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Abstract: Let X be a finite type simply connected rationally elliptic CW-complex with Sul-
livan minimal model (AV,d) and let k > 2 the biggest integer such that d = >,., d;

with d;(V) C A'V. If (AV,dy) is moreover elliptic then cat(AV,d) = cat(AV,dy) =
dim(Vere)(k — 2) + dim(V°%). Our work aims to give an almost explicit formula of LS-
category of such spaces in the case when k > 3 and when (AV, dy) is not necessarily elliptic.
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1. INTRODUCTION

The Lusternik-Schirelmann category (c.f. [7]), cat(X), of a topological
space X is the least integer n such that X can be covered by n 4+ 1 open
subsets of X, each contractible in X (or infinity if no such n exists). It is
an homotopy invariant (c.f. [3]). For X a simply connected CW complex,
the rational L-S category, cato(X ), introduced by Félix and Halperin in [2] is
given by catg(X) = cat(Xg) < cat(X).

In this paper, we assume that X is a simply connected topological space
whose rational homology is finite dimensional in each degree. Such space has a
Sullivan minimal model (AV,d), i.e. a commutative differential graded algebra
coding both its rational homology and homotopy (cf. §2).

By [1, Definition 5.22] the rational Toomer invariant of X, or equivalently
of its Sullivan minimal model, denoted by eg(AV,d), is the largest integer s
for which there is a non trivial cohomology class in H*(AV, d) represented by
a cocycle in AZ*V, this coincides in fact with the Toomer invariant of the
fundamental class of (AV,d). As usual, A*V denotes the elements in AV of
“wordlength” s. For more details [1], [3] and [14] are standard references.

In [4] Y. Felix, S. Halperin and J. M. Lemaire showed that for Poincaré
duality spaces, the rational L-S category coincides with the rational Toomer
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invariant eg(X), and in [9] A. Murillo gave an expression of the fundamental
class of (AV,d) in the case where (AV,d) is a pure model (cf. §2).

Let then (AV,d) be a Sullivan minimal model. The differential d is decom-
posable, that is, d = "o, d;, with d;(V) C A"V and k > 2.

Recall first that in [8] the authors gave the explicit formula cat(AV,d) =
dim Vo4 4 (k — 2) dim V" in the case when (AV,dy) is also elliptic.

The aim of this paper is to consider another class of elliptic spaces whose
Sullivan minimal model (AV, d) is such that (AV,dy) is not necessarily elliptic.
To do this we filter this model by

FP =AWy = B AV (1)
i=(k—1)p

This gives us the main tool in this work, that is the following convergent
spectral sequence (cf. §3):

HPUAV,8) = HPHI(AV,d). 2)

Notice first that, if dim(V') < oo and (AV,0) has finite dimensional coho-
mology, then (AV,d) is elliptic. This gives a new family of rationally elliptic
spaces.

In the first step, we shall treat the case under the hypothesis assuming that
HYN(AV, ) is one dimensional, being N the formal dimension of (AV,d) (cf.
[5]). For this, we will combine the method used in [8] and a spectral sequence
argument using (2). We then focus on the case where dim HY (AV,§) > 2.
Our first result reads:

THEOREM 1. If (AV,d) is elliptic, (AV, d},) is not elliptic and H (AV, ) =
Q.« is one dimensional, then

cato(X) = cat(AV,d) = sup{s > 0, a = [wo] with wy € A=V},
Let us explain in what follow, the algorithm that gives the first inequality,
cat(AV,d) > sup{s > 0, a = [wo] with wy € A=V} := 1,

i) Initially we fix a representative wg € A=V of the fundamental class «
with r being the largest s such that wy € AZ5V.
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ii) A straightforward calculation gives successively:
wo=wd +wp+-Fuh
with

wé _ (w(i),()’ Wé’l, o ’w(i),k—2) EA(k—l)(p+i)V @ A(k—l)(p+i)+1v

@ - @ AF—D@H) -2y

Using 6(wo) = 0 we obtain dwy = a3 + a3 + - - - + af,, with

aQ ~__,.0,0 0,1 aO,k—Q) GA(kJ—l)(p—i-i)V D A(k‘—l)(p-i—i)-‘rlv

z_(iai’-'wi

@ .- @ AR-DE+)+k-21,

iii) We take ¢ the largest integer satisfying the inequality:

th%ilﬁN—z%—dﬂp+U—2k+®.

Since d? = 0, it follows that a3 = §(by) for some
k—2

by € @A(kfl)(pﬁ)f(kfl)ﬂ'vl
j=0

iv) We continue with w; = wy — ba.

v) By the imposition iii), the algorithm leads to a representative wy1;_1 €
AZ"V of the fundamental class of (AV,d) and then eg(AV,d) > r.

Now, dim(V) < oo imply dim HV(AV,§) < oo. Notice also that the
filtration (1) induces on cohomology a graduation such that HY(AV,d) =
@®ptq=nHPI(AV,8). There is then a basis {ay,...,an} of HY(AV,§) with
aj € HPi% (AV,6), (1 < j < m). Denote by wy; € A="V a representative of
the generating class o; with r; being the largest s; such that wy; € AZ5iV.
Here p; and g; are filtration degrees and r; € {pj(k—1),...,p;(k—1)+(k—2)}.
The second step in our program is given as follow:

THEOREM 2. If (AV,d) is elliptic and dim HY(AV,6) = m with basis
{au,..., o}, then, there exists a unique p;, such that

cato(X) = sup{s > 0, a; = [wo;] with wy; € A=V} :=r;.
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Remark 1. The previous theorem gives us also an algorithm to determine
LS-category of any elliptic Sullivan minimal model (AV,d). Knowing the
largest integer k > 2 such that d = Y., d; with d;(V) € A’V and the formal
dimension N (this one is given in terms of degrees of any basis elements of
V), one has to check for a basis {a1,...,amn} of HN(AV,§) (which is finite
dimensional since dim(V') < oo0). The NP-hard character of the problem into
question, as it is proven by L. Lechuga and A. Murillo (cf [12]), sits in the
determination of the unique j € {1,...,m} for which a represent cocycle wy;
of a; survives to reach the Eo, term in the spectral sequence (2).

2. BASIC FACTS

We recall here some basic facts and notation we shall need.

A simply connected space X is called rationally elliptic if dim H*(X,Q) <
oo and dim(X) ® Q < co.

A commutative graded algebra H is said to have formal dimension N if
HP =0 for all p > N , and HY # 0. An element 0 # w € H" is called a
fundamental class.

A Sullivan algebra ([3]) is a free commutative differential graded algebra
(cdga for short) (AV, d) (where AV = Exterior(V°) @ Symmetric(V°ve"))
generated by the graded K-vector space V = @2280 V' which has a well
ordered basis {z,} such that dz, € AV.,. Such algebra is said minimal if
deg(zq) < deg(xp) implies a < B. If VO = V! = 0 this is equivalent to saying
that d(V) C @=5° A'V.

A Sullivan model ([3]) for a commutative differential graded algebra (A,d)
is a quasi-isomorphism (morphism inducing isomorphism in cohomology)
(AV,d) — (A, d) with source, a Sullivan algebra. If H°(A) = K, H'(A) =0
and dim(H'(A,d)) < oo for all i > 0, then, [6, Th.7.1], this minimal model
exists. If X is a topological space any minimal model of the polynomial dif-
ferential forms on X, Apr(X), is said a Sullivan minimal model of X.

(AV,d) (or X) is said elliptic, if both V and H*(AV,d) are finite dimen-
sional graded vector spaces (see for example [3]).

A Sullivan minimal model (AV,d) is said to be pure if d(V¥*") = 0 and
d(V°dd) c AVeven, For such one, A. Murillo [9] gave an expression of a cocycle
representing the fundamental class of H(AV,d) in the case where (AV,d) is
elliptic. We recall this expression here:

Assume dim V' < oo, choose homogeneous basis {x1,...,zn}, {y1,...,Um}
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of Veve® and V044 respectively, and write

1 2 n—1 n .
dy; =a;r +ajre+ -+ a; T + a5, J= 1,2,...,m,
where each af is a polynomial in the variables @, zjt1,. .., 2, and consider
the matrix,
aj af - af
a% a% ay
A=

1 2 n
Qpp Ay am,

For any 1 < ji1 < --- < jn < m, denote by P}, ;. the determinant of the

matrix of order n formed by the columns ¢, 49, ..., %, of A:
1 n
@y, a5
L n
ajn a]n

Then (see [9]) if dim H*(AV,d) < oo, the element w € AV,
w = Z (—1)j1+m+j".lemjny1...gjl @]n o YUm, (3)
1<j1<<gn<m

is a cocycle representing the fundamental class of the cohomology algebra.

3. OUR SPECTRAL SEQUENCE

Let (AV,d) be a Sullivan minimal model, where d =}, d; with d;(V') C
AV and k > 2. We first recall the filtration given in the introduction:

[e.9]

FP=pAFry = B AV (4)
i=(k—1)p

FP? is preserved by the differential d and satisfies FP(AV)®@F(AV) C FPTI(AV),
Vp,q > 0, so it is a filtration of differential graded algebras. Also, since
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= AV and FPH! C FP this filtration is decreasing and bounded, so it
induces a convergent spectral sequence. Its 0“*-term is

o _ FP p+q _ Az(kfl)pv ptq
0 Fpr+1 AZk=-D(p+D) '
Hence, we have the identification:
qu (Ap(k 1)V ® Ap(k 1)+1V @S- Ap(k—1)+k—2v)p+q’ (5)
with the product given by:

!/ ! ’
(uo,ut, ..., Uk—2) @ (U, Uy, ..., Ug_o9) = (Vo, V1, ..., Vg—2)
/

uU;u

1o ! - _
for all (ug,u1,...,ux—2), (ug,uy,...,u;,_o) € Ey? with v, = Ziﬂ-:m iU

and m=0,...,k—2.
The differential on Ej is zero, hence EP'? = E'? and so the identification
above gives the following diagram:

E1177q = (A(k 1)1‘)V @ AE— l)p—&-l\v DD A(k_l)p+kf2V)p+q
D Sy T A
8 /,dk \C\ll\c+1 \\dk ﬁ 2(k= D\\ Ll

Eylo+1,q N (A(k—l)(p+1)v @ AC-DE+D)HYy . g A(k—l)(p+1)+k—2v)p+q+1

with 0 defined as follows,

(5(11,0, UL, .- ,’LLk_Q) = (wk, W1, - - - ,ka_g) with Wy = E Ay

Let EY = EP" = @50 B and Ef = @50 EY”" = AV as a graded vector
space. In this general situation, the 15'-term is the graded algebra AV provided
with a differential §, which is not necessarily a derivation on the set V' of
generators. That is, (AV, ) is a commutative differential graded algebra, but
it is not a Sullivan algebra. This gives, consequently, our spectral sequence:

ENY = HPI(AV,§) = HPTI(AV,d). (6)

Once more, using this spectral sequence, the algorithm completed by
proves of claims that will appear, will give the appropriate generating class of
HN(AV,§) that survives to the co term. Accordingly, the explicit formula of
LS category for this general case, is expressed in terms of the greater filtering
degree of a represent of this class.
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4. PROOF OF THE MAIN RESULTS

4.1. PROOF OF THEOREM 1. Recall that (AV,d) is assumed elliptic, so
that, cat(AV,d) = eo(AV,d) [4]. Notice also that the subsequent notations
imposed us sometimes to replace a sum by some tuple and vice-versa.

4.1.1. THE FIRST INEQUALITY. In what follows, we put:

r=sup{s >0, a = [wy] with wy € AZ*V}.

Denote by p the least integer such that p(k—1) <r < (p+1)(k — 1) and let
then wy € AZ"V. We have

wo € (A(k_l)pv DD A(k_l)P-Fk—QV)
D (A(k—l)p-i-k—lv - P A(k—l)p+2k—3v)
P ---

Since |wp| = N and dim V' < oo, there is an integer [ such that
w0:w8+wé+---+wé
Withwg#OandVizo,...,l,
wh = (wé’o,wé’l, . ,wé’k_z) e A D)y g .. g AR-DE+HI+R-2y,

We have successively:

A 3,0 1,1 i,k—2
5(w0)—5<w0 JWG e Wy )
i0 i i i il
= (dkwo ) E dk—l—i’w(] ) E dk-‘ri’wo P E dk-‘ri’wo ) ’
i =1 i i’ =2 i il =k—2
!
4,0 1,1 i,k—2
0(wp) = E 5<w0 JWg e W >
=0
l
i0 i i
= dkwo ) E dk-‘ri’wo ) E dk’-i—’i’w[) )
=0 i+ =1 i 44" =2
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Also, we have dwg = dwg + dwé +--+ dwf), with:

0 _ 00 0.1 LOkE—2
dwy = d (wo Wy s, Wy )
0,0 0, 0"
= dkwo R E dkH/wO s Z dk+i/w0 + -
il i =1 il i =k—2
2k—3
c @ AF=Dp+k ) oy
k'=k—1
1 1,0 1,1 1,k—2
dw0:d<w0 Wy s, Wy )
o d d 1 =1/ d 1 Z//
- kw() ) E kJrZ'w() Yoy Z k+z’w0 + -
/+'LN7 il+i//:k_2
3k—4
el P APV ) g
k'=2k—2
dwézd(wo ,wo . wék 2)
o d d / d i,il/
- kw[) ) k:-l—z’w(] geeey k‘-l—i’w[] + -
il i =1 il il =k—2
(k—1)p+ z+2)k (14+3)
c ( A(k_l)p""klv D
k'=(k— 1)p+ (i+1)k—(i+1)
Therefore
l
i,0 i i
dwy = Z <dkw0 , E dpyirwy 5. -, Z iy >
i=0 il i’ =1 i il =k—2

+ Z (dzkzwé’l + (dog—2 + d2k73)w(i)’2 + -+ (dok—2 + dop—3 + - -

+ dk_i_l)wgk_Q) + Z dk/wo

k'>2k—2
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that is:

l
dwy = 5 OJO + Z (ko_gwé’l + (dzk_g + dgk_g)w6’2 +---+ (dgk_g +...
=0
+ g1 )" 2) + Z djrwo.

As §(wo) = 0, we can rewrite:
k—2

dwo = ag+a§+---+a?+l with a? = (a?’o, Ok 2 )€ @A (k=D (p+i)+iy/
J=0

Note also that t is a fixed integer. Indeed, the degree of ag 4 Is greater
than or equal to 2((k — 1)(p+ ¢ + 1) + k — 2) and it coincides with N + 1, N
being the formal dimension of (AV,d).

Then
NA122((k-1)(p+t+1)+k—2).

Hence

t< 2(kl_1)(N—2(k—1)(p+l)+5—2k).

In what follows, we take ¢ the largest integer satisfying this inequality.
Now, we have:

d*wo = da + da + - - - + da,

0,1 0,k—2 0,1 0 k—2
_d(a2 y gy ey Oy )+d((13 N R ¢ )+ o
0,1 0,k—2
+d(at+l,at+l,.. Ny
with
0,0 0,1 0,k— 0,1 0,k—2
dlay”, a9, ..., ay )—d(a2 a5, a9 )
0,0 0,1 0 k—2
+dipti(ay a9, .. a9 7))+
0,0 0,i" 0,i"
= (dka2 , g diyirag” ..., E dpyir g )
i it =1 i i =k—2

+ (d%—lag’o + dop—nay’ + -+ ,) +--
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0,0 0,1 0,k—2 0,1 0 k—2
d(ag”,a3",...,ag )—d(a3 a3, ., a8 )
0,0 0,1 0,k—2
+diy1(ag a3, ... a3" )+
0,0 0,i" 0,i"
= (dka3 y E dk_H-/aS yeeey E dk+i’a3 )
il il =1 il il =k —2
0,0 0,1
+(d2k,1a3 —|—d2k,2a3 +"',...)+"'

It follows that:

2 0,0 0,5 0,8
d“wy = (dk% , Z diyiay” ..., Z dpyir Qo >

i =1 i il =k—2
0,0 0,1

+<d2k—1ag + dog—2a, +"',-~->+"'
0,0 0,1

+ <d2k7103 +dog—2a3" + - .. ) +--

Since d?wg = 0, we have

<dka Z dk+z’agz yee e Z dkﬂ/ag ) :5(a(2)) =0

il i =1 il il =k—2
with a = (a9°,...,a3%7?) € EBk SAB=DEE)4I Y Consequently af is a
d-cocycle.

CLAIM 1. af is an d-coboundary.

Proof. Recall first that the general r*"-term of the spectral sequence (6) is
given by the formula:

qu_qu/Zerl,q 1+Br b

where
zZP1 = {33 IS [Fp(AV)]p+q | do € [Fp+T(AV)]p+q+1}

and

BP9 = d([FP~"(AV)PH=Y) A FP(AV) = d(ZP-]HHt7 2,
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Recall also that the differential d, : EPY — EPT47"H iy B** is induced
from the differential d of (AV,d) by the formula d,([v],) = [dv],, v being any
representative in Z¥'? of the class [v], in EX?.

We still assume that dim HY(AV,d) = 1 and adopt notations of §4.1.1.

Notice then wy € Z5? and it represents a non-zero class [wole in E5Y.
Otherwise wy = wj + d(w ”) where w6 e ZVH ! and Wl € BP9, so that
a = [wo] = [wh — (d = §)(wf)]. But wh — (d — 8§)(wf) € A="F1 is a contradic-
tion to the deﬁnltlon of wy. Now, using the isomorphism Ey™ = H**(AV, ),
we deduce that, [wolos € E5? (being the only generating element) must sur-
vive to EL?, otherwise, the spectral sequence fails to converge. Whence

dy(fwolz) = [a9)a = 0 in EET2971 je. a € ZPP3072 4 B2l How-
ever a3 € @?;g AF=D@E+Y 50 09 € BPY! that is o) = d(z), = €
@f;g AF=DE+D+7Y | By wordlength argument, we have necessary a9 = 6(x),
which finishes the proof of Claim 1. |

Notice that this is the first obstruction to [wp] to represent a non zero class
in the term E§* of (6). The others will appear progressively as one advances
in the algorithm.

Let then by € @?;g AE=DE+2)=(k=D+7) such that a = §(by) and put
w1 = wo — ba. Reconsider the previous calculation for it:

dwi = dwg — dbs
= (a3 +al + - +aby,) — (drba + dsby + - --),

with

k—2
diby = dk(b% b%a cees 55_2) = (dkbg, dkb%, ey dkaQC c @A (k=1)(p+2) tiy,
7=0

dk+1b2 = korl(bga b%7 R bg_z)

e
[\V]

= (di169, diy 103, - .. diabh2) € @ AF-DEFHIHLY,

<.
I
]
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This implies that

d(.U1 - ag + (Ig + -+ a?+l — (dkbg, Z dk+’i’bg/a ey Z dk+i/bg/>
il i =1 il =k—2
— (dog—ab§ + -+ ,...)
— 0 — 6(bs) + 0 — (dop by + -+, ) e
and then:
doy = a3 +aj+ - +ajyy, with of € @GAEDEHY,
7=0
So,

d*wy = daj + daj + - - - + dajy,

1,0 1,4 1,4
= (dk’a3 ) E dk+i’a3 D) E dk+i’a3 )

i i =1 i il =k—2

+<d2k_1a§’0_|_...,_“)_|_...

Since d?w; = 0, by wordlength reasons,

1,0 1,3 1,4 1
(dka3 y Z dk+,~/a3 yeeey Z dk+i/a3 ) = 5(&3) =0.

i+ =1 i i =k—2

We claim that a = 6(b3) and consider wy = wy — bs.
We continue this process defining inductively w; = wj_1 —bjq1, j < t4+1-2
such that:

k—2
dw;j = CL;-H + a;-+3 + -+ agﬂ, with af € @ AE=D(p+i)+hy,
h=0

J
and aj 5 a d-cocycle.
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CrLAM 2. a§+2 is a d-coboundary, i.e., there is

k—2
bjyo € @A(kfl)(pﬂ'w)—(kq)ﬂv
j=0

such that 8(bj2) = a3 1 <j<t+1-2.

Proof. We proceed in the same manner as for the first claim. Indeed, we
have clearly for any 1 < j <t+1-2, w; = wj_1—bj11 = wo—ba—bz—---—bj11 €
770, and it represents a non zero class [wjlj+2 in Effz which is also one
dimensional. Whence as in Claim 1, we conclude that, ag- 4o 18 a 6-coboundary
forall1<j<t+1-2. 1

onsider wiij_1 = Wiij_o2 — where =a,,; °. otice tha
Consider wy 4 bi+1, where 0(by /172 Notice that

|dwiyi—1| = |dwes1—2] = N+1, but by the hypothesis on ¢, we have d(wyy;—2) =

t-H1—2
aiy and then

At — bea)| = lalt = 8(bess) — (d = 8)besal = | = (d = 8)beat| > N+ 1.

It follows that dwyy;—1 = 0, that is wy4;—1 is a d-cocycle. But it can’t be a
d-coboundary. Indeed suppose that w1 = (W) + wh + -+ wh) — (b2 +

bg + -+ + byyy), were a d-coboundary, by wordlength reasons, wi would be a

d-coboundary, i.e., there is = € @?;g AF=Dp=(k=1)+iy such that §(z) = w).
Then
wo = 0(z) +wi + -+ + wb.
Since §(wp) = 0, we would have 6(wg+- - +w)) = 0 and then [wo] = [wi+- -+
w(l)]. But w{ + -+ wé € A°"V, contradicts the property of wg. Consequently
wyy1—1 represents the fundamental class of (AV,d).
Finally, since w;;—1 € AZ"V we have

eo(AV,d) > r.
4.1.2. FOR THE SECOND INEQUALITY. Denote s = eg(AV,d) and let

w € AZ*V be a cocycle representing the generating class a of HYN (AV,d).
Write w = wy + wi + - - + wy, wi € ATV, We deduce that:

dw = (dkwo + Z Ay iwir + -+ + Z dk—i—iwi/) + dpwp—1 + dog—1wo + - - -
iti=1 il —k—2

:(5(w0,w1,...,wk,2)+--~
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Since dw = 0, by wordlength reasons, it follows that é(wg,w1,...,wg_2) =
0. If (wg,wr,...,wk_2), were a d-boundary, i.e., (wo,wi,...,wr_2) = d(z),
then

w—dr = (wo, w1, ..., wg—2) —0(x) + (Wk—1 + - +wi) — (d—9)(z)
= (wk,l -+ .- +wt) — (d — 5)(1’),

so, w — dx € AZ*TF=1V which contradicts the fact s = eg(AV,d). Hence
(wo, w1, .. .,wWk_2) represents the generating class of HM(AV,§). But
(wWo, w1, ..., wr_2) € AZ5V implies that s < r. Consequently, eq(AV,d) < r.
Thus, we conclude that
eo(AV,d) =r.

4.2. PROOF OF THEOREM 2. It suffices to remark that since (AV,d) is
elliptic, it has Poincaré duality property and then dim H™(AV,d) = 1. The
convergence of (6) implies that dim E3" = 1. Hence there is a unique (p, q)
such that p+q = N and B3 = E%?. Consequently only one of the generating
classes aq,...,ap had to survive to E,. Let a; this representative class and
(pj, q;) its pair of degrees. |

EXAMPLE 1. Letd =} ;-3 d; and (AV,d) be the model defined by V" =
< ag,@y >, VoM =< s yr oy > day = day = 0, dys = 2}, dyr = @3 and
dy, = x%x’;, in which subscripts denote degrees.

For k > 3,1 > 0, we have

! - ! -3
:ng’Q = 33’2g ngxé = d(yg,azg 3:13’2).
For k>4,1>0,

Koo 1 k=4 4 1, k-4
zywy = xhxy  wy = d(wywy yr).

Clearly we have
dim H(AV,d) < oo and dim H(AV,d3) = co.

Using A. Murillo’s algorithm (cf. §2) the matrix determining the funda-

mental class is:
73 0

A= 0 x’23 ,

2
xoxy 0
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S0, W = —x%x’23y’7 + xgzc’;yg, € A28V is a generator of this fundamental coho-
mology class.
It follows that eg(AV,d) = 6 # m + n(k — 2).

EXAMPLE 2. Letd = }_;-5d; and (AV, d) be the model defined by Vever =

b b K ’5
< Ta,TH >, podd — < Y5, Y9, Yy > , dre = dxy = 0, dys = x5, dyg = x5 and
b J— 3 72
dyy = x5y .

Clearly we have
dim H(AV,d) < oo and dim H(AV,d3) = co.

Using A. Murillo’s algorithm (cf. §2) the matrix determining the funda-

mental class is:
2

T5 0
A= 0 x’24 ,
x%x’; 0
S0, W = —:U%ac’;yé + x%xéﬁ% € AZ"V is a generator of this fundamental coho-

mology class.
It follows that eg(AV,d) =7 # m + n(k — 2).
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