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Abstract. A novel gear mechanism named high-order multi-segment deformed eccentric 

non-circular gear was proposed for achieving the unification of non-circular gears with 

typical-form pitch curve and non-circular gears with free-form pitch curve. The 

transmission mechanism of the high-order multi-segment deformed eccentric non-circular 

gear was analyzed, and the unified mathematical expression of eccentric gears was 

established. The non-circular gears with free-form pitch curve could be constructed based 

on the proposed high-order multi-segment deformed eccentric non-circular gear by 

changing the parameters. Moreover, the transmission characteristics were discussed, such 

as the transmission ratio relationship, convexity distinguished conditions, curvature radius 

of pitch curve. The visual design and simulation software and generation software of tooth 

profile for non-circular gears are compiled based on MATLAB, and was verified with the 

example. This novelty gear was applied to the drive mechanism of the metering pump. The 

mathematical model of non-circular gear-crank slider mechanism is established and the 3D 

model and virtual prototype experiment of the mechanism are accomplished. The 

application showed that the high-order multi-segment deformed eccentric non-circular 

gears were feasible in practice.  

Key words: Concavity, Convexity, Eccentric gear, Free pitch curve, High-order, 

Multi-segment, Drive mechanism, Metering pump 

1. INTRODUCTION  

Gears belong to the group of most effective mechanical power transmission components. 

They are characterized by very high efficiency, reliability, compact design, ease of finding 
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a way to fit in specific applications – to name but a few properties. Many researchers 

devoted their work to investigate different aspects of gears, such as their optimization [1], 

health monitoring and diagnostics [2], thermal loadings [3], specific applications [4], wear 

resistance improvement [5], etc. This paper considers non-circular gears. 

Non-circular gears can be accurately designed for intended movements to achieve 

periodic non-uniform transmission. Due to their precise transmission and ease of balance, 

non-circular gears are widely applied in agricultural machinery, packaging machinery, 

pumps, and light industry machinery [6-9].  According to the basic law of gear meshing, the 

pitch curves of a pair of gears with variable transmission ratios are no longer circular curves. 

The pitch curves of non-circular gears mainly include typical-form pitch curve and 

free-form pitch curve. 

Free-form pitch curve cannot be clearly expressed with a mathematical function but 

often as a segmental curve. A method for constructing the N-lobe non-circular gear 

satisfying a specified displacement law with Bézier curve and B-spline curve was presented 

by Riaza at al. [10]. Medvecká-Beňová [11] presented a design of pitch curves for a given 

set of parameters and described how to apply an eccentric elliptical gear with a continuously 

changing transmission gear ratio to optimize the pitch curves of non-circular gears. 

Fanghella [12] presented a new method for designing non-circular gears under a given law 

of motion based on a mixed symbolic-numeric approach. Li et al. [13] proposed to express 

non-circular gear pitch curves by means of numerical points instead of any function, for the 

purpose of fitting complex form pitch curves. In the attempt of analyzing the generation 

process of noncircular gears, Vasie and Andrei [14] introduced the Gielis super-shape 

equation to fit the pitch curve. This method was focused on convex-concave gear 

generation. 

Gears with typical-form pitch curve can be expressed with typical mathematical models, 

such as elliptical gear, eccentric gear and Fourier non-circular gear. Elliptical gear is the 

most commonly used gear and has been extensively studied. Subsequently, high-order 

elliptical gears and deformed elliptical gears are proposed through adjusting the numbers of 

cycle of pitch curves [15-18]. Additionally, non-circular gears with typical-form pitch curve 

have also been vigorously explored and investigated in the design and transmission 

characteristics, including eccentric noncircular gears, Fourier noncircular gears, and Pascal 

spiral gears, further to enrich gear transmission form [19-21].  

Eccentric noncircular gears have also been widely studied because of a simple pitch 

curve and convenient processing. In the studies on eccentric circular gears, the high-order 

eccentric gears have been obtained by keeping the polar radius of eccentric circular gear 

unchanged and reducing the polar angle by an integral multiple. The high-order eccentric 

gears can get different numbers of blade with different orders, which can realize multiple 

periodic transmission ratio [22]. Chen et al. [23] have proposed deformed eccentric 

noncircular gear by changing the transmission ratio into two asymmetric segments and 

deduced the equation of pitch curve, which is applied to the weft insertion mechanism. 

The varying forms of pitch curves make it impossible to obtain non-circular gears with 

free pitch curve, thereby increasing great difficulty of standardized design of non-circular 

gears. Non-circular gears with typical-form pitch curve have less flexible pitch curves and 

limited changes in transmission ratios and, hence, they are unable to satisfy a much broader 

range of transmission requirements. To unify these two kinds of non-circular gears and 

standardize the design, a high-order multi-segment deformed eccentric non-circular gear is 
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put forward to construct non-circular gears with free pitch curve. The novel gear divides the 

pitch curve into more than three segments in a cycle and makes the shape of the pitch curve 

more changeable and enriching the transmission types of non-circular gear. 

 The advantages of periodic multistage variable transmission of high-order 

multi-segment deformed eccentric non-circular gear can better meet the requirements of 

variable transmission ratios, which can be used as a driver for the seal mechanisms of 

horizontal pillow packing machine, differential pump, etc. The gear pair can also be 

combined with other mechanisms. The high-order multi-segment deformed eccentric 

non-circular gear pair and crank slider mechanism can be connected to form a combined 

mechanism, which can greatly improve the stability of the slider speed and reduce the 

impact vibration. By adjusting the parameters of the combined mechanism, specific 

movement output can be obtained, which can be applied to metering pump, hay baler 

mechanism and pulsating blood flow generator. 

In this article, section 2 puts forward transmission mechanism of high-order 

multi-segment deformed eccentric non-circular gear and a mathematical model of that is 

built. Section 3 analyzes the transmission characteristics, such as transmission ratio, 

curvature radius and convexity distinguished conditions. In section 4, the visual design and 

simulation software is developed and a design case is illustrated to verify the feasibility of 

the proposed gears. Then, an application is given, followed by conclusions.  

2. DESIGN OF HIGH-ORDER MULTI-SEGMENT DEFORMED ECCENTRIC NON-CIRCULAR GEAR  

2.1 Transmission Mechanism of Multi-segment Deformed Eccentric Non-circular 

Gear 

In general eccentric non-circular gear transmission, the driving gear 1 is an eccentric 

circular gear and the driven gear 2 is a non-circular gear which conjugates with the eccentric 

circular gear, as indicated in Fig. 1. Based on the analysis of equations of pitch curve of 

general eccentric non-circular gears, we proposed a high-order deformed eccentric 

non-circular gears [23]. The equations of pitch curve are as follows. 

2 2

11 1 11 1 1 11 1 1

1 11

2 2

12 1 12 1 1 12 1 2

1 1 1 11 1

( 1 sin ( ) cos( )) for (0 )

2 2 2
( 1 sin ( ) cos( )) for ( )


    




             
   

r R k n m k n m
n m

r R k n m k n m
n n n m n


  

   
    

(1)

 

where r11, r12 are the polar radii of the eccentric gear for two segments, R is radius of the 

eccentric gear, k is the eccentricity ratio (k=e/R, e is the eccentricity of eccentric gear), 
1

  is 

the polar angle of the eccentric gear, n1 is the order of the eccentric gear, m11, m12 are the 

deformation coefficients. 

The pitch curve expressed in Eq. (1) for the high-order deformed eccentric non-circular 

gear presents two asymmetrical segments in each cycle. Thus, the number of deformed 

segments is small, and the adjustment range of transmission ratio is limited. The pitch curve 

is still a typical form and cannot replace non-circular gear with free pitch curve. 
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Fig. 1 Pitch curves of eccentric non-circular gears 

For the possibility of changing pitch curve forms and obtaining a wider range of 

transmission ratio, the pitch curve is divided into N (more than three) segments eccentric 

circle with different deformation coefficients. In this manner, a multi-segment deformed 

eccentric non-circular gear can be obtained. Every segment is a deformed eccentric circle. 

Eq. (2) is the equation of the pitch curve of multi-segment deformed eccentric non-circular 

gear. 
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where r1j is the radius of the eccentric gear for segment  j, j is the sequence number of the 

segment, while j=1,2,3…N, N is the number of segments, m1j is the deformation coefficient 

for segment j, 
1

1
j

m N  and must satisfy the following equation: 
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Hence, the pitch curve of a multi-segment deformed eccentric non-circular gear formed 

by Eq. (2) is continuous at
1
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continuous closed curve. 

2.2 Transmission Mechanism of High-order Multi-segment Deformed Eccentric 

Non-circular Gear 

As shown in Fig. 2, combined with the formation principles of the pitch curves for a 

high-order eccentric gear and a multi-segment deformed eccentric gear, the pitch curve of 

the high-order eccentric gear is divided in each cycle into N ( 3N  ) segments to form a 

high-order multi-segment deformed eccentric non-circular gear.  

The equation of the pitch curve of the driving gear is given as follows: 
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where r1ij is the radius of the eccentric gear for segment j of cycle i, while i is the cycle 

number of the driving gear and 11,2,3 ,i n  . 

According to Eq. (6), in any cycle i, for
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Eq. (7) shows that all the segments of the deformed pitch curve within each cycle are 

connected. 
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Eq. (8) shows that all the segments of the deformed pitch curve ae connected. 
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Fig. 2 Schematic diagram of pitch curve 

Therefore, the pitch curve of a non-circular gear, which is given by Eq. (6), is a 

continuous closed curve. And within a cycle of 2 , each segment of the pitch curve is 

connected. 

According to the basic requirement of gear meshing, the variation of angular 

displacements of the driving gear and the driven gear should be accomplished in the same 

period. This can be expressed by the following relationship [24]: 
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Consequently, the closure condition of the pitch curves of a high-order multi-segment 

deformed eccentric non-circular gear is established as: 
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where n2 is the order of the driven gear. 
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The centre distance a is solved based on Eq. (10). The centre distance a is obviously 

controlled by the following design parameters: R, e, n1, N and mij. The process of solving the 

centre distance is shown below: 

(1) Searching the unimodal interval where the centre distance is located with the 

Advance-Retreat Method;  

(2) Determining the centre distance with the Golden Section Method. 

From Eq. (6) and Eq. (10), the equations of radius and polar angle of the driven gear are 

written as Eq. (11) and Eq. (12), respectively: 
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Clearly, the driven gear, which conjugates with the driving gear, is a non-circular gear 

with n2-order and N-segment. For different numbers of segments N, the following is valid: 

(1) if N=1, m1j=1, n1=n2=1, the driving gear 1 is a general eccentric circular gear and 

driven gear 2 is a non-circular gear, which conjugates with driving gear 1. 

(2) if N=2, the driving gear 1 is a high-order deformed eccentric non-circular gear as 

shown in Eq. (1), and the driven gear 2 is a high-order deformed non-circular gear, which 

conjugates with the driving gear 1. 

(3) if 3N  , driving gear 1 is essentially a non-circular gear with n1-order and 

N-segment and the driven gear 2 is non-circular gear with n2-order and N-segment which 

conjugates with the driving gear 1. 

Therefore, the high-order multi-segment deformed eccentric non-circular gears 

proposed in the paper are more general and unified in theory, and more extensively used in 

practice, as high-order eccentric non-circular gear and multi-segment deformed eccentric 

non-circular gear are covered. Through changing the design parameters such as R, e, n1, n2, 
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N and mij, the non-circular gears with a free-form pitch curve could be composed by the 

high-order multi-segment deformed eccentric non-circular gear. 

Fig. 3 shows two examples of pitch curves, with different order and segment numbers, 

while the other parameters are the same: (a) n1=1, n2=3, N=2 and (b) n1=3, n2=2, N=3. 

   

Fig. 3 Cases of the pitch curves: left: n1=1, n2=3, N=3; right: n1=3, n2=3, N=3 

3. ANALYSIS OF TRANSMISSION CHARACTERISTIC 

3.1 Transmission Ratio 

According to the definition of the transmission ratio, the transmission ratio of high-order 

multi-segment deformed eccentric non-circular gear is expressed as follows. To simplify 

the analysis, let 
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j kk

j N

n m Nn m

 







  , i12 is at the 

minimum: 

 
12 min

( )a R e
i

R e

 



 (14) 

For 
1

1

11 1 1 1

2(1 ) / 2
j

kj k

j N

n m Nn m

  






 
  , i12 is at the maximum: 

 
12 max

( )a R e
i

R e

 



 (15) 
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Therefore, according to Eq. (15) and (16), the maximum and minimum transmission 

ratios are designed to determine the range of i12. 

3.2 Concavity and Convexity 

The pitch curves of high-order multi-segment deformed eccentric circular non-circular 

gear may be concave. In order to drive stably and conveniently, the concavity and convexity 

of the pitch curves shall be verified. 

The curvature radius of pitch curve of high-order multi-segment deformed eccentric 

non-circular gear is obtained based on the knowledge of differential geometry, hence: 

 

3
2 2

2

2
2

2

2

=

2

dr
r

d

dr d r
r r

d d




 

 
 

  
  
   

 
  

 

（ ）

（ ）

（ ） （ ）

 (16) 

As for the driving gear, the derivations of the first segment of the pitch curve in each 

cycle are calculated from Eq. (6). 

 
 

 
 

2

1 11 1 11 11 11

1 11 1 11 1
2 2 2

1 1 1 11 1

sin 2
= sin

2 sin

i
e n m n mdrdr

en m n m
d d R e n m




  
  


 (17) 

 
 

 

 

 

2 2 2 4 2 2 222

1 11 1 11 1 1 11 1 11 12 21 11

1 11 1 11 12 2 2 2 2 2 2 2 3
1 1 1 11 1 1 11 1

cos 2 sin 2
= cos

sin 4 ( sin )

i
e n m n m e n m n md rd r

en m n m
d d R e n m R e n m

 


   
  

 
 (18) 

The curvature radius of the first segment curve could be solved by substituting Eqs. (17) 

and (18) into Eq. (16). 

When the curvature radius meets the following condition, the pitch curve is convex: 

 0  （ ）   (19) 

For 
1 11 1

0n m   , the curvature radius of the first segment is at its minimum: 

 
 

 

2

1 2 2

1 11
1 1

i

R e

R e n m k





    
 (20) 

From Eq. (14), it can be seen that the numerator is greater than zero. If 

 2 2

1 11
1 1 0R e n m k       , the pitch curve of this segment becomes convex, so the 

convexity distinguished condition of this segment can be simplified as: 

   2 2

1 11
1 1 0n m k k    (21) 

In this case, the convexity distinguishing conditions is expressed below: 
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2 2

1 11

1
k

n m
   (22) 

For the driving gear, the convexity distinguished condition in each segment is: 

 
2 2

1 1

1
min

j

k
n m

  
  

  
 (23) 

The curvature radius of the driven gear can also be solved using Eq. (16), but the 

derivation is complicated. In this paper, it is calculated by Euler-Savery formula [24], which 

is expressed as: 

 1

1 2 1 2

1 1 1 1
sin

p p
r r


 

 
   

 
 (24) 

where  2 2 2

1 1 11 1 1
sin sinR e n m    . 

After simplification and calculation, the convexity distinguishing condition of the pitch 

curve for each segment is expressed below:  

 

 

2 2

1 1

2 2

1
min

1 / 0

j

k
n m

k ae R

  
   

   


   

 (25) 

The non-circular gears can be processed by hobbing when they meet the conditions 

given by Eqs. (23) and (25). 

4. DESIGN CASE AND DISCUSSION 

4.1 Compiling of design software 

In order to better analyze their transmission characteristics, the visual design and 

simulation software and the generation software of the tooth profile for non-circular gears 

are developed using MATLAB based on the equations of the pitch curve of high-order 

multi-segment deformed eccentric non-circular gear, which have been established in 

section 2, as showed in Figs. 4 and 5. 

Based on the mechanism parameters (R, e, n1, n2, N and mij), the software can determine 

the center distance, the transmission ratio and the curvature radius, as well as the kinematic 

curves of the driven gear, including the displacement, velocity and acceleration. The 

developed software also enables simulation of the pitch curves development.  
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Fig. 4 Software of visual design and simulation 

 

Fig. 5 Software of generating tooth profile 

4.2 Design case and Discussion 

A gear pair meets the conditions as follows: R =100mm, e =10mm, n1 =3, n2 =4, N =3, 

m11  =1.5, and m11  =0.75. The visual design and simulation software is utilized to determine 

the following parameters: a = 233.67mm, k = 0.1 and m13 = 1. 
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For the gear pair, the pitch curves and tooth profile are depicted in Figs. 6 and 7 

respectively. The driving gear 1 is a three-order and three-segment deformed eccentric 

non-circular gear, while the driven gear 2 is a four-order and three-segment non-circular 

gear.  
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Fig. 6 Pitch Curves of Gears 

1 2

 

Fig. 7 Tooth Profiles of Gears 

The curves of transmission ratio and curvature radius are obtained using the developed 

visual design and simulation software, Fig. 8 shows that the transmission ratio is continuous 

and divided into three asymmetrical segments in each cycle. 

As for the pitch curve of the driving gear, the convexity distinguishing conditions of each 

segment in the cycle are 0.049k  , 0.198k   and 0.111k  , respectively. In this example, k = 

0.1, so the pitch curve is concave in first segment of each cycle for the driving gear and the 

curvature radius is negative, as shown in Fig. 9. The curvature radius is not continuous at the 

connection points. Similarly, the pitch curve is concave in first segment of each cycle for the 

driven gear. Specifically, the pitch curve suddenly changes at the segmentation points, where 

the pitch curve transforms from convex to concave, or transforms from concave to convex. 
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Fig. 8 Curve of Transmission Ratio 

  

Fig. 9 Curvature radius of driving gear 

5. APPLICATION 

In this paper, this novel gear is applied to the drive mechanism of the metering pump. 

The metering pump is a special positive displacement pump with the ability to vary capacity 

as the process conditions require. It is capable of pumping a wide range of liquids including 

acids, bases, corrosives or viscous liquids. The pumping action is generated by a 

reciprocating piston. The function of the drive mechanism is to transform the rotary motion 

of the driver into reciprocating movement [25-26]. 

When the crank slider mechanism is used as the drive mechanism of metering pump, the 

curve of the output speed of slider is similar with a sine wave. The speed of the slider 

changes nonlinearly in the transmission process, which makes the slider gain acceleration 

and increases its reciprocating inertial force. It causes vibration and noise of the pump and 

aggravate the impact and wear between the components. 
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In order to stabilize the output speed of the crank slider mechanism and reduce the 

impact vibration of the pump, a non-circular gear-crank slider mechanism is proposed as the 

drive mechanism of metering pump. Figure 10 shows the schematic diagram of non-circular 

gear-crank slider drive mechanism of the metering pump. 

The motor drives the driving gear to rotate with a uniform speed and drives the driven 

non-circular gear to rotate at a non-uniform speed. Crank O2A is fixed on the driven 

non-circular gear and the crank follows the driven gear at the same speed. The motion is 

transferred to the piston through the transmission of crank slider mechanism and realizes the 

reciprocating motion.  

φ1 
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ω2 
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O2

A

B

1

2 4

5

3

 

Fig. 10 Diagram of non-circular gear-crank slider mechanism: 1. Driving gear, 2. Driven 

gear, 3. Crank 4. Connecting rod, 5. Slider 

5.1 Mathematical model of non-circular gear-crank slider mechanism 

Fig.11 is the schematic diagram of the crank slider mechanism. The crank is fixed on the 

driven gear of the non-circular gear pair, so the angular displacement (angular velocity) of 

the crank is equal to the angular displacement (angular velocity) of the driven gear. The 

slider displacement can be expressed as: 

 )(cossin
12212

22

1

2

2
llllls     (26) 

where s is the displacement of slider, l1 is the length of crank, l2 is the length of connecting 

rod, 
2

  the angular displacement of the driven gear. 
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Fig. 11 Diagram of crank slider: 1. Crank 2. Connecting rod, 3. Slider 
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Calculate the derivative of Eq. (27) to obtain the velocity of the slider: 
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l

dt
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v   (27) 

The output speed of the crank can be obtained using Eq. (13), so that: 
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1

2
i


   (28) 

From Eqs. (27) and (28), it can be obtained that the velocity of the slider in the combined 

mechanism is: 
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To simplify the analysis, Eq. (29) can be rewritten as: 
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where 
21

ll is the length ratio of the crank and connecting rod. 

When the driving gear rotates at a constant speed, the variation law of the output speed 

of the combined mechanism can be obtained from Eq. (30). 

By adjusting the parameters of the high-order multi-segment deformed eccentric 

non-circular gear and the length ratio of crank and connecting rod, the speed of the stroke 

and return section of the combined mechanism is approximately uniform, which can reduce 

the reciprocating inertia force generated by the transmission system, the vibration and 

impact of the instantaneous flow on the pump. Fig.12 shows the comparison of the velocity 

curves of a non-circular gear-crank slider mechanism and a crank slider mechanism. 
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Fig. 12 Comparison of velocity curves of two transmission mechanisms 
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5.2 Virtual Simulation 

According to the mechanism parameters obtained from the analysis, the 3D model and 

virtual assembly of the mechanism are accomplished using Solidworks software. The 

3D--model is shown in Fig. 13. It was imported into the ADAMS software and constraints 

were added together with the drive for a virtual prototype experiment. Kinematics 

simulation of this mechanism was conducted. The velocity curve of the slider obtained by 

the virtual experiment is shown in Fig. 14. 
It can be found that the velocity curves obtained by theoretical calculations are nearly 

the same as that of the virtual experiment. This fact can be seen as their mutual verification. 

The main reason why the two curves are not completely coincident is that deformation is 

included in the virtual experiment as each part is considered to be deformable by adding 

their material properties. 

But some fluctuations in the velocity curve of the slider may still be observed. The 

reason for this is to be sought in some interstices between kinematics pairs in the 

transmission route, which results in the decrease of the transmission accuracy. 

 

Fig. 13 3D model of the combined mechanism 
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Fig. 14 The curve of velocity of slider got by simulation 
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6. CONCLUSIONS 

The design method for high-order multi-segment deformed eccentric non-circular gear 

is proposed upon analysis of the high-order eccentric non-circular gear and the 

multi-segment deformed eccentric non-circular gear. Unified mathematical expressions of 

eccentric non-circular gears are obtained, which expands their applicability. The method 

proposed in this paper has wide potential applicability to other non-circular gears with a 

typical-form pitch curve, such as elliptical gears, Fourier gears and Pascal spiral gears. 

The pitch curve shape of the high-order multi-segment deformed eccentric non-circular 

gear could be adjusted by changing some design parameters such as R, e, n1, n2, N and mij. 

Hence, the pitch curves are easily adjustable (free-form). Consequently, the non-circular 

gears with a free-form pitch curve can be obtained from high-order multi-segment deformed 

eccentric non-circular gear by changing the design parameters, which provides a theoretical 

basis for unifying these two kinds of non-circular gears. The transmission ratio and design 

of non-circular gears can be flexibly adjusted so that the requirements of precision 

transmission are met in order to improve transmission performance. 

The visual design and simulation software are compiled using MATLAB and based on 

the proposed mathematical expressions. The verification was done using an example. This 

novel gear was applied to the drive mechanism of the metering pump. Comparing the results 

of theoretical analysis and the virtual prototype experiment, the velocity curve of the slider 

obtained by simulation is in a good agreement with the ideal velocity curve. This shows that 

the proposed non-circular gear-crank-slider mechanism can meet the functional 

requirements of the metering pump, and verifies the feasibility of the designed mechanism. 

The design example illustrates that the high-order multi-segment deformed eccentric 

non-circular gear mesh correctly and can be utilized in practice. 
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