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Infinitely many solutions for a nonlinear Navier
problem involving the p-biharmonic operator
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ABSTRACT
L Department of Mathematical and
Computer Sciences, Physical Sciences In this paper we establish some results of existence of in-
and Earth Sciences, University of finitely many solutions for an elliptic equation involving the
Messina, Viale F. Stagno d’Alcontres, 31, p-biharmonic and the p-Laplacian operators coupled with
98166 Messina, Italy. Navier boundary conditions where the nonlinearities depend
fdcammarotoQunime. it = on two real parameters and do not satisfy any symmetric

condition. The nature of the approach is variational and the
main tool is an abstract result of Ricceri. The novelty in the
application of this abstract tool is the use of a class of test
functions which makes the assumptions on the data easier to
verify.

RESUMEN

En este articulo establecemos algunos resultados sobre la ex-
istencia de infinitas soluciones para una ecuacion eliptica que
involucra los operadores p-biarménico y p-Laplaciano acopla-
dos con condiciones de borde de Navier, donde las nolinea-
lidades dependen de dos parametros reales y no satisfacen
ninguna condicién simétrica. La naturaleza del enfoque es
variacional y la herramienta principal es un resultado abs-
tracto de Ricceri. La novedad de la aplicacién de esta he-
rramienta abstracta es el uso de una clase de funciones test
que hacen que las hipdtesis sobre la data sean mas faciles de
verificar.
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1 Introduction

In this paper we investigate the existence of infinitely many solutions to the following p-biharmonic

elliptic equation with Navier conditions,

AZu— Apu+ V(x)|uP~2u = Af(z,u) + pg(e,u) inQ

P,
u=Au=0 on 2 Fan)

where Q C R™ (n > 1) is a bounded domain with smooth boundary 92, p > max {17 %}, Af,u =
A(|AuP72Au) is the p-biharmonic operator, Ayu = V(|Vu[P~2Vu) is the p-Laplacian operator,
V € C(Q) satisfying infgV > 0, f,g: 2 x R — R are two Carathéodory functions with suitable
behaviors, A € R and p > 0.

In the last years several authors have showed their interest in fourth-order differential problems
involving biharmonic and p-biharmonic operators, motivated by the fact that this type of equations
finds applications in fields such as the elasticity theory, or more in general, in continuous mechanics.
In particular, the fourth-order elliptic equations can describe the static form change of beam or
the motion of rigid body, so they are widely applied in physics and engineering. In 1990 Lazer and
Mckenna, in a large paper in which they investigated the oscillatory phenomena that led to the
collapse of the Tacoma Narrows bridge, considered fourth-order problems with the nonlinearity
(u+ 1)" — 1; this nonlinearity is useful to study traveling waves in suspension bridges. Anyway
the same authors observed that this kind of problems are interesting also when this particular

nonlinearity is replaced by a somewhat more general function F(-,u) (see [24, 31, 32]).

As regards fourth-order differential problems involving biharmonic and p-biharmonic operators,
a non-negligible part of the literature is devoted to the study of the existence of infinitely many
solutions to problems involving only the biharmonic or p-biharmonic operator (see, for instance,
[2,4,5,6,9,10,17, 18, 19, 29, 30, 40]) or considering also the presence of Laplacian or p-Laplacian
operator ([22, 26, 38, 42, 43]) and/or a term with a potential function ([11, 12, 13, 25, 28]); some

authors have also recently considered the case in which a nonlocal term is present ([16, 41]).

Unlike some papers concerning problems set in an unbounded domain (see [2, 4, 11, 12, 13, 18,
19, 30] and above all [25] which inspired us in the choice of this type of problem), most of the
literature is devoted to the bounded case. In this case, different approaches have been adopted for
obtaining infinitely many solutions. In a lot of papers symmetry conditions on the nonlinearities are
assumed together with the use of the symmetric mountain pass theorem of Ambrosetti Rabinowitz

(see [26, 40]) or with the use of the fountain theorem ([38, 42, 43]).

In our investigation the approach is variational. More precisely we will apply the following critical
point theorem that Ricceri established in 2000 ([34, Theorem 2.5]), recalled below for the reader’s

convenience.
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Theorem 1.1. Let X be a reflexive real Banach space, and let ®,¥ : X — R be two sequen-
tially weakly lower semicontinuous and Gateauz differentiable functionals. Assume also that ¥ is

(strongly) continuous and coercive. For each r > infx U, we put

r) = inf L
#(r) z€W—1(]—o00,r[) r— ()

where =1(] — oo, (), is the closure of ¥~1(] — oo, r[) in the weak topology. Fized \ € R, then

a) if {rp} is a real sequence such that klim T =400 and @(ry) < A, for each k € N, the
— 00
following alternative holds: either ® + AV has a global minimum or there exists a sequence

{z} of critical points of ® + AV such that klim U(zy) = 4o00;
— 00

b) if {sk} is a real sequence such that klim sk = (inf ¥)T and p(sg) < X for each k € N,
— 00 xr

the following alternative holds: either there exists a global minimum of W which is a local

minimum of ® + AU or there exists a sequence {x} of pairwise distinct critical points of

D + AU with klim U(zy) = igl(f W, which weakly converges to a global minimum of V.
—00

Since its appearance in 2000 until our days, it has been a powerful tool to get multiplicity results
for different kinds of problems. In particular, it has been widely applied to obtain theorems
of existence of infinitely many solutions to problems associated with a vast range of differential
equations. In each of these applications, in order to guarantee that ¢(ry) < A (or ¢(si) < A),
for each k € N, and that the functional ® + AV has no global minimum, it is necessary to use
some sequences of functions defined ad hoc. Generally, in these functions the norm of the variable
is raised to a suitable power which depends on the nature of the problem and that gives them
the requested regularity properties: in some applications the norm is used without power (see, for
instance, [3, 7, 14, 15, 23, 27, 39]), in some others it is raised to the second ([9, 10, 29, 33, 35, 36])
or to the third ([22, 28]) or to the fourth power ([1]); in [20, 21] the authors combined the norm

with trigonometric functions.

The choice of a particular sequence of functions inside the proof reflects heavily on the assumptions
and while there are some cases in which probably the choice is optimal, in some other cases it could
happen that a different choice of the sequence would make the result applicable in a greater number
of cases. This is the reason we have introduced an abstract class of test functions serving our
purpose. We will clarify this fact in Section 3, showing some examples. A similar line of reasoning
can be found in [8] and above all in [37] where the author does not choose the test functions
arbitrarily during the proof but he uses two generic functions whose properties are described in

the statement of his result.
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2 Preliminaries

In this section we describe the variational framework in which we will work in our investigations.

To begin with, we denote by w := 73 /T (% + 1) the measure of the unit ball in R™. If X is a
Banach space, the symbol B(z,7) stands for the open ball centered at z € X and of radius r > 0.

Let © be a bounded smooth domain of R”, n > 1, p > max {1, %} and let V € C(Q) satisfy
info V > 0. Put E = W>P(Q) N WyP(Q); it is a reflexive Banach space when endowed with the

lul| = (/ |Au|pda:> "
Q

Moreover, the assumptions on V assure that the position

standard norm

l|lullv = (/Q (|Au? + [VulP + V(z)[ul?) dx)é

for any u € E, defines a norm equivalent to the standard one. Being p > %, the Rellich-Kondrachov

theorem assures that F is compactly embedded in C°(2); in particular, there exists a constant
Coo > 0 such that
[ull oo < oo lJull < oo flully, (2.1)

for every uw € E. Now, motivated by the reasons that we have illustrated in the Introduction, let
us introduce the following class of functions. If {ax}, {br}, {0k} are three real sequences with
0 < ar < by and o > 0, for each k € N, let us denote by H({ar},{br},{or}) the space of all
sequences {xx} C WP (Jay, by[) satisfying

i) 0 < xi(z) < oy for a.e. x €|ag, b[;

i) lim yp(z) =op, lim xx(z) =0;

+ _
T—ra, b,

iii) lim xj(z) = lim xj(z) = 0;

T—ay z—b,

iv) for all j € {1,2} there exists ¢; > 0, independent of &, such that

@ () < gk 2.2
‘Xk (33)‘ —cj (bk—ak)j ( . )

for a.e. © €]ay, bi[ and for all k € N.

Now, we show how the space H({ar},{br},{or}) help us to build some sequences in E that play

a crucial role in the proof of the main result.

If 2o € Q, {bx} CJO,4o00] such that B(zo,br) C Q, foreach k € N, and {xx} € H({ar},{bx},{or}),
consider the function uy : 2 — R defined by setting
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0 inQ\B(l‘o,bk),
uy () o in B(zo,ar),

Xk(|x — zo|) in B(zo,bk) \ B(xo, ax)

for each k € N.

Simple computations show that, fixed k € N, for each ¢ € {1,...,n}, we have

0 inQ\B(wo,bk),

Oui (x)=4¢0 in B(zg, ar),
Xp(Jz = o) ——"  in B(wo, bk) \ B(zo, a)
|z — x0]
and
0 inQ\B(x()vbk)a
02 .
8—u2k(x) =<0 in B(zo,ar),
(21 — af)? [ = @2 — (w; — a9)’

X (|2 — zol) + Xk (|7 — 20|) in B(xo,br) \ B(wo, ax)

|z — 202 | — xol?

Using these computations together with (2.2), we get the following inequalities

Ok

< / o < _r
[Vuk ()] < [xi(Jz = zol)] < 1 (b — ax)’

and

(n—1) Ok o (n-1)

Aug(2)] < Iz — zoD| + I (lx — x <c +ec
|Aug ()] < X% (] ol + x5 (] 0\)||x7x0| 2 e —an)? T s —an)

These inequalities allow us to estimate the norm of the functions uy as follows
urly, = / ([Aug|? + |Vurl? + V() up () ") dz
Q

_ / | Ay () [Pdz + / Vg, () [Pdz + / V(@) |ug (z)|Pda
B(Io,bk)\B(Ig,ak) B(Io,bk)\B(Io,ak) B(Io,bk)

-1 7" c P
< p Co Cl(n n__.n _a n_ on B vl
= { {(bk —a)? * ak(bx — ax) (b = aid) + (b, — ag) (b — ai;) + by Browbw)

Let us denote by C the class of all Carathéodory functions i : QxR — R satisfying sup, ¢ [n(-,t)] €
LY(Q) for all £ >0 and let f,g € C.
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We say that a function u € E is a weak solution to (P ) if
/ (JAu[P2Aulv + [VulP?VuV + V(z)[uP~?w) doz = )\/ fz,u(x))v(z)de
Q Q
+ u/ g(z,u(z))v(z)dz
Q

for each v € E. Obviously the weak solutions to (P ,) are exactly the critical points in E of the

energy functional defined, for each u € E, by
1
E(u) == ];\I'(u) + A0p(u) + pPq(u),
where

W(u) = ull?, @p(u) = /Q Fla,u(@))de, @a(u) = /Q Gz, u(z))dr,

where, for each (z,t) € Q x R,

F(x,t) := f(z,8)ds, G(x,t):= | g(x,s)ds.
0 0

3 Results

The first multiplicity result deals with the case in which f has a global (m — 1)-sublinear growth,

with m < p, while different cases are considered for the behaviour of function g.

Theorem 3.1. Let V € C(Q) satisfy infq V > 0 and let f,g € C such that:

(i1) there exist 1 < m < p and h € L*(Q) such that |f(z,t)] < h(z) (1 + [t|™71) for a.e. z € Q
and for all t € R,

(i2) G(z,t) >0 for a.e. © € Q and for allt >0,
(i3) there exists zo € Q and p > 0, p1,p2 > 1 such that B(xzo,p) C Q and

G(z,€)d oo G2, t)dT
lim inf Jo maxigi< Gz, §)de :=a < +oo, limsup IB( 0:r) =b>0.

t——+oo tP1 t—+00 tp2

Then the following facts hold:

(r) if pr < p < p2, for all X € R and for all p > 0, the problem (P ,) admits a sequence of

non-zero weak solutions;

(r2) if p1 < p = pa, there exists py > 0 such that for all X € R and for all p > py, the problem

(Py,.) admits a sequence of non-zero weak solutions;
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(rs) if p1 = p < pa, there exists ps > 0 such that for all A € R and for all p €]0, us[, the problem

(Py,.) admits a sequence of non-zero weak solutions;
(r4) if p1 = p2 = p, there exists v > 1 and Cv,,, > 0 such that, if

b

Cynrp < ——
S LB g

(3.1)

(the previous inequality always being satisfied whether a = 0 or b = +00) then py < pe and
for all A € R and for all p €]pa, paf, the problem (Px,,) admits a sequence of non-zero weak

solutions.

Proof. To prove (r1), let us apply part a) of Theorem 1.1 choosing X = E, U defined as in
the Preliminaries and ® = A®p + u®g. As we have already observed the critical points of the
functional ® + %\I/ are precisely the weak solution of problem (P ;). The functionals ® and ¥ are
sequentially weak lower semicontinuous and moreover ¥ is strongly continuous and coercive. In

our case the function ¢ is defined by setting

(r)= inf @(u) +supjyyp <r (= @)

lull%, <r r— |lull},

for each r > 0. Now, we wish to find a sequence {ry},y such that klim T = 400 and () < %
s —» 00
for each k € N. To this aim it suffices to prove that for each k € N there exists a function uy € X,

with [Jug ||}, < &, such that

sup {)\/S)F(m,w(x))dx—&—M/S)G(x,w(a:))dx} —/\/QF(x,uk(x))da:+

llwll§, <7

i [ Glavunla))ds < 3 (=l

Thanks to (i3), fixed @ > a, for each k € N there exists o > k such that

max G(z,§)dx < aol’.
Q€IS

Now we choose u, = 0 and
1

T &

Obviously we have klim 7, = 4+00. Before proving (3), observe that, for each w € X with |Jwl}, <
—00

L o

Tk, one has

1
[wllee < oo wlly < coorff =

for each k € N. Therefore, we obtain
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[ Py u [ Gtanis < [ b (jue)+ L0 a

m

+u max G’( &)dx < |A|[|h|1 (ozk + ak) + paod
Q lél< m
T n

1 A 1
< |>\|||h\|1coor,§ + %Hhﬂlcgrk” + packir,” < I;Tk

for k large enough, being 1 < m < p and p; < p. So, thanks to part a) of Theorem 1.1, the
functional ® + %\II has a global minimum, or there exists a sequence of weak solutions {uy} C F
such that kli_>nolo ||ug]] = +o0. This part of the proof will end if we show that the functional ® + %\IJ
has no global minimum. To this aim, using (i3), fixed 0 < b < b, we get Sy €]0, +oo[ with Sy > k,
such that

/ G(z, Br)dz > Bﬁzz
B(xo,p)

for each k € N. After choosing v > 1 such that B(zg,vp) C Q and a sequence {xx} €
H(p,vp, {car}), we consider

0, n Q\B(an’VpL
U)k(l') = ﬁka in B(anp)’

Xk(|x —20]) in B(xo,vp) \ B(o, p)-

Using the estimation of the norm made in the previous section, we get

w=1(yn — 1) 2P Hn—1)P +pP)(v" — 1)
H kHV Bk p2p*n(7,1)2p 2 p2p ”(fy l)p LTTp B(xo,vp)
If we put
2=1(yn — 1) 2P M n =12+ pP)(v" = 1)
Cynp= &+ A +4"p" max V
Viysp p2P=n(y —1)2P 2 pPn(y —1)P TP B(zo,vp)
we have

B(wy) + l\I/(wk :—/\/ 2, wp(2))dz — 1 /Gx wi(z ))dx+f||wk\|p

C
< IAl/ |h(z <|wk )|+ |wk()|> dx —u/ G(z, By)dz + mﬁg
m B(alo,p) p

m

- wC
< [AIAN B + MBI = — uBBE? + %ﬁg

and, since 1 < m < p < d and klim Br = +oo, the functional ® + %\II has no global minimum,
—00

1
being klim ®(wy) + —V(wy) = —oo. This concludes the proof of (r1).
—00 p
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The proof of (rq) is similar. If p; < p and py = p, we choose pu; = % (obviously if b = 400 we
choose ju; = 0). Therefore, if A € R and y > py, choosing b such that % < b < b, in a similar
way we have
1 B - wC )

B(we) + ~W(wr) < MRS + N5 = ((pb— =222 ) g
p m p
and, thanks to the choice of b, also in this case the functional ® + ]%\I/ has no global minimum.
This concludes (r2).
(obviously if a = 0 we choose

1
et

As for the proof of (r3), if p1 = p and ps > p, we choose ps =

_1
pchoa

ta = +00). Then, fixing A € R and 0 < p < pg, we can choose @ such that a < @ < Similar

computations give

Al

1 m 1
)\/ F(x,w(m))dx—l—,u/ Gz, w(z))dr < N[ icocrf + EHhchZ;rkp + pact ry < ;rk
Q Q

for k large enough, being 1 < m < p and uack, < %.

Finally, the proof of (r4) relies on the considerations made in the previous two cases. We have

only to prove that 1 < pe, but this is guaranteed by the assumption (3.1). O

Now, we are interested in the existence of infinitely many weak solutions in the case that the

nonlinearities f and g have a particular form.

Theorem 3.2. Let V € C(Q) satisfy infqV >0, m < p, h € LY(Q), and r € L*(Q) \ {0} with

r>0a.e inQ. Lets:R — R be a continuous function with fg s(&)d§ > 0, for allt > 0. Moreover

assume that there exists p1,p2 > 1, a, 8 > 0 and {ax}, {Br} satisfying lim o = lim B = +o0,
k—o0 k—o0

such that c 5
k
max / s(t)dt < aaf?, / s(t)dt > ppr?
0 0

[€]<a

for each k € N. Then, for the problem

A2u— Apu+ V(x)|uP~2u = Mh(2)|u|™?u+ pr(z)s(u) in Q _
PML)
u=Au=0 on 2

—~

the following facts hold:

(T1) if p1 < p < p2, for all X € R and for all i > 0, the problem (P ,) admits a sequence of

non-zero weak solutions;

(F2) if pr < p = pa, there exists pu1 > 0 such that for all A € R and for all p > u1, the problem

(Px,u) admits a sequence of non-zero weak solutions;
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(Ts) if p1 = p < pa, there exists py > 0 such that for all X € R and for all u €]0, po|, the problem

(Px,) admits a sequence of non-zero weak solutions;

(Ta) if pr = p2 = p, there exist o € Q, p >0, v>1 and Cy,,, > 0, such that, if

Blirllr (Bo.p)

) 3.2
awcgoHrHLl(Q) ( )

CVmp
then 1 < pg and for all X € R and for all p €|pq, pa|, the problem (ﬁ)\’#) admits a sequence

of non-zero weak solutions.

Proof. We want to apply Theorem 3.1 choosing f(z,t) = h(x)|t|™ 2t and g(x,t) = r(z)s(t) for all
(z,t) € Q x R. The hypotheses (i1), (i2) are obviously verified. Since r #Z 0 we can choose z €
and p > 0 such that B(xg,p) C Q and r > 0 in B(zg, p). Then we have:

£ £
max G(z,&)dx :/ max (/ r(x)s(t)dt) dx = ||7||L1 () max / s(t)dt < ||| prooap}
Q 0 0

Q l€lI<ak [€l<ak [g]<ap

and
ﬁk ﬁk
/ G(z, Bi)dx :/ / r(x)s(t)dt | do = ||7”||L1(B(:co-,p))/ s()dt = ||rll L1 (B(wa.0) BB
B(xo.p) B(zo.p) \/0 0
Therefore f (2, €)
.. o maxje <y G(x,§)d
ltlgl-&}g i < rllr@ya < oo
and f Gz, t)d
. B(zo. x,t)dx
lim sup L p)tm 2 |7l B@o.0) B > 0
t——+o00

So, (i3) is also verified with a = a|r||11(q) and b = B||7||L1(B(z,p))- Therefore we can apply the

Theorem 3.1 and obtain the conclusions (71)—(74). O

Now, we want to exhibit two examples. In the first one we present a function s verifying the

hypotheses of Theorem 3.2.

Example 3.3. Letp> 1, > 1 and let s : R — R be the function such that

0, in] — 00,0],
t —26t3 + 362, in ]0,1],
S(t) = / 8(§)d§ = k-1 k
0 op(k=1) gk in }2’“—157,2’6—155} k>,
Apt® + Bpt? + Cyt + Dy in }2’“15%,2’“5%} k> 1
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where

(p=3)k (p=2)k

Ay = 2RSSR (5 —27P) | By =9 207 DRI (5 27P)

(p—D)k

Cp = —3- 207 DFE86757 (5 —277) | Dy 1= 2Pk 6 (55 — 2277) .

Using MATLAB by MathWorks, we have plotted the graph of the function S (for 6 =2 andp = 2),

showed in the following image.
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The function s satisfies all the assumption of Theorem 3.2 with o =1, f =6, ap = 2k=16% and
Br = 2’“5%, for each k € N. In particular

5 2k—15
max / s(t)dt = / s(t)dt = op(k—1) 5k _ ai
0 0

[€l<ak
and
Br
/ s(t)dt = 2PFF T = 57
0

for all k € N.

In Theorems 3.1 and 3.2, inequalities (3.1) and (3.2) serve to assure that pu; < p2; moreover the
value of Cvy,, , depends heavily also on constants ¢; and then on the choice of the sequence {x4}.
Obviously, fixed the nonlinearity, the smaller the constant C'y,,, the easier the inequalities (3.1)

and (3.2) will be verified. The next example is in this direction.

Example 3.4. Letp > 1, Q= B(0,1) inR", 2o =0, r € L*(Q)\ 0, withr >0, V(z) = |z[3. + 1,
for all x € B(0,1), p = %, v =2 and {o}} C|0,+oo[ with limy_,o o) = +00. Let {x}c} , {Xi} S
’H(%, 1,{or}) the sequences defined by

xi(2) = dop(42® — 92% 4 62 — 1)
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and

xi(z) = % cos(m(2z — 1)+ 1)

for all x €]3,1] and for each k € N. We observe that, for each z €]3,1],

@] <30, (@) < 240
and then the constants c;({x}.}), defined in (2.2), are respectively ci({xt}) = 2 and c2({x}}) = 6.

In a similar way, for each x E}%, 1[, we have
;)] < 7o, 3" (z)| < 27%0y,

. . . 2
and, in this case, the constants c;({x3}) are respectively c1({x31}) = & and c2({x3}) = 5.
Now let us consider a sequence of functions that, in combination with the norm, raises it to the
second power; namely
o (—82% + 8z —1) in]3, 3

Al

Xi(@) = (3-3)

N[O ST

ap(8z% — 162 +8)  in ]

’07 each k S N In thzs case
! X O'k7 X " x Ok

and then 01({)(%}) =2 and cz({xz}) = 4. With respect to these three sequences of test functions
the smallest Cy~., (among the three) depends on the values of n and p. For instance, for n =3
and p = 2 the smallest Cv,,, is the one in correspondence with the sequence {Xi}; in fact, using

MATLAB again to compute these constants, one has

Cvmp(XL}) ~ 1270, Cyn ({02} & 969, Cyny n({3}) = 912.

But, for instance, for n = 4 and p = 3, the smallest Cy, , is the one in correspondence with the

sequence {x3} being

v p([Xh)) = 7737, Cuo(X3)) ~ 53988, Oy (X)) = 67262,

Obuviously if we consider the function s of Example 3.3, taking a posteriori § > %
the corresponding problem admits a sequence of non-zero weak solutions; but if § is ﬁ:réd(?;;i)ori,
Theorems 3.1 and 3.2 could be always applied as long as one manages to find an appropriate
sequence {xx} while it is not sure that a generic application of Theorem 1.1 can be applied because

the assumptions depends heavily by the particular sequence of test functions fized during the proof.
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The last theorem concerns the case in which the growth exponent of nonlinearity f(x,t) is exactly
p — 1. In this situation the existence of infinite weak solutions will be obtained not for each A € R

but in an appropriate interval.

Theorem 3.5. Let V € C(Q) satisfy infqV > 0 and let f,g € C such that (iz) and (i3) are

verified. Moreover, suppose that:

(i1) there ezist h € L*(Q) such that |f(z,t)| = h(z) (L + [t|P1) for a.e. z € Q and for all t € R.

Then the following facts hold:

(F1) if p1 < p < pa, for all X such that |\ < m (for all X if h = 0) and for all > 0, the

problem (P,,,) admits a sequence of non-zero weak solutions;

(o) if pr < p = pa, there exists pu1 > 0 such that, for all p > pi, there exists A\, > 0 such that,

for all |\| < A, the problem (Py,,) admits a sequence of non-zero weak solutions;

(T3) if p1 = p < p2, there exists po > 0 such that, for all p €]0, o[, there exists A\, > 0 such that,

for all || < A, the problem (P ) admits a sequence of non-zero weak solutions;

(T4) if pr = p2 = p, there exists v > 1 and Cy,,, > 0 such that, if

b
Cvmp < —— (3.4)

wckoa
then w1 < po and for all p €|pa, pof, there exists A\, > 0 such that, for all |\| < X, the

problem (Py,,,) admits a sequence of non-zero weak solutions.

Proof. The proof is similar to that of Theorem 3.1. In fact, computing the two main evaluations

for m = p, we get:

FEDY P1
)\/ F(z,w(x))dz + ,u/ G(z,w(z))dr < N[k icocrf + |p|h||1cgor;c + packirr? (3.5)
Q Q

and
p

1 - wC'
B+ () < N[5+ NI % — g + 202 5. (3.

To prove (71), fix A such that |A| < W and g > 0. Thanks to the choice of A and to the fact
that p; < p then, from (3.5) we get

A Fz,w(z))de +p | Gz, w(x))dr < lrk (3.7)
Q Q p

for k large enough (remember that klim rg = +00); moreover, from (3.6) we obtain
— o0

1
lim ®(wg) + =¥ (wg) = —o0 (3.8)
k—o00 p

because p < po.
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©CVirp - Fixed p > py and b in a similar way as

ppb—wCv,y,p } Fixed X such that || < A,

To prove (73), it is sufficient to choose p; =

1
Allcts Al
obviously, from (3.5), we get (3.7) (for k large enough) because p; < p and thanks to the choice of

done in Theorem 3.1, we define A, = min{

A. Moreover, using (3.6), the choice of A and p guarantees that (3.8) holds.

1
pcBoa”

To prove (73), it is sufficient to choose ps = Fixed p €]0, uo[ and @ in a similar way as done

in Theorem 3.1, we choose A, = T}f“%ﬁ%ﬁ. Fixed A such that |[A| < \,, obviously, from (3.6), we
get (3.8) because p < py. Moreover, using (3.5), the choice of A and p guarantees that (3.7) holds.
In the last case, to prove (74), we observe that, thanks to (3.4), we have u; < ps. So, fixed

i €)1, paf, and choosing @ and b in a similar way as done in Theorem 3.1, we define Ay =

min { 1]’2‘%’6, upb—Cviyp } Fixed A such that |[A] < \,, obviously, from (3.5), we get (3.7) (for

2[R
k large enough) because of the choice of A and p. Moreover, using (3.6), the choice of A and p
guarantees that (3.8) holds. O

We conclude with an example related to case (74) of Theorem 3.5. In this case we consider the

one-dimensional setting, providing an explicit estimate of the constant ¢, in (3.4).

Example 3.6. Letn =1, Q =] - 1,1[, pr =po =p =2, V(z) = 22 + 1 for all x €] — 1,1],
heL'(-1,1]), r € L*(—1,1)\{0} withr > 0 in]—1,1[ and jj{izr(a;)dx > 0. It is well-known
that, for all u € W*2(] = 1,1[) "Wy %(] — 1,1[), one has

V2

max |u(z)| < - 10/l 2 - 1,17

z€]—-1,1]

and
/ < 2 "

[|u ||L2(]71,1[) = [|u ||L2(]71,1[)’

" V2 V2
2., 2
x§§f1[|u($)| s — [l L2 g-1,1p < - [[ully

and then coo = ? Now choosing vg = 0, p = %, v =2, %, and g(t,x) =

7 Py
r(x)s(t) (where the function s is that of Example 3.3), assumptions (iz) and (i3) are satisfied with

a=|rllg1qg-1,1p and b = 5||7’||L1(]7%’%D. Using the sequence {xi} of Example 3.4 as test function,

we compute Cy.., = 266 (lower than those associated with the other two sequences). It is easy to

see that 522l
b T (=211
- (R 51V
WCxo 8”7“”[/1(]71’1[)
then (3.4) is satisfied and then the fact (74) holds. In particular, for all p € %, WZD [,
1(-11

there exists A, > 0 (defined inside the proof of Theorem 3.5) such that, for all |\| < A, the problem

(Py,u) admits a sequence of non-zero weak solutions.
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