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Keywords

This paper is concerned with the new generalized class of tilted analytic univalent functions, S*(6,a s,t) which denoted as.

forcos 0 >a, 0] <7, O < @ <1, m(2)= m s#1,-1<t<1s#tands, t € C which is analytic in the unit disk A={w:|w]|<1}. The
coefficient bound as well as representation theorem of extremal properties is obtained S*(6,a ,s,t).
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1. INTRODUCTION

Let U represent the class of functions presented by

f(z)=z+a222+a323+...+anz"+... (1)

which are regular in A={w:|w|<1} and is the subclass of U
consisting of normalized univalent functions which are satis-
fying f{0)=0 and f7(0)-1=0 (Goodman, 1983; Duren, 2001).
We also denote the subclass of U containing functions that are
starlike, convex, and close-to-convex by St, K and C respec-
tively. Silverman and Silvia (1996) obtained representation
theorer/n and coeflicient bound for the class G(§, 0) satisfies
Re(ei‘;"}%) >0 [6]<%, M(z) € K and z € A. Subsequently, Mo-
hamad (1998) introduced the class G (1,y) satisfies Re(¢* %)
> y,where |1|< &, cosd- y >0 and z € A which is the same A,(z)
done by Silverman and Silvia (1996) and discovered represen-
tation theorem and coeflicient bound of G («,5). Afterward,
Soh and Mohamad (2006) determined extremal properties for
the class of functions which (z)= -2-2 (log(1-z)) implies n’(z)=
(1+(z))(1-2) "' where it is the extreme function produced by
MacGregor (1962). Next, Cik Soh (2009) introduced the class
G (4,y,y) with the form of &, (z)= -2(1-2y)-(log(1-2))(2-2y)
where 0<y<1 g'(2)= W and the author presented some
extremal properties of G (4,y,y). Kaharudin (2011) has ex-

panded the results from Cik Soh (2009) by presenting a special
case of g (z) when ﬁ:% given by Brickman et al. (1973) and
found important properties of the coeflicient bound and the ro-
tation theorem for this class of functions. In addition, many re-
searchers such as MacGregor (1962), Goel (1967), MacGregor
(1964), Silverman (1972), Goel and Mehrok (1988), Silverman
and Telage (1979), Fukui et al. (1987), Yahya et al. (2014), Ka-
plan (1952), Mohamad (2000), Akbarally et al. (2011), Wang
(2010), Shashkin (1994), Caglar et al. (2013), Magesh and
Yamini (2013), Elhaddad and Darus (2020), Adegani et al.
(2021), and Shaba and Wanas (2022) had studied geometrical
properties of the different class of functions.

In the present paper, we introduce a new generalized class
of tilted analytic univalent functions S$*(8,a,s,t) as the class of
normalized functions f € U fulfilling the condition

m(z)

forcos 6 > a, |0 < x, 0 < a<1,m(z)= m,s;t 1,-1<
t<1,s#tands, t € C. Thus, our purpose in the present paper
is to obtain representation theorem and coeflicient bound of
S*(0,a,s,0f.

Re (emw) > a,(z€eA)
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2. REPRESENTATION THEOREM

Suppose that P is the class of all functions with a positive
real part A={w:|w|<1}. Thus, we can write the [unction p(z)
€ P= p(z)= 1+ piz+ poz®+..+ p,2"+... as that is analytic in
A={w : |w| < 1} such that Re {p()}>0. Next, we relate the func-
tions S*(0,a,s,t) to the functions in P. For any / € U, we have

2f'(2)

) —a —1sind
oi0 m(z)

=P,(z,¢€,A) (2)
cosf —a

The approach of The Herglotz Representation Theorem
will be carried on for the establishment of the representation
theorem S*(0,a,s,t)

2.1 Theorem
Let f € 8*(8,a,s,t), then some probability measure u on the
unit circle X f can be shown as

_ log(1 —asz)  log(1 —atz) . _
()—/H =) oe( }+(Mg,,e‘“)

log(l - rz) s tlog(1 — xt2) .
[ T vyl ey puy sl oy way g vl I
2(“,16 ¢ —2i60

7] ) du(x)

and conversely, i f ¢ is given by the (3), then f € S*(0,a,s,t).

Proof.
We have p € P which is p(z)= / (1+xz)(1-22) " d (), Jx|=1,

for some probability measure y on the unit circle X. Rearrang-
ing yields,

oif Zf (2)
m(z)

and by replacing cosf-a= Ay, that is always positive, we have

2 =p(z)(cosd —a)+a +isind,

1= )— ( ) o [Aoap(z) + @ +isinf]
Therefore,
MOES e’”’@ [Agap(z) + @ +isin 6] 4)

Substituting m(z)=(1_ssz into (4), we have

J(=) = e ((sz)zm) ( 1) [Agap(z) + @ +isin 0]
and

fl(z)=e (M) [Agap(z) + @ +isind] (5)
© 2022 The Authors.
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From, we have

(1 +x2)

1
(1-s2)(1 —tz)) [‘49“ (1-x2)

[/(z)= e ( du(r) + a +isin 9]

Then, we obtain

re= [

It follows that

(@ +isin@)(1 —xz) + (1 + 22)A g4
(1 —asz)(1 — xt2)(1 — x2)

] du(x)

o) = Z i A90(1+x90)+(a/+isin6’)(l—x(p)]
/@ 0/1/ [ (1 —asp)(1 —ate)(1 —x¢)

du(x)de

and
1) _‘/z/fm (cosO +xpcost —a —xpa +isind —xgisind + @ —xpa)
4 ' (1 —asp)(1 —xtp)(1 —x¢)
du(x)de
Then,

fz) = //p—ia [(cos 0 +isin @) +xp(cos§ —isin0) — 2o + @ —xpa) du()dy

J (1 =as@)(1 - xte)(1 - xg)

Since cos a+ i sin a= ¢ and cos a- i sin a= ¢™“

/)= / /

Upon simplification (6) , we have

1 +ap (e 20 ¢os ) — ZCL’(E?_iQ)]
(1 —zs)(1 - zte)(1 - xg)

dp)de (6)

(e = 2a)e7? + 1 —(e7? — 9qr)e™?

e 6/,/ [(1 —asp)(1 —xte)(1 —2p) (1 —xsp)(1 — atyp)

By changing the integration order, we obtain that

dp(x)de

Jz)=

; [(—e_gie + 2ae7i0) s t
=D ( <1—m>+<1—<rw>)

1 _ 52 (7)
G-Dl-D-z¢)  (t-96-1)1 -as9)

t2
m)} d@] o)

Integrating (7) ¢ concerning,

+(2Agae™?) (

Page 68 of 72



Yahya et. al.

B log(1 — xs2) _ log(1 —xtz)}
/e / 5 @

log(1 — x2) slog(1 — xsz)
s—=DEt-Dx  (=s+1)s—- 1)

1 —2i6
tlog(1 — xtz) ] (Qa'e —e )} @)

+2Agae™?) [— (

C(es+ (- D (=s+10)

which |z|=

1, and this is desired representation.

2.2 Corollary

The extreme points $*(8, a, s, t) are the unit points masses

log(1 - log(1 -
2) = / H og( xsz) og(1 — xt2)

= + (2A4gq0e7)

B log(1 — x2) slog(1 — xs2)
(-1+s)(-1+p)x (=s+0)(-1+s)x
B tlog(1 — xiz) Qaei0 — 20
(=s+0)(=1+t) (=s+1) ’
with |z|=1. Meanwhile,
yon (—e_gie + 2ae_i9) s t
fe =) = (t—ys) (_(l—xsz)+ (l—xtz))
1

-i0
+(24gqe )((—1 +9)(=1+0)(1 -az)

52 2
TSI+ —m2) | (D=0 - m)) ’

is the derivatives of the extreme points for S*(0, a, s, t) with

|(@)|=1.

Thus / is normalized functions since

o= / |

log(1 — 2(0))
[_(—1 +8)(=1+ )
tlog(1 — xt(0))
C(es+0)(-1+ 0

G)ae_ia)

log(l Jcs(())) _ log(1 —xt(O))] ey

slog(1 — xs(0))
(=s+1)(-1+s)x

9ot _ 20
( D )]zo

(=219 + (2a)e?) ( t B s )
(—s+1) (1 =xt(0)) (1 —uas(0))

and

1'(0) =

1
(s = Dz = D(1 - 2(0))

+ (2A4g0e7) (

52 2
(= s)(s— (1 —as(0)) * (t=s)(t-D)( —xt(O))) B

© 2022 The Authors.
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3. MAIN RESULT

Now, we proceed on finding coeflicient bound of S*(8, a, s, t)f.

3.1 Theorem
if f € S*0, a, s, 1), then

| gs.s" + Aga (25" — 4s.5™)
n(=s+t)(-s+1)
2/49(1
MY P

Aga(2t" —4t.0™) —t" + t.1"
n(=s+ 1)(-1+1)

for n=2,3,4,...and equality is attained for each n when f is an
extreme point of $*(0, a, s, t).

Proof.

From (7), we have

7 (=e~2i0 4 ¢=i0(90))s
f(z)—/L/ [- G

(—e™% + (2a))e™"*
(=s + t)(l —aty)

(e79(2444))s>
t=s)s=1)(1—zxs9)

e70(24go )1
s+ 01+ 0(1 —xtg)

)
ST w)] “(x)] “
and
T (=29 + (90 (¢0(2Aq))s?
f<z>—/[/ [(_ s+ 1) ‘<—s+t><—1+s>)
0 Lz

7024902 | (8)
(=s+t)(-1+1¢)

1 (e70(=e1? + 2a)
(1 -zs9) * (=s +1)(1 —ztyp) -

e_ig(QAQ(t)

1 1
-atg) ((-1 T o=l +t)) (1 -z9)

Next, (8) be written as

/)= J l(—(‘

) -9 -1
/Z [(sx)"] d u(x)(@)" + (M
4 0

d p(x)

de

e 20 4 9qeif)s
(=s+1)

(24gqe™")s?
T (cs+0)(=1+59)

(=s+1)

)
(24gqe™"%)? S .
e t)) i 2 o] dutoe)

(2A494¢71%) " "
+(( T+9)(= 1+t))/Z du] @)

From (9), substituting n=0, then
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(=7 + 2a)e7 (=1 + s)(—1 + t)s

A e P T
¢ 92490 )(=1 + 1)s?
S (=s+0)(=1+s5)(=1+0)
(=729 + Qe ) (=1 + 5)(=1 + 1)t
(=s+0)(=1 +s5)(=1+1)
(24gae™ ) (-1 + 5)t2 (240479 (=s + 1)
(=s+0)(=1+5)(-1+s5) (=s+0)(-1+s)(-1+1)
and
f(2) :(Z T _1 = 1)(3 202 _ 9as?t — (e72%)s?
— e 29(st) + (2as?)e” + (2ast)e™? = Qase™?

+5¢72) — (25%1 = 25 Agae ™" + (st (=)
+ 2ae 206 + ¢721942 _ o719 (Qast)
— e Qat?) - % + ¢ (2a1) + (2512 — 2?)

Agae™ + (2t — 25)Agae™)

(10)
052 4 o

Upon simplification the equation (10), we have
1

t=s)s-De-1)

+(=2s%1 — 25 + 252 + 2512

2i6

f(2) =

[(st s24s—st2+12—t)e”

- 2% + 2)ae™
- 2% + 2)ae™
+(=25%1 + 25% + 251 + 2 — U? — 25)Agqe|

+(=25%t — 25 + 25% + 2512

Substituting 4, = cosf-a and cosf= (,e_e o , thus
f(z)= ! [(SQI —s2s—st? 412 —1)e %0
t-s)s=D@-1)
+(=25% + 25 — 5 + 2512 — 22 + )ae !
+(=25% + 25% + 2512 — 2% + 2 — 2s)
1+ 2e7% — Qae™?
2
and
1
= ~95% + 252 — 25 + 2% — 2
f(2) (t—s)(s—l)(t—l)+[( 7L+ 28 s+ 25
+20) e + (=5t + 5% — s+ 512 — 12 + 1)e 7
+(25%1 — 252 + 25 — 2512 + 22 — ) + (=521 + 52
—s+st2 =12 +10)]
1
= —s+i)(s—-1D-1
ST s+ 0= D= 1)
=1
© 2022 The Authors.
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Rewrite the equation (9) will yield to
e~20 1 9qe™i0)s

NG
f(z)—/[l ( -2

/i [(S‘I)n] dﬂ(x)(SO)” + ((_6_2i0 + QQe—ie)t

(QABQe_ie)SQ
t-=s)s—-1)

(t=s)

94 N LAY
e ) / Z ()] dpa)e)

(2/40&6 19) n n
+((s_1)(t_l))/z 4 @)(e)

Integrating ¢ concerning gives us,

B (=729 4 Qae7)s  (2A4gae?)s?
f(z)‘z_( (t—s) _(t—s)(s—l))
/i [(sx)"‘l} ()" + ((—e‘m + 2ae” )
: n (t-ys)

(2/49 e 19)t2 (II)" 1 )
(t—s)(t—l))/z[ |auco
(2A4g0e™") (@)!
" ((s— (- 1))/Z

As a comparison above equation (1) , we have

_ e (=7 + 2a)s e79(2454)s?
n ‘"( (—s+on (s +06- l)n)
/(sx)"d (@ )+( _ig(—e_ig + 2a)t B

(=s+1t)n

n—1 720(2/4906) (Z)”
/(n) du(x)+( D0 )/ d p(x)

] d u(x)z"

e_ie(QAGa/)tg
(=s+0)(t - l)n)

and

e_ig(QAga)s2 el
e l)n) (s)

e 0(—e7 + 2a)s
lan| = ||~

(=s+t)n
—if_ i —ig 2
(¢ (—e™7 + 2a)t e (240 )t (0!
(=s+1t)n (=s+t)t—-1)n
e%(2440) -1
" (n(s - 1))] /(x) du)
Upon simplification —e~2 + Qae™= 1-2 Ag,e~ , we have
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(1 [€1] 2494 )s

1
ol = || [ @ aut

( (24g, )s2e™i0

(=s+0)(s-1) (=s+1)
w1 [ =2e7949,) e 24ga)?)
© +( e S ] A
e"9(24pa)
+(<s—1><t—1>) '

and

lan| = }1“ / (-r)”"ldu(r)}

L = AAgat.tme 1 — " + A" Agg et
(=s+t)(=1+1)

5.8 — 4Agas.s"e’i9 —s" + 25" Ay, e
(=s+t)(=1+s)

924,00
(=1 +s)(-1 +t))

|

Then, since |¢7¢|=1,

58" = 5"+ (25" — 4s5.5")Agg e 0
(s +0)(=1+5)

1
Jan] = [ / (@) du(a)

. (t.t" — " 4+ (2" — 4t.[”)/49(,e_i9)
(=s+t)(-1+s)
2Agqe
((—s +0)(-1+ s))

1
<1 [0 iauo

t" =" + (26" — 41.8") Ay
(=s+1)(=1+5s)

5.8 — 5"+ (25" —4s5.5")Agqy
[ (=s+0)(-=1+5s)

o 2oa

(=s+t)(=1+5s)

s g4 (25" - 45" D) A,
(=s+t)(=1+s)n

g — vt 4y,
(=s+t)(=1+s)n

2A4ga
(=s+t)(=1+s)n

as required. Equality is attained for n=2,3,4,...when / is an extreme
point of $*(0, a, s, t)

3.2 Remark
il f € S*(9, @,0,0), we reduce to the class G(8,a) studied by Mohamad
(1998) and Mohamad (2000). The coeflicient bound is given by

lan|< 24oa fo,r n=2,34,...

n

4. CONCLUSIONS

This paper has applied Herglotz Representation Theorem in finding
representation theorem and coeflicient bound for $*(8, a, s, t). The
results will contribute new knowledge and technique in geometric
function theory.
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