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MAXIMUM-LIKELIHOOD ESTIMATION
OF THE 4-PARAMETER GENERALIZED
WEIBULL DISTRIBUTION

Manmohan S Arora!

Absiract

Weibull distribution is being increasingly employed by researches in tech-
nology. medicine and other areas. its generations to four parameters have
been proposed, independently, by Stacy (1962) and Cohen (1969). In this
paper, we obtain the maximum-likelihood estimators of the parameters of
generalized Weibull distribution (g.w.d). The variance-covariance matrix is
derived. We also consider the special cases when the threshold parameter
and/or a shape parameter are known.

Key Words: Generalized Weibull distribution; Generalized gamma distribu-
tion; Maximum-Likelihood estimators; Digamma and trigamma functions:
Varlance-covariance matrix; Mellin transform,

1. Introduction

The Welbull distribution, first introduced in the literature by a Swedish physi-
cist, Waloddl Welbull (1939, 1951) is being extenslvely used to fit a rather large
class of data arising in fatigue and faillure analysis, life-testing and reliability
studies. Earlier, the researches confined themselves to technigues of estima-
tion in 2 and 3 parameter distributions and properties of the estimators; for ex-
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ample, Kao (1959), Menon (19263), Cohen (1965), Dubey (1965, 1967), Harter
and Moore (1965, 1967), Mann (1968), Bain and Antle (1967, 1970), Lawless
(1978), Schneider and Weissfeld (1989).

In this paper, we consider the generalization of the Weibull distribution to
include four parameters by Cohen (1969). The generalized Weibull distribution
(g.w.d.) is very versatile, since several standard and non-standard distributions
fall through as special cases, Arora (1973). For instance,

T=p : pthroot Gamma (p > 0 and a +ve integer)
=1 ;P=arson Type lll
t=1,0=0 :Type X or 2-parameter Exponential
=2 a= ;— ' 2-parameter Half-Normal

t=2a=-L,g=1y=0 : Half-Normal

2
t=1,y=0p=2 ! Chi-square with 2( « + 1) d.f.

We discuss parameter estimation using the maximum likelihood technigue.
It is well known that the estimation equations do not yield closed form solu-
fions for the estimators. Some form of iterative technigue(s) must, therefore, be
employed. The variance-covariance matrix of the estimators is derived. The
cases when the |location parameter is zero of is known and additionally when
one of the shape parameters is known are discussed.

2. Maximum-Likelihood Estimators

We consider the 4-parameter generalized Weibull distribution (g.w.d), de-
rived by Cohen (1969);

T+ -1

[ |
expl- (x-v) /Bl . x>y
0 . elsewhere

f(X Byt = ‘ K(x- ) (2.10)

where «, T are the two shape parameters, B is the scale parameter and v is
the location, or threshold, parametera > -1, t> 0, B >0, - < y < cand

k=t (Fla+1)) 2.10)
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If Xy, X2. .. Xn @re the values of a random sample of size n from the g.w.d
(2.1a); the likelihood function is given by

1o +1-

_ A
L(aByT) =Kk exp\-z (x,-v) /ﬂ} I1 (X, -v) DX >y (2.2)
and

In L(a.ByT) =nInT-n(a+1)INB-nIN(T(a+1)) - T(x-y) /B

(2.3)
+ (te+1-1) 2In (X,-y)-

Denoting by G, H, J and K, the partial derivatives of In L(a.p.y,t) with re-
spect to «, B, y and T respectively. the m.I. estimatorsa, B, y and T must satisfy
the following system of equations:

Cw-n mE -ny(@) + TX (X, - ¥) =0 (2.4a)

W (a+1)+§'22(x}-$)? =0 (2.40)

J E?E] Z(X‘-'y‘)?; G+ Sx - =0 (2.4C)
and

Kot B Toe- B -3 s @ T e, D =0 (2 4d)

where W(u) is the digamma (or psi) function defined in Abramowitz and
Stegun (1964) as

_ a(In(T{a + 1))

o

y() (2.4e)

The system of non-linear equations (2.4Q) - (2.4d) does not yield explicit so-
lutions for the m.I. estimators @, B, y and T. Some iterative techniques must,
therefore, be used. Harter (1967), forinstance, found that a hybrid procedure
using the rule of false position, the Newton-Raphson technique, and the gra-
dient method provides best results for estimating parameters of a generalized
Gamma distribution.

If the value 7 satisfying the equations (2.4a) - 2.4d) is such that ? > MiN Xy, X2,
xn) then ¥ is the m.I estimator for y Otherwise, the m.l. estimator is y >
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min (x3, X2, .... Xa) and we solve (2.4a), (2.4b) and (2.4d) iteratively for
@ Band T with (x -y) replaced by (X - MIn (X1, X2, ... Xn)).

The problem can somewhat be simplified by noting that equation (2.4b)
yields

RN 25

which, in turn, implies solving three non-linear equations (2.6a) - (2.6¢c) for
ayandT
W(@) -In(n (@+1) = Tn" Tin(x-y) - N Z(x,-9) (2.6Q)
~ ~ -]
-~ A‘] A - ~ ~ - -~
@+1-7) Z(x,-1) '=n(u+1)[2(x,-y)' '][Z(x,-y)'] . (26b)

-~

1
]
T=(@+1)" [(5_‘ (x,-?)'In(xi-§))(2(xl-§)') -n"Eln(x,-?)] . (2.60)

The values &, yand T thus obtain are used in (2.5) to obtain B.

3. Varlance-covariance matrix of the m.l. estimators

To obtain the variance-covariance matrix, we caiculate the following pat-
fial derivatives of G, H, J and K:

ﬁ-Ga=-ntp‘((x) (3.19)
oa

E-Gf-nﬁ'] =ﬁ.|-|ﬂl (3.1b)
op da

B g =Zp) 2oy @3.1¢)
ay da
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E.G = ZIn(x,-y) =6—K-'Ka (3.1d)
gt du
H HB-nB (u+1) 2B z(x 1" (3.1e)
i' H 13-2 z(xi'Y)T-] = ﬂ-Jﬁ (3.1
N op
A =B E(X ) In(x;-y) =§£-KB (3.19)
ot 66
-ai-J T(T~1)ﬁ4 Z(x‘-y)T'Q- (ta+1-1) Z(X‘w).2 (3.1h)
ay
ﬂJ A -1 A
=J =p ") ! o T e ) - (w1 S (x ) |
ot (3.1
oK
= K
a
ﬁ.K --nt"?-ﬁ“ Z(xi-y)TInQ(xi-y) (3.10)
ot

W'(a) in (3.1a) is the trigamma function defined in Abramowitz and Stegun
(1964) as

62(In(r(u+1))) =6w(u)
ou ou ‘

y(a) = (3.1k)

We recall that under certain regularity conditions, (Kendall and Stuart,
(1961)), the joint m.l. estimators tend to a multivariate normal distribution, with
variance-covariance matrix whose inverse is given by

2
V;L=-E alogl|_.
38,00

(3.2)

a0, a8,

t

alogl alogL)

Thus the inverse dispersion matrix of joint m.l. estimators of the g.w.d will be the
form
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G, Gy G, G

V' =-E (3.3)

where G, Gg .... Kz are givenin (3.1a) - (3.1)) above. The necessary expected
values are calculated in Appendix | and (3.3) can then be written as

v =[V"I]u=\,2,3,4 (3.4)
i=1.2,3,4
where
v' = ngta) (3.40)
v2_ong’ =y (3.40)
13 At a 5 31

Vo o=ntf T(as+l-t)(T(w+1)) =V (3.4¢c)
v'* = ne'[ing + wiew) =v (3.40)
vZ o npZ(a+) (3.4€)
Y2 o nep’ T (e 2w W (Tas 1)) =v*? (3.4%)
V24=-n Bq*l:'J ( +1)[lr\B+uv(u+1)] = de (3.4Q)
v - 0B e 120 (Tl 1) (e (s 1)-224 1) (3.4N)

¥ - e 8 0 b T S (s 1))
- nﬁ"”{lnﬁ + yla +1 -r")]r(u +21 -r“)(r(u+1))"
42

=V (3.4i)

2
v - ne?ent? (a4 (np)inB + 2@ + )] ne?(r(a syt L@ D)

d(x2

(3.4))
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3.1 Case |: Assume y is know

In many applications, it is possible to assume y is zero or is know. In studying
life-distributions, for example, it is often partial to assume y = 0. Maximum likeli-
hood estimates of a, § and T can be found by solving iteratively (2.4a), (2.4b)
and (2.4d). From (2.4b), with y = 0, we obtain

- Ex

B=—— (3.5)
n(u+1)

~
T

Substituting B in (2.4b) and (2.4d), the maximum-likelihood estimators @ and
1ofaandt respectively, satisfy the egquations (3.6a) and (3.6b):

W(@) - In(n(a+1)) = tn’ Zlnx,-lnExf, (3.6Q)

n)
-1

T=(a+1) (Zx |nx)(2x.?) 0" Zinx | . (3.6b)

Of course, if y 2 0, we replace each x;in (3.5), (3.6a), and (3.6b) by (x, - v).

Again, some hybrid of iterative techniques must be employed to obtain the
values @, and T from the system (3.6a - 3.6b), which are subsequently substi-
tuted in (3,5) fo get B.

The asymptotic variance-covariance matrix of @, B and T is the inverse of
the matrix

y'(cn) B 1! [Inﬁ+ u:(u)]

" B ﬁz(ﬂw‘) -ﬂ'it"(a+'l)[lnﬂ+w(u+l)] 3.7

1'2“"2((14-1] (n ﬂ)[|nﬁ2ul(a +1 )]

t"[lnﬂﬂp(u)] -ﬂ-‘t"(a+1)[Inb+w(u+l)] )-! 62(1‘(u+2))
e

+t‘2(['(a+1)

da
which, after some algebraic manipulations, reduces to
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Qp Qp; Qg
Qp Qp Opn (3.8)
Q3 Qp Oy
where
~ R I
G” =V°r(u)=n A])(A2+(l+1), (3.80)
- ; 1 N 1
Q, =Cov(a,B)=-n ! ﬁ[(] + Ay y'(a)) Ay + (INB + y(a)) AQ], (3.8b)
~ A R 4
A =Cov(wT)=-N"T1Ay. (3.8c)
o~ 1.2 4 V7 2
0 =Vor () = 8% byt + aplp g o wlay syl 489
~ A - -1
Ay = Cov(B.1)=n ] BrA, [ﬁZ(Inﬂ + w(u))A“ + q"(u)], (3.8e)
ag=Var@=n't?AyA,, (3.81)
and where
Ay =lw(@las -1, (3.89)
2 2
Az =lw@) (@) y@-1. (3.8n)
Using the approximation
y(a) = 24n"w? + ;—(13, (3.8
we obtain, for large «,
var(a) 24n” a®, (3.8))
var (1) £ 6n"'1?q, (3.8k)
and
Cov(a1) :-12n"ta? (3.81)
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3.2 Case II: Assume y and T are known

We next examine the case when the location or threshold parameter g and
one of the shape parameters, say t, are known. Maximum likelinood estimates
of @ and g are the solutions of the equations (2.4Q) and (2.4b).

From (2.4b), we have g as in (2.5). Substituting its value in (2.4a), we obtain
the following equation for a:

~

ya)-nn@+1))=tn! Zin(x-y)-NZ(x-y)" (3.9)

. The value a is obtained from (3.9) and subsequently used in (2.5) to obtain

B.

-~
The asymptotic variance-covariance matrix of « and f§.is

A w‘(_(]x) AZB'] =nlajl| %! 2"3 | (3.10)
B B (a+1) -B B y'(a)
Thus
var (@) < nT A (a+ 1), (3.11q)
var (8) = n”' Ay B2y (), (3.110)
and
Cov(a,B) = -n"A) B, @3.11¢)

where Ay Is defined in (3,8Q).

Using the approximation (3.8i) for y'(a) for large a, we get

var(a) = 2n” a2, (3.120)
var (B = 2n" g2, (3.12b)
Cov(a, E) :-2n" a. (3.12¢)

4]



MANMOHAN § ARORA
References

Abramowitz, M. and Stegun, 1., (1964),. "Handbook of Mathematical Functions
with Formulas, Graphs and Mathematical Tables”, U, S. Department of
Commerce, National Bureau of Standards Applied Series.

Arora, Manmohan §., (1973), "Theory and Applications of the 4-Parameter
Generalized Weibull Distribution”, Unpublished Ph. D. Dissertation,
University of Georgia, Department of Statistics, Athens, U. S. A,

Bain, L. J. and Antle, C. E., (1947), "Estimation of Parameters in the Weibull
Distribution’, Technometrics, 9, 621 - 627,

Bain, L. J. and Antle, C. E., (1970), "Inferential Procedures for the Weibull and
Generalized Gamma Distributions, ARL 70-0266", Aerospace Research
Laborataories, Wright-Patterson Air Force Base, Ohio, U. S. A.

Cohen, A. C,, (1965), "Maximum Likelihood Estimation in the Weibull Distribution
based on Complete and Censored Samples’, Technometiics, 7, 579 - 588.

Cohen, A. C., (1969), "A Generalization of the Weibull Distribution”, Marshall
Space Flight Center, NASA Contractor Report Number 61293, Contract
NAS8-11175.

Dubey, S. D., (1965), "Asympftotic Properties of Several Estimafors of Weibull
Parameters’, Technometrics, 7, 423 - 434,

Dubey, 8. D, (1967), 'Some Percentile Estimators for Weibull Parameters',
Technometrics, 9, 119 -129.

Erdelyi, A.. (Editor) (1954), ‘Tables of Integral Transforms’, Vol. 1, Bateman
Manuscript Project, McGraw Hill Book Co. Inc., New York.

Harter, H. L.., (1967), "Maximum-Likelihood Estimation of the Parameters of a
Four-Parameter Generalized Weibull Distribution from Complete and
Censored Samples", Technometrics, 9, 159 - 165.

Harter, H. L.. and Moore, A. H., (1965), "Maximum-Likelihood Estimation of the
Parameters of Gamma and Weibull Populations from Complete and from

a2



MAXIMUM-LIKELIHOOD ESTIMATION OF ...

Censored Samples’, Technometrics, 7, 639 - 643, (Correction
Technometrics, 9. (1967), 195).

Harter, H. L.. and Moore, A. H., (1967), "Asymptotic Variances and Covariances
of Maximum-Likelihood Estimators, from Censored Samples, of the
Parameters of Weibull and Gamma Populations', Annals of Mathematical
Statistics, 38, 557 - 570,

Kao, J. H. K., (19589), "A Graphical Estimation of Mixed Weibull Parameters in
Reliability Studies’, Transactions of IRE-Reliability and Quality Control, 13,
15 - 22,

Kendall, M. G. and Stuart, A., (1961), "The Advanced Theory of Statistics’,, Vol.
2, Charles Griffin and Company, London.

Lawless, J. F., (1978), "Confidence Interval Estimation for the Weibull and
Extreme Value Distributions’, Technometrics, 20, 355 - 364.

Mann, Nancy R., (1968), "Point and Interval Estimation Procedures for the Two-
Parameter Weibull and Extreme-Value Distributions’, Technometrics, 10,
231 - 256,

Menon, M. V., (1963), "Estimation of the Shape and Scale Parameters of The
Weibull Distributions', Technometiics, 5, 175 - 182,

Schneider, H. and Weissfeld, L. A., (1989), 'Inferval Estimation Based on
Censored Samples for the Weibull Distribution’, Journal of Quality
Technology, Vol. 21, N23, 179 - 186.

Stacy, E. W, (1962), "A Generalization of The Gamma Distribution’, Annals of
Mathematical Statistics, 33, 1187 - 1192,

Weibull, W., (1939), "A Statistical Theory of the Strength of Materials”, Ingeniors
Vetenskaps Akademiens Handligar, Stockholm, N2 181.

Welibull, W., (1939), The Phenomenon of Rupture in Solids’, Ingeniors
Vetenskaps Akademiens Handligar, Stockholm, N2 1953,

Weibull, W., (1951), "A Statistical Distribution Function of Wide Applicability",
Journal of Applied Mechanics, 18, 293 - 297.

43



MANMOHAN S ARORA

Appendix 1
Al

E(X-v)”‘=kf -0 ™ ™ expl- (x-) 78] ax
Y

where k is defined in (2.1D).

We let
W=p'(X-9" (A1.10)
It is then fairy straightforward to obtain
EX-1)™=8™ " T(a+mt! + 1) (F(ar1))’
whence
EX(X-7) " =nf™ Fla+me’ 4 1) (Ta+1)) . (A1.1b)

By lettingm =-1,-2t, t- 1 and t- 2in (A1.1b), we get some of the mathemati-

cal expectations required in (3.3).
A1.2
) * ra+1-] { 7))
elin - )=k | - ™ ingey expl- (x-v) B ox
bi
where k, as before, is defined in (2.1b). Again using the transformation in
(Al.1Q), we get

E(ln(X-Y))=T'] INB + (xT(a+ 1))'] L (Inw)w®e™ dw. (Al.2q)

Using Mellin Transform, Erdelyl (1954), the integral in (A1.2a) can be evalu-
ated as I'(a + 1) y(a). Further algebraic manipulations give

E(In(X-y))=t'] (NP + w(a)) (A1.2b)

where y(a) is defined in (2.4e).
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whence

E(Zln (X 'Y)) =nt’ (INB + y(a)). (A1.2¢)

Al3

E[(X-¥) In (X-y)] can similarly be evaluated by making use of the transfor-
mation (A1.1a) and Melliin Transform. We have

E[(x -y) 'IngXx - y)]: Bt (a+1) [InB + yla + 1)],

whence
El:z (X - y)'ln(Xi - Y)] = nﬁr" (a+ l)[lnﬁ +y(a+ 1)]. (A1.30)

Al4

Two more expectations are needed. Proceeding as above, we get
E[(x- 7 hinex - Y)]=t" 3‘ “WE e 1)) ra+2-th [InB +p(a+- r"')]

whence

E[Z(Xi-y) “lin(x ~y)]= '8V (M 1) (a2 ) [InBepias 1 -t (A1 4a)

And
E[(X-y)r In2(X - y)]: BrZ(a+1)In2B+2Bt" (a+1) (INB)p(a+1)
52 (T (a+2))
+ Bt'g(l'((u-]))']iT—
file]
whence

e[):m )" In?(X -v)]= npe?(@+1) (n) B + 29 (as 1]

1 83T (a+2))
AL

(A1.4b)

+NBt(T(a+1))
da
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