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1. Introduction

Dynamic behaviour of thin laminated cylindrical shells is of great importance to
engineers. The coupling between bending and tension in laminates results in the necessity
to modify the classic equilibrium equations and the boundary conditions for thin uniform
cylindrical shells in order to apply them to laminated shells. The reformulation of boundary
conditions and the solution of the static buckling problems for the cylindrical shells was
done by Almroth [1]. Numerous papers are available on free vibrations of laminated
shells (see for example papers by Bert, Baker and Egle [2], Dong [3], Alam and Asnani
[4]). While parametric vibrations and dynamic stability problems for uniform isotropic
cylindrical shells under time-dependent membrane forces have drawn much attention,
the dynamic stability of cylindrical shells has not been investigated yet.

The purpose of the paper is to analyse the dynamic asymptotic stability of thin elastic
cylindrical shells for cross-ply antisymmetric configuration. Membrane forces acting
in the shell midsurface are assumed to be deterministic functions of time or stochastic
processes with differentiable realizations. The shell consists of an even number of equal
thickness orthotropic laminae laid on each other with principal material directions alter-
nating at 0 and n\2 to the shell axial and circumferential directions. Using the direct
Liapunov method we have derived the sufficient conditions for the asymptotic stability
and the almost sure asymptotic stability. The influence of geometric and material properties
of the shell as well as characteristics of loading on stability regions have been examined
numerically.

2. Problem formulation

Let us consider a closed elastic simply supported cylindrical shell of radius a, length /
and total thickness h, a > h, I > h. The shell consists of an even number of equal thickness
orthotropic layers antisymmetrically laminated with respect to.its midsurface from both
the geometric and the material property standpoint. The Kirchhoff-Love hypothesis on
nondeformable normal element is taken into account. Tangential, rotary and coupling
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inertias are neglected. For the shell subjected to a concentrated load P and a uniformly
distributed radial loading q, the initial membrane loads can be determined by assuming
that the shell remains circular and undergoes a uniform compression circumferentially.
Consequently:

Nx = PlZna,
N& = aq.

Taking into account a linear damping in the radial direction we obtain the equations
of the technical theory of thin laminated shells in terms of displacements u, v, w in tangen-
tial, circumferential and radial direction, respectively [3]:

^/a2 = 0,

-BlluiXXX+A12u,x/a+Bllv>&ee/a
3+A11v,(!l/a

2+D llw,xxxx + (1)

&ela
2 — 0,

=  (0 ,1 )X(0 ,2T I ).

Internal forces and moments are expressed by the displacements as follows:

Nxe = A66(v,x + u,e/a), (2)

Mx = Bt! u,, - A t w,xx - £>!  2 w, e0/a
2,

Me = -BnV^/a-Bnw/a-D^w^^-D^w^e/a2,

Mx9= ~2D66w,x&/a.

The closed shell is assumed to be simply supported without displacement in circum-
ferential direction at x — 0,1. The conditions imposed on displacements, internal forces
and moments, called according to Almroth's classification S2, can be written down as:

w = 0, v = 0, Nx = 0, Mx = 0 at , x = 0,1. (3)

Our purpose is to investigate the stability of undisturbed shell surface u = v = w = 0
(the trivial solution). A disturbed state is estimated by means of a distance of the solution
of system (1) with nontrivial initial conditions from the trivial solution. Under assumption
that the membrane forces are the deterministic functions of time we will study the asympto-
tic stability of trivial solution, i.e. we will derive conditions that imply:

If the forces are stochastic "nonwhite" processes with sufficiently smooth realizations
we shall consider the almost sure asymptotic stability which holds if a probability of event
defined by (4) is equal to one:

' P { l im |H=0}  = l . (5>
( - • CO
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We shall examine the foregoing kinds of stability using the direct Liapunov method,
which provides a significant advantage in that the conditions for stability can be obtained
without the explicite solving the equations of motion.

3. Derivation of the sufficient stability conditions

We construct a functional as a sum of a modified kinetic energy and the potential
energy of the shell in order to apply it as a Liapunov functional:

I /
a (6)

+NX u, x+Ne(v, e + w)/a+Nxe(viX + u^ja)] adQ,
where x «• Wlt.

The functional is positive-definite since the first three terms of integrand can be rear-
ranged as a sum of squares. Therefore, we can choose the square root of functional (6)
as the distance used in the stability definitions. Under the previous assumptions imposed
on the membrane forces the classic differentiation rule can be applied to calculate the time-
derivative of functional (6). Dividing equations of motion (1) by gh and retaining for
convenience the same symbols for coefficients we obtain the time-derivative of functional
(6) in the following form:

- J = ̂  f [2(z+pwX
a

-A12u,x[a-B11vieeela3-Allv,(>la2-D11w,xxxx+

-2(2>12+2Z>66) w, xxee/a
2 -B2i w, e e s e/ a

+ - 251 1 w, ee/a3 -Axx wja2) + (7)
-Mx,tw.xx-Mxz.xx-M0,tw,ee/a2-Mez,e0la

2-2Mxe,tw.xela+

where It denotes an additional functional:

a

Integrating by parts, using boundary conditions (3) and periodicity conditions with
respect to variable 0 we prove the following formulae:

2n ' In I

j MXiXxzadQ = J MXlXz adQ- J MXtXztXadQ = -j Mxz.,
a o o a o

+ fMxz,xxadQ= JMxz.xxadQ,

ad@+

J MxB,x»zadQ =
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J Mx,,wiXXadQ = J Mxz,xxadQ,

J M&itwf8B^dQ =  J MQZi&eadQ,
a a

MxQitw,x&adQ — J Mx@ztX@adQ.

n a
I n a similar way integrating by parts we convert the functional I t to the following form:

Jx ^ i J  {- (Nx,x+N xe.ela)u~(Nx@,x+N e,ela)v+Newld\adQ.
a

Recognizing the expressions in the parentheses as left hand side expressions of the first
two equations of motion (1) we omit them so we can write:

I x = i  [N ewdQ.
si J

Using the above relations we rewrite the  time- derivative  of  functional  (7)  as:

dV
dt =   - 2PV+2U,  (8)

where:  »

U  =  -   f  [(z+Pw)(Nxw,xx+N ew,0ela2)+2p2wz+2p3w2]adQ.  (9)
a

N ow  we  attempt  to  construct  a  bound:

U  Ś  XV,  (10)

where  the  function  X  is  to  be  determined.
Proceeding  similarly  as  Kozin  [5] we  solve  an  additional  variational  problem  d(U~

— XV) =  0  and  we  obtain:

A =   max  \
m,n= 1,2,...

(11)

/ crur„- 2ta)rl/ a.
where:

km  =  mn/ 1,  kn  — n/ a,

Tu  -   Altkl+A12k
2

n,  TX2  =   ~(A12+A66)kmktt,
T22  -   A^

Substituting  inequality  (10)  into  equation  (8)  we  obtain  the  differential  inequality,
from  which  we  have  the  following  estimation  of  functional  (6):

FTCO«
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Thus,  it  immediately  follows  that  the  sufficient  stability  condition  for  the  asymptotic
stability  with  respect  to  the  distance  || •  [| = V112  is:

t

ft > l im i  f X(s)ds,  (12)
, - « t J

or  for  the  almost  sure  asymptotic  stability,  provided  processes Nx  and N0  are  ergodic
and  stationary  is:

P > EX.  (13)

where E  denotes  the  operator  of  the  mathematical  expectation.

4.  Results

Expression  (11) and  inequality  (13) give us  possibility  to  obtain  the  critical  damping
coefficient  guaranteeing  the  almost  sure  asymptotic  stability  as  a  function  of  laminate
parameters  and  statistic  characteristics  of membrane  forces.  In  order  to  obtain  stability
regions, we choose discrete values of force  (JVX or N@) and compute Am„. Then we choose
the  largest value corresponding  to  the given value of  the force  and  take  the  expectation
numerically integrating the product of A by the probability density function. This is accom-
plished for various values of parameters by choosing the variance and varying the damping
coefficient until inequality (13) will be satisfied.

. Glass-epoxy

Graphile-epoxy

1,0
Damping coefficient

Fig. I.
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Numerical  calculations  are performed  for  the  gaussian  process  with  zero  mean  and
variance a2  and  the  harmonic  process  with  variance a2  = A212,  where A  denotes  its
amplitude,  for  different  number  of  layers  and  the  shell  aspect  ratio a/1.

The almost  sure asymptotic stability regions as functions  of /?, a and number of layers
N  in  the case, when the  shell with all =  1 is loaded  by the gaussian  process,  are shown
in  Fig.  1. The  stability  regions  are  not  changed  in  going  from  the  axial  loading  to  the
circumferential  one. As the number  of layers increases the orthotropic solution  is rapidly
approached.  The  coupling  between  bending  and  extension  depends  on  the  orthotropic
moduli  ratio EXIE2.  It  is seen from  the figure  that  for  greater  ratios Et  to E2  the  effect
of  coupling  increases.

Stability  regions
Glass  epoxy

4//M

Harmonic  loading

Gaussian  loading

Shell  aspect  ratio

Fig.  2.

The  dependence  of  stability  regions  as  functions  of  /? and  the  shell  aspect  ratio all
for  twolayered  shell made of glass-epoxy is shown in Fig. 2. It is found that the stability
regions are not changed substantially in going from the gaussian process to the harmonic
one. The dependence of stability regions on the direction of loading is quite essential.
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P  e 3  IO M e

YCTOffaH BOCTB  AH TH CH M M ETPH ^IHO
CJIOH CTLIX  I^H JIH H flPH tlECKHX  OBOJIO^IEK

BO  BHHMamie., m o 3aMKHyTas  KpyroBaa  o6oJio^Ka  cociasjieHa  H3 wr a o ro  - guana  opio-
cjioeB  aHTHCHMMeTpiMHo pacnojio>KeHbix  oTHocHTejn>Ho  cpeHHHHoii  nosepXHOCTH,  Hccneflo-

Bana  acHMnioiiraecKaa u  n wwn  HaBepHo  acHMnToTiraecKaH ycTofttniBocTb  HeBtmyyeHHoft  ipopMbi 060-
JI O1!!™.  CJIOH  O6OJIOWKH H3roT0BJieHti  H3  oAHopoflHoro  MaTepnajia,  Koroporo  rjiaBHBi

oproTponHH  nepeineirao  coBnaflaiOT  c  ai<CHajiBHww  H MepnflHOHajaHBiM   HanpaBjieHHeM. B
nosepxHocTH  o6oJK>';n<H  fleiicTByioT  ycun na  3aBHcaume  OT BpeMeiut  oiBe^aiomiie  wcxosHOMy  6e3Mo-
MeHTHoMy cocToHHHKj.  BBOAH  cooTBeicTByioiUHii  4>ym<i;H0Haji  JlnnyHOBa  H HccjiejryK  ero npH pamemse
no  ipaeKTopHH penieHHH ypaBHeHHft  HBHHceHHfl noJiy^eHW  flocraTo^mwe  ycnoBHH  ycToftqutBocm.  H c-
cjieAOBaao  BJiiWHHe VHCXISL  c jioes,  reomerpHH  O6OJIOIKH  H HanpaBJieHHH Harpy3KH Ha  O6JI£ICTH  ycToiiia-
BOCTH  OSOJIOHBK  H3roTOBJieHt.ix  H3 CTeioia  H 3noKCHflHoJi  cMoJibi  HUH  rpacpKta  H anoKCHAHoft  ciwonbi.

S t r e s z c z e n ie

DYNAMICZN A  STATECZNOŚĆ  ANTYSYMETRYCZNIE  POPRZECZNIE  LAMIN OWAN YC H
POWŁ OK  WALCOWYCH

Zakł adają c, że zamknię ta powł oka walcowa  zbudowana jest z parzystej  liczby  ortotropowych  warstw
antysymetrycznie  rozmieszczonych wzglę dem  powierzchni ś rodkowej  zbadana jest asymptotyczna i  prawie
pewnie  asymptotyczna  stateczność nieodkształ conej powierzchni.  Warstwy  powł oki wykonane  są z orto-
tropowego  materiału którego  kierunki  gł ówne mają  przemiennie kierunek  osiowy  lub  obwodowy.  W po-
wierzchni ś rodkowej  powł oki dział ają  siły membranowe jawnie zależ ne od czasu. Konstruując  odpowiedni
funkcjonał   Lapunowa  i  badając  jego  wzrost  wzdł uż  rozwią zań  równań  ruchu  wyznaczono  dostateczne
warunki  statecznoś ci. Przedyskutowano  wpł yw  liczby warstw  i współ czynników  geometrycznych  na  obszar
statecznoś ci  powł oki wykonanej  z wł ókna szklanego  na bazie ż ywicy  epoksydowej  i  wł ókna  grafitowego
na  bazie  ż ywicy  epoksydowej.

Praca wpł ynę ł a do Redakcji 14 stycznia 1988 roku.


