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Abstract 

   The aim of this paper is to introduce and study new class of fuzzy function called fuzzy 
semi pre homeomorphism in a fuzzy topological space by utilizing fuzzy semi pre-open sets. 
Therefore, some of their characterization has been proved; In addition to that we define, study 
and develop corresponding to new class of fuzzy semi pre homeomorphism in fuzzy 
topological spaces using this new class of functions. 

 

Keyword: Fuzzy topological spaces, fuzzy semi pre-open sets, fuzzy semi pre homeomorphism 
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1. Introduction 

     Zadeh in [1] introduced the fundamental concept of fuzzy sets and fuzzy set operations in 
his standard paper. Thereafter, some researchers have applied some different basic notions 
from general topology by utilizing the fundamental idea of fuzzy sets and was subsequently 
expanded by developing important theories of fuzzy topological spaces. The notion of family 
in fuzzy sets naturally plays a very significant role in the study of the recent concept of fuzzy 
topology introduced by Chang [2]. While, Ming, P. & Ming, L. [3] introduced the concept of 
extensions principle of functions in fuzzy setting. 
The idea of semi pre-open set in classical topology was introduced by Andrijevic, D. [4]. 
The conception of fuzzy semi pre-open set and fuzzy semi pre-open continuity in fuzzy 
topological spaces was introduced by Thakur, S. S. and Singh, S. [5] and investigated some 
of their properties. 
This paper is to introduce and investigate some new types of fuzzy semi pre continuous 
functions and fuzzy semi pre homeomorphism functions via fuzzy semi pre-open sets. Also, 
the relationships between these functions and other types are discussed. Several properties of 
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these new notions are investigated and the connections between them are studied. Moreover, 
some results in this topic with some properties and corollaries are developed. 

2. Preliminaries 

     Throughout this paper X denotes anon empty set and I denote the interval [0, 1]. A fuzzy 
set in X is a function 𝜇 from X in to I. The value 𝜇෨ ሺ𝑥ሻ represents the degree of membership 
of 𝑥 ∈ 𝑋 in the fuzzy set A. The family of all fuzzy sets on a crisp set X will be denoted by 

IX.      A family �̃� of fuzzy sets in X is called a fuzzy topology for X iff (1) 0෨ , 1෨  ∈ �̃� (2) for all 

𝐴ሚ, 𝐵෨  ∈ �̃� then 𝑀𝑖𝑛 ሼ 𝜇෨ ሺ𝑥ሻ , 𝜇෨ ሺ𝑥ሻሽ ∈ �̃� (3) if  𝐴ሚ  ∈ �̃� for each 𝑖 ∈ 𝐼 , then 
𝑆𝑢𝑝∈ூሼ𝜇෨ ሺ𝑥ሻሽ ∈ �̃�. Moreover, the pair (X,�̃�) is called a fuzzy topological space 

(abbreviated as f.t.s) and every member of  �̃� is called a fuzzy open set [2]. 

A fuzzy set in a crisp set X is called a fuzzy point if it takes the grade of membership (0) for 

all 𝑥 ∈ 𝑋 െ ሼ1ሽ, say,  𝑝 ∈ 𝑋. If its grade of membership at 𝑥 is 𝛼 ( 0෨ ൏ 𝛼  1෨), we denote 
this fuzzy point by 𝑝ఈ, where the point 𝑝 is called its support [6]. For any fuzzy 𝑝ఌ and any 

fuzzy set 𝐴ሚ, we write 𝑝ఌ ∈ 𝐴ሚ iff 𝜀  𝜇෨ሺ𝑥ሻ. 

 
Definition 2.1 [7]: 

    Let 𝑓: ሺ𝑋, �̃�ሻ ሺ𝑌, 𝜈ሻ, let 𝐵෨  be a fuzzy set in Y with membership function 𝜇෨ ሺ𝑦ሻ. Then 

the inverse of 𝐵෨  written as 𝑓ିଵሺ𝐵෨ሻ is a fuzzy set in X whose membership function is defined 
by 𝜇షభሺ෨ ሻሺ𝑥ሻ ൌ 𝜇෨ ሺ𝑓ሺ𝑥ሻሻ 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑋. 

Conversely, let 𝐴ሚ  be a fuzzy set in X with membership function 𝜇෨ሺ𝑥ሻ. The image of 𝐴ሚ 
written as 𝑓ሺ𝐴ሚሻ is a fuzzy set in Y whose membership function is given by 

 

𝜇ሺ෨ ሻሺ𝑌ሻ ൌ ൞

Sup
௫∈షభሺ௬ሻ

ሼ𝜇෨ ሺ𝑥ሻሽ  , 𝑖𝑓 𝜇 ሺ௬ሻ 
షభ ሺ𝑥ሻ 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑚𝑝𝑡𝑦 

 
 

0  ,                                                     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒    

 

For each y belong to Y, where 𝜇 ሺ௬ሻ 
షభ ሺ𝑥ሻ ൌ 𝜇ሺ௫ ሻሺ𝑌ሻ ൌ 𝜇௬ሺ𝑌ሻ. 

Definition 2.2: 

Let 𝑓: ሺ𝑋, �̃�ሻ   ሺ𝑌, 𝜈ሻ, then f is called: 
(1) "A fuzzy continuous function" if the 𝜇 ሺ௬ሻ 

షభ ሺ𝑥ሻ is a fuzzy open set in X for each 𝑦 ∈ 𝜈 

and denoted ሺ𝑓. 𝑐𝑜. 𝑓. ሻ. [8] 
(2) "A fuzzy open function" if the 𝜇ሺ௫ ሻሺ𝑌ሻ  is a fuzzy open set in Y, for each 𝑥 ∈ �̃� and 

denoted ሺ𝑓. 𝑜. 𝑓. ሻ. [9] 
(3) "A fuzzy closed function" if the 𝜇ሺ௫ ሻሺ𝑌ሻ is a fuzzy closed set in Y, for each 𝑥 ∈ �̃� and 

denoted ሺ𝑓. 𝑐𝑙. 𝑓. ሻ. [10] 
Definition 2.3 [2]: 

   Let 𝑓: ሺ𝑋, �̃�ሻ   ሺ𝑌, 𝜈ሻ bijection fuzzy function, f is called a fuzzy homeomorphism if  f  
and    f -1 are 𝑓. 𝑐𝑜. 𝑓. (abbreviated as 𝑓. ℎ. 𝑓. ) 
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Theorem 2.4 [6]: 
   Let 𝑓: ሺ𝑋, �̃�ሻ   ሺ𝑌, 𝜈ሻ, Then all the below are true:       

 (1) For any fuzzy set 𝐵෨  in Y, 𝜇షభቀଵି ఓ
ಳ෩ሺሻቁ

ሺ𝑥ሻ ൌ 1 െ 𝜇షభሺ෨ሻሺ𝑥ሻ. 

(2) For any fuzzy set 𝐴ሚ  in X, 1 െ 𝜇ሺ෨ ሻሺ𝑌ሻ ൌ 𝜇ቀଵି ఓ
ಲ෩ ሺೣሻቁ

ሺ𝑌ሻ. 

(3) For any fuzzy set 𝐴ሚ  in X, 𝜇෨ ሺ𝑥ሻ  𝜇షభሺሺ෨ ሻሻሺ𝑥ሻ and 𝜇෨ ሺ𝑥ሻ ൌ 𝜇షభሺሺ෨ ሻሻሺ𝑥ሻ  if 𝑓 is      

one-to-one. 

(4) For any fuzzy set 𝐵෨  in Y, 𝜇൫షభሺ෨ ሻ൯ሺ𝑦ሻ  𝜇෨ ሺ𝑦ሻ and 𝜇ቀషభሺ෨ ሻቁ
ሺ𝑦ሻ ൌ 𝜇෨ ሺ𝑦ሻ if 𝑓 is onto. 

 
3. Fuzzy Semi Pre Open Sets  

   This section is devoted to definitions, and some theorems of fuzzy semi pre-open set and 
fuzzy semi pre closed set. Moreover, we study in this section some remarks and relationship 
between fuzzy semi pre-open (semi pre closed) set and fuzzy open (closed) set. Also some 
of their properties which we need them in our study are discussed.  

 
Definition 3.1 [11]:  

Let (X,�̃�) be a f.t.s, a fuzzy set 𝐴ሚ in X is called:  
(1) Fuzzy semi pre-open set if  𝜇෨ሺ𝑥ሻ  𝜇ሺ௧ሺሺ෨ሻሻሻሺ𝑥ሻ. 

(2) Fuzzy semi pre closed set if  𝜇௧ሺሺ௧ሺ෨ሻሻሻሺ𝑥ሻ  𝜇෨ሺ𝑥ሻ. 

 
Notation 3.2:  

In f.t.s (X,�̃�), we denote: 
(1) The family of all fuzzy semi pre-open sets of X by F. S. P. O. ሺXሻ. 
(2) The family of all fuzzy semi pre closed sets of X by F. S. P. C. ሺXሻ. 
 
Theorem 3.3 [5]:  

Let 𝜌 in f.t.s (X,�̃�),  𝜇ఘሺ𝑥ሻ ∈ F.S.P.C(X) if and only if 1- 𝜇ఘሺ𝑥ሻ ∈ F.S.P.O.(X). 

Remark 3.4:  

Every fuzzy open (resp. closed) set is fuzzy semi pre-open (resp. semi pre closed) set. But 
the converse is not true in general. 
 
Example 3.5:  

Let 𝑋 ൌ  ሼ𝛼, 𝛽ሽ and let 𝐴ሚ , 𝐵෨  are fuzzy sets of X defined as follows: 
  𝜇෨ሺ𝛼ሻ ൌ 0.4             𝜇෨ሺ𝛽ሻ ൌ 0.4             𝜇෨ ሺ𝛼ሻ ൌ 0.7             𝜇෨ ሺ𝛽ሻ ൌ 0.7 
  𝜇ሚሺ𝛼ሻ ൌ 0.8             𝜇ሚሺ𝛽ሻ ൌ 0.6             𝜇ா෨ ሺ𝛼ሻ ൌ 0.3             𝜇ா෨ ሺ𝛽ሻ ൌ 0.7        

Let   �̃� ൌ ሼ0෨, 1෨, 𝐴ሚ, 𝐵෨ሽ be a f.t.s. on X, it's clear that: 

(1) The fuzzy set 𝐶ሚ is fuzzy semi pre-open set in X but it is not a fuzzy open set. 

(2) The fuzzy set 𝐸෨  is fuzzy semi pre closed set but it is not a fuzzy closed set. 
 
Theorem 3.6 [5]:  

Let (X,�̃�) be a f.t.s, then: 
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(1) Let 𝐴ሚ  ∈ F. S. P. O. ሺXሻ for each 𝑖 ∈ 𝐼 then  𝑆𝑢𝑝∈ூሼ𝜇෨ ሺ𝑥ሻሽ ∈ F. S. P. O. ሺXሻ. 

(2) Let 𝐵෨  ∈ F. S. P. C. ሺXሻ for each 𝑖 ∈ 𝐼 then  𝐼𝑛𝑓∈ூሼ𝜇෨ ሺ𝑥ሻሽ ∈ F. S. P. C. ሺXሻ. 

 
Remark 3.7 [5]: 

(1) Let  𝛿ሚ  and 𝜗ሚ be two fuzzy semi pre-open sets then 𝑀𝑖𝑛 ሼ 𝜇ఋ෩ ሺ𝑥ሻ , 𝜇ణ෩ሺ𝑥ሻሽ need not to be 

fuzzy semi pre open set. 
(2) Let  𝜌  and 𝜎 be two fuzzy semi pre closed sets then 𝑀𝑎𝑥 ሼ 𝜇ఘ ሺ𝑥ሻ , 𝜇ఙሺ𝑥ሻሽ need not to 

be fuzzy semi pre closed set. 
 
Example 3.8: 

Let 𝑋 ൌ  ሼ𝛼, 𝛽ሽ and let  𝐴ሚ , 𝐵෨  are fuzzy sets of 𝑋 defined as follows: 
  𝜇෨ሺ𝛼ሻ ൌ 0.6             𝜇෨ሺ𝛽ሻ ൌ 0.5             𝜇෨ ሺ𝛼ሻ ൌ 0.7             𝜇෨ ሺ𝛽ሻ ൌ 0.7 
  𝜇ሚሺ𝛼ሻ ൌ 0.9             𝜇ሚሺ𝛽ሻ ൌ 0.4             𝜇෩ሺ𝛼ሻ ൌ 0.4             𝜇෩ሺ𝛽ሻ ൌ 0.8   
   𝜇ா෨ ሺ𝛼ሻ ൌ 0.4             𝜇ா෨ ሺ𝛽ሻ ൌ 0.8             𝜇ி෨ሺ𝛼ሻ ൌ 0.7             𝜇ி෨ሺ𝛽ሻ ൌ 0.4   

Let   �̃� ൌ ሼ0෨, 1෨, 𝐴ሚ, 𝐵෨ሽ be a f.t.s. on X, it's clear that: 

(1) The fuzzy set 𝐶ሚ  and 𝐷෩ are fuzzy semi pre-open sets in X, but  𝑀𝑖𝑛 ሼ 𝜇ሚ ሺ𝑥ሻ , 𝜇෩ሺ𝑥ሻሽ is 
not a fuzzy semi pre-open set. 

(2) The fuzzy set  𝐸෨  and  𝐹෨ are fuzzy semi pre closed sets in X, but 𝑀𝑎𝑥 ሼ 𝜇ா෨ ሺ𝑥ሻ , 𝜇ி෨ሺ𝑥ሻሽ is 
not a fuzzy semi pre closed set. 
 
Definition 3.9: 

Let  𝑓: ሺ𝑋, �̃�ሻ   ሺ𝑌, 𝜈ሻ, then f is called:  
(1)"A fuzzy semi pre-open function" if the  𝜇ሺ௫ ሻሺ𝑌ሻ ∈ 𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑌ሻ, for each 𝑥 ∈ �̃� and 

denotedሺ𝑓. 𝑠. 𝑝. 𝑜. 𝑓. ሻ. [5] 
(2) "A fuzzy semi pre closed function" if the  𝜇ሺ௫ ሻሺ𝑌ሻ ∈ 𝐹. 𝑆. 𝑃. 𝐶. ሺ𝑌ሻ, for each 𝑥 ∈ �̃� and 

denotedሺ𝑓. 𝑠. 𝑝. 𝑐𝑙. 𝑓. ሻ. [5] 

(3)"A fuzzy semi pre- open function" if the 𝜇ሺ௫ ሻሺ𝑌ሻ ∈ 𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑌ሻ, for each 𝑥 ∈

𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑋ሻ and denotedሺ𝑓. 𝑠. 𝑝∗. 𝑜. 𝑓. ሻ. 

(4) "A fuzzy semi pre closed function" if the 𝜇ሺ௫ ሻሺ𝑌ሻ ∈ 𝐹. 𝑆. 𝑃. 𝐶. ሺ𝑌ሻ, for each 𝑥 ∈

𝐹. 𝑆. 𝑃. 𝐶. ሺ𝑋ሻ  and denotedሺ𝑓. 𝑠. 𝑝∗. 𝑐𝑙. 𝑓. ሻ. 
 
Definition 3.10: 

Let f: ሺX, τሻ   ሺY, νሻ, then f is called:  
(1) "A fuzzy semi pre continuous function" if the μ ሺ୷ሻ 

షభ ሺxሻ ∈ F. S. P. O. ሺXሻ  for each y ∈ ν  

and denoted ሺf. s. p. co. f. ሻ. [11] 
(2) "A fuzzy semi pre irresolute function" if the  μ ሺ୷ሻ 

షభ ሺxሻ ∈  F. S. P. O. ሺXሻ for each            

 y ∈ F. S. P. O. ሺYሻ and denoted ሺf. s. p. i. f. ሻ. [11] 

(3) "A fuzzy semi pre continuous function" if the μ ሺ୷ሻ 
షభ ሺxሻ is fuzzy open set in X for 

each y ∈ F. S. P. O. ሺYሻ and denoted ሺf. s. p∗. co. f. ሻ. 
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Proposition 3.11: 

(1) Every  f. s. p∗. co. f.    𝐢𝐬    f. co. f.  
(2) Every  𝑓. 𝑐𝑜. 𝑓.    𝐢𝐬    𝑓. 𝑠. 𝑝. 𝑐𝑜. 𝑓.  
(3) Every  𝑓. 𝑠. 𝑝∗. 𝑐𝑜. 𝑓.   𝐢𝐬    𝑓. 𝑠. 𝑝. 𝑐𝑜. 𝑓.  
(4) Every  𝑓. 𝑠. 𝑝∗. 𝑐𝑜. 𝑓.    𝐢𝐬    𝑓. 𝑠. 𝑝. 𝑖. 𝑓.  
(5) Every  𝑓. 𝑠. 𝑝. 𝑖. 𝑓.   𝐢𝐬    𝑓. 𝑠. 𝑝. 𝑐𝑜. 𝑓.    
Remark 3.12: 

The converse of proposition (3.11) is not true in general. 

Example 3.13: 

Let 𝑋 ൌ  ሼ𝛼, 𝛽ሽ ,   𝑌 ൌ  ሼ𝜌, 𝜎ሽ and let  𝛿ሚ , 𝜗ሚ, 𝒢ሚ  be fuzzy sets defined as follows:  
  𝜇ఋ෩ሺ𝛼ሻ ൌ 0.6             𝜇ఋ෩ሺ𝛽ሻ ൌ 0.5                     

 𝜇ణ෩ሺ𝜌ሻ ൌ 0.7             𝜇ణ෩ሺ𝜎ሻ ൌ 0.7  

 𝜇𝒢ሚሺ𝜌ሻ ൌ 0.9             𝜇𝒢ሚሺ𝜎ሻ ൌ 0.7        

Let �̃� ൌ ሼ0෨, 1෨, 𝛿ሚ, 𝜗ሚሽ ,   𝜈 ൌ ሼ0෨, 1෨, 𝜗ሚሽ  so, ሺ𝑋, �̃�ሻ and ሺ𝑌, 𝜈ሻ are f.t.s. Then the function        
𝑓: ሺ𝑋, �̃�ሻ   ሺ𝑌, 𝜈ሻ defined by 𝑓ሺ𝛼ሻ ൌ 𝜌,     𝑓ሺ𝛽ሻ ൌ 𝜎 is  𝑓. 𝑐𝑜. 𝑓  and  𝑓. 𝑠. 𝑖. 𝑓 but 
not 𝑓. 𝑠. 𝑝∗. 𝑐𝑜. 𝑓.  
 
Example 3.14: 

Let 𝑋 ൌ  ሼ𝛼, 𝛽, 𝜆ሽ,   𝑌 ൌ  ሼ𝜌, 𝜎, 𝜔ሽ and let  𝛿ሚ , 𝜗ሚ be fuzzy sets defined as follows:  
  𝜇ఋ෩ሺ𝛼ሻ ൌ 0.3             𝜇ఋ෩ሺ𝛽ሻ ൌ 0.4            𝜇ఋ෩ሺ𝜆ሻ ൌ 0.5           

 𝜇ణ෩ሺ𝜌ሻ ൌ 0.6             𝜇ణ෩ሺ𝜎ሻ ൌ 0.5            𝜇ణ෩ሺ𝜔ሻ ൌ 0.2 

Let �̃� ൌ ሼ0෨, 1෨, 𝛿ሚሽ , 𝜈 ൌ ሼ0෨, 1෨, 𝜗ሚሽ  so, (X,�̃�) and (Y,𝜈) are f.t.s. Then the function 𝑓: ሺ𝑋, �̃�ሻ →
ሺ𝑌, 𝜈ሻ defined by 𝑓ሺ𝛼ሻ ൌ 𝜌, 𝑓ሺ𝛽ሻ ൌ 𝜎, 𝑓ሺ𝜆ሻ ൌ 𝜔  is  𝑓. 𝑠. 𝑝. 𝑐𝑜. 𝑓  but not 𝑓. 𝑐𝑜. 𝑓.  and 
𝑓. 𝑠. 𝑝∗. 𝑐𝑜. 𝑓.  
Remark 3.15: 

The following diagram explains the relationship among some fuzzy continuous function. 

 

 

  

 

 

  

 

 
 

Diagram (1): The relationship among the some fuzzy continuous function 

𝑓. 𝑐𝑜. 𝑓. 

𝑓. 𝑠. 𝑝. 𝑐𝑜. 𝑓. 𝑓. 𝑠. 𝑝∗. 𝑐𝑜. 𝑓. 

𝑓. 𝑠. 𝑝. 𝑖. 𝑓. 
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4. Fuzzy Semi Pre Homeomorphism in fuzzy Topological Spaces. 
     In this section we introduce the fuzzy semi pre homeomorphism functions and fuzzy 
semi pre* homeomorphism functions in fuzzy topological spaces. Some of their properties 
and characterization have been proved and discussed in details. 
Definition 4.1: 

Let 𝑓: ሺ𝑋, �̃�ሻ   ሺ𝑌, 𝜈ሻ be bijection fuzzy function, f is called a fuzzy semi pre 
homeomorphism iff  f  and    f -1 are 𝑓. 𝑠. 𝑝. 𝑐𝑜. 𝑓𝑠. (abbreviated as 𝑓. 𝑠. 𝑝. ℎ. 𝑓. ) 
Theorem 4.2: 

Every fuzzy homeomorphism function is a fuzzy semi pre homeomorphism function.  

Proof: 

Let 𝑓: ሺ𝑋, �̃�ሻ   ሺ𝑌, 𝜈ሻ be a fuzzy homeomorphism function. So, f and f -1 are fuzzy 
continuous functions. Hence, by Proposition (3.11) f and f -1 are fuzzy semi pre continuous 
functions. Thus, f  is a fuzzy semi pre homeomorphism 
The converse of ሺTheorem ሺ4.2ሻሻ is not true in general, so the below example explain that. 
 
Example 4.3: 

Let 𝑋 ൌ  ሼ𝑥, 𝑦, 𝑧ሽ,   𝑌 ൌ  ሼ𝛼, 𝛽, 𝜎ሽ and let  𝐴ሚ , 𝐵෨  be fuzzy sets defined as follows:  
  𝜇෨ሺ𝑥ሻ ൌ 0.2             𝜇෨ሺ𝑦ሻ ൌ 0.3            𝜇෨ሺ𝑧ሻ ൌ 0.5           
 𝜇෨ ሺ𝛼ሻ ൌ 0.5             𝜇෨ ሺ𝛽ሻ ൌ 0.4            𝜇෨ ሺ𝜎ሻ ൌ 0.1 

Let �̃� ൌ ሼ0෨, 1෨, 𝐴ሚሽ , 𝜈 ൌ ሼ0෨, 1෨, 𝐵෨ሽ  so, (X,�̃�) and (Y,𝜈) are f.t.s. Then the function 𝑓: ሺ𝑋, �̃�ሻ →
ሺ𝑌, 𝜈ሻ defined by 𝑓ሺ𝑥ሻ ൌ 𝛼, 𝑓ሺ𝑦ሻ ൌ 𝛽, 𝑓ሺ𝑧ሻ ൌ 𝜎  is  𝑓. 𝑠. 𝑝. ℎ. 𝑓 but not 𝑓. ℎ. 𝑓.   since f and  f 
-1 are not 𝑓. 𝑐𝑜. 𝑓. 
 
Theorem 4.4: 

Let 𝑓: ሺ𝑋, �̃�ሻ   ሺ𝑌, 𝜈ሻ be bijection fuzzy function then the below statements are 
equivalent. 
(1) f is a fuzzy semi pre-open function. 
(2) f is a fuzzy semi pre closed function. 
(3) f -1 is a fuzzy semi pre continuous function. 

Proof: 

(1) → (2) Let 𝜌 be fuzzy closed set belong to X, then ሺ1 െ 𝜇ఘሺ𝑥ሻሻ is a fuzzy open set 

belong to X since f  is a fuzzy semi pre-open function. Then 𝑓 ሺ1 െ  𝜇ఘሺ𝑥ሻሻ  ∈

 𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑌ሻ. So, by [Theorem ሺ2.4ሻ] we obtain ሺ1 – ሺ𝜇ሺఘሻሺ𝑓ሺ𝑥ሻሻሻ  ൌ

 ሺ1 – ሺ𝜇ሺఘሻሺ𝑦ሻሻ  ∈  𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑌ሻ. Thus, by [Theorem ሺ3.3ሻ] ሺ𝜇ሺఘሻሺ𝑦ሻሻ ∈  𝐹. 𝑆. 𝑃. 𝐶. ሺ𝑌ሻ. 

Hence, f is a fuzzy semi pre closed function 

 (2) → (3) Let 𝛿ሚ be any fuzzy open set belong to X. So, ሺ1 െ 𝜇ఋ෩ሺ𝑥ሻሻ is a fuzzy closed set 

belong to X. but f  is a fuzzy semi pre closed function. So, 𝑓 ሺ1 െ  𝜇ఋ෩ሺ𝑥ሻሻ  ∈  𝐹. 𝑆. 𝑃. 𝐶. ሺ𝑌ሻ 

By [Theorem (2.4)] we obtain ሺ1 – ሺ𝜇ሺఋ෩ሻሺ𝑓ሺ𝑥ሻሻሻ  ൌ  ሺ1 – ሺ𝜇ሺఋ෩ሻሺ𝑦ሻሻ  ∈  𝐹. 𝑆. 𝑃. 𝐶. ሺ𝑌ሻ. 

Thus, by [Theorem (3.3)] ሺ𝜇ሺఋ෩ሻሺ𝑦ሻሻ  ൌ  𝜇ሺషభሻషభሺఋ෩ሻሺ𝑦ሻ  ∈  𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑌ሻ. Hence, f -1 is a 

fuzzy semi pre continuous function 
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 (3) → (1) Let 𝜔 be any fuzzy open set belong to X. and since, f -1 is a fuzzy semi pre 
continuous function. So, 𝜇ሺషభሻషభሺఠ ሻሺ𝑦ሻ ൌ  ሺ𝜇ሺఠ ሻሺ𝑦ሻሻ ∈  𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑌ሻ  . Hence, f is a fuzzy 

semi pre-open function 
 
Corollary 4.5: 

Let 𝑓: ሺ𝑋, �̃�ሻ   ሺ𝑌, 𝜈ሻ be a bijective fuzzy function, then the below statements are 
equivalent.  
(1) f is a fuzzy semi pre continuous and a fuzzy semi pre-open functions. 
(2) f is a fuzzy semi pre continuous and a fuzzy semi pre closed functions. 
(3) f is a fuzzy semi pre homeomorphism function.  
Proof: 

(1) → (2) Follows from proof Theorem (4.4) [(1) → (2)] 
(2) → (3) Follows from proof Theorem (4.4) [(2) → (3)] 
(3) →(1) Follows from Definition (4.1) and proof Theorem (4.4) [(3) →(1)] 
 
Definition 4.6: 

   Let 𝑓: ሺ𝑋, �̃�ሻ   ሺ𝑌, 𝜈ሻ be bijection fuzzy function, f is called a fuzzy semi pre 
homeomorphism iff f and f -1 are fuzzy semi pre irresolute functions (abbreviated as 

𝑓. 𝑠. 𝑝∗. ℎ. 𝑓. ).We say the spaces (X,�̃�) and (Y,𝜈) are fuzzy semi pre homeomorphism if there 

exist a fuzzy semi pre homeomorphism from (X,�̃�) on to (Y,𝜈). 

The family of fuzzy semi pre homeomorphism from a f.t.s (X,�̃�) to itself is denoted by fuzzy 

semi pre Homeomorphism(X,�̃�) (abbreviated as 𝑓. 𝑠. 𝑝∗. ℎ.(X,�̃�)). 
 
Theorem 4.7 

Every fuzzy semi pre homeomorphism function is a fuzzy semi pre homeomorphism 
function. 
Proof: 

Let 𝑓: ሺ𝑋, �̃�ሻ   ሺ𝑌, 𝜈ሻ be a fuzzy semi pre homeomorphism function, So, f and f -1 are 
fuzzy semi pre irresolute functions. Hence, by Proposition (3.11) f and f -1 are fuzzy semi pre 
continuous functions. Thus, 𝑓  is a fuzzy semi pre homeomorphism function 

 
Theorem 4.8: 

Let  𝑓: ሺ𝑋, �̃�ሻ   ሺ𝑌, 𝜈ሻ be a bijective fuzzy function, then the below statements are 
equivalent.  

(1) f is a fuzzy semi pre irresolute and a fuzzy semi pre- open functions. 

(2) f is a fuzzy semi pre irresolute and a fuzzy semi pre closed functions. 

(3) f is a fuzzy semi pre homeomorphism function. 
Proof: 

(1) → (2) Let 𝜌 ∈ 𝐹. 𝑆. 𝑃. 𝐶. ሺ𝑋ሻ.Thenሺ1 െ 𝜇ఘሺ𝑥ሻሻ ∈ 𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑋ሻ since f is a fuzzy semi 

pre- open function. Then 𝑓 ሺ1 െ  𝜇ఘሺ𝑥ሻሻ ∈  𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑌ሻ. So, by [Theorem ሺ2.4ሻ] we 

obtain ሺ1 – ሺ𝜇ሺఘሻሺ𝑓ሺ𝑥ሻሻሻ ൌ ሺ1 – ሺ𝜇ሺఘሻሺ𝑦ሻሻ ∈  𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑌ሻ.Thus, 𝜇ሺఘሻሺ𝑦ሻሻ ∈
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 𝐹. 𝑆. 𝑃. 𝐶. ሺ𝑌ሻ. Hence, f is a fuzzy semi pre irresolute and a fuzzy semi pre closed functions 
 
 

(2) → (3) Let 𝛿ሚ ∈ 𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑋ሻ. So, ሺ1 െ  𝜇ఋ෩ሺ𝑥ሻሻ ∈ 𝐹. 𝑆. 𝑃. 𝐶. ሺ𝑋ሻ. but f is a fuzzy semi pre 

closed functions. So, 𝑓ሺ1 െ 𝜇ఋ෩ሺ𝑥ሻሻ ∈  𝐹. 𝑆. 𝑃. 𝐶. ሺ𝑌ሻ. By [Theorem (2.4)] we obtain 

ሺ1 – ሺ𝜇ሺఋ෩ሻሺ𝑓ሺ𝑥ሻሻሻ = ሺ1 – ሺ𝜇ሺఋ෩ሻሺ𝑦ሻሻ ∈ 𝐹. 𝑆. 𝑃. 𝐶. ሺ𝑌ሻ.Thus,  ሺ𝜇ሺఋ෩ሻሺ𝑦ሻሻ  ൌ  𝜇ሺషభሻషభሺఋ෩ሻሺ𝑦ሻ ∈

𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑌ሻ. Hence, 𝑓ିଵ is a fuzzy semi pre irresolute function and we know f is a fuzzy 

semi pre irresolute function. Therefor; f  is a fuzzy semi pre homeomorphism function 
(3) → (1) Let 𝜔   ∈ 𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑋ሻ.Since, 𝑓ିଵ is a fuzzy semi pre irresolute function So, 
𝜇ሺషభሻషభሺఠ ሻሺ𝑦ሻ ൌ  ሺ𝜇ሺఠ ሻሺ𝑦ሻሻ ∈ 𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑌ሻ. Hence, by [definition (4.6)]  f is a fuzzy semi 

pre irresolute function and a fuzzy semi pre- open function 
 
Theorem 4.9: 

Let 𝑓: ሺ𝑋, �̃�ሻ   ሺ𝑌, 𝜈ሻ and  ℎ: ሺ𝑌, 𝜈ሻ   ሺ𝑍, 𝑢ሻ are two fuzzy semi pre homeomorphism 

function then the function ℎ ∘ 𝑓: ሺ𝑋, �̃�ሻ   ሺ𝑍, 𝑢ሻ is also a fuzzy semi pre homeomorphism 
function.  
  
Proof: 
Let 𝜇ఈሺ𝑧ሻ  𝜇௭ሺ𝑧ሻ ∈ 𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑍ሻ , since h is a fuzzy semi pre irresolute function. So, 
𝜇షభሺఈሻሺ𝑦ሻ ∈ 𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑌ሻ also since f is a fuzzy semi pre irresolute function. So, we 

obtain  𝜇షభቀషభሺఈሻቁ
ሺ𝑥ሻ ൌ 𝜇ሺℎ∘𝑓 ሻషభሺఈሻሺ𝑥ሻ ∈ 𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑋ሻ. Thus, ℎ ∘ 𝑓 is a fuzzy semi pre 

irresolute function. 
And let 𝜇ఉ෩ ሺ𝑥ሻ  𝜇௫ሺ𝑥ሻ ∈ 𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑋ሻ, since f -1 is a fuzzy semi pre irresolute function. So, 

𝜇ሺషభሻషభሺఉ෩ሻሺ𝑦ሻ ൌ 𝜇ሺఉ෩ሻሺ𝑦ሻ ∈ 𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑌ሻ and since h-1 is a fuzzy semi pre irresolute 

function,So, 𝜇ሺషభሻషభሺሺఉ෩ሻሻሺ𝑧ሻ ൌ 𝜇ሺሺఉ෩ሻሻሺ𝑧ሻ ൌ 𝜇ሺ∘ሻሺఉ෩ሻሺ𝑧ሻ ൌ 𝜇ሺሺ∘ሻషభሻషభሺఉ෩ሻሺ𝑧ሻ ∈

𝐹. 𝑆. 𝑃. 𝑂. ሺ𝑍ሻ. Thus, (ℎ ∘ 𝑓)-1 is a fuzzy semi pre irresolute function. Therefore, ℎ ∘ 𝑓 is a 

fuzzy semi pre homeomorphism function 
 
Theorem 4.10: 

Let ሺ𝑋, �̃�ሻ be the set of all fuzzy semi pre homeomorphism (or 𝑓. 𝑠. 𝑝∗. ℎ. ሺ𝑋, �̃�ሻfor short), 
then ሺ𝑋, �̃�ሻ  is a group under the usual composition functions. 
 

Proof: 

    Assume that ∗: 𝑓. 𝑠. 𝑝∗. ℎ. ሺ𝑋, �̃�ሻ ൈ 𝑓. 𝑠. 𝑝∗. ℎ. ሺ𝑋, �̃�ሻ → 𝑓. 𝑠. 𝑝∗. ℎ. ሺ𝑋, �̃�ሻ is a binary operation 
function defined by  𝜇∗𝑓ሺ𝑥ሻ ൌ 𝜇∘𝑓ሺ𝑥ሻ , for all 𝜇ሺ𝑥ሻ, 𝜇ሺ𝑥ሻ  𝜇.௦.∗..ሺ,ఛሻሺ𝑥ሻ . Now by 

the above [Theorem (4.9)], we get  𝜇∘𝑓ሺ𝑥ሻ   𝜇.௦.∗..ሺ,ఛሻሺ𝑥ሻ  i.e, (∗) is closed and by usual 

definition of  composition functions we know (∗) is associative and there exists the identity 
function  𝐼: 𝑓. 𝑠. 𝑝∗. ℎ. ሺ𝑋, �̃�ሻ → 𝑓. 𝑠. 𝑝∗. ℎ. ሺ𝑋, �̃�ሻ such that 𝜇∘𝐼ሺ𝑥ሻ ൌ 𝜇ூ∘𝑓ሺ𝑥ሻ ൌ 𝜇ሺ𝑥ሻ i.e., 

𝜇∗𝐼ሺ𝑥ሻ ൌ 𝜇ூ∗𝑓ሺ𝑥ሻ ൌ 𝜇ሺ𝑥ሻ and finely for all 𝜇ሺ𝑥ሻ  𝜇.௦.∗..ሺ,ఛሻሺ𝑥ሻ there exists 𝜇షభሺ𝑥ሻ 

𝜇.௦.∗..ሺ,ఛሻሺ𝑥ሻ such that 𝜇∘షభሺ𝑥ሻ ൌ 𝜇షభ∘𝑓ሺ𝑥ሻ ൌ 𝜇ூሺ𝑥ሻ i.e, 𝜇∗షభሺ𝑥ሻ ൌ 𝜇షభ∗𝑓ሺ𝑥ሻ ൌ

𝜇ூሺ𝑥ሻ.Thus it's clear ሺ𝑓. 𝑠. 𝑝∗. ℎ. ሺ𝑋, �̃�ሻ, ∘ሻ  is a group 
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5. Conclusions 

In this paper, we been developed the new types of fuzzy homeomorphism function in 
fuzzy topological spaces called fuzzy semi pre homeomorphism function and fuzzy semi 
pre* homeomorphism function. In addition to that we developed the relationship between 
these new types of fuzzy homeomorphism function in fuzzy topological spaces with some 
new kinds of fuzzy semi pre continuous function. Finally, we structure a group under the 
usual composition functions by using these new types of fuzzy homeomorphism function. 
As follows: 

(I) Every fuzzy semi pre homeomorphism function is a fuzzy semi pre homeomorphism 
function. 

(II) Let  𝑓: ሺ𝑋, �̃�ሻ   ሺ𝑌, 𝜈ሻ be a bijective fuzzy function, then the below statements are 
equivalent.  

(1) f is a fuzzy semi pre irresolute and a fuzzy semi pre- open functions. 

(2) f is a fuzzy semi pre irresolute and a fuzzy semi pre closed functions. 

(3) f is a fuzzy semi pre homeomorphism function. 

(III) Let ሺ𝑋, �̃�ሻ be the set of all fuzzy semi pre homeomorphism (or 𝑓. 𝑠. 𝑝∗. ℎ. ሺ𝑋, �̃�ሻfor 
short), then ሺ𝑋, �̃�ሻ  is a group under the usual composition functions. 
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