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Abstract: In this paper we develop new identities in the spirit of Euler. We shall investigate and
report on new Euler identities of weight p+ 2, for p an odd integer, but with a non unitary argument
of the harmonic numbers. Some examples of these Euler identities will be given in terms of Riemann
zeta values, Dirichlet values and other special functions.
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1. INTRODUCTION

In a previous paper, [16] we investigated families of integrals, where the
integrand is the product of an inverse trigonometric or inverse hyperbolic
trigonometric and the polylogarithmic function,

1
J(a,6,p,m) = /0 v f(y) Li, (3% dy,

for a € RT, § = +1, p € N, m € R" and where f(y) = arctan (y™) or
tanh ™! (y™). It was demonstrated that integrals of products of inverse trigono-
metric and polylogarithmic functions can be associated with Euler sums. It is
well known that integrals with polylogarithmic integrands can be associated
with Euler sums. Therefore in the spirit of Euler we shall investigate integrals
of the type
Pina . .
I(a,d,p,q) = / — Liy(z) Lig (62%) dx (1.1)
0

fora € RT, § = £1, p € N, ¢ € N. Some examples are highlighted, almost
none of which are amenable to a computer mathematical package. We shall
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also develop new Euler identities for sums of the type

00 H(QQ) o (— )7L+1H() 00 H(Q)
Z:l =, Z:l : Z:l on 1y (1.2)

and again, some examples are highlighted, almost none of which are amenable
to a computer mathematical package. This work also extends the results
given in [7], where the author examined integrals with positive arguments of
the polylogarithm. Devoto and Duke [4] also list many identities of lower
order polylogarithmic integrals and their relations to Euler sums. Some other
important sources of information on polylogarithm functions are the works of
[9], [10], and [I6]. The famous Euler identity [5], for unitary argument of the
harmonic numbers, states

(1.3)

The famous Euler identity was further extended in the work of [I]. Relatively
recently multiple zeta values (MZVs) were studied and developed by [g], [21]
and others, for example, [I1]. MZVs are defined by

. . . 1
C(i1,92,...,105) = Z i

ni>ng-->ng>1

for positive integers i, and 47 > 1 with weight > i and length or depth k.
For arbitrary p € N and ¢ > 2 the Euler sum

)
Z Hr (1.4)

is readily expressible in terms of MZVs, that is, Sp q+S4., = ((p)¢(q)+¢(p+4q).
Fuler developed many relations, including

(21)=C3).  Sap = (2)C(B) — 2C(5).
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It appears that at weight eight, S2¢ cannot be reduced to zeta values and
their products. We also note that we may define alternating MZVs with signs
in the numerator as

_ _ ( 1)n1+n2+~--+nk
€(11,22,--~7Zk): Z i1 ig

i
ny>ng>-->np>1 nyng . 'nk

Therefore an alternating MZV converges unless the first entry is an unbanned
one, and we also have ¢ (I) = —In2 and ¢ (n) = n(n) = (1 —2'"")((n) for
n > 2, so that, for example

L (_1)n1+n3
((3,1,2)= >
ni>ng>n3z>1 n1n2n3

For arbitrary integer weight p > 1, ¢ > 1 we shall define alternating Euler
sums as,
00 nt+1l r7(p)
_ N =D Ha
$0,0:= 3 ST 5)
There are some special cases where the linear Euler sum ([1.4]) is reducible to

zeta values. For odd weight w = (p + ¢) we have,

(p)
W) = 302 = L1+ (<1P) )

n=1

P

Mm

( *“”Jl)awm—%mw) (1.6)

1

]

1) p+q—2j—
qg—1

J

[N4S)

><@+q—wx@ﬁ

1

<<><>>

where [z] is the integer part of z. For alternating Euler sums and specified
odd weights we have some particular identities. Sitaramachandra Rao, [12]
gave the identity, for S(p,q), when p =1 and for odd weight 1 + ¢ as,

~1

25(1,g) =1+ gn(l+q) =C1+q9) —2) n(2)(1+q-2j) (1.7

NS

<.
Il
—
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and in another special case, gave the integral
1 U In%(z) In(1 + 2)
S(1,142q) = / dz .
( )= g z(1+7)
In the case where p and q are both positive integers and p-+q is an odd integer,
Flajolet and Salvy [6] gave the identity:

28(p,q) = (1 = (=1)") C(p)n(q)

sar 3 (P e nen (18)

i+2k=q p

+np+q) -2 Y ( I > (—=1)n(q+j) n(2k),

-1
J+2k=p 1

where 1(0) = £, n(1) =In2, ¢(1) = 0, and ¢(0) = —1% in accordance with the
analytic continuation of the Riemann zeta function. We define the alternating
zeta function (or Dirichlet eta function) n(z) as

X 1\n+1
n(z) := Z (172)Z+ = (1 — 21_Z) ¢(z).
n=1

The following Euler identities for harmonic numbers at half integer values
have been given in [19].

LEMMA 1. For § = £1, a € R, r € N and m a positive odd integer,

n+1 (r)
W(a,d,m,r) = O Han,
nm
n>1
then
1
w (2, 1,m, 1) = EU(m) + (=1)"™'S(1,m)
+ )" kC mim+1—k),
k=2

and

W (;, —1,m, 1) = (1-2"") EU(m) + (1)1 S(1,m)

+ —1)™ R (k)ynim+1—k).
k:2

(1.10)

,_.
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Therefore the main aim of this paper is to develop new Euler identities
for the sums and represent the solution of the integral , in terms
of special functions, for various values of the parameters (a,d,p,q). First we
define some special functions that we will encounter in the body of this paper.
The Lerch transcendent,

D(z,t,a) = Z :

o (m+a)

m

is defined for |z| < 1 and R(a) > 0 and satisfies the recurrence
®(z,t,a) = 2®(z,t,a+1) +a '

The Lerch transcendent generalizes the Hurwitz zeta function at z = 1,

o0

1

®(1,t,a) = m

=0

3

and the polylogarithm, or de-Jonquiere’s function, when a = 1,

Liz(z Z , teCwhen |z] <1; R(t)>1when|z|=1.

m=

Let

o0

11—
Hn_z / dt =~ 4 (n +1) Z“Jrn . Hy:=0

Jj=1

be the nth harmonic number, where v denotes the Euler-Mascheroni constant,

aim = Son_, -L is the m™ order harmonic number and ¢(z) is the digamma

(or psi) functlon defined by

1
) and (14 2) =9Y(z) + e

A DY
z) = — — .
v o n+1 n-+z

The polygamma function

¥(z) = % {log ()} =

moreover,

k oo
9 = SR E) = (CVRY.

r=0
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and has the recurrence

_1)k
vz +1) =¢<’“>(Z)+(zi)ﬂ’f!

The connection of the polygamma function with harmonic numbers is,

H£a+1) =((la+1)+ (_al')a w(a)(z +1), z#{-1,-2,-3,...}, (1.11)

and the multiplication formula is

P ®) (pz) = SmoInp +

p,}H ZW) <z+ > (1.12)

7=0
for p a positive integer and dy, ;. is the Kronecker delta. The work in this paper
also extends the results of 7], [20]. Other works including, [2], [3], [13], [14],
[15], [I7], and [I8] cite many identities of polylogarithmic integrals and Euler
sums.

2. INTEGRAL IDENTITIES AND EULER SUMS

THEOREM 1. For a € RT, § = {—1,1}, p, q, positive integers, then

1 : i (5x%
I(a.5.p.q) :/0 Inz Li,(x) Lig (62%) da

x
(_1)p+1 )
= TC@) Lip14(9) (2.1)
0" Hap | (1) {0 j25%
ap—‘rl Z nptatl aP — nptq
P 1)p—k
p+1-k .
Z PR )C(’f) Liptgt2-4(9)-
k=2

(2)

where Li, 4 () is the polylogarithm, H,y, and Hg;, are the harmonic numbers.

Proof. By the definition of the polylogarithmic function we have

/ 22T n o de

5”00

I(a757p7q) - Z nq

n=1 7j=1

0 1
=2 L

n=1 7j=1
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and by partial fraction decomposition,

G )L ol Vg
00 §n o0 (an)Pj(j+an) (an)P (j+an)?
oo a) == Z nd Z P~k (p+1—k)
n= J=1 +> 0 W

Now

p(=1)P*! Hap 4 =P ¢'(ant1)

° an)p+t1 an)P
wsng -5 [
n=1 + Z W C(k)
_ (_1)p+1 . o" Hap,
T ¢(2) Lip4(9 ap—i—l Z pratl
(—1)P & snHP
T aP np+a

n=1

p 1)P—h(

(p+1—k) .
Z abt2—k C(k) Lipygto—k(9),
k=2

and Theorem [T]is proved. 1
In the next few corollaries we investigate various special values of the pa-
rameters (a, d, p, q) which will yield solutions to I (a,d, p,q) that are express-

ible in terms of the Riemann zeta and other special functions. We shall also
present new Euler type identities for the sums (|1.2]).

COROLLARY 1. For a = 1, § = 1, p, q, positive integers with arbitrary
weight p 4 q, then

Ulnz Li Li
I(l,l’p’ q) _/ — lp(xx) lq(x) dz
0

= (= 1P (S2ptq + PS1ptqr1) + (=P (0 +a)  (2.2)

=D (1P Fp+ 1= k)R (p+q+2 k),
k=2

where S, is the linear Euler sum ([1.4)).
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(2)
Proof. Here we note that Li,, (1) = ¢(m) and the sums Sp pyq = 00 | 22 ’

n=1 np&q
_ o) H,
and S1pigr1 = D2y mprerr-

Remark 1. For a = 1, § = 1, p, g, positive integers with p 4+ ¢ an odd
integer, then

Ung Liy(z) Liy(z
M1 pg) = [ B

dx

=p(-1)PEU(p+q+1)+ (-1’ BW(2,p+q)
+ (=1)P¢(2)¢(p + q) (2.3)

D )P+ 1= k) (R)C(p+q+2—k),

2
where EU(+) is the Euler identity and BW (-,-) is the identity (1.6).
EXAMPLE 1.
I1(1,1,4,2) = I(1,1,2,4) = Sa6 — 2¢(3)¢(5) + gC(S),
I0,1,4,4) = Sy~ 20B)(T) + 12¢(10) ~ 263(5),

I(1,1,4,5) = I(1,1,5,4) = ¢(4)¢(7) + ¢(2)¢(9) — 3¢(11).

COROLLARY 2. Fora =1, d = —1, p, q, positive integers, then
1 . .
Inz L Lig(—
N e
0 xr

=p(-1)PS(Lp+aq+1) (2.4)

+ (=1)PTS(2,p + q) + (=1)P¢(2)n(p + q)

+ (1P R+ 1= k)C(kn(p+q+2— k),
k=2

where n(-) is the Dirichlet Eta function and S(-,-) is the alternating linear

Euler sum. We note that when we have odd weight (p + q), S(-,-) may be
replaced with the identity (|1.8]).
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Proof. Here we note that Li,(—1) = —n(m) and the sum S(m,p + q) =

_1\n+1 (m)
Yo % and may be replaced with the identity (1.8) in the case

when we have odd weight (p+¢). 1
EXAMPLE 2.

I(1,-1,2,4) = 2¢(2)n(6) — S(2,6) —25(1,7),
359

I(l, —1,4, 2) - _TSC

(8) —2¢(3)n(5) — 5(2,6) — 45(1,7),

10,-1,2,3) = S2¢(2)4(5) - 2(7),

5 249

I0,-1,3,4) = LCA)E0) + 3¢(9) - T2 0(2)C(T),

COROLLARY 3. Fora =2, =1, p, q, positive integers, then

U lnz Liy(z) Lig (22

_1\p+1
- LU oo +a) (2:5)

+p(=1)P27 (Siprgrn — S(Lp+q+1))

+ (_1)p2q_1 (S2prq —S(2,p+q))

P Nk B
Capy, ECHLIER g2 k),

op+2—k
k=2

where S.. and S(-,-) are the linear Euler and alternating Euler sums
and respectively. In the case when we have odd weight (p + q) then we
may utilize Sipyq+1 = EU(p + ¢+ 1) is the Euler identity , S2pt+q =
BW(2,p + q) is the identity and S(-,-) is obtained from the identity
).

Proof. Here we note that Li,, (1) = ((m) and the sums S.. and S(-,-) are
the linear Euler and alternating Euler sums (1.4) and (1.5 respectively. In
the case of odd weight (p + ¢) the sums S prgr1 = D ey %, So2pt+q =

n (a)
BW(2,p+q) = X2, 22 and S(a,b) = Y00, LT

n=1 npr+tq n=1 nb
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EXAMPLE 3.

12,1,3,3) = L CB)C6) — 50(8) — 4830+ 45(2,6) + 125(1,7),

[2,1,4,2) = %4(8) - %g(3)<<5) 42556 — 25(2,6) — 85(1,7),
12,1,3,2) = 0(5) — 16C(2)C(3),

1(2,1,0,q) = 2971 (EU(q) — S(1,q)),
107 1 37
%4(7) + ZC(4)C(3) - a(@)C(?)-

The aim now, is to obtain the new Euler identities for the sums (|1.2)),
hence consider the following corollary.

1(27 17 57 O) =

COROLLARY 4. From Corollary[3, let ¢ = 0, 6 = £1, and p, a positive odd
integer, then

w(yim2) =%

n>1

= p(=1)P"1227P((2)¢(p) + 2p(—1)" (BU (p + 1) = S(L,p + 1))

HY
2

(2.6)

S
S

+2(=1)P (BW(2,p) — 5(2,p))

p=1 K .
ey S CELED e 2 h),
k=3

where EU(+), S(-,-) and BW (-,-) are the same as in Corollary (3,

Proof. Proceeding as in Theorem

1 . .
Inz L Lig (6z*
I(a,(s,p,()):/ nx lp(x) 10( €z ) diU
0 X
8 1 & § 1 n
HEEA SE S PP S PYPEI ]
aQZnPZ (n+aj)? a? np ta
n>1 7>1 n>1
where ¢ ((5, 2,1+ %) is the Lerch transcendent. We have,
(241
_G%anl (;p ) foro =1,
I(a,6,p,0) = (2.7)

P (2+1 atn n
o Ty T ((5) — w/(2)) for 5= 1.
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Now for ¢ = 2 and § = 1, we have

HY

2
1 "5 +1 1 z 1
10150 =~ S < I3 e

and equating with (2.5)) we obtain the desired result (2.6)). Also, since

7@ HY
Z o _ 21—pz T; (1 _ (_1)n+1)
n>1 n>1

we obtain the second Euler identity

n 2
1 (_1) +1H(%)
W 5,—1,]9,2 :E T

n>1

1
= W (27 17p7 2) - 21_pBW(2’p)

= (1+ (=21 ¢(2)¢(p) — 2pW <; ~1,p+1, 1>
+ (_2>2—pw(2’ 17p7 2) + (_2)1—p BW(Q,p)
+3 (22 + 1 - k) (ko +2 — k).
k=2

Similarly, for the third Euler sum identity in ([1.2]) we have

n—s3
E —= = (W (=,1,p,2 Wil - —1,p,2 .
(2n—1)p 2( <27 7p7 >+ <27 7p7 >)
EXAMPLE 4.

Hn
> E = - L)) - 1eE)),
n>1

(—1)”+1H% 119 1 7
; 5 = 13587 — 55¢(DC) — 55¢3)C).

31
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( )’VH—IH( )
A= Lo - D) + o,
n>1
~ o 47 127
Zﬁ**f( )C(4) = 75¢2)¢5) + (D).
n=1

COROLLARY 5. Fora =16

5, 0 = *1, p, q, positive integers with p + q an
odd integer, then

I(%,é,p, q) ) /01 Ina Lip() Lig (d2% ) o

X

W (3 Lp+a+1,1) — (-2 + )

(4402

o (P (p+ 1= B)C(R)C(p +q +2 — k) for 6 =1,

2)PHW (% *17p+q+1,1) + (=2)P¢(2)n(p + q)
(5 -Lp+a2)

+3 0 ()P F(p+ 1 — k) C(R)n(p+q+2— k) for § = —

where W (-, -, -, ) is evaluated from Corollary .

Proof. The proof follows from (2.1). 1
EXAMPLE 5. In these examples we utilize some results from Example

I(%, 1,5,0) = 16¢(3)¢(4) + 218¢(2)¢(5) — 391¢(7),
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( 1,5,0) = B71¢(7) — 12C(3)C(4) — 210C(2)C(5).

_gg 7g(3)g(4) + %C(2)C(5),

( -1,0,5

< 1,3,2 :—g 5) — 64¢(7),

)-

((5:1.0.5) = S50 + B - Te@6)
)
)

I (; 1,3, 2) — 63¢(7) — 37C(2)C(5).

Remark 2. The integral I(a,d,p,q) has been represented in terms of spe-
cial functions. For particular values of the constants (a,d,p,q) the integral
has been expressed in closed form in terms of Riemann zeta and Dirich-
let Eta functions. Some examples are given for the solution of the integral
, most of which are not amenable to a mathematical computer package.
Finally we have developed new identities for the Fuler sums in the spirit

of Euler ([L.3)).
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