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Abstract 

        Throughout this paper, we introduce the notion of weak essential F-submodules of F-
modules as a generalization of weak essential submodules. Also, we study the homomorphic 
image and inverse image of weak essential F-submodules. 

Keywords: Semi-prime F-submodules, essential F-submodules. 

1.Introduction 

      Let S ്  ∅. Zadeh [1] defined F-subset X of S as a mapping X: S ⟶[0,1]. Negoita and 
Ralescu [2] introduced the concept of F-modules. Mashinchi and Zahedi [3] introduced the 
notion of F-submodules. 
     Mona [4] introduced and studied the concept of weak essential submodules, where a 
submodule Η of ℳ is called a weak essential, if H ∩ L ് (0), for each non-zero semiprime 
submodule L of ℳ. In this paper, we introduce the notion weak essential    F- submodule of 
F-module. We investigate some basic results about weak essential submodules. 
    Next, throughout this paper ℛ is a commutative ring with identity, ℳ is an   ℛ-module and 
X is a F-module of an ℛ-module ℳ.  
     Finally, (shortly fuzzy set, fuzzy submodule and fuzzy module is F-set, F-submodule and 
F- module). 

S.1 Preliminaries  

        In this section, we shall give the concepts of  F-sets and operations on F-sets, with some 
important properties of them, which are used in this paper. 
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Definition 1.1 [1]: 

  Let S be a non-empty set and let I be a closed interval [0,1] of the real line (real number ). A  
F-set X  in S (a fuzzy subset  X of  S) is characterized  by a membership function  X ∶ 𝑆 ⟶ I, 
Definition 1.2 [2] 
           Let  x௧ ∶  𝑆 ⟶ I, be a F-set in S, where x ∈  S , t ∈ I, defined by: 

x௧ ൌ ൜
1    𝑖𝑓    𝑥 ൌ 𝑦
0    𝑖𝑓    𝑥 ് 𝑦    

Then x௧  a said F- singleton. 
      If x  = 0 and t  = 1 then :  

0ଵሺ𝑦ሻ ൌ ൜
1    𝑖𝑓    𝑦 ൌ 0
0    𝑖𝑓    𝑦 ് 0          

      We shall call such F-singleton the F-zero singleton. 
Proposition 1.3 [3]: 
         Let 𝑎௧, 𝑏 be two F-singletons of a set S. If 𝑎௧= 𝑏, then a = b and t = k, where   t, k ∈ I. 
Definition 1.4 [5]:  
       Let 𝐴ଵ, 𝐴ଶ  are  F-sets in S, then : 
1. 𝐴ଵ = 𝐴ଶ if and only if 𝐴ଵ(x) =𝐴ଶ(x) , ∀ x ∈ 𝑆. 
2. 𝐴ଵ  ⊆ 𝐴2 if and only if 𝐴ଵ(x) 𝐴ଶሺxሻ, ∀ x ∈ 𝑆. 
     If 𝐴ଵ ⊂ 𝐴ଶ and there exists x ∈ S such that 𝐴ଵ(x) ൏ 𝐴ଶ(x), then 𝐴ଵ is called  a proper F-
subset of 𝐴ଶ. 
3.  x௧ ⊆ A if and only x௧ሺ𝑦ሻ  Aሺ𝑦ሻ, ∀ y ∈ 𝑆 𝑎𝑛𝑑 if t  0 𝑡ℎ𝑒𝑛 Aሺxሻ  t. Thus      x௧ ⊆ A (x 
∈ 𝐴௧), ( that is x ∈ 𝐴௧ if and only if x௧ ⊆ A) 
Definition 1.5 [5]:  
        Let 𝐴ଵ, 𝐴ଶ are F-sets in S, then: 
1.ሺ𝐴ଵ  ∪ 𝐴ଶሻ(x) = maxሼ𝐴ଵሺxሻ, 𝐴ଶሺxሻሽ, ∀ x ∈ 𝑆. 
2.ሺ𝐴ଵ ∩ 𝐴ଶሻሺxሻ ൌ minሼ𝐴ଵሺxሻ, 𝐴ଶሺxሻሽ , ∀ x ∈ 𝑆. 
𝐴ଵ ∪ 𝐴ଶ 𝑎𝑛𝑑 𝐴ଵ ∩ 𝐴ଶ are  F-sets in S. 
     In general  if ሼ𝐴ఈ, 𝛼 ∈ Λ ሽ,  is a family of F-sets in S, then: 

൭ሩ 𝐴ఈ

ఈ∈ஃ

൱ ሺxሻ ൌ 𝑖𝑛𝑓ሼ𝐴ఈሺxሻ, 𝛼 ∈ Λሽ, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑆. 

൭ራ 𝐴ఈ

ఈ∈ஃ

൱ ሺxሻ ൌ supሼ𝐴ఈሺxሻ, 𝛼 ∈ Λሽ , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑆. 

        Now, we give the definition of level subset, which is a set between F-set and ordinary 
set. 
Definition 1.6 [6]: 
       Let Α be a F-set in S. For t ∈ I, the set 𝐴௧ ൌ ሼ𝑥 ∈ 𝑆, Αሺ𝑥ሻ  𝑡ሽ is called level 
𝒔𝒖𝒃𝒔𝒆𝒕 𝒐𝒇 𝐗 . " 
      The following are some properties of the level subset: 
Remark 1.7 [1]:  
     Let Α, Β are F-subsets of S,  t ∈ I, then: 
1. ሺ𝐴 ∩ 𝐵ሻ௧ ൌ 𝐴௧ ∩ 𝐵௧.  
2. ሺ𝐴 ∪ 𝐵ሻ௧ ൌ 𝐴௧ ∪ 𝐵௧. 
3. A = B if and only if 𝐴௧ ൌ 𝐵௧, for all t [0,1]. 
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Definition1.8 [7]: 
      Let f  be a mapping from a set ℳଵ into a set ℳଶ, let A be a F-set in ℳଵ and B be a F-set 
in ℳଶ. The image of A denoted by f (A) is the F-set in ℳଶ defined by: 

f ሺΑሻ(yሻ = ൜ 𝑠𝑢𝑝ሼ𝐴ሺ𝑧ሻ| 𝑧 ∈ 𝑓ିଵሺyሻሽ 𝑖𝑓   𝑓ିଵሺ𝑦ሻ ് ∅, 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ y ∈ ℳଶ 
0                                𝑜. 𝑤                                                                   

 

where 𝑓ିଵሺyሻ ൌ ሼ x ∶ 𝑓ሺxሻ ൌ yሽ 
     And the inverse of B(x), denoted by 𝑓ିଵሺBሻ is the F-set in ℳଵdefined by:  𝑓ିଵሺΒሻ ൌ
Β൫𝑓ሺxሻ൯, for all x ∈ ℳଵ. 

Definition 1.9 [8]: 
        Let f  be a function from a set ℳଵ into a set ℳଶ. A F-subset A of ℳଵ is a said   f-
invariant if A(x) = A(y), whenever f (x) = f (y), where x, y ∈ ℳଵ. 
Proposition 1.10 [8]: 
       If  f  is a function defined on a set ℳ, 𝐴ଵ 𝑎𝑛𝑑𝐴ଶ are F-subsets of ℳ, 𝐵ଵ 𝑎𝑛𝑑 𝐵ଶ are F-
subset of  f (ℳ). The followings are true: 

1. 𝐴ଵ ⊆ 𝑓ିଵ൫𝑓ሺ𝐴ଵሻ൯. 

2. 𝐴ଵ ൌ 𝑓ିଵ൫𝑓ሺ𝐴ଵሻ൯, whenever 𝐴ଵ is f-invariant. 

3. 𝑓൫𝑓ିଵሺ𝐵ଵሻ൯ ൌ 𝐵ଵ. 
4. If 𝐴ଵ ⊆ 𝐴ଶ, then 𝑓ሺ𝐴ଵሻ ⊆ 𝑓ሺ𝐴ଶሻ. 

5. If 𝐵ଵ ⊆ 𝐵ଶ,then 𝑓ିଵሺ𝐵ଵሻ ⊆ 𝑓ିଵሺ𝐵ଶሻ. 
6. Let f  be a function from a set ℳ into N. If 𝐵ଵ and 𝐵ଶ 𝑎𝑟𝑒 F-subsets of N, then 

𝑓ିଵሺ𝐵ଵ ∩ 𝐵ଶሻ =𝑓ିଵሺ𝐵ଵሻ ∩ 𝑓ିଵሺ𝐵ଶሻ [9] . 
Definition 1.11 [2]: 
     A said F-set X is F-module of an ℛ-module ℳ if: 
1. X(𝜈 െ 𝜇)  min ሼXሺ𝜈ሻ, Xሺ𝜇ሻሽ, ∀ 𝜈, 𝜇 ∈ ℳ. 
2. X(r𝜈)   X(𝜈), ∀ 𝜈 ∈ ℳ and r ∈ ℛ.  
3. X(0) = 1 ( 0 is the zero element of ℳ ). 
Definition 1.12 [3]: 
        Let Xଵ, Xଶ are F-modules of an ℛ-module ℳ. Xଶ is a said F-submodule of Xଵ if  Xଶ ⊆
 Xଵ." 
Proposition 1.13 [10]: 
       Let Xଵ, Xଶ be two F-modules of an ℛ-module ℳଵ and ℳଶ resp. Let f :𝑋ଵ ⟶ 𝑋ଶ be  F-
homomorphism. 
If 𝐴ଵ and 𝐴ଶ are two F-submodules of  Xଵ and Xଶ resp., then: 
1. 𝑓ሺ𝐴ଵሻ is a F-submodule of Xଶ . 
2. 𝑓ିଵሺ𝐴ଶሻ is a Ϝ-submodule of Xଵ. 
Proposition 1.14 [11]: 
        Let Α be a F-set of an ℛ-module ℳ. Then, the level subset 𝐴௧, t ∈ I, is a submodule of 
ℳ  iff  Α is Ϝ-submodule of  X. 
Definition 1.15 [3]: 
      Let A be a F-module in ℳ, then we define: 
1. 𝐴 ൌ ሼx ∈ ℳ: 𝐴ሺxሻ  0ሽ is called support of A, also 
          𝐴 ൌ∪ 𝐴௧, t ∈ ሺ0,1ሿ. 
2. 𝐴 ൌ ሼx ∈ ℳ: 𝐴ሺxሻ ൌ 1 ൌ 𝐴ሺ0ℳሻሽ. 
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Definition1.16 [12]:  
        A F-submodule Α of a F-module X is called an essential (briefly Α  X), if                  
Α ∩ 𝛣 ് 0ଵ, for any non-trivial F-submodule Β of  X .   

 2. Weak Essential Fuzzy Submodules 

         Mona in [4] introduced the concept of weak essential submodule, where a submodule Η 
of ℳ is a said weak essential, if H ∩ L ് (0), for each non-zero semiprime submodule L of 
ℳ, where a submodule N of an ℛ-module ℳ is called semiprime if for each r ∈ ℛ and m ∈
ℳ, if rଶx ∈ N, then rx ∈ N [13]. We shall fuzzify this concept.  
Definition 2.1 [14]: 
         Let Α be F-submodule of F-module X is a said a semiprime Ϝ-submodule if 𝑟௧

𝑎௦ ⊆ 𝐴, 
for F-singleton 𝑟௧ of ℛ, 𝑎௦ ⊆ X, k ∈ 𝑍ା, then 𝑟௧𝑎௦ ⊆ 𝐴. Equivalently, A is semiprime F-
submodule if 𝑟௧²𝑎௦ ⊆ 𝐴 for 𝑎௦ ⊆ X and 𝑟௧ a F-singleton of ℛ, then 𝑟௧𝑎௦ ⊆ 𝐴. " 
Definition 2.2: 
        Let 𝐴ଵ be F-submodule of F-module X. 𝐴ଵ is  a said weak essential F-submodule  if 
𝐴ଵ  ∩ 𝑆 ് 0ଵ, for each non-trivial semiprime F-submodules of X. Equivalently        F-
submodule A of a F-module X is called weak essential F-submodule if  A ∩ 𝑆 ൌ 0ଵ, then S ൌ
0ଵ, for every semiprime F-submodule of X . 
        Next, proposition is a characterization of a weak essential  F-submodule. 
Proposition 2.3: 
      Let X be a F-module and A a non-trivial F-submodule of X  is a weak essential  F-
submodule if and only if for each non-trivial semiprime F-submodule S of X, there exists 
x௦ ⊆ 𝑆 and r௧ of ℛ, such that x௦r௧ ⊆ 𝐴, ∀ 𝑡 ∈ ሺ0,1ሿ. 
Proof: 
   Suppose that non-trivial semiprime F-submodule S of X, there exists x௦ ⊆ 𝑆 and r௧ of ℛ 
such that 0ଵ ് x௦r௧ ⊆ 𝐴. Note that x௦r௧ ⊆ 𝑆. 
0ଵ ് x௦r௧ ⊆ 𝐴 ∩ 𝐵. Thus A∩ 𝐵 ് 0ଵ, that is A is weak essential F-submodule. 
    Conversely, A is weak essential F-submodule, then A∩ 𝑆 ് 0ଵ, for each non-trivial 
semiprime F-submodule S of X. Thus, there exists 0ଵ ് x௧ ⊆ 𝐴 ∩ 𝑆, implying that x௧ ⊆ 𝐴 
and hence 0ଵ ് 𝑥௦𝑟௧ ⊆ 𝐴, ∀ 𝑡 ∈ ሺ0,1ሿ. 
     Now, we give the following Lemma, which we will need in proving the next result. 
Lemma 2.4: 
     Let A be a F-submodule of a F-module X if 𝐴௧ weak essential submodule of X௧, ∀ 𝑡 ∈ I. 
Then Α is weak essential F-submodule in X.  
Proof: 
     Assume Β a semiprime F-submodule of X such that B ് 0ଵ, since B semiprime                  
F-submodule of X, hence 𝐵௧ semiprime submodule of X௧, ∀ 𝑡 ∈ ሺ0,1ሿ, see              [14, 
Theorem(2.4)], which implies 𝐴௧ ∩ 𝐵௧ ് ሺ0ሻ, since 𝐴௧ is weak essential submodule and 𝐴௧ ∩
𝐵௧ ൌ ሺ𝐴 ∩ 𝐵ሻ௧ ് ሺ0ሻ, hence A ∩ 𝐵 ് 0ଵ by Remark (1.7)(3). Thus, A is a weak essential F-
submodule of X.  
Remark 2.5: 
       Every essential F-submodule is weak essential F-submodule. But the converse is not true 
in general, for example: 
Example: 
       Let ℳ = 𝑍ଷ as Z-module. Define X : ℳ ⟶ I, by: 
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X(a) = 1,  for all    𝑎 ∈ 𝑍ଷ 

Let A : ℳ ⟶ I, define by: A(x) = ቐ
1                   𝑖𝑓           x ൌ 0
1

2     ൗ 𝑖𝑓       x ∈ ሺ9ሻ െ ሺ0ሻ
0                         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

It is clear that A F-submodule of X, 𝐴భ
మ

ൌ ሺ9ሻ is weak essential by  [4, Remarks(1.5)], then A 

is weak essential F-submodule by Lemma(2.4). Let  

B : ℳ ⟶ I,  as defined by: B(x) = ቐ
1                      𝑖𝑓  x ൌ 0
1

2ൗ   𝑖𝑓  x ∈ ሺ4ሻ െ ሺ0ሻ
0                   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

   

It is clear that B  F-submodule of X. A is not essential, since 

                 Α ∩ 𝐵ሺxሻ ൌ ቄ1               𝑖𝑓 x ൌ 0
0           𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

A ∩ 𝐵 ൌ 0ଵ and B ് 0ଵ; therefore A is not essential F-submodule . 
 Remark 2.6: 
      The converse of Lemma (2.4) is not true in general. 
Example 2.7: 

     Let ℳ = 𝑍 as Z-module. Define X : ℳ ⟶ I, A : ℳ ⟶ I by:     X(a) = ቐ
1           𝑖𝑓  𝑎 ൌ 0
1

2ൗ    𝑖𝑓  𝑎 ൌ 2,4
0        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

          

, A(a) = ቐ
1            𝑖𝑓 𝑎 ൌ 0
1

3ൗ    𝑖𝑓  𝑎 ൌ 2,4
0        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

A is an essential F-submodule, then A is weak essential by Remark (2.5), but    𝐴భ
మ

ൌ ሺ 0ሻ  is 

not essential see [15, Remark (2.1)]. Also 𝐴భ
మ
 is not weak essential, since 𝐴భ

మ
∩ 𝑆 ൌ ሺ0ሻ, where 

S any semiprime submodule. Therefore 𝐴௧is not weak essential of  X௧. 
 
Proposition 2.8: 
       Let Α be a F-submodule of a F-module X, then Α is weak essential in X iff 𝐴∗ is weak 
essential submodule in X∗. 
Proof: 
       Let 𝐴∗ is a weak essential submodule in X∗. To show A is weak essential   F-submodule 
in X . 
Assume that S is semiprime F-submodule of X and A ∩ 𝑆 ൌ 0ଵ,then ሺ𝐴 ∩ 𝑆ሻ∗ ൌ ሺ0ሻ, implies 
that 𝐴∗ ∩ 𝑆∗ ൌ ሺ0ሻ. But S is semiprime F-submodule, then 𝑆௧ is semiprime see [14, Theorem 
(2.4)], so  𝑆∗ is semiprime, hence 𝑆∗ ൌ ሺ0ሻ, so S = 0ଵ. Thus, A is weak essential F-submodule 
in X. 
      Conversely, let A is a weak essential F-submodule in X, we have to show that 𝐴∗ is weak 
essential submodule in X∗. 
Let N is semiprime submodule of X∗ and 𝐴∗ ∩ 𝑁 ൌ ሺ0ሻ, we must prove N = (0). 

Define B : ℳ ⟶ I  by:    B(x) = ቄ1           𝑖𝑓 x ∈ 𝑁
0       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

It is clear that B F-submodule of X,  𝐵∗ ൌ 𝑁, so 𝐴∗ ∩ 𝐵∗ ൌ ሺ0ሻ, then ሺ𝐴 ∩ 𝐵ሻ∗ ൌ ሺ0ሻ, hence 
by Remark(1.7)(3), A∩ 𝐵 ൌ 0ଵ and B = 0ଵ, since A is weak essential F-submodule in X, so 
𝐵∗ ൌ ሺ0ሻ; therefore 
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N = (0). Thus 𝐴∗ is weak essential submodule in X∗. 
Remarks 2.9: 
1. Let Α, Β are F-submodules of X such that A ⊆ 𝐵 and Β is weak essential   F-submodule of 
X, then A need not be weak essential  F-submodule for example: 
        Let ℳ be as Z-module 𝑍ଷ.  Let X : ℳ ⟶ I, define by : 
X(a) = 1,  for all   𝑎 ∈ 𝑍ଷ. 
Define A: ℳ ⟶ I ,    B : ℳ ⟶ I  by: 

A(x) = ൜1          𝑖𝑓   x ∈ ሺ18ሻ
0              𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

           ,           B(x) = ൜1         𝑖𝑓 x ∈ ሺ2ሻ
0        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

 It is clear that X௧ ൌ 𝑍ଷ and  A, B are  F-submodules of X . 
𝐵௧ a weak essential submodule in X௧ see [4, Remarks(1.5)]. Thus B is weak essential  F-
submodule of  X by Lemma (2.4).  Let C : ℳ ⟶ I,  as defined by: 

C(x) = ൜1           𝑖𝑓 x ∈ ሺ12ሻ
0             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  , where C  semiprime  F-submodule  

C௧ ൌ ሺ12ሻ, is semiprime submodule of X ௧ (∀ 𝑡  0ሻ. But A ∩ 𝐶 ൌ 0ଵ, therefore Α is not weak 
essential  F-submodule of X . 
2. Let A, B are F-submodule such that A ⊆ 𝐵. If A is weak essential F-submodule in X 
implying Β is a weak essential F-submodule of  X. 
Proof:  
      Assume that B ∩ 𝑆 ൌ 0ଵ, for some semi-prime F-submodule S of X, then   A ∩ 𝑆 ൌ 0ଵ. 
But A is weak essential F-submodule, hence S = 0ଵ. That is B is weak essential F-submodule 
of X . 
3. Let A, B be are F-submodules of F-module X if A ∩ 𝐵 a weak essential  F-submodule of X, 
then both of A and B are weak essential F-submodules of  X. 
Proof: 
     It is clear by (2). 
       Note that, the converse is not true in general, for example: 
Example: 
       Let ℳ be 𝑍ଷ as Z-module. Define  X : ℳ ⟶ I  by: 
X(a) = 1, for all   𝑎 ∈ 𝑍ଷ. 
Let A : ℳ ⟶ I,   B : ℳ ⟶ I, define by: 

A(x) = ൜1   𝑖𝑓  x ∈ ሺ12ሻ
0     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

       ,    B(x) = ൜1     𝑖𝑓 x ∈ ሺ18ሻ
0      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Clearly A, B are  F-submodules of Χ,  𝐴௧ ൌ ൫12൯, 

𝐵௧ ൌ ሺ18ሻ, ∀ 𝑡 ∈ ሺ0,1ሿ  are weak essential submodules of X௧ by [4, Remark(1.5)]. Hence A, Β 
are weak essential F-submodules of X; see Lemma(2.4). But A ∩ 𝐵 ൌ 0ଵ; that is A ∩ B is not 
weak essential F-submodule of X . 
       Under some conditions the converse (3) will be true as in the following proposition. 
Proposition 2.10: 
        Let A, B are F-submodules of F-module X such that A is an essential  F-submodule, B 
weak essential F-submodule, then A ∩ 𝐵 is a weak essential     F-submodule of X. 
Proof: 
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     Suppose S is a non-trivial semiprime F-submodule of X, but B is weak essential   F-
submodule of X, hence B ∩ 𝑆 ് 0ଵ. So A is an essential  F-submodule of X and we have  A ∩
ሺ𝐵 ∩ 𝑆ሻ ൌ ሺA ∩ 𝐵ሻ ∩ 𝑆 ് 0ଵ, 
Hence, A ∩ B is weak essential F-submodule of X. 
Lemma 2.11: 
         If S is a semiprime F-submodule of  F-module X, Β be a F-submodule of  X such that B 
⊈ S, then S ∩ B is semiprime F-submodule in B. 
Proof: 
      Let S be a semiprime F-submodule of X, then by [14,Theorem(2.4)], 𝑆௧ semiprime 
submodule and 𝐵௧ submodule of X௧; see Proposition (1.14) such that 𝐵௧ ⊈ 𝑋௧, then by [13 
,Proposition(1.11)], 𝑆௧ ∩ 𝐵௧ ൌ ሺ𝑆 ∩ 𝐵ሻ௧; see Proposition (1.7)(1) is a semiprime submodule in 
𝐵௧, therefore S ∩ B is a semiprime F-submodule in B; see   [14, Theorem(2.4)]. 
        In the following proposition, we prove the transitive property for non-trivial F-
submodule. 
Proposition 2.12: 
       Let A, B be a non-trivial F-submodules of F-module X such that A ⊆ B. If A is a weak 
essential F-submodule in B and B is a weak essential Ϝ-submodule in X implying A is a weak 
essential F-submodule in X. 
Proof: 
     Assume that S is a semiprime F-submodule in X, such that A ∩ S =0ଵ. Note that        
0ଵ ൌA ∩ S = (A ∩ S) ∩ B = A ∩ (S ∩ Β). But S is a semi-prime F-submodule of X, so we 
have two cases. If  B ⊆ S, then 0ଵ ൌ A ∩ (S ∩ B) = A ∩ B. Hence, A ∩ B = 0ଵ, but A ⊆ B so 
A ∩ B = A implies A = 0ଵ which is a contradiction with our assumption. Thus B ⊈ S and by 
Lemma (2.11), S ∩ B is a semiprime F-submodule in B. Since A is a weak essential F-
submodule in B, therefore S ∩ B = 0ଵ and since B is a weak essential F-submodule in X, then 
S =  0ଵ, then A is a weak essential F-submodule in X.  
   Now, we study a homomorphic image of a weak essential F-submodule. 
Proposition 2.13: 
      Let Xଵ, Xଶ be F-modules of an ℛ-module ℳଵand ℳଶ resp. and  f : Xଵ ⟶ Xଶ be                
F-epimorphism. If 𝐴ଵ is a weak essential F-submodule of Xଵ such that 𝐴ଵ is    f-invariant, then 
f (𝐴ଵ) is a weak essential F-submodule of Xଶ. 
Proof: 
     To show f (𝐴ଵ) is a weak essential F-submodule of Xଶ, since 𝐴ଵ is a F-submodule of  Xଵ, 
then f (𝐴ଵ) is a F-submodule of Xଶ by Proposition (1.13)(1).Now suppose that S semiprime F-
submodule of Xଶ such that f (𝐴ଵ) ∩ 𝑆 ൌ 0ଵ; therefore  𝑓ିଵ(f (𝐴ଵ)∩ 𝑆ሻ ൌ 𝑓ିଵሺ0ଵሻ, then 𝑓ିଵሺ f 
(𝐴ଵ)ሻ  ∩ 𝑓ିଵሺ𝑆ሻ ൌ 0ଵ, see Proposition (1.10)(2). But 𝐴ଵ is  f-invariant implying that 𝐴ଵ  ∩
𝑓ିଵ(S)ൌ 0ଵ , and 𝑓ିଵሺ𝑆ሻ ൌ 0ଵ, since 𝐴ଵ is weak essential Ϝ-submodule and 𝑓ିଵሺ𝑆ሻ F-
submodule of Xଵ by Proposition (1.13)(2).   f (𝑓ିଵሺ𝑆ሻሻ ൌ 𝑓ሺ0ଵሻ, then S = 0ଵ, by Proposition 
(1.10)(3). That is f (𝐴ଵ) is a weak essential F-submodule. 
        Now, we consider the inverse image of a weak F-submodule. 
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Proposition 2.14: 
      Let Xଵ, Xଶ are F-modules of an ℛ-module ℳଵand ℳଶ resp. and  f : Xଵ ⟶ Xଶ be                
F-epimorphism. If 𝐴ଶ is weak essential F-submodule of Xଶ, then 𝑓ିଵ (𝐴ଶ) is a weak essential 
F-submodule of Xଵ. 
Proof: 
      Since 𝐴ଶ F-submodule of Xଶ, then 𝑓ିଵሺ𝐴ଶሻ is F-submodule of X see 
Proposition(1.13)(2).Now suppose S is semiprime F-submodule of Xଵ,such that         
𝑓ିଵሺ𝐴ଶሻ ∩ 𝑆 ൌ 0ଵ, hence  f (𝑓ିଵሺ𝐴ଶሻ ∩ 𝑆ሻ ൌ 𝑓ሺ0ଵሻ, implies that f (𝑓ିଵሺ𝐴ଶሻሻ ∩ 𝑓ሺ𝑆ሻ ൌ
𝑓ሺ0ଵሻ see Proposition (1.10)(6). 𝐴ଶ ∩ 𝑓ሺ𝑆ሻ ൌ 0ଵ(since 𝐴ଶ is f-invariant and f is 

epimorphism), then 𝑓ିଵ൫𝑓ሺ𝑆ሻ൯ ൌ 𝑓ିଵሺ0ଵ), implies that S = 0ଵ, since every F-submodule of 

Xଵ is f-invariant, implies 𝑓ିଵሺ𝐴ଶሻ is weak essential F-submodule of Xଵ. 
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