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L- INTRODUCTION 

The terminokigy and n0tations of this paper are those 
oi [1]. We recall U1at a baric a lgebra over the real field R 
ls an ordered pair (A1w) wt.lere A is a (fin·i te dimensional 
non associative, nor:i eomm•wtative) real algebra and w:A-•R 
is a non zero hom0morpt.l•ism of algebras. 
An important class Q.f baric algebras is the class of genetic 
algebras (in Gorst.J.0r 1s sense). A rea l algebra A, of 
dimension n+i, is genetie i f it has a basis Co 1C1 1 ••• ,C0 
such t.hat , if 

n 
cicr E YiJJ<Ck (i,J=G, 11 ••• ,n) then: 

K,Q 

(1) Yooo = 1 
(2) YojK ' Yjok 'O if K < j 
(3) Yijk =O wt.i.en 1H1 j and k 5 maxfi,jJ 

In t h is case, c0 ,c1, ... C0 i s called a canonica l 
bas1s of A. It car:1 be preved ([14}, Chapter 5) that the 
real numbers Yoii a•nd Yio·i (i = O, 1 1 ••• ,n) are, in fact, 
independent of the can0nical t>asis o.f A. 
They are called left (resp.rigth) train roots1 in short, t­
roots, of A. When A is commutative 1 Y¡Qi=Y¡Qi(l:i, .. .,n). 

---dru f\-ml!ra(Alril l9116)Yióli li>lll<Udi1'1'1/ml\ 
~-« Puua,.dil 1 M. 
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Every genetic algebra may be equipped wi th a unique non iero 
homomorphism w. This function is defined on a canonical 
basi s by w (Co ) = 1 and w (C1) :O, 1s i sn. The kernel of w, 
which i s the o -dimensional ideal generat ed by C1 1 • •• ,C0 

will be i ndicated N. 

In (1), we have stutied the derivation algebra of the 
gametic algebra for a n+i-allelic and 2m-ploid population, 
denoted by G(n+1,2m). In particular we have proved (§3) 
t hat all algebras G(2,2m) have the same deriv ation algebra, 
namely1 the non Abelian Lie algebra of dimension 2. We have 
proved also that the derivation algebra of G(n+i,2) has 
dimension n(n+1) 1 which is the maximum dimension of 
derivat ion algebr as of genetic algebras of dimenaion n 
([1J,th1, c or.1) . 

'We r ecall1 f or further use, sorne facts about G(2.,2m). This 
algebra is commutative and has a canonical basis Co1 

C1 , .. . ,Cm such that 

m 

(i+J )ci+J if i+ J~ 

if ~l+j 

The t-roots crf G(2, 2m), denoted by to t1 •. . ·• lm are the 

real nurbers tk= (~ t 1 (:} (k=O, 1, ... , m) and so 

2m 

1, to>t1 '~>t2> .. . >tm' ( k l-1 >0 

Cons ider now- the linear mappings a, T; G(2, 2m,_.c3 (2, 2m) given 
by 

o (C1 ) '1C¡ (i,Q, 1,. .. ,m) and 

'll(C¡ ) '~Ci+1 (i<m), TJ (C,. ),Q 

t i -ti+1 

Wa h.i.ve proved ([1)1th 3) t hat a and TI f orm a basis for 
t he derivation algebra of G(212m). We observe t hat a has 
proper va lues 0 ,1, .. . ,m,"1 i s n ilpotent of i ndex m+L 
Moreover woa : wo.,, = O and aon - noa : n. 
In t his pape r we cons truct a large c las s of non 
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pq_mmutq__t:i'le genet~cJ. a·lg§!bftfll.!pi dimeosion 1m•i havJlng two vJ: 
.t ·.;de i.Y.a uons .sati:4~i_;ig ·t:he, ·:abo1v,e con di t.ions. ro .We PROiY~ or1 

1 w 'ª-ºm~ri~~l(lt...s ~oncef)n·ing \tite qeniva•tion 1algebra o thes.e <!bd 
aJgeb.r,~s ... '(O b!J,¿:.19rrs~ lr.9bl fr-noi<' ~m n <)11 ~1 rt:>u w 

·• o~ . .c.:1itin1 9d 111w 

~-THtE 101!1,ASS.; fiml+'ll.'Wl'l~~b 9¡{) bc:liu!z 9VSM 9W ,[1] nI 
,n·J.UilJ.-lOQ b io/q-mS ~n& :Hl91!t>-l & 1o'l s1d•SJE. :>!J'9m.6~ 
(Ct) b9V0'1q 9vs.li 9W '1&1u:uj'lE>q n .(m:.,l+n)éJ '(d b9.ton9b 
,Mt<,~tbe oo~a·l 1·~@<ot9~•§Jl9'q~ •<ltr!l \!!1!!!!!!~º11!.!Pl4o~ 1'1'~U 
~·1n~n3wze~ nd1~1}~cW!'ibf·Rnl'!·, ,.1d!f@ke jl..'. . ~.-!!>J~C.1:o'll · ri§h.\Q'ftah>n 
;:Sl,IS::h {~t}~(Cf.g)i>1t!!Ot}.l .~(Q11)3Q,,1{!H:i~,) ,iJ ~n1 haV&!z ft, d.:j~Q:it,q 

UJ>tc~~!\g!!pp.§l~i.9!l!Íli'Iilao !ilnl:I ~~Nl1 ~!!W· ,( JL'li1n n'IY()il!~b 
rPe 1giv~Q aP.Y" a(.c;>¡ )!.c-F1(Mi;'5J .(~;Q •. l ~• '.'· ,,~m·) o avd-.oq:~,peJgi~en_,b 
by n(Ci l 'Ci+! (i<m) ano n(C,.l• o. lt is • <!fY ·t9.o',~<tt ~tJ) 
30"l'll103='T\ woa=WO'Tl=Úi a has proper values 01 1, . . . 1 m and 'I') is 
nHROtfnt. ~ i.Jl.d~~Jj-.. .., i:.. t ;:frt10e ,~::.u .,9(U° UJt 'lOi: ,Ui:>OS'1 9'W 

10:) <li.?J>d IE.o.i.:nons:> s aul t·n ~·1iJstummoo 0::1 s1ds~l& 
We show now that this precess of cons~1\}0rJl :.Ofz ªm.i!nd. ."1 ,if:J 
essenc ial l y tm i<;¡Ue. 

-¡ 
Let. A a be real vector space ofltdimen!S-i'On m+i. Suppose 
a,r¡:A-•A and w:A-•R are lihean1· ln·appingt such that: 

m2 (_+I H LH:J\c+1 \v1 1 \ l:it:> 

(1) a has proper values O, 1, ... , m ( 
(2) 11 i s nilpoten~ A.~mi.f\gex m+1 o J 

(3) wtOandwoa•WO'l)•O _ 
( ~ ) acn¡--r¡okr¡ 

(mS 1 

O<J- ~ / ,rn' 
Let A¡ be the proper subspaces oT a, that is, 

n 13 (m'S ,S>E>4-<r ,S)~f='fxli~Ja1~):i~FJ",n1ch i 'fmf.: 
lf 151, we ha ve for xEA¡: 

º' (woa )x ·w~,9,\•c>al ;w. (i~) ¡iu¡ (x ) '.)! •( , '.J)G 

l):(at')rT ,~nt)J) f-t ~.~~( J~)fl' 

Hence w (x )= 01 x E ker ui. So Ai e ker ui. 1'hi~+1!;,i1~es 
AtG· •2 1J!'mjc,,ker, i"i 1,A!¡,1;Jiey ~vf, tl¡e ·•"'f1"¡ di¡nen¡•,ipp Y\r•rl •YI 
Wlt.J'HV~ ~~ _ui::J\iG!l!.OWiroW .(11'!:; S)U o r.'ld~ 1f:- ., 'd •'t'l!'!'b !Ji.f 
C'1 the opier, ~d'.t1\J1iid,~1 qyc! 1 c v~E~º!;i ' (~t,¡ ,. ~i.o¡<!, 0 1 q 

polynan1al _has_, qegreEi· ~1 lt\~ce,_¡;ari l y., 'Z E ..ke~c.3jl5~9.,0M 
n ,, t J''JU J 11 r ., :c.q ~trl.t n~ 
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ot.herwise {1, "l ( l )1 • •• , TJD(l)) e ker ~ and so w : O, contrary 
t o (3). lt is also clear tllat a scalar m.Jltiple of a cyctic 
vector is again a cycl ic vector. Hence ~ may suppose 
w(1):t. Decanpose z a.s z=Co+C1+ ... +<;nwit.hC1 EA.11 0 ~ i ~m. 
We prove now tha.t Ca is al so a cycl ic vector far 'fl· 
'We have far x€A1: 
a ('T](X )' ('T]Oitt'T]) (X l'"l( ix l+"l(X )' ( i+I )'T](X). 

So 'T](A¡ l< Ai+I (i<ml and "l (A,nl ' o. "1e have the set of 
equations in triangular fonn: 

+ e + e 
m-1 m 

+ 'T](C l + 'T] (C l 
m:-2 m-1 

Tf"(C l 
o 

f ran which it is clear that Co "l(CQ l, ... , Tf" (Col is also a 
bas is of A. 

The unicity of Co is clear: If c' 0 satisfies a(c 10 ) =o 
then e' o=~ (µ E R) because o is a s~le proper value of a. 
Hence 1 ' 1c'ol ' µ !Col ' µso c'0 'Co· 

Fran naw Or\ A wi 11 be a f ixed real vector space of 
d~nsion m+i, equipped with a non :zero l inear fonll&.\ two 
l ínear mappings a1 7¡: A-M such tl1.a:t w:>O;WOTJ=O, OO'fl'l"PO='T\ 
.,, is ni l potent of index m + 1 and a has proper va 1 ues 
O, 1, ... , m. By Lemna 1, these assunptions detennine the 
(urnqu• l basis Co "l(CQl, ... , Tf" !Col · "1e shall denote this 
basis by CQ.C¡, ... ,c.i, that is, C¡'"ll(Col· . 

Recal l that each bi linear mapping ¡;:A x A-tiiA defines on 
the vector space A a structure of algebra(non associative, 
non ccmo.Jtative, in general) denoted (A,µ ) . 'We say µ is . 
aánlssible fer"-\ a and "1 if w(µ(a, b),w(a)w(b), a(µ(a, bl' 
'µ ( a(a),bl + µ(a,a(b)l,'T](µ(a,bll'µ('T] (al,bl + µ(a,'T](bll fer 
a l l a. b E A. 1llese conditions mean tllat when A is equipped 
with t.he rrultipl ication µ.. w beccmies a harr:m>rphism of 
a l gebras and a and n are derivations of this aliebras 
(A, µ) . 

We denote by 'tn+-1 the set of al l acbiss ibl e (for ~a and 'T\) 
b1 linear mappings µ: A x A-triA. A!J usual, we indica.te µ(a¡ b) 
by ab and we cmit the rna.pp ing µ when refer ing t o the 
algobra (A, µl . 
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We .shal 1 denote the derivation aleebra of A by Der A. By 
the own definition of q.,..11 we have 2 s d1m Der A. for 
any A E ~l · By((!), th. l ), we have alao d1111 Cor A ! m(m>l ) . 
.Nly """*"'r A E ~l such that dlm Cor A' 2 will be called 
a min1111al element of ~l· This is the case of G(2, 2m). 
Conversely, i f dim Der A:m(n:tt"l ), we say A is a maxunal 
ellmmt of ~!· as !t happens to G(m>!, 2) . 

Ali aart>ers of Om..t are genetic alget:ru relativa 
to the same baais coc1, ... ,e;,, where Cp'T\l (CQ). 
M:ireover, Co is an idm¡potent for each one of theae 
atgebras . 'Ihe real mnt>er ~is a t-root for ali camutative 
al¡ebras in Om.-1 · 

Take the cycl ic basis Co C11 ••• , Gn of A. g1ven by 
Lemna 1. 

G1ven now O 5 i, j S m: 

If 111 < i + J we 11L1St have C ¡C j =0 becauae i+ j is not a proper 
value of a. \lfhen i+j S ~ C¡Cj is a proper vector of 3(or 
t.h! uro vector) corresponding lo the proper value i+j of a. 
Hfince CtCj= a ¡ jCi+.1 for sane real m.JD>er ªU · 
In particular, c2o:a00C0, so a00:i:w(c2o) and c2o=Co· VII! ha.ve 
proved that Co C1, ... , Cm is a canonical basis of A. 
M:>reover the left (resp.right) t-root.B are 1, o01• . . . , oan 
(resp. 1, 010 ... ,CfnO) . Taking again Ule equ.ality CtCj ;aijCi+j 
( i+j ~ m) we ee~ applying 'fl 

lf l+J +l ~ m t.hen we may cancel and obt.ain ª 1+1, j +ª i, j+t=ªij · 
t n pM"t. 1cul ar a 00: 1=ao1 + a10=2c:tot if A is ccmn.rt.at ive, 
and M'. u a t -root 

W! w1 ll ducribe imre accurately Ule e l.a.u Om..t ln Ule 
f ollc111n .n1 way: Each A in Om+i has Ule cycl1c bas:ia 
coc1, ... ,e,. of proper vectors of a, with w(CQ)d . 
1-breover, C1Cj ,. a ~jCi+~ ( i+ j ! m), CiCj :: O (m < i+J) and 
ª1J =ª 1•l,J*ªi, j +1 if i+J+1 S m. 
F'rm th11, W! can a.asoc iate to A the matrix 
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a 
o! 

a 
11 

a 
m-1, 1 

o 

a 
o, m-1 

a 
1, m-1 

o 

o 

where a 00= 1. The recurr ence re l at1on a 1J =ªi+1, j +ai, j+i 
( l+ J+ 1 ~) shows that each a ij ( l+ J ~m ) can be expressed as 
a 1 mear ccrnbrnat ion of ªcm ª 1, m-\• ... , Om-1, 1• Orm w1th 
integral coeff ic ients, rn t he fo l lowrng way: 

We have Oij=ªi+ 11 J+a ¡, j +t=ªi+2, ./ º i+1, J+t+0 i , j +2= 
:ai+3, j +3ai+2, j +2+3ai+ l , J+J+a 1, J+3 and so on. 

'We obtarn 

r r r 

0 1J =0 i+r, J+ ( 1 )ªi+r-1, J+ 1+ · · · +0 1, J+r=E (k )0 1+r-K, j+k 
k :O 

f ar al 1 r such t hat i+j+r ~ m. In parucular, tak ing 
i+ J+r=rn t hat is, r=m-1 - J, we get 

form...i la can be replaced by 

m-1 m-1-j 

(t) a 1J!?J ( 1-J l0m- 1,1 (callrngJ+K= l) 

and by 

m-i m-1-J m m 

ª1Jf~J ( m- 1- 1 l0m-1 , (because (k )' (m-k )). 

In part. 1cu lar t he l eft (resp. r1ght ) trarn root.s are given by 

m m-J m m-J m-J m-i 
c2 ¡ OoJj~J(1)0m- 1 . 1 ¡~J( m- 1 l0m- 1,!cF (, ª1,m- i 

m-J m-J m-J m-J m m-J 

(3) ªJoj~o ( 1 l0m-1 . q~0(m-J - l l0m-1, 1~~J (m-) ªk,m-k 
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We cons1der now the affine hyperplane H 1 of Rm+ 1 

m m 
m+l ( ) 

define by Hi={(xo,x1. · · · •xm )€R : E. k xk=1) . 
k•1l 

'We have shawn that, ,., to each IDE!llt>er A of ~ 1 we can 
assoc1ate, v i a matrix A, the point P=(Ciartªi,m-1•. · ·1Clm-1 11 
<1m:> ) of H1. Suppose conversely, we have a point P of H1, 

~~ed ex~~~e c~~;en~~ceon~~ ~~e (~~i·~1~ · ~~~)~ + 1, 
whose elements ªiJ satisfy: 

(a) a ¡ j =O i f m < i +j¡ 
{b ) ªtJ=ªi +t,s•ªi,j+1 if i +j +i ~ m¡ 
(e ) ªoo=1. 

'wtut thu matr ix in hanc4 we define a b ilinear mappi.ng 
on tlle vector space A by ?Jtting C1Cj=a¡jCi+j (i+j~) and 
c 1cJ = O otherwise . It is routine to verify that this 
b il inear mapp i ng is~ a, 'l¡"aQ'nissibl e. 
1he coordinates of t.he pointP= (CI.cmª1,nr1• ·· ·1Grrm)EH11 
correspond ing t o a given A in Om+-11 are called the H1-
coorcHnates of A. We ha.ve proved: 

PROPOSITIOll 2: 

The correspondence a ss ociat ing to A E Qm+ 1 its H i­
coordinates is a one-to-one correspondence bet ween Qm+ 1 
and H 1. In particular, Qm+ 1 is a m-paramet r1c fam1ly of 
eenetic a lgebras . 

As i t 1.S well known , H 1 has a natural a f f 1ne basu, the 

n t of pornts Po= (i,0 , ... ,0 ) , . . . ,Pk=(O , . . , {k} -t, ... ,0 ) 

, ... ,Pm :. (0 ,O , . .. ,O , 1) . Th1s mea ns t hat ev ery pornt 
P :(xo.><t· ··· ·xm)€ Ht can be wri t t en a s 

m "\ m 

P¡¡~0xk (k /p k wher'i< fu Xk (k) ' l 

Tha t 11 ,every porn t ? of H 1 is a bar icen t e r of Po, . . . ,Pm . 
On t he ot.her ha nd , we ha ve t he conce pt of mixture of 
.i l¡ebr as, as g1 ven by Heuc h [9 J, Holea t e [ 10) or Worz­
Bunkros [ t3): Jf µ 1, .. . ,µ 5 :A x A-.A are b1 1lnear mappings 
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and >.. 1, . . . ,A.5 E R w1th >.1+ . .. +>.5 : 1, then A1µ1 + ... + A8µ8: 
A x A - •A 1s cal led the mixture of 1J1 , . .. , µ5 with 
coeff1c 1ent s >. 1, .. , >-s· 
If , rn add1t ion. A1 ~ O we cal 1 >.1 µ1 + . . . + >..5µ5 a proper 

m1xture (or a convex canbination )of µ1 1 • •• , µ5 . 
Suppos e naw we are g i ven po ints a1, , .. , Os oi H1 • Let 
O : >.10 1+ .• . + A5Q5 E H1 1 w1th >.1+ . . • + .>..5 = 1, a baricenter of 
O¡, . . , Qg. 
Let now µ, 1Jt 1 • •• , µg be t he b i 1 inear mapp ings (that is, 
a l gebras bel onging to ~1 ) correspondrng t o O. 011 ••• , Q5 
as in Prop. 2 . lt is easy to prove that µ = >-1µ1+ ... +>.8µ5 . 
1lus i s t.he content of: 

PROPOSITJON ~ : 

The correspondence bet ween H 1 and Qm+ 1 gi ven above 
is s uch t ha t t o a baricenter of points there corresponds 
the mixture of correspondi ng algebras . 

I f we c a l! A i (1=0,1, ... ,m)the a lgebras corresponding 
t o t he poi n t s Po 1 P 1 • .. . ,Pm defined above , we ha ve: 

OORO!..LARY: 

Every member oi Qm+ 1 is a mixture of Ao 1 A 1,.,. ,Am. 

PROPOSITION '!-: 

Every member of Qm+l is completely det ermi ned by 
its left (Or r i ght) tra in roots. 

PROOF (left) 

'We have seen that the left t rain roots are given by 

m-J m-J 

ªºJ ~~o ( i ) ª1,m-1 (o $ J $ m) 

Th1s system oi linear equaht.1es can be r eversed givmg 
a 1 ,m- i as linear combina tion s of the ªoi 

If we call H 2 = !(xo,x 1 , . .,X ml E Rm + 1 x 0 = 11 , 
formu lae above give a one-to-one correspondence between 
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H1 and Hz. By c0m•p0sition we get a one-to-one 
correspondence l:>etweer:i Qm+1 and H 2. But now t he 
Hz-coordinates 0f any A in Qm+i are its left trarn 
roots, hence our resui1lt. 

The H1- c oordü1ates 0f G(m+ 1, 2) are (ji, 01 ... , O,~). Its 
H2-coordinates are, of col!lrse, (1, Yn YD .. • , X). Its is clear 
tha.t the Hc-coord:i!r.iates Gf G (2, 2m) are (1 1 t1 1 •• • , 'tm) 

'We. could ask: wt.l~t::h is t he rrenber of Om+ 1 whose 

H1-coordrnates are pr0p0rti<:ir:i.al t o the sequence la) 

we mJSt ha.ve 

hence 

P (2mm ¡-1 m m 2m 
becausek~O (I< )2 = ( m ) . So we have 

the coord rnates ti-1 ( Cl, O .. " O and we see, 

calculatlons, t.hat the ar:iswer is JUSt G(2, 2m). 

Wlth SCJII? 

It u. cl ear that A E Om+t 1s a ccmwtat1ve a l gebra if and 
only if lt.s H1-coord.inates are S)'l'lrretric: ªk. llt'*k:°tn-1<, I< far 
al 1 k : O, 1, .. . , mor what ls t he s arne, A 1s S)'mn?tr1c. 

REJ-Wll( l : 

G(m+ I, 2 ) o ~ "<> + ~ Am· In f act, t he matr ices o! "o and "in .,.. 

( 
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and >.1, .. " As E R Wtth A1•·. ,+>.s : 1, then >.1µ1 +.' .+ Asµs: 
A x A - • A is cal led the mi xture of Vt , · · ., µs with 
coeff1c 1ents >.1, . . . , >.5 • 

If, m add1tion, >.i ~ O we cal J >.1 µ 1 + ... + As\Js a proper 
m1xture (ora convex c00lbinat1on )of IJt• IJs · 
Suppose now we are g1ven pomts a1, .. 1 Os Of Hi . Let 
O= >.101+, , ,+>.5 Q5 E H1, w1 th >. 1+ .• . +>.5 = 1, a baricenter of 

01° ··.,Os· 
Let now µ. µ 1, , •. 1 IJS be the bi l mear ma.pp ings (that is, 
algebras belonging to G-n+t) correspondmg to Q. 0 11 •• • , Qg 
as m Prop.2. 1t is easy to prove that µ = .>..11..11• · .. +>.8 µ5 . 

Ttus is t.he content of: 

PROPOSJTION ~: 

The correspondence between H 1 and Om+ t given above 
is such that to a baricenter of points there corresponda 
the mixture of corresponding algebras. 

lf we call A 1 (i::0,1, ... ,m)the algebras corres ponding 
to t he points Po 1 P 11 ... ,Pm defined a bove, we ha ve: 

OOROLLARY: 

Every member of Gm+ 1 is a mixture of Ao, A 1 1 •• • ,Am . 

PROPOSJT!ON ~: 

Every member of Gm+l i s completely dete rmi ned by 
its left (or right) tra1n r oots. 

E.I!QQf (left) 

We have seen that the left t rarn r oots are given by 

m-J m-J 

°<IJi~o ( i ) ªi,m-1 (o~ J 5 m) 

Th1s system of li near equal1ues can be reversed givmg 
a i,m-i as li near co mbinations of the ªoi 

lf we cal! H2:: l(xo, x 1, ... ,Xm l E Rm + 1 xo = 1J , 
f ormu lae above give a one-to-one correspondence between 
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H1 and H2. By compesi t 1on we get a one-to-one 
correspondence between Qm+1 and H2. But now the 
H2-coordinates of any A in Qm+i are its left train 
roots, hence our result. 

'!he Hi-coordinates of G(m+-1,2) are (X.0, ... ,0,){) . Its 
H2-coord.inates are, 0f cc:il!lr'se, (1, X. X. ... , X). lts is clear 
that the Hz-coordiAates of G(2, 2m) are (1, ti, ... , t,., l 

We could as!<: wt.l·~ct:i i s the me::nber oí Om+ 1 whose 

H1 - coord mates prep0rttonal t o the sequence e) 

we IDJSt have 

hence 

2m mm 2m 

p ( in ¡-' becausek~O (J ' ( m ). So we have 

the coordinates t)-I (la), (), ... , O and we see, with sane 

cal culattons, t.hat the answer is Just G(2, 2m). 

lt la c l ea.r t hat A E 9m+t is a ccmwt.at1ve a l gebra if and 
only 1f l ts H1- coordinates are syametric: ªk, m-k.:'1m--k, k far 
a l l k .:O, 1. , .. , mor what is t he s ane, A i s s ymnetr1c. 

G(IO' I, 2 ), K Ao • K Am· In lact, t he matrices of Ao and "m .,... 



and so the matrix of Yi Ao+Yi Am is 

Y. 

Y. 
o 

So C¡Co=C-oC¡=YiCi (1 $ i S m) and Ci Cj =0(1 $ i, j $ m) . 
We give now another characteri:zation of G(2, 2m) in 

~1· We have seen in [1 ], th. 3, that t.he sequence 
_!.i_ , _.!2._ , 1 _..!:m_ is the ar itimet i c sequence 
t¡,-t1 t 1-t2 tm-1 -tm 

!!.\ m- 1. .. ··.1· 
m m m 

Thia 1"IEans that in the rnatr1x A: (aij ) corresponding to 
G(2,2m) we have. 
~'~ (K,1, ... ,m) 

ª1,m-k m 

PROPOSITION ~: 

The onl)' member A of Qm+1 whose matr1x .A: (a¡j) 
s atisf1es the relations:mao,m- k+t=kª1,m-k (1 S k ~ m) 
is the gametic algebra G(2,2m). 

PROOF: 

&y Prop.4 i t is enm:.igh to determine the left t-roots of A , We have1 

wi th k:i , m ª an=ª1,m-1 and so ao,m-1=aan+ª1, m-1= (mt-1)a an. 
Ft-an nno,m- 1 : 2 ª1,m--2• we obtain ª1, m-2 =w ª o, m-1 =m(~1)aan= 

(~ i ) Can· In a s llllil ar way, <l(), m-2 = r: 2 ) ª cm · · ·' ªca : 
2m- 1 2m 

( m--1 ) "<m <loo' ( m ) ªan· 
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(2m ¡-1 ( 2m ... k 
&.rt. 000=1 so Ctan= m and 00 1 m-k= m t 1 ( k ) wtuch are 

exactl y the train reots 0f G(2, 2m). 

In t h 1e paragrapr.t, we describe a subclass of Qm+l• 
closely related to tt.le gameti c algebra G(m+1,2). 

Recall that every al•gebra A has an oppos1t.e algebra 
denoted AO, wr.tere (xy)©=yx far ali x, y E A. It is 
c l ea r tha t if A E Qm+ii the same hol ds far AO and 
t A: A. 0 , where " t " means tra nspose. 

Lel A be a member of Qm+i• w1th corresponding 
matr1x A.:(aijli OH,j~m. The following conditlons are 
equiva lent: 

(l ) 

( ll ) 

( 111 ) 

( lV ) 

(v) 
( V l) 

( Vll ) 

o 0 Jtª j o= 1 ( 1Sj $m) 
ªom+ªmo= 1 ar.id ªK,m-k+ªm-k,k=0(1$k$m-1) 
the submatrix (ai j) , 1$1 ,j$m, is skew symmetric 
ror ali u,v EN=ker w, uv+vu :O 

~~~ :!~ : ,~EA~ ·:t+:~/~(x)y+w(y )X 

X A +Yi AO::G (m+l, 2) 

( 1) ~(1 1 ): Followf. by d1rect Coo:ip..ltation: wrtte lile systE!ll 

~ ~~ t ;~~~{;?º t~~sj~~~ i~~~l of ~ ~~:J2 ) e:t ~~~s ~d 
(ll) :=;t. ( 1li ):follows d i rect ly fran fornula (1) 

m 
(1 11 ) ===t- ( 1v): if U; I:!A tCi and V;I:!µjCj then 

i:l j:l 
m 

uv+vu= I: >. 1µJ(C ¡CJ+CJCi); E A¡µJ(a 1j+aj¡)Cl+J=0 
1, J ;! i+ j 5.m 

(1v) ~(v ) : First of al1 1 Ck Cm - K+Cm-kCk=O (!5.k5.m - t ) 
1mp l 1es º 1<,m -1<+ ª m - K,k ~o. It follow s by d1rect 
computauon that a 0 j+a jo:l(J:i, ... ,m). 'We ha ve now, 
tor any u E N, 
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rn m m 
Cou+uCo•Co( L A¡C¡ )+ 1 L A¡C¡ )Co• L A¡ (CoC¡+C¡Co)• 

1 ;1 i =1 1 : 1 

m m 
: E A1(ª01+0 1o)Ci: I:: .>..iC1:U 

l ::1 l :1 

Take now x=w(x)C 0+u,y=w (y)Co+v, u,v EN. Then : 

xy ::w (X )W (y )Co+w(x )Cov+w (y )UCQ+UV 

yx =w (x ) w (y )Co+w (y )Cou+w ( x )vCo+v u 

xy+yx •2w (x )w (y )Co+w (x) (Cov+vCo)+w (y) (Cou+uCo)• 
:.2w (X )W (y )Co+W (X )V+W (y )u =W (X )y+w (y )X. 

(v) ~(vi): Take x:y 
(vi) ~(vil) : Far any x E A, we have x2 = w (x )x 1 equality 
i n volvrng t he second power o f x in ~ A + ~ AO. But this 
algebra is commutative and it is well known that G(m+1,2) is 
the only commutative baric a lgebra satisfying this equation. 

(v1 i )::::::=t> (i ): The matrix of Yr A+ Yr AO is Yr A+ ~A 
and so 

l 
y, y, 

y).+ y, tJ, ' o o 

y, 

Any ment>er A of ~ 1 sat1sfymg the equ ivalent 
cond1tlons of th.1 is cal led an alternate algebra. 

In every alt.ernate algebra A, we have nultlp l e t -roots: 
ClQt : o02 and ª10 : ª 20i because Ott : 0. It lS also 
clear that G(m..t, 2) is t he only al ternate ccmn.rt..at 1ve 
algebra m 0rnt. 1. 
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Let A E Qm+t· The following condit1ons are equivalent: 

(1) A is a maximal element of ~1 
( 11) There exist A, µ E R such that >.+µ= 1 and 

Ad.A¡¡+""'" 

ERQQ[: 

(i ) ~(li): As dim Der A=m(m+1 ) , we must have Der 
A•ld :A-.A ¡wod•OJ. In fa ct,by ([1),th !) every derivat1on 
d must sat1sfy wod::O and the subspace of linear mapprngs 
d: A -.A such that wod:: O has dimension m (m+ 1) 1 as the 
Kernel of the linear mappings d -. wod. 

Take now any a E A with w(a) =1 and define da:A-.A 
by da (X ) =w (x)a-x (see (1). th.2 ). We have woda=O and so 
da is a derivation of A. It follows that da (a2)= a-a2:: 
::ad(a)+d(a)a=O so a::a2, and every element of weight 1 is 
an idempotent. Observe that d3, restricted to N, is the 
reflexion x-•-x(for any a). Taking 1~i~m we ha ve 

2 2 2 
C0 +C¡ = (C0 ¡+C¡):: C0+C0C¡+C¡C0+C¡ =C0+ (a0i +aio )C¡ +C¡ 
which i mplies a 01+a¡0 =1 so A is alterna te . 
Moreov er, if 1Si,j$m, we have 

so CiC J=O It follows that ao1 = ... =a0m=A and a 10= .. . =am0 =µ 
and finally A=AAo+1.JAm, with A+IJ::1. 
(u )~ (1): The matrices of Ao and Am are respectively 

t .. J! r! Jº 
A and A , 

o m 

o 1 o 

so the matrix of AA0+1.JAm is 
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ON GENETIC ALGEBRAS 

: J 
We have: Cou= >.u, uCo:: µu and uv=O for all u 1 v EN. If 

X =w (X )Co+U and y =w (y )Co+V 1 u 1 V E N 1 then xy :w (x )w (y )Co+ 
+>.w (X )v+µw (y )u, Suppose we ha ve Bo1B 1 • . .. ,Bm E N. 
Define d:A ~A by d(C¡)=Bi (i =0,1 1 ••• ,m). 'Yle prove d is a 
derivation: 

xd (y )+d (X )y,. (w (y )Bo+d (v) )+ (w (X )Bo+d (U) )y'"' (y )XBo+Xd (v )+ 
w (x )Boy+d (u )y,.., (y) (w (x )Co+u )Bo+ (w (X )Co+u )d (v )+w (X )Bo 
(w (Y )Co+v )+d (u) (w (y )Co+V) '"' (y )w (X l•Bo+w (X );d (V )+w (X ) 
w(y )µBo+w (y )µd (u )•w (x )w(y )Bo+w(x )•d (V )+w(y )µd(u )•d (xy), 

SO, there is a one-to-one correspondence between derivations 
of >.Ao + µAm and sequences (80 ,B 1, . . . ,Bm), B1 E N. 
Thi s means dim Der(>.Ao+µAml=m(m+i) and A is maximal in 

Om+1· 

Suppose the H 1-coordinates (a0m ,a 1,tll-1' · · · •ªm-1, 1 •ªmo) 
of A E Om+ 1 satisfy: 

(1 l aj 1 m-j~ O, O ~j5m 
(2 ) There exists Hk~m-1 such that ªk ,tn-k >0 

Then A is a minimal element of Om• 1. 
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We remar!< that A and 1ts oppos1te algebra Aº have 
the same der1vation algebra and the H 1-coordinates of 
A0 are (am0 ,<:xm-1,1>···•ª1,m-t•ªoml· Hence we may 
suppose that k~m-1< in (2). 

We denote again by k t he l e~~ st k such that ªk ,m-k>O. 
We look now to the matrix A , wh1ch can be hlroken in 

four blocks A 1 , ... , A.q. as fo llows : 

column m-k 

The .sizes of the bl0cks are: A 1 ; (Y. + 1 )x (m-k+i );A.2: (k+i )xi<; 
A3 :(m-k )x(m-1<+1); Aq.: (m-l< )xk . It is clear that .A. 4 :0 and 

A 
2 

r;om om 
a 

om l 
J 

by our c h0ice 0f k. (Th1s means ªom is a left t-root 
w1th mu lt1plicity ~K). The elements of A.3 are all non 
nega tl v r= . 

We loo!< to A.1. Every element of A1 1s str1ctly 
pos 1t!ve because it depends on O:k, m-1< · 
l'-klreover, ªoj + a jo < 1 f ar J : 2, ... , m: th1s fol l r:MS f ran 
forT!JJlae (2 ) and (J ) . A l so ao1 > ªºJ {J=2, . . .. n ), a 
consequence of t :1e s ame f onnu 1 ae . 
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Suppose now d is a der i vation of A. U d (Ca) ::;o:iCi ,C2o=Co 
id 

m m 
implies Eai (a01+aio )C¡ =Ea¡Ci. 

i:1 i=1 

By equating coordina t es , we get : 

As ao1+a10=1 and a 0 j+ajo <1 if j::2, ... ,m ,we get az:: ... =am::O 
and so: 

m 
Again, from CoC 1=ao1C1 a nd calling d (C 1 ) =I: fiiCi, we obtain: 

i:1 
m 2 m 

Co(E a ;Ci)+aC1'o01(E aiC;) or 
i :1 i:i 

m m 
E El¡aoiCi+aa11C2=E ao1fi1C1 
1:1 i:i 

By equating coordina tes: 

{a::~:::~~ ~~a2ao1 
a a =13 a (3 s l s m ) 

i oi i 01 

The first equation is an identity, the second eives f32=a 
a nd t he remaining ones give f:I¡ :O , 3HSm , which means 

Observe now t he left principal powers of c 1: 

2 
C1 'ª11C2 iO 

3 2 
C1 •C1C1 •C1a 11C2'ª11ª12C3 10 

m-k+1 m-k 
C1' C¡C1 'ª11ª12· · ·ª1,m-i<Cm-k+! 10 

F'rom these equations, we have: 
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2 
d (Cz l •_!_ d (C¡ )•_!_[C¡ (~C1+aCz)+ (~C1+aCz)C¡ J• 

0 11 °11 

'_!_[~ 1ª 11Cz+aa 12C3+~ 1ª 11Cz+aaz¡C3J•21lCz+aC3 . 
ª11 

Similarly we obtain 

The effect of d on the remaining vectors Cm-k+i'' .. ,Cm 
can be obtained from the last row of A 1. In fact ,Cm-k+ 1 = 
=a-lk ,m-2k+ 1ckCm-2k+l • ... 1Cm =a-1k ,m-kCkCm-k, which gives, 
by a direct computation 1 

We have proved that d=an+~a 

We don't know whether theorem 3 gives all minimal elements 
of Qm+i· 

5.- DIAOOllAUZABLE DER!V A TIONS 

Every member A of Qm+l has at least one 
diagonalizable derivation namely a. It may happen that A 
have severa! linearly independent diagonalizable derivations, 
as it happens to G(m+i,2) ([1),th ij,), 

Let a E QM+ 1 • whose matrix (a¡j) satis fíes: 

( 1) Ooj ;ta0 ,j+tU=1, ... ,m-1) 
(2) 0 om•0 mo # 1 

l:f d:A-.A is a derivation such that d(C1)=A.C1,A E R, 
then d=Aa. 

PROOF: 

The first condition ªoJ # ªo,j+1 means ª1J 1 O and 
so the left principal powers of c 1 are all non zero : 

2 m 
C 1: a11C2, · · · ,C 1:a11ª 12 · · .a 1,m-tCm 
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2 
We have d(C¡)•>-C 1 . Then d(C¡)•d(a11C2)•a¡¡d(C2) 
and 

Similarly, d(C3)=3AC3, ... ,d (Cm) =mACm and C1 1 ••• ,C~are 
proper vectors of 0 1 with proper values A,2A., ... ,m . 

Accordü1g to ( [ 1 J, t h 1), O must be a proper value of d. 
Let us preve U1at d (co)=O (which gives d=A.0). Call d(Co)= 
~¡C¡+ ... +~mCm,~i E R. 
From c 1co'ª1oC¡,we get:>-C¡Co+C¡d(Co)•a 1o>-c 1 or C¡d(Co)•O 

Now O=C1(f31C1+ •.• +f3mCm)=f31a11C2+., .+13m-tªt,m-iCm implies 
2 

f31=···=!3m-1=0 and se d(Co)=f3mCm. But, as C0:c0 ,we have: 

Co<f3mCm)+(f3mCm)Co=flmCm or f3m<0 om+0mol= f3m and by (2), 

~m'º 

REMARK: 

Let A be t.Ae alternate algebra of Q 6 whose H 1-
coordinates are (1;,1,0,0, - 1,Yi ) . It is routine to verify 
that ct: A .+A giver.i by c 0-.o,c1-.c1,c2--.o,c3-.c3,cq-. 
2Cq.,C5-)-3C5 is a Ciierivation , C1 is a proper vector of d 
but a and d are linearly independent.. We ha ve, in this 
example, s.01 =s.@2 ami ao5+a50= 1. 
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