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Abstract: The propose of this paper is to extend generalized representations of 3-Lie algebras to
Hom-type algebras. We introduce the concept of generalized representation of multiplicative 3-
Hom-Lie algebras, develop the corresponding cohomology theory and study semi-direct products.
We provide a key construction, various examples and computation of 2-cocycles of the new coho-
mology. Also, we give a connection between a split abelian extension of a 3-Hom-Lie algebra and a
generalized semidirect product 3-Hom-Lie algebra.
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INTRODUCTION

The first instances of ternary Lie algebras appeared first in Nambu’s gen-
eralization of Hamiltonian mechanics [23], which was formulated algebraically
by Takhtajan [29]. The structure of n-Lie algebras was studied by Filippov
[15] then completed by Kasymov in [21].

The representation theory of n-Lie algebras was first introduced by Kasy-
mov in [2I]. The adjoint representation is defined by the ternary bracket in
which two elements are fixed. Through fundamental objects one may also
represent a 3-Lie algebra and more generally an n-Lie algebra by a Leibniz
algebra [IT]. The cohomology of n-Lie algebras, generalizing the Chevalley-
Eilenberg Lie algebras cohomology, was introduced by Takhtajan [30] in its
simplest form, later a complex adapted to the study of formal deformations
was introduced by Gautheron [17], then reformulated by Daletskii and Takhta-
jan [I1] using the notion of base Leibniz algebra of an n-Lie algebra. In [2, 3],
the structure and cohomology of 3-Lie algebras induced by Lie algebras has
been investigated.
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The concept of generalized representation of a 3-Lie algebra was introduced
by Liu, Makhlouf and Sheng in [19]. They study the corresponding generalized
semidirect product 3-Lie algebra and cohomology theory. Furthermore, they
describe general abelian extensions of 3-Lie algebras using Maurer-Cartan
elements. Non-abelian extensions were explored in [26].

The aim of this paper is to extend the concept of generalized representation
of 3-Lie algebras to Hom-type algebras. The notion of Hom-Lie algebras was
introduced by Hartwig, Larsson, and Silvestrov in [I8] as part of a study of
deformations of the Witt and the Virasoro algebras. The n-Hom-Lie algebras
and various generalizations of n-ary algebras were considered in [4]. In a
Hom-Lie algebra, the Jacobi identity is twisted by a linear map, called the
Hom-Jacobi identity. In particular, representations and cohomologies of Hom-
Lie algebras were studied in [25], while the representations and cohomology
of n-Hom-Lie algebras were first studied in [I].

The paper is organized as follows. In Section 1, we provide some basics
about 3-Hom-Lie algebras, representations and cohomology. The second Sec-
tion includes the new concept of generalized representation of a 3-Hom-Lie
algebra, extending to Hom-type algebras the notion and results obtained in
[19]. We define a corresponding semi-direct product and provide a twist pro-
cedure leading to generalized representations of 3-Hom-Lie algebras starting
from generalized representations of 3-Hom-Lie algebras and algebra maps.
In Section 3, we construct a new cohomology corresponding to generalized
representations and show examples. In the last section we discuss abelian
extensions of multiplicative 3-Hom-Lie algebras. One recovers the results in
[19] when the twist map is the identity.

1. REPRESENTATIONS OF 3-HOM-LIE ALGEBRAS

The aim of this section is to recall some basics about 3-Lie algebras and
3-Hom-Lie algebras. We refer mainly to [I5] and [4]. In this paper, all vector
spaces are considered over a field K of characteristic 0.

DEFINITION 1.1. A 3-Lie algebra is a pair (g,[,-,]) consisting of a K-
vector space g and a trilinear skew-symmetric multiplication [-, -, -] satisfying
the Filippov-Jacobi identity: for z,y, z,u,v in g

[w, v, [z, y,2]] = [[w,v,2],y, 2] + [z, [u, v, 4], 2] + [2, 9, [u, v, 2]].

In this paper, we are dealing with 3-Hom-Lie algebras corresponding to
the following definition.
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DEFINITION 1.2. A 3-Hom-Lie algebra is a triple (g, [-,-,], @) consisting
of a K-vector space g, a trilinear skew-symmetric multiplication [-,-,-] and
an algebra map « : g — g satisfying the Hom-Filippov-Jacobi identity: for
T,Y,%,u, v in g

[a(u), a(v), [2,y, 2]] = [[u, v, 2], a(y), a(2)] + [a(2), [u, v, 4], a(2)]
+ (), aly), [u, v, 2]].

Remark 1.3. There is more general definition of 3-Hom-Lie algebras which
are given by a quadruple (g, [, ], 1, @2) consisting of a K-vector space g,
two linear maps ai, a9 : g — g and a trilinear skew-symmetric multiplication
[-,, ] satisfying the following generalized Hom-Filippov-Jacobi identity: for
T,Y,2,u,vin g

[Oél(U), O[Q(’U), [337 Y, ZH = [[’LL, v, 1:]7 Oll(y), 042(2)] + [Oél(CC), [u’ v, y]a 012(2)]
+ [(Xl(ﬂf),ag(y), [U’U7ZH'
We get our class of 3-Hom-Lie algebras when oy = a9 = «a and where « is

an algebra morphism. This kind of algebras are usually called multiplicative
3-Hom-Lie algebras.

PRrOPOSITION 1.4. Let (g,[,,+]) be a 3-Lie algebra and o : ¢ — g be
a 3-Lie algebra morphism. Then (g,[,,]q := ao [, ],«) is a 3-Hom-Lie
algebra.

Let (g,[,-,-],@) be a 3-Hom-Lie algebra, elements in A%g are called fun-
damental objects of the 3-Hom-Lie algebra (g, [, ], ). There is a bilinear
operation [-, -]z on A%g, which is given by

(X, Y]z = [v1, 22, y1] A a(y2) + a(y1) A [z1, 22, Yo
for all X = 21 Axo and Y = y; A 9o, and a linear map @ on A%g defined
by @(X) = a(z1) A a(xs), for simplicity, we will write @(X) = a(X). It is
well-known that (A%g, [-,]z, @) is a Hom-Leibniz algebra [T, [31].

DEFINITION 1.5. A representation of a 3-Hom-Lie algebra (g, [+, -, ], @) on
a vector space V with respect to A € gl(V) is a skew-symmetric linear map
p: A2g — End(V) such that
pla(zr), a(z)) o A= Ao p(xy,x2), (1.1)
pla(@i),a(@2))p(xs, x4) — pla(xs), a(zs))p(z1, 22) (1.2)
= (p([z1, x2, 3], al(x4)) — p([21, T2, 4], u(3))) © A,
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p([z1, 22, x3],a(24)) © A — pa(w2), a(x3)) p(21, 24) (1.3)
= pla(zs), a(1)) p(x2, 24) + pla(1), (22)) p(23, T4),

for x1,z9,x3 and x4 in g.

THEOREM 1.6. Let (g,[-,-,]) be a 3-Lie algebra, (V,p) be a representa-
tion, o : g — g be a 3-Lie algebra morphism and A : V — V be a linear map

such that A o p(x1,22) = p(a(z1),a(x2)) o A. Then (V,p := Aop,A) is a

representation of the 3-Hom-Lie algebra (g, |-, ]a :==a o[-, ], a).
Proof. Let z; € g, where 1 < ¢ < 5. Then we have

p([x3, T4, T5]a, (1)) 0 A — pla(xs), alza)) p(ws, x1) — pla(za), a(xs))p(xs, 21)
— plafxs), a(xs))plza, 1)
= A%0 (p([x3, x4, w5), 21) — p(a3, 24)p(5,21)
— p(x4,x5)p(x3,21) — p(25, 23)p(T4,21)) = 0.

The second condition (|1.2)) is obtained similarly. 1

The previous result allows to twist along morphisms a 3-Lie algebra with
a representation to a 3-Hom-Lie algebra with a corresponding representation.

ProposITION 1.7. Let (g, [, ", ], @) be a 3-Hom-Lie algebra, V' be a vector
space, A € gl(V) and p : AN%g — gl(V') be a skew-symmetric linear map. Then
(V;p, A) is a representation of 3-Hom-Lie algebra g if and only if there is a
3-Hom-Lie algebra structure (g ®V, [, -,],, agev) on the direct sum of vector
spaces g &V, defined by

(1 + v1, 22 + v2, 3 + V3], = [x1, T2, 23] + p(z1, 22)V3
+ p(z3, 21)v2 + p(22, T3)V1,

and ogev = a+ A, for all z; € g, v; € V, 1 <14 < 3. The obtained 3-Hom-Lie
algebra is denoted by g x, V' and called semidirect product.

Let (g, [, ], @) be a 3-Hom-Lie algebra and (V, p, A) be a representation
of g. We denote by C? A(g, V') the space of all linear maps

0: N2 g®--- QN gAg =V
| ——

(r-1)
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satisfying:
Aop(X1® - @ Xp1,y) = p((X1) @ @ u(Xp-1), a(y)),
for all Xq,...,Xp—1 € A%g, y € g. It is called the space of p-cochains.
Let ¢ be a (p — 1)-cochain, the coboundary operator ¢, : Cg_A} (g, V) —
C'Z’A(g, V) is given by
(0p0) (X1, ..., Xp, 2)
= Z (_1)]'@(05()(1)7 s 7Xj7 e o X)), [va Xi]z, a(Xit1),

1<j<k s a(Xp), alz)

) (—p(a(Xy),. .., X, ... a(Xy), X5, 2]) (1.4)

-

<
Il
—

~

(—1)j+1p(ap(Xj))g0(X1, s X, Xpy 2)

4
M@

[y

—~ .
Il

+ (17 (p(aP (), 07 () p(X, o X1, 3y)
+ p(a?(2), 0 (@) a(X1, s Xpo1, 1) ).

for all X; = (z4,y;) € A%g, 2 € g and where [X;, 2] = [2i,¥;,2]. An element
pE Cg;ll (g,V) is called a p-cocycle if 6,0 = 0. It is called a p-coboundary if
there exists some f € Cg’_j(g,V) such that ¢ = d,f. Denote by Z%,,(g:V)

and Bg 171.(8; V) the sets of p-cocycles and p-coboundaries respectively. Then
the p-th cohomology group is

Hyy (8 V) = Z3y (8 V) Bay (8 V). (1.5)

In [28], the author constructed a graded Lie algebra structure by which one
can describe an n-Leibniz algebra structure as a canonical structure. Here,
we give the precise formulas for the 3-Hom-Lie algebra case, generalizing the
result in [19].

Set Coa(9,0) = ©p>0Caa(0,0). Let ¢ € Cialg,0), ¥ € Calg,9),
p,q>0, X;=x;ANy; € N2gfori=1,2,....,p+qand = € g. For each subset
J = {jl, R ajp}j1<---<jp CN&£ {1, 2,...,p+ q}, let I = {il, RN iq}i1<---<iq
= N/J. Define on the graded vector space Cy (g, g) the graded commutator
bracket

[o, ¥PPE = (=1)P95 () — §O (1) = (—1)Pp oq ¥ — Y 0q ¢,
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where ¢ o, 1 € Ch1(g, g) is defined by

jg(@)(Xl, o "Xp+q7x) = @ Oq 1/}(X17 <. '7Xp+q7x)
= Z (_1)(J,I)(p<ap(Xi1)7 cee 7ap(Xik)7

JJq<ip41<p+q
G2 Xy ) 0 X 07 (XG,), 07 ()
+ Z(_l)(J’I)(_l)qu(ap(Xil)7 R 7ap(Xiq)a Q/J(le, s 7ijam))a
J
with
ZZ)(le, - ,qu, ) o, XikJrl = T/)(le, .. 7ij’xik+1) A\ ap(yikﬂ)
+ Oép(CCik+1) N w(lev s 7ija yikH)

where k is uniquely determined by the condition j, < ix4q and if j, < 4
then j, = p, i1 = p+ 1 and (—1)(7) is the sign of the permutation (J,) =
(1, Jprits- - -y iq) Of N.

We need the following lemma to establish a structure of graded Lie algebra
on Caa(9,9) -

LEMMA 1.8. We have ji, y3ur = —[jg, jy| for all ,¢ € Ca (g, 9), where
[-,] is the graded commutator on End(Cy (9, 9))-

Proof. Let ¢ € C4a(9,9), ¥ € Cha(9,8), & € CLo(9,8), X1, Xpiger €
Ngand z € g

s 331 () (X1, Xa, s Xprgir, @)
= (U (€) — (=D)M530eE)) (X1, Xos o, Xprgir, @)
= D1 — (—1)P9Dsq,
where

D, = jg(jgf)(XbX% s 7Xp+q+7"a l’),
Dy = jy(55€)) (X1, Xoy - s Xptgtr, ).

For each subset J = {ji,...,Jgtji<cjy € N £ {1,2,....p+ g+ r}, let
I = {i1, .. ipprtiscocip, = N\ J and L = {l1,...,}y<ct, C I =
(it 02,y ipar}s let H = {hy, ... hybpyconcn, = I\ L.



We have for D; :

jg(jq?jg)(leX% s Xp+t1+7“7$) = (J$(€)> Ca ¢<X17X27 s 7XP+<I+T7 x)

= Z (_1)(J7I)(jg(f))(aq(Xil)v"‘7O‘q(Xik)790(Xj17”'7qu7 ) % Xik-l»l?aq(Xik-‘rQ)""7aq(Xip+r)’aq($))
JJq<ik+1<ptq+r

+ Z(_l)(JJ)(_1)p+r(j$(£))(aq(Xi1)v s aaq(Xip-w)v @(lea s 7qua l‘))
J

= > Yo (E)UIDE) B @ (Xy,), 0P (X, ) 0P (0(Kys s Xy ) e X)),

J3q<ig+1<p+q+r Llp<hmi1<ipir,
igr1=hn,n<m

o o TU(X, ) P (af(X), 0 (X0), ) e 0 (X, ), 0T (X, ), o T(X, ), 0T (1)

+ > S (U B (aP (X)), L aPT(X,), v (X)), - af(Xy,), )
Jiq<ik+1<p+q+r Llp<hm+1<ipir,
ipt1=hmi1

o (SD(XJ'U <o 7qu7 ) o Xik+1)7 ap+q(Xhm+2)7 s 7ap+q(Xh7»)7 ap+q($))
+ > o (DU B (b a(X,), L oYX, 0 (0f(X), - af(X), )
JJg<tg+1<p+q+r Llp<hm+1<ip+tr,
i1 =hn,n>m+1

o0 &PTU(Xp, ), 0P TN Xp, )y 0P X, ), 0P (e( Xy, X, )

o, X; )7 ap+q(Xh7L+17 S 7ap+q(th)7 ap+q(w))

k+1

SVHdHDTV HI'T-INOH-¢ 40 SNOILLVLNHSHYdHY dHZITVHINHAD

G0T



+ Z Z (_1)(J,I)(_1)(L,H)§(ap+q(Xhl),__'7ap+q(Xhm)7w(aq(Xll)7”_’aq(Xlkl)’
ijq<ik+1 SPJqurT L,lp<hm+1 Sip+r,
iet1=ls,5<p

‘P(lev" qu’qu7 ) OéXik+17aq(Xls+1)v"'?aq(le)v ).Ot aq(Xhm+1)vap+q(Xhm+2)v"'7O‘p+q(th)vap+q(I))

+ > Yo U 1)@ (X ), 0P (X, ), 0P (0(K s Xy ) 00 Ky ),

JJq<ig4+1<p+q+r Lyigr1=hn

P Xpy, ), dPTU( X ) Y (0f(Xy), - 0 (Xy), a%(x)))

+ Z Z (_1)(‘]7[)(_1)(L’H)(_1)T€(O‘p+q(Xh1)v"‘ 7ap+q(th)aw(aq(Xl1)7' . .,qu(Xlsil),

J,Jq<ik41<p+q+r Lyip1=ls

(P(Xju R 7qu7 ) *a Xik+17aq(Xls+1)ﬂ R aq(le)a aq(x)))

+> Yo YU (B (P (X, ), o (X, ), (@ (X)), a(XG), ) ea (00 (Xn )

J Llp<hpmi1<ipir

ap+q(Xhm+2)? s ’Oép-&-q(th)’ O‘p((p(le’ cee 7qu7$)))

+ZZ YD ()P (=)D (1) (@l (Ky ), PTG, ) (@0 (Xy) o PG, ), (X, X, )

Similarly one can compute Ds.

90T

ANOSSVIN °S ‘ANOTHIVIN 'V ‘MNOYAVIN S



Let A= {a1,a2,...,0p1q} ai<ar<<apry SN ={1,...,p+q+7r}, H="{h1,..., hp }n <hy<c.ch, = N \ A,
and J = {j1,.. ., Jqtjr<-<j, CAand L ={l1,..., I };,<..ci, = A\ J. We have:

Tipappore (§) (X1, Xptgr, 2)

- Z (_1)(A7H)£(ap+q(Xh1)7 s 7ap+q(Xhm)7 [@7 w]gHL(Xalu v 7Xap+q7 )

A,aptq<hmt1<p+q+r

pe Xhm+1 ) ap+q(Xhm+2)> cee ,ap-i-q(th), ap+q(x))

+ Y (D)1 @Ky ), P (X,), [0 T (X Xy @)
A

= Z Z (_1)pq(_1)(A7H)(_1)(L7J)£(O‘p+q(Xh1)a s 7ap+q(Xhm)v (P(O‘p(le)7 R ap(th)a

A,aptq<hm4+1<p+q+r Lip<ji+1<apiq

¢(Xl1’ v 7le’ ) o th+1’ap(th+2) s 7O‘p(qu)a ) ®a ap(XhmH)’ ap+q(Xhm+2)a s ’ap—i-q(th)? ap+q(x))

- Z Z (_1)(A7H)(_1)(J’L)§<O‘p+q(Xh1)7"'7ap+q(Xhm)7w(aq(Xll)7"'7aq(Xls)7

Asaptq<hmt1<pt+q+r J,jg<lst1<ap+q

(X, Xy, ) ea Xiyyy, 0 (Xpy,,) -5 01(Xy,), ) 00 @1(Xp,,y), - - ,aPT9( X, ), aPT(x))

+ > > (D)D) ED (1P (1) T (P Xy ), - 0P (X, ), 0(0P(X ), 02Xy )

Aaap+q <hm+1<p+g+r L

o0 V(X1 s Xy ) @0 Xnpun), P U X L0), o, P XG, ), aP T ()

SVHdHDTV HI'T-INOH-¢ 40 SNOILLVLNHSHYdHY dHZITVHINHAD

20T



- > Y (DWID(ID (1)p (1) PE (P (X)), - aP (X, ), (0 (X), -0 (X,, )
Aaprg<hmyi1<ptqtr J

®n ((P(lev s 7qu7 ) 0 Xhm+1)7 ap+q(Xhm+2)ﬂ EER) ap+q(th)7 ap-&-q(x))

+y Y FDEDPED)EID D@ (X)L aP X, ) (0P (X, aP (X))

A Lilp<jiy1<apiq

V(X1 X, ) 00 Xy, o (X, ), .0 0P (X)), of (7))

+D ) (=0 (=0) U= (=) (=)D (E (P X)), - 0PI X, ), 0(0P (X)), 0P (X)), (X, X, )
A L

_Z Z (_1)T(_1)(A’H)(_1)(J7L)(§(ap+q(Xh1)7"'7O‘p+q(th)7w(aq(Xll)v"‘7aq(Xls)7

A JJg<ls+1Zapiq
QO(Xju ce 7qu7 ) o Xls+17aq<Xls+2)v s 7aq(le)v aq(x)))

=D X PN (=)D (I (0P UKy, 0P (X, ) (0 (X ) @K ), (K Xy ).
A J

By a straightforward verification, we obtain D — (—1)PYDy = Jip e (&)(X1,..., Xptqtr, x). Hence
the proof. 1

80T
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THEOREM 1.9. The pair (Co.a(g,9), [, ]>#F) is a graded Lie algebra.

Proof. Let ¢ € C4a(g,9), ¥ € Cia(g,9) and ¢ € CF, (g, 9).
(1) Skew-symmetry:

[0, WY = (=1)P95% () — i3 ()
= (=DPH((=1)P153 () — S ()
—(=1)P[ap, ] HE.

(2) Graded Jacobi identity:

3HL

Opus (1) [, [, 0]
= (=1)Pjy gaur () = (=1)7 35 ([, oP*1r)
+ (=D g g () — (=175 ([0, @7F)
+ (=1 Y ypere (0) — (1) ([p, ¥1*7F)
= (1) ®jygpme () — (=175 (1) () = jis(9))
+ (=D g g () — (=1)P15 (D)7 55 (0) — 5 (0))
+ (=) e (9) — (=1)55 (=1)® 55 (9) — ja(¥)).

Organizing these terms leads to

Op s~ [0, [, g HE]
= (=1 g (9) + (1P (535 (9) — (=155 (73 ()
+ (=) g g (¥) + (=1 (55 (G5 () — (=155 (35 (¥)))
( DT jip e (9) + (=17 (45 (55 () — (=153 (53 (9)))
pq([ﬂfﬁ Gg1 + dp e ) ()
(=1 ([58 - dg] + i g ()
+ (=D (i3, 3] + dipppper ) (0)-

Using the previous lemma, we get

O (=11 [, [, PP LPHL = 0.
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Remark 1.10. The pair (Caa(g,8),0q4) is a right symmetric graded
algebra.

The previous structure of graded Lie algebra is useful to describe 3-Hom-
Lie algebra structures as well as coboundary operators.

COROLLARY 1.11. The maps 7 : A3g — g and o : g — g define a 3-Hom-
Lie structure if and only if [x, 7]>F = 0.

Let g be a 3-Hom-Lie algebra. Given 1,22 € g, define ad : A%2g — gl(g)
by

ady, z,y = [T1,22,Y].

Then, the pair (ad, o) defines a representation of the 3-Hom-Lie algebra g on
itself, which we call adjoint representation of g. The coboundary operator
associated to this representation is denoted by dg.

COROLLARY 1.12. If 7 : A3g — g is a 3-Hom-Lie bracket, then we have
[, o*TF = 6,() for all ¢ € C%, ,(g,9), p > 0.
2. GENERALIZED REPRESENTATIONS OF 3-HOM-LIE ALGEBRAS

In this section, we provide the Hom-type version of generalized represen-
tations of a 3-Lie algebras introduced in [19]. First, we show that a represen-
tation of a 3-Hom-Lie algebra will give rise to a canonical structure.

Let g be a 3-Hom-Lie algebra and V be a vector space. Let p : A%g — gl(V)
be a linear map. Then, it induces a linear map p: A3(g @ V) — g@ V defined
by

p(x+u,y + v,z +w) = p(x,y)(w) + p(y, 2)(v) + p(z,2)(v)

for all z,y,z € g, u,v,w € V. Consider the graded Lie algebra given in
Theorem [1.9] associated to the vector space g ® V.

PROPOSITION 2.1. A linear map p : A%g — gl(V) is a representation on a
vector space V' of the 3-Hom-Lie algebra g with respect to A € gl(V') if and
only if m + p is a canonical structure in the graded Lie algebra associated to
gV, ie.

[r+p,7+p]* =0.
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Proof. By Proposition p: A%g — gl(V) is a representation of g if and
only if gV is a 3-Hom-Lie algebra, where the 3-Hom-Lie structure is exactly
given by

[z +u,y+v z+wl,=[z,y,2] + p(z,y)(w) + p(y, 2)(u) + p(z, 2)(v)
=(r+p)(z+uy+v,z+w),

and ogey = a+A. Thus, by Lemma p: AN*g — gl(V) is a representation
of g if and only if 7 4 p is a canonical structure. 1

The concept of representation of 3-Lie algebras introduced by Liu,
Makhlouf and Sheng [19] is generalized to Hom-type algebras as follows.

DEFINITION 2.2. A generalized representation of a 3-Hom-Lie algebra
(g,], ], @) with respect to A € gl(V') consists of linear maps p : A2g — gl(V),
v: g — Hom(A%V, V), such that

[r+p+7,7m+p+ 7L =0,
where 7: A3(g ® V) — (g ® V) is induced by v via
v +u,y+uv,z4+w)=v(z)(vAw)+rviy)(wAu) +v(z)(uAv)

for all x,y,z € g, u,v,w € V. We will refer to a generalized representation
by (Vip,v, A).

Remark 2.3. If v =0, then we recover the usual definition of a represen-
tation of a 3-Hom-Lie algebra on a vector space V. If the dimension of the
vector space V is 1, then v must be zero. In this case, we only have the usual
representation.

Given linear maps p : A2g — End(V), v : g — Hom(A?V, V), and A: V —
V', define a trilinear bracket operation on g ® V by
[z 4w,y +v, 2+ wlp = [2,y,2] + p(z,y)(w) + p(y, 2) (u)
+ p(z,z)(v) + v(z)(v A w) (2.1)
+v(y)(w A u) +v(z)(uAv).

THEOREM 2.4. Let (g,[-,],«) be a 3-Hom-Lie algebra and (V; p,v, A)
a generalized representation of g with respect to A. Then (g ® V,[-,-,"](p.);
agev = a + A) is 3-Hom-Lie algebra, where [-,-, ], ,)is given by [2.1). we
call the 3-Hom-Lie algebra (g © V,[-,+,"](p.), ®gav = a + A) the generalized
semidirect product of g and V.
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Proof. 1t follows from [z+u, y+v, z+w|(p,v) = (7+p+V)(x+u, y+v, z2+w)
and Lemma |

In the following, we give a characterization of a generalized representation
of a 3-Hom-Lie algebra.

PROPOSITION 2.5. Let p : A2g — End(V), v : g — Hom(A?V,V) and
A :V — V be linear maps. They give rise to a generalized representation of
a 3-Hom-Lie algebra g with respect to A if and only if for all z; € g, v; € V,
the following equalities hold:

pla(zr), a(x2))p(xs, x4) = p([e1, 22, 3], a(4)) 0 A (2.2)
— p([z1, w2, 4], a(23)) 0 A
+ pla(zs), a(zs))pla1, x2),

p([$1,$2,$3],a(x4)) oA:p(a(xg), ( ))p(.ﬁlj‘ ) (2'3)
+ plafzs), a(z1))p(z2, 24
+ po )p(zs, @

)
1), a(w2))p(
pla(zr), a(z2))v(zs)(v1,v2) = V([$17$27963])(A(U ), A(v2)) (2.4)
+v(a(zs))(p(z1, 22)v1, A(02))
+v(a(z3))(A(v2), p(x1, T2)01),
v(a(z1))(A(v1), p(z2, 23)v2) = v(a(xs))(A(v2), p(z2, 21)v1) (2.5)
v(a(x2))(p(xs, z1)v1, A(v2))
p(@($2)7a( )) (.Tl)(vl,’l)g),
v(a(z1))(A(vr), v(z2)(v2, v3)) = v(a(z2))(v(w1)(v1, v2), A(v3)) (2.6)
+ v(a(z2))(A(v2), v(21)(v1,v3)),
v(a(z1))(v(w2)(v1,v2), Avs)) = v(a(z2))(v(z1)(v1,v2), A(vs)).  (2.7)

Proof. The quadruple (V;p,v, A) is a generalized representation if and
only if [ +p + 7,7+ p + 737l = 0. By straightforward computations,

)
T4),
)

_|_
_|_

[r+ 5+ 7, m + p+ O (21, 2, 23, 24,0) = 0

is equivalent to ([2.2)); and
[ﬂ- + ﬁ+ Dvﬂ_ + ﬁ+ D]SHL(x17v7x27m37$4) =0
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is equivalent to (2.3). Other identities can be proved similarly. The details
are omitted. |1

Remark 2.6. By and , the map p in a generalized representa-
tion (V; p, v, A) gives rise to a usual representation in the sense of Definition
Conversely, for any representation p, (V;p,v = 0,A) is a generalized
representation.

DEFINITION 2.7. Let (Vq; p1,v1, A1) and (Va; pa2, 12, Ag) be two generalized
representations of a 3-Hom-Lie algebra (g, [, ],«). They are said to be
equivalent if there exists an isomorphism of vector spaces T : Vi — V5 such
that

Tpi(z,y)(u) = pa(z,y)(Tu), Tvi(z)(u,v)=rvo(x)(Tu,Tv), ToA; = As0T

for all x,y € g, u,v € V7. In terms of diagrams, we have

A
A2gx Vi 2>V, gx A2V 2=V, Vi1
idel lT id></\2T\L J{T TJ/ lT
A
N2g x Vo T g x A2V T, Vo —>Vy

In the following, we provide a series of examples to illustrate the new con-
cept of generalized representation and also a procedure to twist a generalized
representation along linear maps.

ExaMPLE 2.8. Let g be an abelian 3-Hom-Lie algebra. Define p = 0,
and v = £ @ m, where ¢ € g* and 7 € Hom(A%2V ® V) is a Hom-Lie algebra
structure on (V,m, A). Then (V;p,v, A) is a generalized representation. In
fact, since g is abelian and p = 0, — hold naturally. Since 7 satisfies
the Hom-Jacobi identity, and also hold.

PRroOPOSITION 2.9. Let (g,[-,-,],«) be a 3-Hom-Lie algebra, (V,p,v, A)
be a generalized representation,  : g — ¢ be an algebra morphism and
B :V — V a linear map such that

B o p(ar,22) = p(Blar), Blaa)) o B,
Bov(z)=v(B(z)) o (B® B),
BoA=A0B.
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Then (V,p,v,B) is a generalized representation of 3-Hom-Lie algebra (g,
[-,-, "], B o) where
[ =[] 0 B3, p=DBop, v(x) =Bouv(z).
Proof. We have to show that p and v satisfy Eqgs. —.
Let x1, 29,23 € g and vi,v9 €V,
p(Bo a(x1), B o a(ws))v(xs)(vi, va) — ([, 22, 3]5) (B © A(v1), B o A(v2))
—v(Boa(xs))(p(r1, x2)v1, B o A(v2))
— V(B oalxs))(Bo A(ve), widetildep(xy,x2)v1)
= Bop(Boa(x),Boalx)) o Bov(xs)(v,ve)
— Bov(fo[x,x2,23]) o (B® B)(A(v1), A(va))
— Bov(Boa(x3))(B o p(ry,z2)vi, Bo A(v))
— Bov(Ba(xs))(B o A(ve), Bo p(x1,x2)v1))
= B? o (p(a(@1), a(z2)) o v(x3)(v1, v2) — v([z1, 20, 23]) (A(v1), Av2))
— v(a(@))(p(x1, z2)v1, A(v2)) —v(a(zs))[2pt](A(v2), p(z1, 22)v1)) = 0,

v(Boa(x1))(B o A(v1), px2, 23)v2) — V(B 0 a(w3)) (B o A(v2), p(z2, 1)v1)
— V(B oalx2))(p(xs, x1)v1, B o A(vg))
— p(Boa(r),Boalzs))v(z:)(v,v2)
= Bov(Boa(x))(Bo A(vy), Bo p(xa, x3)vs)
— Bov(Boa(x3))(Bo A(vy), Bo p(xe,z1)v1)
— Bov(Boa(x))(B o p(xs,x1)v1, B o Avs))
— Bop(Boa(x),Boalxs))oBov(xy)(vy,v)
= B” o (v(a(x1))(A(v1), p(x2, 23)v2) — v((a3)) (v, p(w2, 1)01)
— v(a(z2))(p(z3, 21)v1, A(v2)) — pla(z2), aws)) o v(z1)(v1, v2)) = 0.
Then identities and are proved. One similarly proves identities

(26) and @7).

COROLLARY 2.10. Let (g,],-,]) be a 3-Lie algebra, (V, p,v) be a gener-
alized representation, « : g — g be an algebra morphism and A : V — V be a
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linear map such that for all z1,x9 € g and vi,v9 €V,
Ao plar,w2) = plaler), a(@s)) o 4,
Aov(z)(vi,v2) = v(a(z)) o (A® A)(vi,v2).

Then (V,p := Ao p,v =
3-Hom-Lie algebra (L, [-, -, ]

S

) is a generalized representation of the
of

) @)

EXAMPLE 2.11. Let g be the 3-dimensional 3-Lie algebra defined with
respect to a basis {e1, e, e3} by the skew-symmetric bracket [eq, s, e3] = e;.
Let V be a 2-dimensional vector space and {v1,vs} its basis. We have a
representation defined by the following maps (p, ), given with respect to
previous bases by

Q

pler,e2)(v1) =0,  pler,e2)(v2) =v1,  pler,e3)(v1) =0,
pler,es)(v2) =rvr,  pleg,es)(vi) =v1,  pleg,e3)(v2) = ravy,

v(er)(vi,v2) =0, v(ez)(vi,v2) = suy, v(ez)(v1,v2) = srivs,

where 71,79, s are parameters in K.
Let o : g — g be an algebra morphism and A € gl(V') defined respectively
by:
aler) = Ae,  alez) =e2,  ales) =es,

A(Ul) = Avq, A(Uz) = rovU] + V2,
where A is a parameter in K. They satisfy

Ao p(a1,x2) = pafzr), a(xz)) o A,
Aov(x)(ur,uz) = v(a(z)) o (A® A)(ur,us),
where =, x1, 22 are in g and ug,us in V.
Then, using the Twist procedure, (V;p,v, A) is a generalized representa-
tion of the 3-Hom-Lie algebra (g, [, -, ‘]a, @). More precisely, we have
le1, €2, €3]0 = [a(e1), a e3)] =
ple1, e2)(v1) = 0, )
pler,es3)(vy) =0, pler,e3)(ve) = rire(A — Dvg — r1vg,
plez,e3)(v1) = Avr,  plez, es)(v2)
)

v(ey)(v1,v2) =0, v(ea)(v1,v2) = sAvy, v(es)(v1,v2) = sriAvy.
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ExaMPLE 2.12. Let g be the 4-dimensional 3-Lie algebra defined, with
respect to a basis {e1, e, e3,e4}, by the skew-symmetric brackets

le1, ea, e4] = e3, le1, €3, e4] = e2, [e2, €3, €4] = e1.

Every generalized representation (V; p,v), on a 2-dimensional vector space V
with trivial p, of g is given by one of the following maps v defined, with respect
to a basis {v1,va} of V, by

V(el)(vl)UQ) = 07 V(GQ)('UL'UZ) =0,
v(es)(vi,v2) =0,  v(es)(v1,v2) = s1v1 + s2v2,

where s1, so are parameters in K, and s1s9 # 0.
Let a : g — g be a 3-Lie algebra morphism and A : V — V be a linear
map, defined respectively by
-1
aler) = ajer, afex) = —ajes, ales) =ares, afeq) = a—le4,

agssSog — a181 v

A(v1) = —ayvy, A(vg) = aguy + 2,

S1
where a1, as, 1, 2 are parameters in K such that, a1s1s2 # 0.
They satisfy A o v(z) = v(a(z)) o (A ® A). Therefore, using the Twist
procedure, (V; p,v, A) is a generalized representation of the 3-Hom-Lie algebra
(L, [, ]a, @) with trivial p. Namely, we have

le1, €2, e4]q = ares, le1, €3, e4]la = —areg, lea, €3, e4]la = aien,
and

5(61)(U1, UQ) == O, ;(62)(1}1, Ug) == 0, 17(63)(1)1, UQ) == O,

2
~ ass
v(eq)(v1,v2) = (azs2 — ays1)v + (312 — a182)’02.

3. NEW COHOMOLOGY COMPLEX OF 3-HOM-LIE ALGEBRAS

Based on the generalized representations defined in the previous section,
we introduce a new type of cohomology for 3-Hom-Lie algebras.

Let (g,[,-, ], @) be a 3-Hom-Lie algebra and (V;p,v, A) be a generalized
representation of g. We set 5§+A’A(g @ V,V) to be the set of (p + 1)-Hom-
cochains, which are defined as a subset of C? vy 4(g®V,V) such that

Chiaal@@dVV)=Cra4(g0V.V)a CL(V.V).

« «
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Elements of C},, 4 ,(g ® V, V) are of the form
o: AN ga V) Pimes) o A2 (gaV)A(ga V) = V.
By direct calculation, we have
T+ 0+, Coiaala® V.V CCTl al@@ V. V).
Define d: C? , ,(a® V,V) = CVt (9@ V,V) by
d(g):=[r+p+o.el", o lh e V,V).

THEOREM 3.1. Let (V;p,v,A) be a generalized representation of a
3-Hom-Lie algebra g. Then dod = 0. Thus, we obtain a new cohomology
complex, where the space of p-Hom-cochains is given by Cg:ri‘ Alg V, V).

Proof. By the graded Jacobi identity, for any ¢ € 53::4 Alg@ V, V), one
obtains

dod(p):=[m+p+7,[r+p+ o, FPHE

1
= Sllr+p+ o m 4 p+ PGP = 0.

1

An element ¢ € égle(g @ V,V) is called a p-cocycle if d(yp) = 0; it is
called a p-coboundary if there exists f € 5’§le A(g®V, V) such that ¢ = d(f).
Denote by Z5,,(g;V) and Bi,,(g;V) the sets of p-cocycles and p-
coboundaries respectively. By Theorem we have BS,, (g:V) C ZP(g; V).
We define the p-th cohomolgy group M4, (9; V) tobe 25, (3; V) /By (8 V).
The following proposition provides a relationship between this new coho-

mology and the one given by ((1.5)).

PROPOSITION 3.2. There is a forgetful map from H%5,, (g;V) to
HYpp (V).

Proof. Tt is obvious that C? ,(g,V) C 6§+A 4(g®V, V). By direct calcu-
lation, for X; € A%g, z € g, we have

d((p)(Xl, R ,Xp+1, Z) = 5p(g0)(X1, ey Xp-‘rlv Z), Y e C'ﬁ’A(g, V),
where 0, is the coboundary operator given by ([1.4). Thus, the natural pro-

jection from 2+A7A(g e V,V) to CgvA(g, V) induces a forgetful map from
Hapr(8:V) to Hypp(g;V).
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In the sequel, we give some characterization of low dimensional cocycles.
PROPOSITION 3.3. A linear map ¢ € Hom(g, V) is a 1-cocycle if only if
for all x1,x9,x3 € g, v € V, the following identities hold:
poa= Ao,
v(z1)(p(22), v) — v(z2)(p(21),v) =0,
o([z1, 22, 23]) — pla(1), a2)) (p(23))
—plafza), afx3))(p(x1)) — pla(zs), alzr))(p(r2)) = 0.

Proof. For ¢ € Hom(g, V') satisfying ¢ o« = A o ¢, we have
d(p)(z1, 22,v) = v(z1)(p(72),v) — v(22)(p(1),0),

and
d(p)(z1, 22, 73) = 6,(¢) (21, T2, 23)
= pla(z1), a(z2))(p(z3)) + pla(z2), alz3))(p(21))

+ plafzs), o21)) (p(22)) — @([1, 22, 23]). I

PROPOSITION 3.4. A 2-cochain o1 + @9 + @3 € 634714(9 ® V,V), where

01 € Hom(A2V A g, V), oo € Hom(A2g AV, V), p3 € Hom(A3g, V), is a 2-

cocycle if and only if for all z; € g,v; € V and v € V, the following identities
hold:

0= —P(Oé(fﬁl) a(@2))(ps(@s, 24, w5)) — p3(a(z1), alz2), [r3, T4, 25])  (3.1)
+ pla(za), alzs)) (@3(21, 22, 23)) + @3([21, T2, 23], (24), O (25))
+ pla(zs), a(x3)) (p3(z1, 22, 74)) + p3(a(x3), [21, 22, 74], (25))
+ pla(xs), a(xa)) (p3(w1, 22, 75)) + ]

@
©3
p3(a(xs), afry), [x1, 22, T5]),
0 = v(a(za))(p3(x1, 22, 23), A(v)) + v(e(z3))(A(v), p3(71, 72, 24))  (3.2)
+ pla(z1), az2)) (p2(23, 24, v)) — pla(®s), a(z4)) (P2(21, 22, )
— pa([z1, 2, 23], a24), A(v)) — p2(a(3), [21, 22, 24, A(v)),
0 =v(a(z1))(A(v), p3(x2, 23, 74)) + pla(zs), a(zs)) (p2(z1, 22,0))  (3.3)
— pla(z2), a(z4))(p2(21, 23, v)) + pla(x2), a(xs)) (p2(1, 24, v))
+ pa(a(z3), aza), p(21, 2) (V) — p2(a(z2), az4), p(21, 73) (V)
+ pa(a(22), alzs), p(x1, 24) (V) — pa(a(z1), [x2, 23, 24], A(V)),
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0 = v(a(z3))(A(v2), p2(z1, 22,01)) + v(a(as))(p2(21, 22, A(v2)), 01)  (3.4)
+ pa(a(z1), ax2), v(w3) (v, v2)) + pla(z1), a(z2))(p1(v1, v2, 3))
— p1(p(z1, 22)(01), A(v2), az3)) — p1(A(v1), pa1, 22)(v2), (3))
— 1(A(v1), A(ve), [x1, 22, 23]),
0 = v(a(z3))(Av2), p2(22, 1,v1)) + v(a(z2))(p2(x3, z1,v1), A(v2))  (3.5)
— v(a(z1))(A(v1), pa(z2, 73, v2)) + pa(a(z2), afxs), v(z1)(v1, v2))
+ pla(x2), a(zs)) (p1(v1, v2,21)) + p1(p(x1, 22)(v1), A(v2), a(3))
— 1(A(v1), p(z2, 3) (v2), (1)) + P1(A(v2), p(21, 23) (V1) @ (22)),
0 = po(a(z1), a(w3), v(z2)(v1,v2)) — p2(a(z2), alxs), v(21)(v1,v2))  (3.6)
— pa(a(z1), a(@2), v(x3)(v1,02)) + pla(z1), (23)) (01 (V1, V2, T2))
= plafz1), a(x2)) (1 (v1, v2,23)) — pla(z2), a(@s)) (1 (v1, v2, 1))
+ o1(A(v1), A(v2), [21, 22, 23]),
0—*’/( (22))(p1(v1,v2,21), A(vs)) — v(a(z2))(A(v2), p1(v1,vs,21))  (3.7)
+ v(a(z1))(A(v1), p1(v2, v3, 22)) — @1 (v(21)(v1,02), A(vs), z2))
— p1(A(v2), v(z1)(v1, v3), a(22)) + 1 (A(v1), v(22)(v2, v3), (1)),
0 = v(a(z2))(p1(vi, vz, 21), A(v3)) — v(a(z1))(A(vs), p1(v1,v2,22))  (3.8)
+ p1(v(z1)(v1,v2), A(vs), a(@2)) — p1(v(22)(v1,v2), Avs), (1))

Proof. For 3 € Hom(A3g, V), we have

<

d(p3) (1, T2, 23, T4, 35) = pla(z1), a(w2))(ps(2s, 24, 25))
+ p3(a(21), az2), [23, 24, 75))
— pla(za), o(xs))(p3(w1, 22, 3))
— w3([z1, 22, 3], aw4), (25))
— pla(zs), o(xs)) (p3(w1, 22, 24))
— p3(a(x3), [z1, 22, 24], (25))
— pla(zz), a(za)) (@31, 22, 75))
— p3(a(zs), afxa), [x1, 22, 25]),
d(ps) (w1, 22, 23, 74,v) = v(a(z4))(p3(21, 22, 73), A())
+ v(a(z3))(A(v), p3(x1, 22, 24)),
d(ps)(21,v, 22, 73, 24) = v(a(z1))(A(v), p3(22, T3, 24)).
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For s € Hom(A%2g AV, V), we have
d(p2)(x1, 22, 23, T4, v) = p(a(z1), a(22))(p2(23, T4,0))
— pla(zs), a(r4))(pa2(z1, 22,0))
— pa([z1, 22, 23], a(24), A(v))
— pa(a(x3), [21, 22, 34, A(V)),
d(p2)(z1,v, T2, ¥3,24) = p(a(x3), a(w4)) (p2(21, 72,))
— pla(z2), a(x4))(p2(71, 73, V)
ca(23))(p2(21, 24, 0))
s o), p(z1,22) (V)
(z4), p(21,23)(v))
ya(ws), p(z1,74) (V)
s [22, 23, 4], 0),
d(p2) (1, 02,01, 02, 23) = v(a(x3))(A(v2), p2(z1, 2, 01))
+ v(a(zs))(pa2(z1, 22, v2), A(v1))
+ p2(a(z1), az2), v(23)(v1, v2)),
d(p2)(x1,v1, 22,02, 23) = ( (z3))(A(v2), p2(z2, 21,v1))
+ v(a(r2))(p(zs, 71, v1), A(v2))
— v(a(z1))(A(v1), p2(x2, 3, 02))
+ p2(a(z2), afzs), v(21)(v1, v2)),
d(p2)(v1, v2, 1, 22, 73) = pa(a(z1), (z3), v(22)(v1, v2))
— pa(a(x2), a(w3), v(x1)(v1,v2))
(a(z1), a(2), v(

a(z2),v(xs)(v1,v2)).

/\/-\

°

For 1 € Hom(A?V A g, V), we have
d(@l)(iUl, T2, V1, V2, 1'3) = p(Oé(

d(g@l)(l’l,vl,xg,UQ,l'g) p( (
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d(p1)(v1,v2, 21, 2, 73) = p(a(z1), a(z3))(P1(v1, ve, T2))

(
d(p1)(@1,v1, v2, 03, T2) = —V(a( )(<p1(v1,v2,x1) Av ))
A(vz), p1(v1, vs, 1)
(v1), 1(ve, v3,72)
—<P1(V($1)v 2), A(v3), a(z2)
— 1(A(v2), v(21)(v1, v3), (z2)
(A(v1), v(z2)(v2, v3), (1)),
d(p1)(v1,v2, 21, 22, v3) = v(a(@2)) (1 (v1, V2, 21),
— v(a(z1))(A(v3), p1(v1, v2, 22))
+ p1(v(21)(v1,v2), Avs), a(x2))
(2)(v1, v2), A(v3), (1))

—1(v(z
Thus, d(¢1 + @2 + 3) = 0 if and only if Eqs. (3.1)-(3.8) hold.

)
)
)
)
)

A(v3))

In the following we provide an example of computation of 2-cocycles of a
3-dimensional 3-Hom-Lie algebra.

ExAMPLE 3.5. Let (g, [, ], @) be the 3-dimensional 3-Hom-Lie algebra
defined, with respect to a basis {e1, e2, es}, by [e1, €2, e3] = are1, a(e1) = ayeq,
aez) = agea, ales) = éeg. Let V be a 2-dimensional vector space, {vi,v2}
its basis and A € gl(V) defined by: A(vi) = arv1, A(vz) = 2%, where
a1, as,as are parameters in K.

We consider the generalized representation (V, p,v, A), where p and v are
defined with respect to the basis by

pler,e2)(v1) =0,  pler,ex)(v2) =0,  pler,e3)(v1) =0,

riazasz
pe1, e3)(ve) = reayvi, p(ez,e3)(v1) = arv1, plez,e3)(va) = a1 2,
v(er)(vi,v2) =0, v(es)(vi,v2) =0, v(ez)(v1,v2) = s1a1vy,

with s1, 71,79 parameters in K and ajass; # 0.
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We have the following 2-cocycles: ¢1 =0, 93 = 0 and 3 defined as

pa(er, ez, v1) =0, pa(e1,e2,v2) =0,
pa(e1, es,v1) = oy, pa(e1, es,v2) =0,
p2(e2,e3,v1) = cau1, p2(e2, e3,v2) = c3v2,

where ¢y, ca, c3 are parameters in K.

4. ABELIAN EXTENSIONS OF 3-HOM-LIE ALGEBRAS

In this section, we show that associated to any abelian extension, there is
a generalized representation and a 2-cocycle.

DEFINITION 4.1. Let (g,[,-,]g, ), (V,[-,-,-]v,A) and (g,][-,-, |3, a5) be
3-Hom-Lie algebras and ¢ : V. — g, p : ¢ — g be morphisms of 3-Hom-
Lie algebras. The following sequence of 3-Hom-Lie algebras is a short exact
sequence if Im(i) = Ker(p), Ker(i) = 0 and Im(p) = g:

0—>Vl>gi>g—>0,

where A(V) = a3(V). In this case, we call g an extension of g by V, and
denote it by Ej. It is called an abelian extension if V' is an abelian ideal of g,
ie., [u,v,w]y =0 for all u,v,w € V. A section o of p: g — g consists of a
linear maps o : g —g such that poo =idy and coa = a0 0.

DEFINITION 4.2. Two extensions of 3-Hom-Lie algebras,
By:0—V-2sghgo0 and  E:0—-V 2552590,

are equivalent if there exists a morphism of 3-Hom-Lie algebras ¢ : § — @
such that the following diagram commutes:

00—V 2P yg—0

"

0—V-—255-255—0

A linear map o : g — g is called a splitting of g if it satisfies p o 0 = id,.
If there exists a splitting which is also a homomorphism between 3-Hom-Lie
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algebras, we say that the abelian extension is split. Let g be a split abelian
extension and o : g — g the corresponding splitting. Define p : A%2g — gl(V)
and v : g — Hom(A?V, V) by

Then, we can transfer the 3-Hom-Lie algebra structure on g to that on g V'
in terms of p and v.

Note that the Hom-Filippov-Jacobi identity gives the character of
p and v:

[+ u,y +v, 2+ W], = 7,9, 2] + plz,y)(w) + p(y, 2)(u) + p(z,7)(v)
+rv(@z)(vAw)+v(y)(wAu)+v(z)(uAwv).

However, by Theorem [2.4] it is straightforward to obtain the following propo-
sition.

PROPOSITION 4.3. Any split abelian extension of 3-Hom-Lie algebras is
isomorphic to a generalized semidirect of product 3-Hom-Lie algebra.

Now, for non-split abelian extensions, we can further define
w:A3g =V by

w(z,y,2) = [o0(x),0(y),0(2)]g — olz, y, 2lg-

Then, we also transfer the 3-Hom-Lie algebra structure on g to that on g V'
in terms of p, v and w:
[z1 +v1, 22 + V2,3 + U] (ppw) = [21, T2, T3]g + p(21, 22) (v3)
+ p(as, x1)(v2) + p(z2, 23)(01)
+ v(z1)(v2, v3) + v(x2)(v3,01)
+ v(xg)(v1,v2) + w(z1, T2, T3).
THEOREM 4.4. With above notations, (§ © V,[-,-,](puw)> Qgav) is a 3-

Hom-Lie algebra if and only if for all x1, x2,x3, 4,5 € g and v,v1,v2,v3 € V,
Eqgs. (2.4)-(2.7) and the following identities hold:
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0= —p(afz1), a(zz))(w(@s, 71, 75)) — w(a(z1), a(we), [rs, 24, 35])  (4.1)

(

) w([z1, z2, 23], a@4), (s5))
) (a(z3), [21, x2, 34, (5))
) (a(z3), a(za), [21, B2, 25]),
(

)

)

) ) —

1), a(zs))(w(z1, z2, 73)) +
z5), a(xs))(w(z, T2, 24)) + w
) N(w(z1, z2,25)) +w
0 = v(a(z1))(A(v),w(@2, 23, 24)) + p([32, T3, 24], (21)) (A(V)) (4.2)
(w4))p(@1, 22)(v) = ple(@2), a(z4))pla1, 23) (v)

yolxz))p(en, 24)(v),
0= P(Oé(ffl)a a(z2))p(x3, 24)(v) — plalzs), aza))p(z1, 22)(v) (4.3)

|, a(24))(A(v)) = v(e(24))(A(v), w (21, 22, 23))
( (23))(A(v)

— pla(zs), [r1, x2, 24] ) (A(v)) + v(a(z3)) (A(V), w(x1, T2, 4)).

/\/-\
Q

—~
8

\—/\Oi/
Q

— p([z1, 22, 23

The Fundamental Identity gives the character of p, v and w.

Proof. The triple (g ® V. [, ](ppw) gav) defines a 3-Hom-Lie algebra
if and only if the Hom-Filippov-Jacobi identity holds on all elements of g &
V. Condition is obtained using the Hom-Filippov-Jacobi identity on
{z1, 2,23, 24,25} elements of g.

Similarly, elements {x1,v,x2,x3, 24} gives Eq. , {z1, 22,0, 23,24}
gives Eq. , {1, x2,v1,v2,23} gives Eq. , {v1, 21, v2, 2, 23}
gives Eq. , {v1,x1,v9,v3, x2} gives Eq. and {v1,ve,vs,z1, 22} gives
Eq. @.7).

Conversely, if Egs. . . ) and Egs. . ) hold, it is straightfor-
ward to see that for all e1,...,e5 € gV, the Hom-Filippov-Jacobi identity

holds. Thus, (g® V, [, '](p,v,w)v agev) is a 3-Hom-Lie algebra. I

Remark 4.5. The triple (p,v,w) is a cochain with respect to the new co-
homology defined in Section 3 but it is not necessarily a 2-cocycle.
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