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Abstract: The generalized distance matrix of a connected graph G, denoted by D.(G), is defined as Do (G) =
oIr(G) + (1 — a)D(G), 0 < a < 1. Here, D(G) is the distance matrix and Tr(G) represents
the vertex transmissions. Let 91 > 92 > -+ > 0, be the eigenvalues of D (G) and let W(G) be the

= 2aW (G)

g — 2=

Wiener index. The generalized distance energy of G can be defined as EP (@) = Z -

i=1
In this paper, we develop some new theory regarding the generalized distance energy EP«(G) for a
connected graph G. We obtain some sharp upper and lower bounds for EP (@) connecting a wide
range of parameters in graph theory including the maximum degree A, the Wiener index W (G),
the diameter d, the transmission degrees, and the generalized distance spectral spread Do S(G). We
characterized the special graph classes that attain the bounds.
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1. Introduction

We consider simple connected graphs in this paper. Let G = (V(G), E(G)) be a graph with V(G) =
{v1,v2,...,v,} being its vertex set and E(G) its edge set. n = |V (G)]| is called the order and m = |E(G)|
the size. The neighborhood of a vertex v is the collection of vertices adjacent to it and is denoted by
N(v). dg(v) or simply d, is the degree of v, meaning the cardinality of its neighborhood. A regular graph
has all degrees the same. The adjacency matrix A(G) = A = (a;;) of G has (i, j)-element one if v; is
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adjacent to v; and zero if not. Hence, A is an n by n symmetric matrix. The degree diagonal matrix
is Deg(G) = diag(dy, da, . . .,dy). Two well known matrices associated with A are the Laplacian L(G) =
Deg(G) — A(G) and the signless Laplacian Q(G) = Deg(G) + A(G). They are symmetric and positive
semi-definite. Their spectra are organized as 0 = p,, < pip—1 < -+ < pg and 0 < g, < ¢p—1 < -+ < q1,
respectively.

The length of a shortest path between two vertices u and v is commonly known as the distance and
is denoted by dy,. If we take maximum among all such distances in a graph, we have the diameter.
The matrix D(G) = (duv)u,vev () is called the distance matriz of G. For a comprehensive survey of
recent results on distance matrix and its spectrum, we refer the reader to [6]. The sum of the distances
from v to all other vertices in G is called the transmission and it is denoted by Trg(v) = Y. dyy. If

ueV(G)
Trg(v) = k for all v, then G is called k-transmission regular. The well known Wiener index is defined
by W(G) = 1 Z Trg(v) and is also called transmission of a graph. The transmission Trg(v;) or
veV(G)
shortly T'r; for a vertex v; is also called the transmission degree. The transmission degree sequence of G
is {Tr1,Tra,...,Tr,}.

The distance Laplacian and the distance signless Laplacian matrices of connected graphs have been
introduced in M. Aouchiche and P. Hansen [7]. Two matrices are of utmost relevance: the distance Lapla-
cian matriz D*(G) = Tr(G)— D(G) and the distance signless Laplacian matriz D?(G) = Tr(G)+D(G).
Here, Tr(G) = diag(Tr1,Tre, ..., Tr,) characterizes the vertex transmission of G. Many important spec-
tral properties of these matrices have been intensively explored in the recent years; see e.g. [4, 5, 7, 8|.

An effort has been made in [9] to merge the different spectra theory of distance matrix, distance
Laplacian etc. by introducing the so-called generalized distance matriz D, (G), where D, (G) = oTr(G)+
(1 —a)D(G), for 0 < a < 1. Note that Do(G) = D(G), 2Di(G) = D®(G), Di(G)=Tr(G) and
D, (G) — Dg(G) = (o — B)DE(G). Therefore, the spectral properties of individual graph matrices can be
reproduced from the spectral theory of generalized distance matrix. We will re-arrange the eigenvalues of
D, (G)as 9y > 9y > -+ > 0,,. The largest eigenvalue 0, is referred to as the generalized distance spectral
radius. When no confusion will be caused, we simply write 9(G). The spectral properties of D, (G) have
attracted much more attention of the researchers. For some recent works we refer to [1-3, 9, 11, 22, 23]
and the references therein.

The topic of graph energy [13] was put forward by Ivan Gutman. It is rooted in the theory of
mathematical chemistry. Assume the adjacency spectrum of a graph G is represented by A1, Ag, ..., Ay.
n

The graph energy is defined as E(G) = Z |A:| [14]. Graph energy has been intensively studied in
i=1

mathematical chemistry and some early bounds for F(G) have been reported in e.g. [17]. Energy-like

graph invariants with respect to other matrices (in addition to the adjacency matrix) have been discussed

in [5, 10, 12, 15, 16, 21, 24].

This paper aims to study a new energy-like quantity on the basis of the eigenvalues of generalized
distance matrix D, (G). We define auxiliary eigenvalues ©; corresponding to the generalized distance
eigenvalues as O; = 0; — %(G) The following definition of generalized distance energy is given in [3],
which is inspired by the distance Laplacian energy ET(G) and the distance signless Laplacian E9(G).

Namely,

n

EP(G) =)

=1

2aW (G -
61'_ ( )’:Z|@Z7
=1

n
which is the average deviation of the generalized distance eigenvalues.

Let ¢ be the largest positive integer satisfying 9, > %(G) Let My(G) = Zle 0; be the sum of k
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largest generalized distance eigenvalues. It is shown in [3] that
20tW (G ! 20 W (G
EP+(G) =2 (Mt— a()) =2 max (Zai - ‘””) |
n 1<j<n P n

It can be seen that ) . O, = 0. Noting > . 0, = 2aW(G) and Z@f = trace[Dq(G))> =
i=1

2(1 — a)? Z (dij)?* + o2 ZTT?, in view of ©; we obtain Y. ©? = 2(, where ( = (1 —
1<i<j<n i=1
" " 202W2(G .
)2 Y i jen(dig)? + 5> Tr? — 22TWHG) Moreover, EP0(G) = EP(G) and 2E"% (G) = EQ(G).
S n
i=1
The generalized distance graph energy can be viewed as merging the theories of distance graph energy and
distance signless Laplacian graph energy. It is therefore appealing to investigate £+ (G) and explore the
influence of the graph structure and parameter o on EP=(G). In [22], the authors defined the generalized
distance spectral spread as D,S(G) = 8y — 0p,. Some lower and upper bounds for the parameter D,S(G)
can be found in [22].

In this paper, we continue on this line and study the generalized distance energy EP<(G) of a
connected graph G. We establish some sharp upper and lower bounds for EP=(G) using graph-theoretic
parameters including Wiener index W (@), maximum degree A, minimum degree §, diameter d, as well
as generalized distance spectral spread D,S(G) and transmission degrees. We characterize the graphs
that attain our bounds.

2. New bounds on generalized distance energy of graphs

We start this section with some essential lemmas which will be used along the paper. The following
lemma characterizes the graphs with two generalized distance eigenvalues.

Lemma 2.1. A connected graph G has two different D, (G) eigenvalues if and only if G is complete.

Proof. The proof is similar to the proof given in [15, Lemma 2], and is excluded. O

Lemma 2.2. [9] Suppose that G is an n-vertex connected graph. Then

with equality holding if and only if G is transmission reqular.

Lemma 2.3. [18] Suppose that A is an n X n non-negative matriz with the spectral radius A(A) and row
SUMS T1,T2, ..., Tn. We have minj<j<nm; < MA) < maxyj<i<n . If A is irreducible, then one of the
equalities holds if and only if all the row sums of A are equal.

Since the i-th row sum of D, (G) is r; = oTr; + (1 — «@) Z;LZI d;; = Tr;, by Lemma 2.3 we have the
following statement.

Corollary 2.4. Suppose G is an n-vertex simple connected graph. Let Tryax and Tryy, be the largest
and the smallest transmissions of G, respectively. We have Trymim < 0(G) < Trmax. Furthermore, any
equality above holds if and only if G is transmission regular.

Our first aim is to giving some upper bounds for EP=(G). The following theorem presents an upper
bound for EP=(G). Some parameters like Wiener index W (G) and transmission degrees are used.

l
ot
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Theorem 2.5. Suppose G is a graph of order n. We have

n 2 2
EP<(G) < |n|20—0a)2 Y (dij)z-i—QQZTr%—w . (1)
n
1<i<j<n =1

The above equality holds if and only if G is a complete graph.

Proof. Let 0 > 09 > --- > 0, be the eigenvalues of D,(G). By applying the Cauchy-Schwarz

inequality to these n —1 vectors (1,1,...,1) and (’82 - %l(c:) , |05 — %l(c") ey |On — %L(G)D we
obtain,
2aW (G)\ n
EDa _ _ _ _ 2 2 2 2
( (@) (81 " )) < (n 1)<2(1 a) Z (dij)* + ZTQ
1<i<j<n i=1
40?W2(G 2aW(G)\?
W (W) .
n n
Then
2
EP«(G) < 0, — 20W(G)
n
n 402 W2 2 2
+ -1 (20-a2 Y @y2+ay -G VZ @) _ <31 - a”;(G))
1<i<j<n i=1

The function

fle)y=a+ |(n—-1)[2(1-a) Z (dij)2+a22n:TT$—M_x2

1<i<j<n i=1 "
—« L id «a n r,27740‘2w2(c)
decreases if and only if x > \/2(1 ) Zlﬁ“’g"(d”)z: SEL n___ . Therefore
n 4a2W?2(G
EP=(G) < f \/2(1 — )23 icjen(dig)® +a? 300 TrE — %
- n
Hence the result follows.
Now, suppose equality holds in (1). Then
n 4a2W2(G
. \/ 21— 0)2 Ty icyen(d)? + 02 iy T2 = 22D p01p(G)
! n n
From equality in (2), we get ‘62 - %(G)‘ = ’63 - %(G)‘ == |0, — %(G)‘ and hence
- 2aW(G)\? ) s ane, o 4Q2W2(G)
> (- 2E) = (-2 3 @prraryome - el
=2 1<i<j<n i=1

o),
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that is,
20W (G 2 n 4 2w2 G
(n—1) (a,o‘n()> = (20-a?® 3 @)P+a2Y - ~ (@)
1<i<j<n i=1
9 2
B (81— aW(G)) )
n
Therefore for i = 2,...,n, we get

0;

a2wW2 « 2
_ 2aW(G)‘ _ \/20a)?ZISiqgn(dm%a?zyITT?4 e Gl )

n n—1

_ \/ 2(1-0)2 Xy oy e (dig)?+a2 Y1 Tr2 - 222W2(G)

n

Thus, we have 0, = P—i—%@ and 0; = %(G)—&-Porai = %(G)—P, where P =

1a2W2(a
\/2<1a)ZZlgiqsn(dmua?z;w1Tr? —

n

. In the first case G has one distinct D,-eigenvalue, which
2aW (G) and 2aW(G) P

is so if G = Kj. In the second case G has two distinct eigenvalues namely, P +
with multiplicity 1 and n — 1, respectively and so by Lemma 2.1, we have G = K,,. Conversely, it is easy
to see that if G = K, the equality occurs. This completes the proof. O

Corollary 2.6. Suppose G is a connected graph over n vertices. Assume the diameter is d. We have

a?n?(n—1)

EP-(G) < n\/(n ~1) <(1 — )+ = —a?(n - 1)). (3)

The above equality holds if and only if G = K.

Proof. Since d;; < d for ¢ # j, and there are nn-b) pairs of vertices in G, from the upper bound part

2
n(n—1)
2

in Theorem 2.5, and also using the inequality T'r; < , we conclude

n 42TV 2
EP-(@) < |n[201-a) Z (dij)2+a2ZT7‘i2— 4a7WZ(G) )
1<i<j<n i=1 n
_ 2,300 _ 1)2
< \/n (2(1 - oz)2d2n(n2 D 40 (Z D a?n(n — 1)2>

- n\/(n— 1) <(1 — a)2d? + W —a?(n — 1)).

Equality occurs in the inequality T'r; < w if and only if G = P,. This together with Theorem 2.5,
gives that equality occurs in the inequality (3) if and only if G = K. O

The following result provides an upper bound for EP=(G) via transmission degrees together with
©: and O,,.

Theorem 2.7. Let G be a connected graph of order n. Then

EDQ(G>S n|2(1-a)2 Z (dij)2+QQZTT?*M 73(‘@1|—|@n|)2. (4)

1<i<j<n =1

~
H
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2
Proof. According tony ;. |0;]* — (Z?_l |®Z|> =2 1cicj<n([©i] =165])?, we derive that

n

ni|@ﬂ—<2|@ |> >Z(|@1|—\@| + (18] = 104])*) + (101 = [0a)™. (5)

i=1
Thanks to Jensen’s inequality (see [19]), we obtain

n—1

n—2
S (1]~ 10a)* + (1011 = 18a])%) = "= (101~ [0n])°. (6)
i=2
By inequalities (5) and (6), we arrive at the inequality (4). O

Remark 2.8. Since for every connected graph with the property |01 # |0n|, we have

n 27172
nl20-a2 3 @yrrary mr- G Ry e,

1<i<j<n i=1

n 4022
< |nl20-a2 Y (dij)2+a2ZTri2_w ’

1<i<j<n =1

it follows that the given upper bound in (4) is better than the given bound in (1).
Corollary 2.9. Let G be a connected graph satisfying |01| # |0n|. Then

EP(G) < /2 0 (201 = @) i (i) 4+ 02 0, Tr? =
(@=y/3 CHEEN

42’W2(G) )

Proof. Inequality (4) can be rewritten as

(B (@) + 2(1en] ~ [0u)? < (21— Y (@) 4y 1 - 1OTLE)

1<i<j<n

From the inequality between arithmetic and geometric means [19] we obtain

2\/Z(ED0(G))2(|@1| —[On)2<n(20-a)? > ()’ +a®) Tri- 17W(G) ,

1<i<j<n i=1
where from the inequality (7) follows. O

Our next result presents a sharp upper bound on the generalized distance energy. Invariants like
transmission degrees and « are involved.

Theorem 2.10. Let G be an n-vertex connected graph with n > 3. We have

EP-(G) < (1_O‘)W+(la)m
+ \/(n—2) (2<_ (1706)2712?:1777’12 B (1*0&) Zz lTr ) (8)

n2

If equality holds in (8) then G must have exactly three or exactly four distinct D,,-eigenvalues.
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Proof. Using the Cauchy-Schwarz inequality on two (n — 2)-vectors (1,1,...,1) and
——

(n-2) times

(|oe - 22D Jou - 2D . o, - 2,
we have
(Sl-252) < (5) (h-25), 0
and then
£(6) < [o - 20 |y, - 1W(G)

oy (a2 (o),

where 2¢ = 2(1 — a)? Z1gi<jgn(dij)2 +a?y  Tr? — w. Let ¢ = ‘81 - %(G)’ and y =

Oy, — %(G) . Define a function

flay) =z +y+/(n—2)(2¢ — 22— y?).

Differentiating f(x,y) with respect to x and y, we have

z(n—2) y(n —2)
fm:l_\/(n—Q)(QC—l“Q—yQ)’ b= V-2 -2T -y
o AT (s i
(2¢ — % —y?)° (2¢ — 2% —y2)°
and
_ zyv/n — 2
h (2 —a? —y2)°

For maxima or minima, f, = 0 and fy = 0 which implies z = y = \/%C. At this point the values of
fm:mfyy>f:zy and A = fwzflﬂl wy are

hxzfﬁji&£42<o fry = -z vn=2
2(n—2)3¢ 2(n—2)3¢
n n
Vn—2 n(n? —3n + 3)
by = — = <0, and A= 2T 5
foy 2(n—2)3¢ o 2(n —2)%¢

Therefore f(x,y) attains its maximum value at this point, hence f (\ / %C, v/ 25) = /2n(. However f(z,y)

. . . » . Trs 2
decreases in the intervals \/271—4 <z<C(and0<y< \/%. Since 221§i<j§n(dij)2 < % (see
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N[

[10]), and by the Cauchy-Schwartz inequality we have (Z?:l Tr,) <nd i, Tr? hence for 0 < a <
we get

n a2W?2(G
\/ 21— )25 s (dig)? + a2 Y0, T2 — 402W2C)

n

n n

" ;i 2 o n r; 2
§ \/(l—a)z(Z“T 1) +a2 E?:l TTZ_Q . 2(21:1T )

n

\/(1 _ Qa)w +a2Y T2

n
S \/(1 — 20{) Z?:l TT12 + a2 Z?:l TT7.2 — (1 _ Oé) Z:L:l Triz’
n n

thenw <( a)y/ 2o '<x<\f

Now, by Cauchy-Schwarz inequality, we have Tr? = (Z;‘ 1 d,-J) <n Z] 1 U Hence Y 7 Tr? <

ny i, Z;L:1 d;, and then we get di<ici<n d3; > 5371 Tr}. Then we have

n

\/ 21— )2 Yy iy (dig)? + a2 S0 Ty? — 22W2(0)

a? (>0 Trs 2 aZ(dr Tr; 2
21 0)? Xy (dig)? + TERTT) PRI
- n
B \/2(1—a)221<i<j<n(du)2 (1- )/, 77
n - n ’

- n 2
Hence 0 <y < M# < \/%. Therefore

Consequently,

EDQ(G) < (1_Q)W+(l_a)m
+ \/(n—z) <2g_ (1_0‘)253?:1:”“? (- a)2 3 1TT‘>

n2

The first part is complete.
Suppose the equality holds in (8). From equality in (9), we get

b 2

2 - 2O (s (5, 2" (,,2@Y)

=2

and hence
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That is,

2aW(G))2 2 — (9 - 2WD) (i, 2W(@)°

n

(n—2) (ai

Therefore,

0, = . i=2,...,n—1.

n—2

_ 2aW(G)‘ 2~ (&—%“”)2— (an_%@)z

n

Hence |0; — %(G)' can have at most two distinct values. Thus, if equality holds in (8), then G must

be a connected graph with exactly three or exactly four distinct D,-eigenvalues. O

Next, we consider some lower bounds for the generalized distance energy of graphs. The following
theorem describes a lower bound based on the Wiener index W(G) and the parameter .

Theorem 2.11. Suppose G is an n-vertex connected graph. Its Wiener index is W(G). We have

EP*(G) (10)

> 4aW(G) _ 2\/2(1 — ) Vicicjen(diy)® + a2 3, Trf — 0F

n n—1

Proof. Letd; > 0y > ... > 0, be the generalized distance eigenvalues and ¢ is the number of generalized
distance eigenvalues of G which are greater than or equal to %(G) Note that

21-a)® Y (dy)?+e?d Tri=> 0} >0+ (n—1)02, (11)
=1 =1

1<i<j<n

hence

o < \/2(1 —a)? Z1§i<j§n(dij)2 +a? Z?:1 Try — o7

n—1

In view of generalized distance energy, we see that

EP*(G) = 2 max (i& — MW(G)) >9 (lelai_ 20‘(”_1)W(G)>
=1 i=1

1<j<n n n

— 20,

n n

=2 (QaW(G) L, 2oln= 1)W(G)> _ 4aW(G)

n n—1

> 4aW(G) _ 2\/2(1 —a)? Zl§i<j§n(dij)2 +a?d Ty - 8%.

By contradiction, we will prove that the inequality in (10) is strict. For this we assume that the equality
in (10) holds true. Therefore, all inequalities above are essentially equalities. Thus we arrive at

J . n—1
e (Z@—QO‘JHW(G)) _ g, - 2= HW(G) 12)
i=1 i=1

1<j<n n
The equality in (12) holds if and only if ¢ = n — 1 and equality occurs in (11) if and only if 9y = -+ - = 9,,.
In other words, this happens if and only if G has exactly two distinct eigenvalues. Since t = n — 1, we
2aW (G)

see that 0, < == < 0,1 = Op, which is clearly a contradiction. The proof is complete. O
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The following observation is immediate from Lemma 2.2 and Theorem 2.11.

Corollary 2.12. Suppose G is an n-vertex connected graph with minimum transmission degree Trmin
and Wiener index W(G). We have

EP-(G) >

n n—1

4aW (G) _ 2\/712(2(1 —a)? Zl§i<j§n(dij)2 +a?}i Tr) — 4AW2(G)

Next, we establish the lower bound for EP=(G) involving Wiener index W (G), transmission degrees
as well as generalized distance spectral spread D, S(G).

Theorem 2.13. Suppose that G is an n-vertex connected graph. We have

n l)é2 2
2 (2(1 — )2 Y i jen(dif)? + 20 Tr? — 22 G) (G))
NI(E) '

EP~(@) > (13)

Proof. Let &y > 0y > ... > O, be the generalized distance eigenvalues of G. Assume z = (x;) and
a = (a;),1 =1,2,...,n, be real number sequences satisfying

n n
Z|a:i|:1 and Zmizo.
i=1 i=1

It is proved in [20] that

e iz |0

n
1 .
Zlaixi < 3 <11£12a<xn a; — lISniléln a,-) . (14)
1=
. 2aW(G)

Let a; = 0; — %(G) and x; = anwi_;‘amc) K i=1,2,...,n. Since

2aW (G _ 2aW(Q)
T (aﬁia He) ; Y e I
sz o 2aW(G) ‘ =0 an Z |1‘1| n

QaW(G ’

the conditions for inequality (14) are satisfied. Hence, we have

s l(a_w) <1<max (&—W(G)>_ min (ai—W(G)>)7

s e - 2aVZ(G)‘ — 2 \1<i<n n 1<i<n n
that is
042 2
20 -0’ T cigyen(dig) TP YL Trf = 25HE 1 2aW(G) |, 20W(G)
ED-(G) =2\ " n ’

then, we get

n a2 2
2 (2(1 —a)? Y icjen(dig)? + 0?0 T — 2 Wn (G))
D,S(G) )

EP=(G) >
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The following bound for D,S(G) was established in [22]:

DaS(G) < 2 2(1 — a)2 Z (dij)Q + 042 iTT? - M . (15)

N “— ; n
1<i<j<n i=1

Hence, using (15) and (13), we obtain the following lower bound for the generalized distance energy.

Corollary 2.14. Suppose that G is an n-vertex connected graph. We have

EP(G) = |2 (201 -a) Z (dij)2+a22n:Tr?_M

1<i<j<n i=1
Corollary 2.15. Assume G is connected and has n vertices. We obtain

EP=(G) > (1 —a)y/2n(n—1).

Proof. Since d;; > 1 for i # j and there are @ pairs of vertices in G, from the lower bound of
Corollary 2.14, we get

EP(G)

v

n n _1
2(20-0p ¥ a1 a2y 12| > i - et =D
i=1 i=1

1<i<j<n

(1—-a)y/2n(n—1).
O
We conclude by giving the following lower bound for the generalized distance energy EP=(G) involv-
ing some graph-theoretic invariants such as W(G), Trmax and Trmin.

Theorem 2.16. Suppose that G is an n-vertexr graph. Let Tryax and Tryi, be respectively the largest
and the least transmissions of G. Let T = ‘det (DQ(G) - %(G)I)‘ We have

EDa(G)zTrmm—Qo‘Wn(G)+\/2g—w2+(n—1)(n—2) (5) (16)

where 2¢ = 2(1 — a)? Zl<l<]<n(d,]) + o230 Tr? — 4PWA(G)  d = Troa — zaW(G) Equality
holds if and only if either G is a complete graph or a k- tmnsmzsszon reqular graph wzth three distinct
D, -eigenvalues

_ 2 _ 2 _ 2 _ 2
(k’ M-R1—aP - [M-F-a) +ak>
n—1 n—1

where M = 2(1 — a)? Zl§i<j§n(dij)2'

Proof. 1t is not difficult to see that

= 2§+2<31_%‘W(G)>Zn: 32._%‘W(G)‘
pr T fa- 2@, 20 -

2<i<j<n
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where 2¢ = 2(1 —a)? Zl<i<j<n(dij)2 +a? 3 Tr?— %. It follows from the arithmetic-geometric
mean inequality that =~

D

2<i<j<n

0

n n 2 n

0; — 20W(G) D " (18)

 26)

5, 2aW(G)’ L (=D -2) (ﬁ

=2
2

n—1)(n-2 r et
_ (o) ><81 W@) | (19)

n

Applying the inequality (19), we get from (17) that

(EP=(@)" = 2¢+2 <31 = mwﬂ(a)) (EDQ(G) _ <81 _ QQW(G)))

n

r n—1
+ (n—l)(n—2) (al_ QaWn(G)> )

which implies that

(EDa (G))2 -2 (81 - —n

+(n— ].)(TL—2) (aQFDNV(G)> B :| Z 0

n

By solving the above inequality, we get

EDQ(G)Z@I_W*JZ“(@“MW”@) Hn-D)n-2) (F)

n 51_%(@

Applying Corollary 2.4, we have
2aW(G)

n

20W (G)\? r e
+J 24_ (T?"max— O[n) +(TL— 1)(71—2) <w> .

Hence we get the required result in (16). The first part is complete.

ED"‘ (G) 2 Trmin —

Assume that the equality in (16) holds. The rest inequalities above are essentially equalities. Hence,
01 = TTmax = Trmin, and G is a transmission regular graph. It follows from the equality in (18), we see

that 82—%@‘:‘63—%@‘:---:‘87,—%@ , and hence
n 9 2 9 2
3™ (o, 21 :<2C_(al_aW<G>>>7
— n n

that is,
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then for each i = 2,...,n, we have
9 5, _ 20W(G) 2
2QW(G) ‘ C - 1= n
0 ———=| = .
n n—1
Consequently, |0; — %(G)’ can have at most two distinct values and we arrive at the following:

(¢) G has exactly one distinct D,-eigenvalue. Thus, G = Kj.
(#4) G has exactly two distinct D,-eigenvalues. Using Lemma 2.1, G = K,,.

(#4i) G has exactly three distinct D,-eigenvalues. We have 9y = Trpax, and ‘(% — %(G)

2
2¢— (Trmax_ ZQVZ(G) )
n—1 ’

i = 2,...,n. Moreover, G is k-transmission regular graph. We have G as a

graph with three distinct D, -eigenvalues

M — k2(1 — 2 M — k2(1 — 2
k,HM +ak,—1/M+ak 7
n—1 n—1
in which M = 2(1 —a)* 3, ., <, (dij)?. Hence the result follows. O

Since for any i, we have n — 1 < Tr; < @, hence from Theorem 2.16, the following observation
is immediate.

n

Corollary 2.17. Suppose that G is an n-vertex graph and I’ = ’det (DQ(G) — MI) ’ We have

EDa(G)zn—l—w+\/2¢_h2+(n—1)(n_2) (%)

n

where 2¢ = 2(1 — a)2 Zl§i<j§n(dij)2 +a? 2?21 TTiQ - 4a2V52(G) and h = n(n2_1) B QaW(G)'

n
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