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ABSTRACT 

The research work done in this paper comprises the application of different well-known probability 

distribution models. This includes the understanding of the behavior and dynamics of 24 sunspot 

cycles with total data. The time-series data sets were selected from 1749 to 2014. To observe the solar 

activity effects on K-index activity the double cycles from 1932 to 2014 were also incorporated in the 

study. The comparative study is useful to observe the long-term solar-terrestrial connection. The 

magnetic field of the sun reverses its polarity after every 11 years of the cycle. So after every 22 years, 

the north pole becomes again north pole. By using the two well-known tests Kolmogorov-Smirnov 

(KST) and Anderson-Darling test (ADT) the probability distribution models were obtained for each 

sunspot cycles and compare. The significant probability models for all the sunspot cycles have been 

obtained. The fitted probability distribution models on selected data sets may be useful to 

understand the trend of solar and geomagnetic activity.  
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1. INTRODUCTION 

The study of sunspots and its cycles has 

been unique importance in understanding the 

space climate, global climate and solar-

terrestrial relationship. The solar cycles are 

depending on the sunspots and on its variation 

that is because of polar reversibility on sun. the 

quiet and active durations are also strongly 

connected with the number of sunspots [1, 15]. 

The other phenomena on sun like Plages, flares, 

solar wind and prominences are also 

depending on sunspots activity [14]. The 

astrophysics provides the information about the 

solar-terrestrial connection in the perspective of 

magnetic field of sun, electromagnetic 

radiation and emission of different particles. The 

composition of different gases on sun are H 

(60%), He (40%) and heavier particles (1%). The 

cumulative mass is 2 × 1033  grams with 5 × 109 

years of age. The earth is 1.5 × 108  Km away 

from the sun with a nearly colloidal magnetic 

field [1, 4, 7]. According to the Lorentz force 

equation perpendicular to both the direction of 

the velocity vector and the field (the cross 

product). The K-index of geomagnetic activity 
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in the perspective of the climate of the earth 

has been one of the important indices to 

experience the variation. It categorizes from 0-9 

(very quiet to extremely disturb) scale on a scale 

[10]. The data from any observatory represents 

the measured at three hours of intervals. The 

index depicts the third of a unit (5 −  is  4
2

3
, 5o is 

5
0

3
, and 5 +  is 5

1

3
) [4, 7]. The average of activity 

K-index is the 𝐾𝑝 index that is determined and 

standardized by the data of all station. A storm 

is labeled a major storm if it is equivalent or 

surpasses forty [11]. In 1932 to 1989 more than 

thousands of such storms were happened. A 

distinct index is sustained by the number of 

storms which by Allen in 1978 [5,10] has been 

presented and recognized as Ap index. The 

independent classification has the C-figures 

arithmetic mean in every day magnetic activity 

by separate observatory on a scale of 0 to 22 

(quiet-storm). The average of the dimension of 

two antipodean observatories is entitled aa 

index. Individuals two antipodal observatories 

are the Greenwich-Melbourne characterizes 

the magnetic activity on earth given in 

Gammas [5]. 

 

2. METHODOLOGIES  

This manuscript analyzes the sunspots-K-index 

geomagnetic cyclic activity time series data in 

the perception of probability models and tail of 

sunspot cycles depending on the two tests KST 

and ADT. The tests are substantial to recognize 

the best fitted probability distribution. For the 

probability distribution models, the data of 

sunspot cycles 1749-2014 were incorporated 

while for assessment of the sunspots-

geomagnetic relationship double-cyclic time 

series 82 years data 1932-2014 were selected. 

For these purposes a most suitable statistical 

software Easyfit (EF) was experienced. 

 

3. DETAILS OF MATERIAL AND METHODS 

The sun comprises numerous kinds of cycles, 

many features of the passing solar atmosphere 

and lots of assets of the quiet as well as the 

active sun are linked with sunspots. The number 

of sunspots and latitude foundation is 

considered almost periodic, again over an 11-

year cycle [11, 12]. A specific sunspot remains at 

persistent latitude in its lifetime; also flourishing 

sunspots tend to format increasingly worse 

altitudes, moving from the poles towards the 

equator. As the end of sunspots in one cycle 

disappear near the sun's equator, a new cycle 

starts near ± 40o (North and South) of the 

equator. The major number of sunspot 

maximum arises at transitional latitudes. The 

solar-terrestrial events are Wolf sunspot numbers 

well-defined as 𝑅 = 𝐾(𝑓 + 10𝑔)  where f is the 

whole number of spots perceived, g is the 

number of concerned regions and K is a 

constant of observatory, associated to the 

sensitivity of the detecting instrument. There are 

additional important indices for occurrence the 

number of solar flares observed through one 

solar variation and the flux of 10 cm radio 

releases. Jointly these indices in turn narrate to 

the sunspot numbers [4, 5]. Solar singularities like 

flares, Plages and Prominences with connection 

to sunspot activity. In some cases, Sunspot-flares 

or dissimilarities are detected during a period of 

small solar activity. Consequently, it is 

understood that the quiet solar corona can be 

normally further extendable at the equator as 

compare to the poles [4]. In an 11-year cycle, 

the sunspot will be for all time that have the 

same deviation in one hemisphere. A north pole 

in the physical northern hemisphere, 

nevertheless the main sunspot in the further 



 

 

 

Hassan et al., J. mt. area res. 07 (2022) 44-55 

46 
J. mt. area res., Vol. 7, 2022 

hemisphere will have the reverse polarity [5]. 

When a large collection of sprawling spots exists 

then it creates a twisted magnetic field shape, 

a fundamentally bipolar field is existent. The 

polarizations will additionally be reserved in time 

of the forthcoming cycle of 11 years. In the north 

hemisphere the sunspot will prime with a 

magnetic polarity in south. In overall, the dipole 

park of the sun will variation with the intent that 

the north-pole of the sun will control from the 

geographic north-pole to the geographic 

south-pole. At minimum sunspot time, where the 

first sunspot is begins to form at higher latitudes. 

It is noticed that the change of polarity occurs 

always. For this purpose, the sun is known to 

have a cycle of 22 year [3, 5]. In this Manuscript, 

the behavior of 24 sunspots cycles have been 

investigated 1749-2014 with the 4 K-index cycles 

1932-2014.The performance of the selected 

two-time series data was compared during 

eight last sunspot cycles 1932-2014. It is also 

known that 4 K-index cycles associated to these 

eight-sunspot double-cycles in the duration. 

Depending on two tests Kolmogorov-Smirnov 

(KS) and Anderson-Darling (AD) the appropriate 

probability models were obtained for two data 

sets. The distribution log-gamma along with 

parameters are given as under. 

𝑓(𝑥) =
ln[𝑥 − 𝑦 + 1]𝛼−1 (𝑥 − 𝑦 + 1)

1+𝛽
𝛽

𝛽𝛼𝛾(𝛼)
                    (1) 

Here 𝑥 > 𝑦,  𝛼 > 0, 𝛽 > 0  and the mean of log-

gamma distribution is (1 − 𝛽) − 𝛼 + 𝛾 − 1.  The 

unique example of the gamma distribution is the 

chi-square distribution. There are two 

parameters contains in the family of gamma 

distribution. The random variable x of continuous 

type has the Probability Distribution Function 

(PDF) contains parameters 𝛼 =
𝛾

2
 and 𝛽 = 2, 

where 𝛾 is depicts the positive integer [6]. 

𝑓(𝑥) =
1

𝛾(
𝑟
2

)2
𝑟
2

χ
γ
2

𝑒
−

𝑥
2

, 2 < 𝑥 ∞ 

0  𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒 

 

The obtained models may be the most 

applicable distribution for the sunspot and K-

index cycles. Since the probability distribution 

helps to realize the potential future variation of 

the variables. The aim of this research work was 

to Test the behavior of all the sunspot cycles 

using probability distribution. It is obvious that 4 

K-index cycles correspond to these 8 sunspot 

cycles in the duration [5]. The normal distribution 

of continuous variables is the most important 

distribution fitted on the selected time series. It 

can be demonstrated mathematically as 

follows. 

𝑓(𝑥) =
1

𝜌√2𝜋
𝑒

−
1
2 

(
𝑥−𝜇

𝜌
)

2
  
, ∞ < 𝑥 < ∞                          (3) 

Where, 𝜇  is recognizes as the mean of the 

sample and 𝜌  is the standard deviation. 

Similarly, with parameters 𝛼 and 𝛽, if the random 

variable Y depicts the gamma distribution, then 

the likelihood of Y can be indicated in the form 

as. 

𝑔(𝑌) =
𝛽𝛼

𝛾(𝛼)
𝑌𝛼−1 𝑒−𝛽𝑦  , 𝑌 ≥ 0, 𝛼 > 0, 𝛽 > 0           (4) 

 

Where 𝛼  and 𝛽  are the shape and scale 

parameter respectively. 𝐸(𝑌) =
𝛼

𝛽
, 𝑉𝑎𝑟(𝑌) =

𝛼

𝛽2. 

Moreover, it is normally have noticed that the 

normal distribution is shifted to gamma 

distribution and this gamma distribution can be 

further transformed to log-normal distribution [6]. 

For the log-normal distribution the 

mathematical model is expressed as, 

ℎ(𝑥) =
1

𝑥𝜌√2𝜋
𝑒

−
1
2

 (
𝑙𝑛𝑥−𝜇

𝜌
)
, −∞ < 𝑥 < +∞                  (5) 

𝐸[𝑋] = 𝑒𝜇+
𝜎2

2
 ,𝑉𝑎𝑟(𝑋)

, 𝑒2𝜇+𝜎2 (𝑒𝜎2−1)
                                (6) 



 

 
 

Hassan et al., J. mt. area res. 07 (2022) 44-55 

47 
J. mt. area res., Vol. 7, 2022 

Equation 6 signifies the mean (E[X]) and 

variance (Var (X)) of experiments respectively 

[6, 14]. Where parameters 𝜇 = δ > 0  and the 

variable x > 0 belongs to real numbers. The log-

normal distribution, has been used as a first 

estimate sometimes known as Landau 

distribution, explains the loss of energy of a 

heavy charged particle by ionization [6, 9]. The 

normal distribution can be assessed the chi-

square distribution and is given by 

𝑓(𝑥; 𝑛) =

𝑥
𝑛
2

2
 𝑒−

𝑥
2

2𝜎2𝛾(
𝑛
2

)
 

The variable 𝑥 ≥ 0 and positive integer n is the 

number of degrees of freedom in the chi-square 

distribution [9]. The hyper secant distribution is 

like a normal distribution, characterized by 

parameters mean and standard deviation. The 

hyper secant distribution is used for those data 

sets which are symmetric in shape like the 

normal distribution. The mathematical 

expression for hyper secant distribution is given 

by 

𝑓(𝑥) =
sech(𝑦)

2𝜎
, 𝑤ℎ𝑒𝑟𝑒 𝑦 =

𝜋

2𝜎
(𝜒 − 𝜇)                 (8) 

4. GOODNESS-OF-FIT TESTS 

The Kolmogorov-Smirnov test (KS) is one of the 

tests which assesses the empirical distribution 

function with the distribution function of the 

hypothesized distribution. The KS-test does not 

vary on the grouping of the data. This test 

reduces those problems which are linked to 

interval specifications. The main objective of KS-

test on any empirical data is to verify the 

theoretical distribution with the help of 

expected parameters the data could have 

originated [6, 9]. However, as the KS-test does 

not involve any grouping of the data hence it 

has several benefits over the chi-square test. 

Furthermore, this test can be used for the exact 

sample size, which makes it powerful against 

alternative distributions, more meaning full. This 

test can be applied for any type of input data 

excluding the discrete distribution functions, 

and it does not distinguish tail discrepancies 

very well, which is one of the limitations of this 

test [8, 13]. Thus, we subject the constructed 

model to the KS-test as. 

𝐷 = 𝑚𝑎𝑥|𝐹(𝑥) − 𝐺(𝑥)|                                             (9) 

Where F(x) and G(x) are pre-determined 

cumulative and sample cumulative distribution 

respectively, which is corresponding to the 

given sample of size n [5]. Regarding the tails 

analysis of the distributions there is a difference 

between Anderson-Darling (AD) test and the KS-

test. AD test was designed to detect 

discrepancies in the tails especially [6]. Although 

the AD test is similar to the KS-test, but it gives 

more insight information related to the tails of 

the distribution. The dependent behavior, in this 

case, can be considered the strength of the 

number of the periods. Moreover, the AD test 

can only be utilized for the input data sample 

which is considered the faults of the test [6, 15]. 

We apply the AD test [Anderson-Darling AP2P-

test] [5, 6], where the hypothesis testing is based 

on comparing the parameters in the question 

with the larger values of the statistic. 

𝐴2 = −
1

𝑛
Σ𝑖

𝑛(2𝑖 − 1)[𝑙𝑛𝑢𝑖 + ln(1 − 𝑢𝑛−𝑖+1)] − 𝑛, (10) 

where 𝑢𝑖  is the value of the theoretical 

cumulative distribution at the 𝑖𝑡ℎ  largest 

observation, n being as usual the number of 

observations [2, 5]. 

 

5. RESULTS AND DISCUSSIONS 

For the sunspots and K-index cycles the 

probability distributions were discovered in the 

first section. In the study data have been used 

from 1749 to 2014 for sunspot cycles and 4 K-

index cycles from 1932 to 2014. The Last cycle of 

sunspots and K-index are yet not complete, that 



 

 

 

Hassan et al., J. mt. area res. 07 (2022) 44-55 

48 
J. mt. area res., Vol. 7, 2022 

is in the development. The probability 

distributions of time series are assessed in terms 

of two tests Kolmogorov-Smirnov and Anderson-

Darling. Table 2 describes that the 24 sunspot 

cycles have various probability distributions 

which are according to the Kolmogrove-

Smirnove test they are Normal Distribution 

(12.5%), Log Gamma Distribution (79.17%), 

Hyper-secant Distribution (4.17%) and 

Chi{Square Distribution (4.17%). The same 24 

sunspot cycles following the Chi-square 

distribution (95.83%) and Log-gamma 

distribution (4.17%) all the probability 

distributions which are tested according to 

Anderson-Darling test (see figure 1). Since ADT 

gives better results for tail analysis as compared 

to the KS-test. Chi-square distribution among all, 

the sunspot cycles is 95.83% according to AD 

test. The results show that 23 out of 24 sunspot 

cycles represent the Chi-square distribution 

tested with the help of AD. While testing in KS-

test it shows just 4.17% of Chi-square distribution. 

The comparison of the Log-gamma distribution 

for both tests KS-test and AD test is almost vice 

versa to the Chi-square distribution. The Log-

gamma distribution is just 4.17% in AD test and 

79.17% in KS-test. The evaluation of the two tests 

depicts that Chi-square distribution is increasing 

from KS-test to AD test while Log-gamma 

distribution is decreasing among the sunspot 

cycles. It represents that the dynamics of 

sunspot cycles are periodic and regular. The two 

tests for K-index cycles show that probability 

distributions vary from a Normal distribution to 

Chi-square distribution and chi-square 

distribution to Normal distribution in KS-test and 

AD test respectively except the last cycle which 

is in progress. Table 2 depicts the related 

variations (also see related figure 3). Table 1 and 

2 shows that for any probability distributions in 

KS-test the chi-square distribution mostly occurs 

when tested according to the AD test. The Chi-

square distribution has the greater right tail as 

compared to the other used probability 

distribution. Since AD test gives the significant 

results of the tail analysis. The Chi-square 

distribution containing the greater length of tail 

as compared to the others probability 

distributions. The comparative analysis of two 

tests KS and AD for 22-year's sunspots and K-

index cycles show that cycle 1 follows the 

Normal distribution and Chi-square distribution, 

respectively. The probability distribution for 22-

year sunspot-double-cycle 2 represents the Log-

gamma distribution and Log-normal distribution 

respectively for KS and AD tests. The 22-years, 

sunspot cycle 3 shows the Log-gamma 

distribution and Gamma distribution for both 

tests respectively, shown in figure 2. The last 

cycle of 22-years, sunspot data in progress 

confirms the Chi-square distribution for both the 

tests. The probability distribution of sunspot data 

(1749-2014) shows the Normal distribution and 

Chi-square distribution under the above both 

discussed tests respectively, while 22-years 

(approximately) sunspots and K-index 4 cycles 

total data (1932-2014) represents that Log-

gamma distribution and Log-normal distribution 

are significant depicted in figure 4. 

 

Table 1. Comparison of probability distributions of sunspots 24 cycles along with the total time series data in the 

perspective of KST and ADT, in which 24th cycle is in progress (1754-2014)

 Kolmogorov-Smirnov Test (KST) Anderson-Darling (ADT) 

Cycle Distribution KST 

value 

Parameter Distribution ADT 

value 

Parameter 

1 Normal 0.09932 =2.6387  =1760.5 Chi-Square 5.2496 =7  =1753.1
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2 Log-gamma 0.12342 =4.8566E+7  =1.5399E-7 Chi-Square 5.5714 =4  =1766.0

3 Log-gamma 0.15137 =5.5769E+7  =1.3419E-7 Chi-Square 7.1441 =4  =1774.9

4 Log-gamma 0.13322 =2.3098E+7  =3.2426E-7 Log-gamma 37.882 =2.3136E+7  =3.2373E-7

5 Normal 0.10834 =1.9989  =1803.3 Chi-Square 3.7806 =5  =1797.9

6 Hypersecant 0.11953 =2.6783  =1816.3 Chi-Square 15.445 =10  =1806.2

7 Normal 0.10979 =2.1522  =1828.7 Chi-Square 14.281 =7  =1821.6

8 Log-gamma 0.14297 =5.0080E+7  =1.5009E-7 Chi-Square 4.0482 =5  =1833.0

9 Log-gamma 0.1143 =2.9716E+7  =2.5314E-7 Chi-Square 8.2573 =6  =1842.6

10 Log-gamma 0.13263 =3.5636E+7  =2.1127E-7 Chi-Square 4.4769 =6  =1855.0

11 Log-gamma 0.12863 =4.5529E+7  =1.6549E-7 Chi-Square 25.204 =4  =1866.9

12 Log-gamma 0.10054 =4.4232E+7  =1.7048E-7 Chi-Square 10.156 =5  =1878.0

13 Log-gamma 0.12973 =3.9729E+7  =1.8995E-7 Chi-Square 13.195 =5  =1889.1

14 Log-gamma 0.10832 =4.7389E+7  =1.5938E-7 Chi-Square 7.3971 =6  =1900.9

15 Log-gamma 0.12354 =5.0977E+7  =1.4828E-7 Chi-Square 8.2736 =6  =1911.8

16 Log-gamma 0.09771 =5.3085E+7  =1.4249E-7 Chi-Square 8.564 =4  =1923.8

17 Log-gamma 0.12025 =4.9872E+7  =1.5178E-7 Chi-Square 6.815 =5  =1933.1

18 Log-gamma 0.12085 =5.8543E+7  =1.2939E-7 Chi-Square 10.806 =4  =1943.9

19 Log-gamma 0.13054 =5.6869E+7  =1.3329E-7 Chi-Square 14.612 =4  =1954.0

20 Log-gamma 0.10587 =3.6282E+7  =2.0907E-7 Chi-Square 4.4769 =6  =1855.0

21 Log-gamma 0.11993 =5.8063E+7  =1.3074E-7 Chi-Square 4.1257 =5  =1976.0

22 Log-gamma 0.12037 =6.0314E+7  =1.2594E-7 Chi-Square 17.499 =4  =1986.0

23 Log-gamma 0.11131 =4.4413E+7  =1.7115E-7 Chi-Square 27.709 =5  =1996.0

24 Chi-Square 0.36538 =5  =1996.0 Chi-Square 3.9916 =2  =2009.1

1-24 Normal 0.11513 =78.477  =1889.1 Chi-Square 48.733 =3164  =-1273.4

 

Table 2. Comparison of probability distributions of sunspots and K-index 22-years cycles along with the total 

time series data using the KST and ADT (1932-2014) 

Cyc

le 

Duration Mean(S

C) 

Mean(K-

index) 

KST(SC) ADT(SC) KST(K-

index) 

ADT(K-

index) 

1 1932.01-1953.12 62.4 14.583 Normal Chi-square Normal Chi-square 

2 1954.01-1976.06 73.811 14.344 Log-gamma Log-normal Chi-square Normal 

3 1976.07-1996.09 79.72 15.519 Log-gamma Gamma Normal Chi-square 

4 1996.10-20…. 48.834 11.006 Chi-square Chi-square Chi-square Log-gamma 

1-4 1932.01-20…. 67.446 14.103 Log-gamma Log-normal Log-gamma Log-normal 
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Figure 1. Comparison of probability distributions of sunspots 24 cycles in terms of KST and ADT in which 24th 

cycle is incomplete. The long right tail is indicating for the Chi-square distribution (1754-2014). 
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Figure 2. Comparison of probability distributions of sunspots 4 cycles (approximately 22-years of each) in the 

perspective of KST and ADT, the last 4th cycle is in progress. The single line in cycle 2, 3 and 4 is representing the 

overlapping of two probability distributions. (1932-2014) 

 

 
Figure 3. Comparison of probability distributions of K-index 4 cycles (approximately 22-years of each) in the 

perspective of KST and ADT. The last 4th cycle is incomplete. Chi-square distribution is representing the right 

long tail. 
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Figure 4. Comparison of probability distributions of sunspots and K-index time series data (1932-2014) along with 

the total sunspots time series data (1749-2014) in the perspective of KST and ADT

 

CONCLUSION 

The study reveals that the 24 cycles of sunspots 

(1749-2014) and 4 cycles of sunspots and K-

index (1932 to 2014) of 22 years show several 

distributions which are analyzed according to 

KS-test and AD test by comparison of each 

sunspot and K-index double-cycles. Distribution 

diagrams depict that each cycle is right tail, 

which confirms the periodicity and consistency 

of the dynamics involve as well.  It is 

recommended: Since AD test gives the 

significant result for tail as compared to the KS-

test, the results obtained for 24 cycles of 

sunspots are found to be Chi-square distributed 

except 4th cycle according to AD test. chi-

square distribution has right long tail, that 

represents the long dynamics for the sunspots 

and K-index activity in the right tail 

corresponding to the Anderson-Darling test. 
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