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Abstract

This article explores the nature of the subject matter knowledge that pre-service mathematics teachers’ possess
by analysing its components, namely, common content knowledge and specialised content knowledge of the
high school mathematics curriculum. The data was generated from 59 final year pre-service mathematics
teachers’ written responses, which tested three sets of competencies: solving problems on Functions and
Inequalities; analysing and interpreting learners’ errors; and their expertise in allocating marks to questions.
Analysis of the written responses identified five categories of response patterns and thereafter individual
interviews were conducted with four participants to discuss he responses. The results revealed that while the
participants were competent solvers of school mathematics problems, they were unable to analyse and
interpret learners’ errors for diagnostic purposes. This suggests that teacher preparation should develop
pre-service mathematics teachers’ specialised content knowledge. The findings also confirmed the value of
learner error analysis as an alternative strategy to cultivate the specialised content knowledge of future
mathematics teachers.

Introduction

This article explores pre-service mathematics teachers (PMTSs) subject matter knowledge
(SMK) of school mathematics. The research was motivated by South African learners poor
performance in mathematics as evident in the Annual National Assessment findings and the
Grade 12 moderators' report (Department of Basic Education, 2014). The report suggests
the need for a nuanced examination of the enablers or inhibitors of teaching and learning of
mathematics, especially at secondary school level. We use the example of a section on
Functions and Inequalities comprising of two research questions to answer the questions:

(1) What is the nature of final year PMTS SMK of school mathematics? (ii) What isthe
relationship (if any) between PMTS common content knowledge (CCK) and specialised
content knowledge (SCK)? Ball, Thames and Phelps’ (2008) dissection of SMK into two
parts, CCK and SCK, framed the data analysis. The importance of identifying PMTs SMK
of mathematicsis outlined hereunder, followed by an exposition of the theoretical
underpinnings by tracing its links to the Shulman (1986) conception and the Ball et al.
(2008) refinement thereof.
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Mathematical knowledge for teaching

Mathematical knowledge for teaching (MKfT) is crucia for successful teaching and
learning outcomes and learner attainment (see e.g. Ball et al., 2008; McAuliffe, 2013;
Bansilal, Brijlal & Mkhwanazi, 2014; Pournara, Hodgen, Adler & Pillay; 2015, Livy, Vae
& Herbert, 2016; Aksu & Umit, 2016; Pournara, 2016). However, thereis a paucity of
in-depth research on what this knowledge for teaching entails, and how it is acquired during
the learning to teach phase, especially in South Africa. Driven by an interest in school
learner performance (e.g. Mji & Makgato, 2006; Bansilal et al., 2014; Pournara et al.,
2015), researchers have explored the MKfT of in-service teachers with scant attention to
future mathematics teachers MKIfT. Furthermore, pre-service teacher education research
has focused on the quality of curriculum design of teacher training programmes (see e.g.
McAuliffe, 2013; Sapire, Shalem, Wilson-Thompson & Paulsen, 2016), with limited
attention to the nature of the requirements for future teachers MKfT per se.

Like those in the internationa arena (see e.g. Lucus, 2006; Ball et al., 2008; Aksu & Umit,
2016), South African studieson MKfT (see e.g. Sorto & Sapire, 2011; Bansilal et al., 2014;
Pournara et al., 2015) have tended to focus on the MKfT of in-service mathematics
teachers. In contrast, McAuliffe's (2013) study explored South African primary school
PMTs' knowledge of the subject matter of early agebra. The findings reveaed that SMK
for teaching early algebra was not fully established as there were shortcomingsin their
ability to respond to three significant aspects, namely, describing the procedures used by
learners; interpreting learner productions; and analysing learner errors to improve teaching.
Similarly, Pournara s (2016) study revealed that engaging with peers’ mathematical
contributions deepened pre-service content knowledge. Beyond the borders of South Africa,
Lucus (2006) investigated the SMK of Composite Functions of both PMTs and in-service
Canadian teachers. Both groups showed poor conceptual knowledge of Composite
Functions. While they could perform the relevant procedures, they were unable to
conceptualise the rules meaningfully to teach the concepts. While the aforementioned
studies analysed some aspects of SMK among PMTs, they neglected the negotiation of the
teaching and learning space that leads to teachers attainment of MKfT.

MKIT refers specifically to the “mathematical knowledge that teachers need to carry out their
work as teachers of mathematics’ (Ball et al., 2008, p.4). However, current debates on what
MKIfT entailstend to under-represent the scope originally proposed by Ball et al. (2008) who
suggested that mathematical knowledgein teacher education courses should bemoreexpansive
than simply the development of the disciplinary content knowledge of future mathematics
teachers. A more careful reading of the theoretical model they proposed demonstrates that
MKfT embodies both SMK and PCK (pedagogica content knowledge). Beginning with
Shulman’ s (1986) ideathat good teaching is characterised by SMK and PCK, Ball et al. (2008)
made explicit the components of SMK and PCK asthey apply to future teachers MKfT. Ball
et al.’s (2008) model disaggregated SMK into two types (common and specialised) and PCK
into three types (content and students, content and teaching, and curriculum) asrepresented in
Fig 1.
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Figure 1: Model of mathematical knowledge for teaching (Source, Ball et al., 2008, p.5)

Beyond Shulman’s (1986) definition of teacher knowledge, Ball et al. (2008) made a
clear distinction between each strand of knowledge and the strands of knowledge PMTs
should possess at the exit level to ensure their successful deployment as mathematics
teachers at schools. In this instance, we delimited the focus to the SMK components
(i.e. CCK and SCK). The expanded version represented in Fig. 1 serves to contextualise
the relationship between the Shulman and the Ball et al. categories of description.

The dual purposes of teaching mathematics and, more specifically, clarifying the
mathematical knowledge needed by pre-service teachers underpins the refined model.
Ball et al (2008) argued that at the exit level, PMTs should have acquired sufficient
mastery of SMK, “SMK is the mathematical knowledge that teachers need to carry out
their work as teachers of mathematics, i.e. knowing how knowledge is generated and
structured in the discipline” (2008, p.4). In many parts of the world, however, the
teaching of SMK is dominated by afocus on CCK (knowing about mathematics) while
SCK (mathematics teaching or representing mathematical ideas) has been marginalised
(seee.g. Bansila et al., 2014; Hine, 2015; Ndlovu & Brijlall, 2015). However, both are
crucial, as knowing and doing mathematics are integrated and inter-related phenomena
(McAuliffe, 2013).

Other than disciplinary content knowledge, SMK entails additional strategic abilities to
analyse learners errors and to identify remedial teaching and pedagogical actions
(diagnostic and interventionist approaches) to activate mathematics learning. The latter,
contextualised within classroom-based interactive knowledge, istermed SCK because it
pays unambiguous attention to teachers negotiation of learner responses to their
pedagogy. Therefore, the purpose of this articleisto explore final year mathematics
PMTs competencies and deficiencies, not just in terms of their CCK, but also of their
SCK, i.e. acombination of their knowing, doing and diagnoses of leaners’ learning
engagements and errors during in-classroom settings. The assumption that underpins
the inquiry isthat the SMK (CCK and SCK) of the teacher education curriculum
influences the advancement of MKfT. We suggest that future mathematics teachers can
be inspired to acquire specialised knowledge to operate as master crafts-persons who
can teach and work with learnersin school settings through the use of error analysis

pedagogy.
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Methodology
Context

At the institution where the data for this study was produced, the unit, Mathematics for
Educators Method 3, was offered to pre-service Further Education and Training
mathematics teachers who were completing a Bachelor of Education (BEd.) degree.
The eight-credit points unit was offered for ten weeks in the second semester with one
double lecture period of 90 minutes per week. In this module, PMTs engaged with
theories of learning and assessment with three foci: trigonometry, functions and
calculus graphs. Other than theories of learning and assessment, students were exposed
to approaches to teach the content of mathematics.*

At the study site, four of the twenty-nine weeks of each academic year are reserved for
the in-school teaching practicum component. The teaching practicum beginsin the
second year, which means that for the four-year degree, atotal of twelve weeks are
spent in actua teaching settings. Despite the participants’ short period of classroom
teaching experience, and our concern about whether they had had sufficient preparation
to be employed as mathematics teachers, there was consensus that deep analysis was
necessary.

Participants

A cohort of 59 PMTs in their final year participated in the study. The group had aready
completed and passed dl the required content and methods modules offered from year
oneto the first semester of year four. Unstructured interviews were conducted with four
of the 59 participants that were purposively selected based on their written responses.

Methods of data generation

Datato gauge pre-service teachers knowledge of mathematical concepts was obtained
from the participants' responses to a competency test, which was followed by four
unstructured interviews. The competency test, comprising items from past Grade 12
papers and the 2014 Department of Education diagnostic report of learners’ errors on
Graphs and the interpretation of a Hyperbolawas conducted at the end of semester two
of their final year. Two questions were set, each comprising of five sub-questions. Six
sub-questions assessed PMTs SMK of Functions while four sub-questions focused on
their CCK (procedura as well as conceptual understanding) and their ability to analyse
learners’ misconceptions (see Table 1).

W e acknowledge that the generic orientation to teaching and learning, curriculum design and
classroom management is part of the pre-service programme, and that it could activate some
conceptions of knowledge for teaching. However, the generic input is most often presented as separate
from the specifics of the discipline of mathematics, and, therefore, is not the focus of this article.
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While Ball et al. (2008) categorise knowledge of teaching strategies under knowledge
of content and teaching, in this article, knowledge of teaching strategies is associated
with SCK because the ability to analyse and interpret learners errors automatically
required the pre-service teachers to consider remedial teaching strategies. The literature
on teacher knowledge does not clearly specify the aspects they (PMTs) should possess
to design marking guides and analyse errors of assessed tasks. However, Ball et al.’s
(2008) definition of SCK includes teachers’ “need to unpack elements of mathematics
to make its features apparent to students and need expertise with certain mathematical
practises’ (p.10). Adler (2010) also argued that among other aspects of mathematics for
teaching, task design and attention to mathematical content, object and processes are
also important. The expertise envisaged for SMK goes beyond mere ability to solve the
problem; it aso requires the ability to explain the skills and knowledge required to
solve amathematical problem. Therefore, a question (Q1.4) was included to explore
PMTS expertise to identify the skills and knowledge assessed in the question related to
Functions and Inverse Functions as well astheir expertisein alocating marksto
questions.

Question two (see Table 1) explored PMTs SMK of Inequalities. The sub-questions
adhered to the same pattern as question one except for designing amarking guide asin
question Q1.4. Question 2.1 was taken from the 2015 June examination paper. For the
purpose of this study, three additional sub-questions (Q2.1.1—- Q2.1.3) were added
because CCK is not just about carrying out procedures; it also includes the
conceptualisation of such procedures as knowledge of Functions and Inequalitiesis
imperative for teaching and learning in secondary schools. Following Adler’'s (2017)
call, revisiting key concepts like Functions and Inequalities (secondary school
mathematics) isimportant for prospective teachers (p.3).

Table 1: Examples of questions on CCK and SCK

Assessing CCK Assessing SCK

2.1 Solvefor x: 5 (x+8) <0 2.2 Here are the responses of two learners
who answered this question. Explain each
learner’ s misconception and suggest at
least one way in which you will address
the learners' misconception in your
teaching of this concept.

Question 2.1 aimed to assess PM TS competence to solve the problem learners were
asked to solve and question 2.2 aimed to assess their competence to analyse and
interpret learners’ errors to the same questions.

Finally, the data from the interviews was used to further explore PMTS SMK and
allowed them to clarify their written responses. Thiswas a useful exercise becausein
many instances, PMTs do not thoughtfully engage with what they write (Ndlovu &
Brijlall, 2015). The reason for prompting PMTs along these lines of analyses was
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two-fold: firstly, afocus on key concepts and skills and, secondly, awareness of their
own ability to solve and assess learners’ solutions, both of which are fundamenta to
improving knowledge of subject matter (Chinnappan & White, 2015). To ensure
trustworthiness of the data, four PMTS' actual written responses are presented in the
analysis section. However, some of the responses had to be written over to make them
clearer as the scanned copies of the originals were hazy. The ‘R’ in the transcripts refers
to the researcher who interviewed the participants.

Ethical considerations

Permission to conduct the study was obtained from the registrar of the institution and
from pre-service teachers. While the competency test was part of continuous
assessment for the module, PMTs had to consent to have their scripts analysed and to
participate in the interview as well as to have the interview recorded. The purposes of
the study were explained at the beginning of the semester and PMTs were aware that
participation was voluntary. To protect the participants’ identities, all names used in
this article are pseudonyms. Permission to use learners' scripts was sought from a
Grade 12 Mathematics teacher. For purposes of confidentiality, the name of the school
and those of |earners were removed from the test papers.

Analysis of data

The data from the competency test was anaysed inductively through the identification
of patternsin the participants’ written responses. Five response categories emerged
from the data:

(i)  Complete response, which indicated mathematically correct and accurate
responses on Functions and Inequalities concepts,

(i) Partial response, which referred to computational errors which led to an incorrect
answer but evident understanding of the concept;

(ili) Satisfactory, which indicated incomplete reasoning, that is, only a partial
explanation was offered,;

(iv) Incorrect response; inability to explain the reason for an incorrect response;

(v)  No response, which indicated that no attempt was made to answer the question.

The analysis of learners’ errors for CCK and SCK was informed by Olivier’s (1989)
framework for differentiating between the types of mistakes learners make. He
distinguished between dips, errors and misconceptions thus:

Slips are wrong answers due to processing; they are not systematic, but are
sporadically carelessly made by both experts and novices; they are easily detected
and are spontaneously corrected. Errors are wrong answers due to planning; they
are systematic in that they are applied regularly in the same circumstances. Errors
are the symptoms of the underlying conceptual structures that are the cause of
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errors. It isthese underlying beliefs and principles in the cognitive structure that
are the cause of systematic conceptual errorsthat are referred to as
mi sconceptions.

For the competency test, the same response categories were used for the sub-questions,
which assessed CCK and SCK.

(i)

(i1)
(iii)
(iv)
(iv)

Complete response meant that PM Ts displayed competence in both CCK and
SCK;

Partial response indicated that the attempted responses consisted of dips;
Satisfactory response indicated misconception about CCK or SCK;

Incorrect response indicated that either CCK or SCK islacking;

No response related to not being able to identify the extent to which either CCK
or SCK had developed unlessa PM T was asked to explain the reason behind not
attempting the questions. Evidence from previous studies (Ndlovu & Brijlal,
2015; 2016) revealed that reasons other than not knowing the answer preclude
students from attempting a question, e.g. time factors.

As noted previously, four participants were interviewed, one per category. No-one was
interviewed for the category, no response, as this category did not allow for probing. A
summary of the respondents’ written responses appearsin Table 1.

Table 2: Pre-service teachers’ written responses to questions testing CCK and SCK of

Functions and Inequalities

Responsesto CCK questions (see Fig. 2)

Responsesto SCK questions (see Fig.3)

Categories of
responses

Q111

Q112

Q113

Q.1.14

Q211

Q212

Q.12

Q.13

Q.14

Q213

Q22

Complete
responses

42

42

30

16

42

41

19

23

12

Partial
response

15

17

14

14

18

14

Satisfactory
response

30

33

25

28

Incorrect
response

11

11

22

10

No
responses

11

Total

59

59

59

59

59

59

59

59

59

59

59
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Responses to common content knowledge questions

In this section, we present the questions that appeared in the competency test on CCK
(Fig. 2) and analyse PM TS responses to the test items. Three errors were identified, and
are discussed in the following order: squaring slips, misconceptions about the axis of
symmetry, and inability to integrate concepts and to recognise interrel ationships
between concepts. Table 1 indicates that more respondents answered three questions
(Q1.1.1; Q2.1.1; Q2.1.2) correctly than all the other questions. Correct responses were
probably due to PMTs being able to draw on CCK because these questions were at
levels one and two of Bloom'’ s taxonomy and merely required recall of familiar
processes. However, several responses to Q1.1.3 were characterised by misconceptions
(incorrect beliefs) of CCK. The solution for Q1.1.3 required interpretation and
transformation, which are integrated processes and may also explain why students
encountered difficulties. In the examples below, we present the anayses of three
responses that exemplified inattention to important details and misconceptions.

1.1 Given: #i(x) =4 and f(x) = 2(x —1)— 8.
\ii.l.l Sketch the graphs of /7 and fon the diagram sheet

1 provided. Indicate ALL intercepts with the axes and any
turning points.

11.1.2  Without any further calculations. sketch the graph of
; v = logs x on the same system of axes.

E1'1'3 T'he graph of f'is shifted 2 units to the LEFT. Write down
ji the equation of the new graph

2.1  The tollowing question appeared in the grade 12 June paper 2013 ]

solve for x; 5 (x +8) < 0

2.1.1 Write down three different ways the problem could be solved
2.1.2 Solve the problem using one of the methods and verify your answer using

one of the two other methods.
L i

Figure 2: Questions on common content knowledge in the competency test
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Table 1 indicates that more respondents answered three questions (Q1.1.1; Q2.1.1;
Q2.1.2) correctly than al the other questions. Correct responses were probably due to
PMTs being able to draw on CCK because these questions were at levels one and two
of Bloom'’staxonomy and merely required recall of familiar processes. However,
severa responses to Q1.1.3 were characterised by misconceptions (incorrect beliefs) of
CCK. The solution for Q1.1.3 required interpretation and transformation, which are
integrated processes and may also explain why students encountered difficulties. In the
examples below, we present the analyses of three responses that exemplified inattention
to important details and misconceptions.

Squaring slips

The graph of fis shified 2 units to the LEFT. Write down the equation of the
new graph. Poow . e ! .,
FOO) = U -7 =

ﬁ ) = U142
7 "

; A A P
“\= 5 ( ) <V
)\ L/ < ‘f‘ ‘L"i 1 3

Figure 3: Thabo's response

Thabo'’ s response (Fig. 3) was classified as partially correct because he made adlip,
which was indicative of carelessness or inattention to detail rather than a
misconception. The error was considered to be a dlip because all the necessary
procedures were carried out accurately except that the squarein a (x + p)? in the final
answer was | eft out, leaving the answer a (x + p) + g. Five PMTs whose responses were
also assessed as partially correct executed similar mistakes. Others did not write the
value of ‘a inthefinal answer. The interview response below confirmed that Thabo
knew how to solve the problem:

Thabo: The equation was about horizontal shift, which means every point
of f(x) will shift 2 unitsto the left. So the axis of symmetry isx=1 for f(x),
so shifting 2 unitswill be at x=-1. When writing my final answer | forget
to indicate the square.

Misconceptions about the axis of symmetry

Shirley’ s response was classified as incorrect as it exposed her misconception about the
axis of symmetry. Her interpretation of the value of p in the expression f (x) =

a(x+ p)?+ gwasthat (x = p) isthe axis of symmetry instead of x = + p,indicating a
fundamental misconception about axis of symmetry. Hence, she generated the new
equation thus: f (x) = 2(x — 3)?— 8. While she understood the meaning of a horizontal
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shift, the incorrect conception of an axis of symmetry led to the incorrect answer. She
could not make the connections between the sketched graph in Q1.1.1 and the new
equation she generated in Q1.1.3. Shirley’ s response revealed afundamental knowledge
gap that some PMTs might have:

Shirley: Shifting means moving the graph to another point. If they say 2
unitsto theleft it meansit will shift on the x-axisto the left. Soin this
graph, the axis of symmetry is (-1;0) and (3;0). Isit? | am not sure, no the
turning point (-1;8) so the axis of symmetry should be -1. Therefore, in
this case, shifting the axis of symmetry 2 units to the left will give the new
axis of symmetry . .. Um, | think | am confused now but wherever the axis
of symmetry is, it will shift to left. If | could remember the formula of
calculating the axis of symmetry, | would get the correct answer. Here |
made a mistake.

R: Where did you actually make a mistake?

Shirley: My answer is marked wrong. | know 2 and 8 should remain the
same because the shift is on the x-axis so it will not affect the value of ‘&
and that of ‘q’. It means | made a mistake when | am shifting ‘p’. Can | do
the sum again? Perhaps | will see where my mistakeis.

R: As ateacher, how would you help learners not to make the same
mistake?

Shirley: For learners, it’s easy. They are given the formula sheet with
formulas (sic), we were not given the sheets.

While Shirley’ s response seemed to indicate that PMTs CCK lacked insight, it should
be noted that her misconception was an uncommon one. In general, while the written
responses revealed that PM TS procedural knowledge of Functions and Inequalities was
sufficient as they could correctly answer the same problems that |earners had to solve,
attention to Shirley’ sresponse isimportant as it reveal s that the mathematics
pre-service curriculum did not address the specific CCK gap of aPMT. On an
optimistic note, the ability to solve problems meant that some PMTs were able to
identify incorrect responses. While thisisinsufficient for teaching, it is the basic
understanding needed to teach mathematics at school level because teachers should be
able to solve problems and to spot incorrect responses with ease.
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Inability to integrate concepts and recognise inter-
relationships between concepts

P S — — S—

1.1.4  Show. algebraically. that h(x +=) = 2hx

2.1.3 How can you fell that your answer makes sense in the context of this |
problem?

Figure 4: Question 1.1.4

Eleven respondents did not attempt Q1.1.4 on Functions (see Fig. 4) and of those who
answered, only afew provided the correct responses. These were the same individuals
who provided incorrect responses to Q1.1.3. A similar trend was observed for the
answers to Q2.1.3 on Inequalities, although seven respondents did not attempt to
answer the question. The reasons might be that these questions required integration of
different concepts and explanations for the answers given.

Based on the examples of afew individuals, the lack of CCK with respect to
interpretation and transformation of Functions and Inequalities, offersinsight into the
importance of CCK for future mathematics teachers. Mastery of conceptsis critical for
successful teaching. This means that some PMTs are capable of carrying out procedures
but have difficulties in explaining the processes and interrel ationships between
concepts. The 11 PMTs who provided incorrect responses to Q1.1.3 also provided
incorrect responses to Q1.1.4, confirming our hunch that knowledge of procedures does
not always translate into being able to conceptualise the concepts. To clarify, we offer
the example of Shirley’ s response (see Fig. 5):
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1.1.4 Show, algebraically, that h (x % ﬁi\i} = 2h(x)

&

Figure 5: Shirley’ s response

Q1.1.4 required knowledge of exponential laws and transformation of graphs. From the
written response it is evident that Shirley was unable to integrate the two concepts
(knowledge of the rules of exponents and the transformation of graphs). She was ableto
relate the two expressions to an exponential graph of h (x) = 4%, but lack of knowledge
of the laws of exponents hindered her ability to simplify the two expressions. Asa
result, she equated 2(4* ) with 2*, revealing misconceptions about bases and exponents.
During the interview, Shirley confirmed her inability to recognise interrelationships
between the concepts.

R: What is your interpretation of question 1.1.4?
Shirley: I am supposed to prove that h (x + g) = 2h(x)?

R: How can you prove this?

Shirley: I know h(x) = 4* now I must shift it horizontal, but shifting the exponential
graph algebraically is not easy. I can sketch the shified graph because I can substitute
values of x then get the coordinates to plot.

R: What prerequisite knowledge do you need in order to solve 1.1.4?

Shirley: Laws of exponents but [ am not sure which one to apply in this questions (sic)
because it’s not straight forward. This question is quite confusing. If it was simplified
1 could have answered it.

R: In what way could it have been simplified?

Shirley: Not sure but make it simply rather ask to show by graph sketching.
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Weinfer from Shirley’ s response that the prerequisites and essentials regarding
integrated concepts need to be factored into pre-service teaching programmes. Shirley is
emblematic of PMTs who do not grasp that inability to recognise interrel ationships
between concepts would weaken their ability to teach mathematics and could result in
setting easier problems for students to solve. It might also be one of the reasons that
misconceptions are acquired in school; teaching of higher order thinking is avoided due
to the misguided notion that mathematics must be ssmplified or dumbed down (instead
of diagnostic intervention) for learners.

The responses to the questions on CCK are insightful, as they show the important role
played by mastery of the fundamental knowledge of mathematics for pre-service
teachers. Furthermore, CCK can be regarded as an essential building block and gateway
to the acquisition of SCK. In the next section the vital connection between CCK and
SCK becomes more apparent.

Specialised content knowledge questions and participants’
responses

In this section, we present the PMTS' responses to the questions on SCK (Fig. 6), which
were analysed for correctness and inadequacies. Five kinds of inadequacies were
identified, four in accordance with the analytical framework and the fifth based on a
task requiring assessment design. The inadequacies were: identification of minor errors,
not misconceptions; inability to identify misconceptions; inability to suggest remedial
teaching strategies; limitations regarding suggestions for remedia teaching strategies,
and insufficient knowledge of designing assessment tasks.
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1.2 Here are the responses of learners who answered 1.1.1to 1.1.4. Explain each learner’s
misconception and suggest at least one way in which you will address the learners’
misconception in your teaching of this concept.

.3 CRi v Mafa) == 4 1 ¢
Aot ¥ ixt Ziw =335 @
-Rad BECIEN Che gorapdis oof & i
e . skl et (3 -y v
hetsrcmpds vt dlve soves sl = ‘iu!'ln’::'gmgir:;”‘ provdded. Indicoms ALT
. iy
;
e —— ;
i §
) -
i
- i e

Leamer response to Q 1.1.3

o D) BCE 2

> 4= ax’l”t*x“é - .

i o

Learner response to Q1.1.4

oy i . T
1.1.4 Show, algebraically, that A (x . 2) == 2Z2h{x)

h (ot %)
= :@5 = ‘:L_é:-&: )

=
W . W
oA o) = 2wl=)
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6.2

A sketch of the hyperholn j(t}Mfmi . where d and p are constants, iz given below. The
dotted lines are (e asyinptotes. The asymprotes tntersect at P and B(2 3 0) iz a point on £

»
F
’/
4—“"’””’"”
T r
i o 3
g x
i B O
A
6.1.1 Dietermine the valuex of o and p. )
H.1.2 Show that the eguation of /7 cun Do writlen as - oy -gt +1. ()
6.1.3 Write doswn the courdinstes of P, (2}
6.1.4 Write down the coordinates of the tmage of B2 10} if B is reflected
about the axis of symmotry » = x + 2, (21

The exponential fundtion, g{(x) ~ 22" 4 ¢ has a honzontal asymplote at v~ 1 and
pusses through (0 ~ 2). Deteomine the values of o and g, 3y
[r1}

L

133

14

Below 15 the diagnostic report from the internal moderators. Read 1t carefully and answer the question that follows

In question 6.1.1, learners could generally determine the value of p, but were less successful with
determining the value of d.

Learners did not understand the format of the function and did not recognise that this was a
hyperbola. This was an unfamiliar question about a hyperbela with two unknown values and it
has never heen tested before. It is also problemafic that learners use one point fo prove the
equation of the sketched graph whereas the equation has two unknown values.

Learners do not understand that the point (2 ; 0) can lie on many different graphs and not merely
this one particular graph. For that reason, the use of the one point to prove that the equation of
the graph is as it was given, was awarded no marks.

Learners coped fairly well with Question 6.2 and lost marks only for incorrect substitution or
calculations

Make three suggestions/ recommendations that teachers should take mto cognisance when teaching this
concept.

Below is a question taken from the same paper and two leamners” responses are provided. Mark each
response, using ticks to show 1f a mark was allocated and indicate how many marks each leamer will get
out of a score of 7. Then explam why you gave them the mark you did.
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QuesTion 4
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Figure 6: Questions on specialised content knowledge
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Ability to identify minor errors, not misconceptions

Q1.2t0 Q1.4 and Q2.2 explored PM TS mastery of SCK. In Q1.2 and Q1.3 (see Table
2), only 15 PMTs provided complete responses to the questions that assessed SCK.
Furthermore, the participants ability to analyse and interpret learner errors was most
successful in the identification of dlips which are minor mistakes that can be easily
detected and corrected by learners themselves without the help of teachers (Siyepu,
2013). In contrast, SCK required the PM Ts to go beyond the identification of dipsto
the identification of concepts to prevent learner confusion. They needed to unpack
learners’ conceptions and concept images and to suggest appropriate remediation if
necessary. From the aforementioned analysis, it is evident that aspects of knowledge
seemed to be lacking among the PM Ts as they could not identify learner errors, echoing
thetrend in Sapire et al.’s (2016) study.

Inability to identify misconceptions

Below are Shirley’ sresponsesto Q1.2, her analysis of learners’ solutionsto Q1.1.1 and
Q1.1.2 (Fig. 7) and Andrew’ sresponse to Q1.1.3 (Fig. 8).
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Figure 7: Shirley’ s written response
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Teaffier response fo Q ILT.3
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Tre-beoRerm—to—irmy- | |
H{;ia the learner subtracred 2 from -6 tng bead
of shifting the rqfﬂ« horizorkal . The learner Shoudd
howve Aot tha ) = 20¢-D 2 £ (x> =

ax.Z +bhx +c berause Jj”f‘b = m{j to fee whey
+he ﬂi“{“”é’ﬂﬂ 5 m the ret -ﬁ/

+ Provide remedial teaching strategies

7 el el the /emwf flat pam ﬁéxyé 145 Befr
b wrle Jhe 7wﬁﬁw~n [ fhe /;fm 7:;5;@,#)%{2

Figure 8: Andrew’s written response

Shirley’ s response to a graph sketched by alearner showed that she did not recognise
that an inverse graph of a parabolawas drawn instead of an exponential graph. She
identified the misconception (a major systemic misconception leading to errors) asa
dlip (aminor error) as she said that the ‘learner forgets'. Similarly, Andrew’ response
indicated that his explanation was based on the format of the equation and inappropriate
application of rulesinstead of the learner’s misunderstanding. In Shirley’scase, itis
interesting to note that she also did not provide a correct response to the question
assessing CCK, implying that PMTs who struggle to solve problems are likely to find it
difficult to recognise and interpret learners’ errors. This finding suggests that CCK is
important for diagnoses of learners’ misconceptions, slips, and misunderstandings or
non-recognition of mathematical concepts. These examples show that although the
PMTs were at the exit level of the professiona qualification, their capacity to analyse
and interpret learners’ errors and knowledge of specialised content was inadequate and
was not being addressed in the BEd. curriculum.

Inability to suggest remedial teaching strategies

In different vein to Shirley and Andrew, Thabo lacked expertise to engage adequately
with learners’ errors but was able to identify the two obstacles (knowledge gap of the
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laws of exponents and misunderstanding of carrying out proofs) that prevented the
learner from solving the problemin Q1.1.4.

Leamer response to Q1.1.4
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Figure 9: Thabo's responseto Q1.1.4

However, identification of knowledge gaps was insufficient in the absence of providing
remedial measures, indicating once again, that mastery of SCK isvital to improve
learning and academic performance.

Since the majority of PMTs did not interpret |earner errors of concepts in the section on
Functions, it was not surprising that only seven could provide effective remedial
strategies to teach Hyperbolas. Ability to interpret learner errors should logically hint at
effective remedial teaching strategies since one cannot come up with aremedy to a
problem without knowing its cause. Furthermore, even though the learner errors were
provided in Q3.1 (see Fig. 3) the PMTs could not suggest alternative teaching



66 Journal of Education, No. 70, 2017

strategies. Indeed, the results reveal that they lacked critical SCK. It was also apparent
that the number of PMTs who provided an incorrect response or did not attempt to
answer the questions on SCK was less than the total number for sub-questions on CCK.
The sub-questions on SCK required them to give detailed explanations rather than
merely finding a correct answer.

The responses to the sub-questions on SCK suggest that, as with the questions on CCK,
thereis aneed to emphasise learners' conceptua understanding rather than the given
answer. In addition to solving the questions, the PMTs should perhaps be asked to
explain their thought processes or to use different methods to solve aquestion. This
could force them to engage with the concept image and concept definition from a
specialist’s perspective. As with the questions on Functions where only 15 PMTs
provided correct responses to questions requiring diagnoses of learner errors and
devising remedial teaching strategies, only 12 provided the correct response to
guestions on Inequalities. This means that only 12 PMTs out of 59 (about 20%) could
both diagnose learners' errors and suggest appropriate remedial teaching strategies.
Limitations regarding suggestions for remedial teaching strategies

Question 2.2 aimed to exploring the students’ ability to analyse errors to questions that
deal with ineguality. More than simply analysing the misconception, it explored their
ability to provide remedial teaching strategies. This aspect of knowledgeis critical for
teachers’ work in general, rather than the specific errorsidentified for the teaching of
Functions.

solve for x: 5%(x 4+ 8) < 0

.2 Here are the responses of two learners who answered this
question. Explain each leamer’s misconception and suggest at least one
way in which vou will address the leamers” muisconception in your
teaching of this concept.
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Figure 10: Question 2.2 on specialised content knowledge
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Figure 11: Andiswa’s written response

Andiswa s response had limitations but, at the same time, her explanation did not just

attend to what learners did incorrectly; it aso attempted to link the errorsto

mathematical concepts. The same limitation in Q2.2 was evident in Oliver’ s written

response (Fig. 12).

Based on Andiswa s response on the remedia teaching strategies she would implement,
we infer that some PMTs are unable to identify generic errors.

| not offer ways to use Sketchpad, Thabo could not articulate remedial teaching strategies

| the errors of shifting of graphs.

Andiswa: In

the teaching of functions, especially Hyperbola all the

; ! . k .
Jormat/representations needs to be used in class not just y = = Perhaps instead of

asking learners to draw accurate graphs then ask them to sketch rough sketches when
k> 0 or k<0. I think it will help learners understand. Also, the use of technology like
Sketchpad will be effective. The response targeted specific errors identified in the
learners” responses and provided an alternative teaching resource like Sketchpad that
could be more effective than traditional methods of teaching. Like Andiswa who could

when probed further. Similar to his response to Q1.2, the response was about Functions
in showing different forms of Hyperbolas or any other Functions. This will help address

R: How would you explaiﬁ the relationship between the two forms of representation
k —d ’ ;
of Hyperbolaf(x) = = andf(x) = :Tp to learners? Also, how will you use

technology to help learners understand Functions especially Hyperbola?

Thabo: Not quite mre right now how to explain it but [ know I can transform f(x =
x—d

St into f (x) == bv division. Using technology would be belter suitable in schools
with computers w here vou can get learners to sketch graphs in the computer and show
the transformations in few seconds. Schools without technology have to come up with
another solution.
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Figure 12: Oliver’s written responses

During the interview, Oliver offered explanations for the mistakes made by the learner with
some attempt to diagnose the errors:

Oliver: Here, as| have said in my response, the misconception is about calculating the
value of x. The learner need to learn the rules of exponent in order to be ableto solve this
one. Learner one incorrectly used algebraic symbols (= instead of inequality) and made
errorsin plotting the number line. The solution demonstrate logical 0=5x because it
makes no logic to say zero equals something. How a Function can equals 0?

R: What do you think made learner write this solution even if there is no logic as you
say?

Oliver: | think, you know when you just learn something but you did not really
understand it; these things happen. Just applying the rules without attaching meaning to
the rule. Also, the problem here, the learner memorised the rules and now he over used
them even where it’ s not needed because he can recall them although he does not
understand.

R: What would you suggest the teachers should do to eradicate this misconception?

Oliver: Not sure yet but | amthinking when | become a teacher | should try and integrate
concepts. Perhaps when introducing a concept, use examples | used, another concept that
| have already taught. Like in this case of inequalities, use the examples | used in
functions and in exponents. | think so.

Although Oliver’s written response is not clear, it does indicate that he could identify the
misunderstood concepts. Oliver’s mastery of CCK enabled him to diagnose and explain the
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errorsin the learner’ s response even though his grasp of SMK isinsufficient when one
subjectsit to Ball’ sinterpretation of mathematical knowledge for teaching.

Insufficient knowledge of designing assessment tasks

Question 1.4 required respondents to provide a memorandum, which explored their
knowledge of assessing learning. It was evident that the majority had insufficient knowledge
of identifying concepts and skills. Only 19 PMTs could analyse knowledge and skillsin
guestions related to Functions. Although it appeared that the number of correct responses to
Q1.4 was greater than the number for Q1.2; Q1.3 and Q2.2, the mgjority still had trouble
with questions that required SCK. These findings reveal incomplete learning to teach
mathematics as specialists and also signal weaknesses in the BEd. mathematics curriculum.
Teacher educators failure to address PMTS weaknesses before they are employed as
teachers could result in failure to diagnose misconceptions and incapacity to think of
aternative teaching strategies in actua teaching situations. The evidence is clear that
despite being at the exit level, the PMTs were not adequately prepared to engage with
learners’ mathematical errors. Thus, their SMK of school mathematics was not at the level
expected of specialist mathematics teachers. Whilst thisinquiry did not interrogate the
pre-service mathematics curriculum it does raise concerns about higher education
institutions' responsibility to ensure that the next generation of mathematics specialists are
adequately equipped with competencies to teach mathematics effectively.

From the analysis of the assessment aspects, it could be argued that most of the PMTs were
unable to diagnose misconceptions and that the suggested strategies were not pedagogically
informed. The results did show, however, that some demonstrated competency to teach and
diagnose errors in the sections on Functions and Inequalities taught in schools.

Subject matter knowledge: the relationship between common
content knowledge and specialised content knowledge

Theoretically, CCK and SCK are integral components of SMK. However, in this case, the
results do not necessarily show a specific relationship between pre-service teachers
competencies of CCK and SCK. However, they do suggest that CCK isthefirst step in the
acquisition of SCK. It isaso evident that knowledge of proceduresis necessary for the
development of SCK. Based on the analysis of the results for both questions, it is apparent
that the PMTs who provided correct responses to questions of high cognitive demand as
well as being able or partially able to diagnose learners’ errors were those who provided
correct responses to almost all the questions that assessed procedural knowledge. Those
who did not even attempt the questions or provided incorrect responses to questions that
required analysis and interpretation of learners' errors provided unsatisfactory and incorrect
responses to questions about the application of procedures. In some cases, it was troubling
to note that final year PMTS expertiseis at an inadequate level to teach mathematics as they
could solve problems correctly and analyse errors but they could not diagnose
misconceptions for remediation purposes.
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Mastery of SCK should enable PMTsto identify whether |earners make minor errors,
misunderstand concepts or are unable to link concepts for problem solving. While we
concede that procedural knowledge is not sufficient to execute the work of teaching, the
findings show that CCK isthe basis for the development of SCK and that deepening PMTS
SCK hasthe potential to extend their mastery of SMK.

Drawing on the results, some PMTs were found to be competent with respect to CCK. We
therefore, conclude that the challenge is not only about developing content knowledge;
attention should also be directed to intensifying their abilities and making explicit the
importance of combining CCK and SCK to solve and diagnose mathematics learners
misconceptions and errors for effective teaching. We argue that, this could facilitate the
deepening of SMK of school mathematics of specialist mathematics teachers-to-be.

Conclusion

This article explored pre-service teachers competency to solve problems of some of the
concepts they will have to teach at school, their capacity to understand and explain learners
misconceptions of these concepts, and their ability to suggest ways to remedy the identified
misconceptions. The purpose of the inquiry was to explore the level of preparedness of FET
final year PMTsin terms of CCK and SCK asthey are both linked to the development of
SMK. The evidence reveded that the PM Ts were competent in carrying out procedures to
solve problems related to Functions and Inequalities. While some of the written responses
showed knowledge gaps, the interviews with four participants reveaed that, the PMTs
could recall the rules and procedures to be followed. The main challenge lay in their ability
to analyse and diagnose learners’ errors. The PMTs seemed to lack the competency to
correct learners' errors and misconceptions. In most cases, the diagnoses were at an
operational level (explaining the rules that learners did not follow) instead of identifying
misunderstood concepts. Therefore, the lack of SCK exposed SMK gaps, which means that
this cohort of final year PMTs was not yet equipped in the BEd. programme to successfully
execute the work of teaching Functions and Inequalities in schools.

These findings have crucia implications for the teaching and learning of mathematics.
When PMTs become in-service professionals, they are likely to be grappling with the
pedagogical approaches of teaching mathematics while simultaneously grappling with
SMK. Such challenges could have long lasting negative effects on learner outcomes and
attainment. In view of these findings, we suggest that the BEd. mathematics curriculum
should factor in three foci: first, establishing a solid grounding in CCK, then, advancing
SCK through an emphasis on the usefulness of diagnosing learners’ errors, followed by the
importance of remedial action. Indeed, the BEd. programme should prepare pre-service
teachers to make connections between the concepts learnt at university and their
implementation at school as mathematics teachers.

Providing PMTs with opportunities to develop the acquisition of SMK depends on the
pedagogy and course design at pre-service level. Therefore, if the aim isto ensure that
PMTs have adequate knowledge of the subject matter, more time should be allocated to
learner error analysis approaches. Continually exposing PMTs to activities where they
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engage with learners’ errors would probably improve their knowledge of school
mathematics and their SMK. The use of alearner error analysis approach is also useful for
those who teach future teachers as it reveal s specific misconceptions, slips and inabilities
that should be corrected before fina year students are sent out as specialist mathematics
teachers.

While limited conclusions can be drawn from a case of one institution, this study
highlighted both the final year PM TS’ lack of readiness and gaps in the higher education
institution’ s preparation of school mathematics specialists. It further highlighted the need to
restructure the curriculum in order to produce better-prepared mathematics teachers. As
McAuliffe (2013) pointed out, there is a crucia need to rethink mathematics education
curricula.
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