, T'(t), T1(t), T2 (t), V1 (t) and Va(¢) are ultimately
bounded in C' x R x R x C; x Cs.
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3. EQUILIBRIA AND BASIC REPRODUCTION NUMBERS

In system (1.3), without infection (T7,7Ts, V1, V2) = (0,0,0,0), uninfected target cells stabilizes at
the equilibrium 7" = %. The basic reproductive number Ry for in-host models [17, 12, 16] measures
the average number virus-producing target cells produced by a single subtype-1 virus-producing target
cell during its entire infectious period in an entirely uninfected target-cell population. As illustrated in

Figure 2, the basic reproduction number R; for strain-1 is given by

kie %A
Rlzpil.li.,. (3.1)

M1 C1 d
Similarly, the basic reproduction number R, for strain-2 which is the average number virus-producing
target cells produced by a single subtype-2 virus producing target cell during its entire infectious period

in an entirely uninfected target-cell population is obtained by
g2 ke A 82)
M2 C2 d
When no intracellular delay is considered, 7 = 75 = 0, our R; and Rs reduce to the respective basic
reproduction number for our previous model (3.1) (i.e. (2.21)). If s > 0, R; and Ry is the decreasing
functions of the delay 7 and 75. It shows that the intracellular delays decrease R; and R if cells die
during the delay periods. Thus, ignoring the intracellular delay in a viral model will overestimate the
basic reproduction number.
From our system (1.3) and our result (3.1) (3.2), we define the system basic reproduction number

R() = max {Rl, Rg} . (33)

Burst size Basic reproduction number

21 I ial
151 1 d €1 H1

FIGURE 2. An illustration of the basic reproduction number of model(1.3)

Model system (1.3) always has the infection-free equilibrium Ey = (%,070,0,0). There are two
possible single-infection equilibria Fy = (T 11,0,V O) and Fy = (T ,0,T5,0, ‘72), where

— Al — dCl — d
T2 7= Ri—1), i= 2 (R, —1). 3.4
im D k1p1( 1—1), kl( 1—1) (3.4)
and Al d d
~ ~ ) ~
iR k2p2(R2 ), Va k2(32 ) (3.5)

It turns out that the values of Ry and Ry determine the existence of the single-infection equilibria: F
exists if and only if Ry > 1 and F5 exists if and only if Rs > 1. Obviously, ;1 and E5 are biologically
meaningful under the conditions.
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It is also possible for our model (1.3) to obtain the double-infection equilibrium which means
a equilibrium with all components being positive. Denote such a possible equilibrium by FE3 =
(T*, Ty, Ty, V¥, V5*), then calculation shows that the components in E3 must satisfy

picre®rm d [hacoe®2T? d
1 =

T = .e. i.e. ,
k1p1 ARy kapo ( AR )

7= AV

b1

Cow (3.6)

T2 = —

b2
d(Ry — 1) = ki Vi + kL VY,
d(RQ - 1) = lel* + kz‘/z*

By the last two equation in (3.6), it is clear that E3 exists if and only if
Ri =Ry > 1. (37)
If (3.7) holds, there are actually infinitely many co-existence equilibria.

Summarizing the above results, we have the following conclusion. When Ry < 1, Fj is the only
equilibrium; when R; > 1, Ry < 1, there are Fy and Fq; when Ry > 1, Ry < 1, there are Ey and Fs;
when R; > 1 and R > 1, in addition to Ey, F; and F5, there are infinitely many co-exitence equilibria
if Ry = Ry > 1. Considering the fact that there are ten model parameters in Ry and R, the identity
R; = Ry is unlikely to hold in practice (or infeasible), and hence, F3 will not be considered here in this
thesis.

4. GLOBAL STABILITY OF EQUILIBRIA

In this section we study the global stability of equilibria by using the Lyapunov functionals.
We apply Lyapunov functionals similar to those recently used by [11, 6, 20]. A useful function is
used to construct our Lyapunov fuctionals:

g(z) =z —In(z) — 1.

This function attains the global minimum at © = 1, g(1) = 0, and remains positive for all other
postitive values of z. Our Lyapunov functionals take advantage of these properties of g(x). In the
following theorems we show that the equilibria exhibit global stability under some threshold conditions.

Theorem 4.1. If Ry < 1, the infection free-equilibrium Eq is globally asymptotically stable.
Proof. Let Ty = % and consider the Lyapunov functional

V(T,Th, T2, V1, Vo) = Tog(T(t)/To) + e * ™ T (t) + e*2™Th(t)

+ B e () + B2 ey (1)
b1 D2
0

0
Fhy / T(t + 6)Vi (¢t + 6) db + kg/ T(t + 0)Va(t + 6) db.
—T1 —T2

Obviously, V (T, Ty, Ts, V1, Vz) is non-negative in the positive cone O xRy x Ry x C;" x C5 and attains
zero at Ey. We will show that the derivative of V' along the trajectories of our model (1.3) is negatively
defininte. Differentiation gives
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V=T = T+ T + e ) + et T VALY) + C2e )

+I€1T(t)V1 (t) - le(t - 7'1)V1 (t - ’7'1) + kQT(t)VQ(t) - kQT(t - TQ)VQ(t - TQ)
= A= dT() - WTWVi(D) ~ BT Va() —~ o

T(t)
+6317—1 (k‘lT(t — Tl)‘/l(t — 71)6_317—1 — M1T1> + 6327—2 (k’gT(t — Tg)‘/vg(t — T2)€_SZT2 — /,LQTQ)

(A —dT — ki T()Vi(t) — k2T (t) V(1))

M1 S1T1 _c &65272 0T — oV
e (Tifn) - Vi) + 2w uTale) - eaVa(0))
—l—k‘lT(t)Vl(t) — le(t — Tl)Vl(t - T1) + kQT(t)‘/é(t) — k’QT(t — TQ)‘/Q(t - T2)

After cancelling terms, using T = % and rearranging terms, we get

To
T(t)

n (leO _ Clp/”'l 6317'1> Vl(t) + (k’ng _ Ca 42 6527'2) ‘/Q(t)

V= A—dT(t) - A+ dT,

P2

—"—%6517—1 (klpl)‘esln _ 1) ‘/i(t) n Co U2 5272 (k’2p2/\esg'r2 _ 1) %(t)

_ A< _T(t>_To> - o
T, 10

+%esw(& —Vi(t) + %6% (B2 — Va(t).
1 2

Since the arithmetic mean is greater than or equal to the geometric mean, if Ry = max {Ry, R} < 1,
each of the three terms on the right hand side is non-positive. Hence V (T, Ty, Ts, V1, Va) < 0, and V = 0
if and ouly if (T,T1,Ts, V1, Vo) = (%, 0, 0,0,0) = Ey Therefore, the globally asymptotical stability of
Ey follows from the Lyaunov-LaSalle invariance principle by [7].

When Ry > 1, then Ejy becomes unstable and at least one of the E; and Fs exists. We now investigate
the global stability of these two possible single-strain equilibria.

Theorem 4.2. Assume that E; exists (i.e. Ry > 1), if Ry < Ry, then, Ey is globally asymptotically
stable.

Proof. Define a Lyapunov functional V : C' xR x R x C; x Cy — R by

T(t)

. _ Tt _ Vi (t
VT T i) = Te(tD) 1 fenimg(BO) | pmamy(g) 1 12 emm o VD,
T T D1 Wi
Y TEEOV(t 0
+@esmvg(t)+k1:rvl/ g LEHOVIE£6)) 4
D2 —71 TV1

0
+k2/ T(t+0)Va(t+0)do.
-
By the properties of g(z), the Lyapunov functional V (T, Ty, Ts, Vi, V2) is non-negative in the positive
cone Ct x Ry x Ry x O x C and attains zero at E1. In order to show V is negatively definite, we
differentiate V (T, T1, T, V1, Vo) along the trajectories of (1.3) to get
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V= T@+ %T(t) + eI (t) — 68171%:& (t) + 5272 Th(t)

M1 simiys [ S H2 syrovs
+—e" 1TV (1) — —e1Tt Vi(t) + —e®2™*V,(t
p1 1) D1 Vi(t) 1) D2 2(t)

d /0 T(t+0)Vi(t+6)

ki TV, — EAS
Vg | 97y

kT ()Va(t) — ko T(t — 72)Va(t — 7). (4.1)

)do

Note that

__d [ TEt+0OVi(t+0
o 77 4 g(( Vi ( )

= ) df
dt /o ™
0
- klfvl/_ %g(T(H?“%(HQ))dQ
— k1TV1[ %Q(T(HHT)E(HG)M@
= TV <T(t)V1(t) LAV T —m)Vi(t—m) _l_lnT(t_Tl)Vl(t—Tl)))
AL g ™ v,

kiT()Vi(t) — ki TVAIRT () Vi (t) + ki TVAIRT V) — Ky T(t — 1) Vi (t — 71)

+k TVIINT (t — 1) Vi (t — 1) — Ky TV1InTVy

ki T()VA () — kT (t — 7)VA(t — 1)

+k TVIINT (t — 1) Vi (t — 1) — Ky TVAInT (£) Vi (t) (4.2)

Plugging (4.2) and system of (1.3) into equation (4.1), we obtain

. T _ _ _
V =X\ —dT(t) — ki T(O) Vi (t) — ko T(£)Va(t) — T T e TVA (1) + ke TVa(t)
_ Tt —m)Va(t — _
+ le(t — Tl)Vl(t — 7'1) — ﬂleslTlTl(t) — T1 ! ( ;1zt)1( Tl) + €SIT1,LL1T1
1
C
+ kQT(t - Tg)Vg(t - 7'2) - /LQCSszTQ(t) + ,U/1681T1T1 (t) - %6817—1 Vl (t)
-Ti(t)  ma - 4.3
_ 6317'1V + e817'1‘/ ( . )
i ! Vi(t) p1 !

+ e Ty (t) — B2 emam (1)
b2

+ R TOVAE) = kT (t — m)Vi(t —71)
- klf‘alnT(t)‘/l(t) + klfvll’ﬂT(t - Tl)‘/l(t —T1
+ kgT(t)‘/g(t) — kQT(t — Tg)‘/g(t — Tg).

The components of E; are related by the equilibrium equation, i.e.,
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A=dT + ki TV
I€1T‘71 = /“T'leslﬁ
T =aV (4.4)

- N1T17631T1 _ M1T1€Sj7101 _ M e
| p111 D1

Making use of these, we can rearrange and simplify the equation (4.3) as

L (Tt T\ kT,
V= dT(Q_T_Tt))_ T(t)
T(t—Tl)Vl(t—Tl)

Ey\TVy + koTVa(t) — kT,
+iTVL + ko TV () 111 Ty(0)

— = k1TV1 - T1 (t) — = H2C2
kiTV, — ——V, kiTVy — ——=e*22V,(t
+k, TV, T, 1V1(t)+ 14 V1 2 e 2(t)

—k1T\71lnT(t)V1(t) + k’ﬂ_"VllnT(t — Tl)‘/i(t — 7'1)

- )

— = TlT(t—Tl)Vl(t—Tl) TlT(t—Tl)Vl(t—7'1)
e (9( A T A S A 1) )

,, T T __ WiTi() ViTy(t)
WV (sl y) ~ ) ~ TR ) - g )

7k1TV1 [lnT(t)Vl(t) — l?’LT(t — 7'1)V1 (t — ’7'1)]
; (m _ ”) Valt)
P2
Tt T

A )
TT(t—1)Vi(t — 1)

V(TR )
T Vgl ) ~ M Tg(E )

ko (1 1
2 (7 - 7) w0

Therefore, by our assumptions, V' < 0 with equality holding only at E;. From the Lyapunov- LaSalle
inveriance principle [7], the equilibrium F; is globally asymptotically stable. The proof is completed.
Parallel to Theorem 4.2, we have the following theorem for Fs

Theorem 4.3. Assume that FEy exists (i.e. Ry > 1), if Ry < Ra, then Es is globally asymptotically
stable.

Proof. The proof of this theorem is symmetric to that of Theorem 4.2 by considering the following
Lyapunov functional:V : C x R x R x Cy x Cy = R
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- T(t ~ TH(t
V(T, Ty, To, Vi, Vo) = Ty( (~))+681T1T1(t>+T2632T29( 2~())+&63171V1(t)
T T2 b1
- Vo(t 0
+&Vzesmg(%)+k1/ T(t+0)Vi(t+0)do

b2 2 —T1

- (O T+ )Vt +0
szVQ/ el +T~)¥2( 9 4
—T2 2

We omit the details of the proof.

5. NUMERICAL SIMULATIONS

In this section, we present some numeric simulations for the DDE model (3.2) to confirm and illustrate
the theoretic results obtained in Section 3.4, which is not significantly different from those for the ODE
model (2.2), except that some plottings are in logarithmic function for better and clearer displays.

First, we chose the following values for the model parameters: A = 6,d = 1,k = 2,p1 = 1,¢1 =
3,1 =10,81 = 2,71 =0.1,ke = 3,p2 = 2,c0 = 2.5, u3 = 15,82 = 1.5, 75 = 0.15. This give the values
two individual basic reproduction numbers Ry = 0.327 and Ry = 0.767. Three sets of initial values are
used: (I) T(0) = 80,71(0) = 50,7T5(0) = 40, V1(0) = 45, V5(0) = 35; (II) T(0) = 60,T1(0) = 70,T5(0) =
50, V1(0) = 30, V5(0) = 20; (III) T(0) = 50,71(0) = 60,72(0) = 30, V1(0) = 20,V5(0) = 45. We used
a base 10 logarithmic scale for target cells population. The corresponding solutions are presented in
Figure 3.

Second, we chose the following values for the model parameters: A = 6,d = 1,k; = 5,p1 = 6,¢1 =
4 = 3,81 = 2,11 = 0.1,ke = 1,p2 =4,¢c0 = 3,u3 = 4,80 = 1.5, = 0.15. This give the values
two individual basic reproduction numbers Ry = 12.28 and Ry = 1.597. Three sets of initial values are
used: (I) T(0) = 80,71(0) = 50,7%(0) = 40, V1(0) = 45, V5(0) = 35; (II) T'(0) = 60,71(0) = 70,T5(0) =
50, V1(0) = 30, V,(0) = 20; (III) T(0) = 50,71(0) = 60,T>(0) = 30,V1(0) = 20,V5(0) = 45. A base
10 logarithmic scale for target cells population, subtype-1 infected cells and subtype-1 virus cells was
employed in our figures. The corresponding solutions are presented in Figure 4.

Third, we chose the following values for the model parameters: A\ = 6,d = 1,k; = 4,p1 = 8,¢1 =
8u1 =5,81 =2,711 = 0.1,ke = 3,p2 = 10,c0 = 5,40 = 4,,59 = 1.5,75 = 0.15. This give the values
two individual basic reproduction numbers Ry = 3.93 and Ry = 7.19. Three sets of initial values are
used: (I) T'(0) = 80,71(0) = 50,T%(0) = 40, V4 (0) = 45, V5(0) = 35; (II) T(0) = 60,71(0) = 70,T>(0) =
50, V1(0) = 30,V2(0) = 20; (III) 7(0) = 50,71(0) = 60,72(0) = 30,V;(0) = 20,V2(0) = 45. A base
10 logarithmic scale for target cells population, subtype-2 infected cells and subtype-2 virus cells was
employed in our figures. The corresponding solutions are presented in Figure 5.
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6. DISCUSSION

It is widely recognized that time delays cause sustained oscillations in form of periodic solutions in in-
host models with cell divisions and intracellular delays [2]. It is interesting to explore the dynamics of the
viral load for two strains with intracellular delays both from mathematical and biological perspective [9].

In this paper, we employ a two-strain mathematical model to study the mechanistic basis of the
emergence of the competitive viral strains in host cells. We have carried out complete analysis for
two-strain in-host model with intracellular delays system (1.3). The analysis suggests that the basic
reproductive ratio palys an important role in predicting viral persistence or eradication. The global
dynamics of model (1.3) is rigorously established: if the basic reproduction number Ry < 1, then all
solutions converge to the infection-free equilibirum FEy; if Ry > 1, then all positive solutions converge
to the single chronic-infection equilibrium E; or Es which is determined by the relative magnitudes of
Ry and Rs. The stability results for Ey, £ and F, are obtained analytically, while the stability of the
co-existence equilibrium F3 via numerical simulations.

The intracellular delays can reduce the basic reproduction number Ry if cell die during the delay
period (3.1) (3.2). As a consequence, ignoring the delay will produce overestimation of Rg. Our result
shows that no sustained oscillation regime exists without cell division even in the presence of intracellular
delays. The two-strain HIV model with intracellular delays could provide worthwile information that
potentially could allow the design of efficient individual strategies of HIV treatment.
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