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GRAPH WITH GIVEN AUTOMORPHISM GROUP AND GIVEN CHROMATIC INDEX.
by

Eduardo Montenegro

Abstract. In 1938, Frucht [2] proved that every finite group may be
represented by a graph, that is to say, given any finlte group H,
there 1s a graph G whose automorphism group is isomorphic to H.

This paper pretends to prove that for every finite group H and for
every positive Integer number n3, there exists a graph G, that re-

presents H and whose chromatic index 1is n.

1. Introduction. Every graph has an automorphism group (permutations
of their vertlces that preserve adjacency). A famous result of Frucht
[2] states that for any finlte group H there is a graph G whose auto-
morphism group 1s isomorphic to H. In this direction it ls sald that
the group H 1s represented by the graph G. Later, in 1949, Frucht
[3], proved the exlstence of 3-regular graphs with group isomorphlc
to a glven finlte group. Gert Sabidussl [6] was a ploneer In studylng
the existence of such graphs with glven properties. For this reason
it is usual to name these results as Sabldussi's Theorems. The object
of this paper is a prove that for every finite group H and for every
positive integer number nx3, there exlists a graph G, that represents
H and whose chromatic index is n.

2. General Terminology. A graph G is a system (V,E) where V is a fi-
nite non empty set and E 1s a set of pairs {x,y} where x and y are
distinct elements of V. Each element of V is called a vertex and each
element of E Is called an edge. The set V and the set E may be deno-
ted by V(G) and E(G) respectively. Two vertices u and v it are ca-
1led neighbors if {u,v} Is an edge of G. For any vertex v of G, deno-
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te by Nv the set of nelghbors of v. To simplify the notatlon, an edge
{x,y} 1s written as xy. When refering to disjoint graphs we mean
graphs whose sets of vertices are palrwise disjoint. Other concepts
not defined explicitely in thls work can be found in the texts [1],
(4] or [5].

3. Proof of the Theorem. An operation, Introduced in [5] called subs-
titution is performed by replacing a vertex by a graph. A more preci-
se description is the following:

Assume that G and K are two graphs with no common vertices. For a
vertex v in V(G) and function s:Nv———>V(K) we define the substitution
of the vertex v by the graph K, as the graph M=G(v,s)K such that:

(1) V(M)=(V(G)uV(K))-{v} and
(2) E(M)=(E(G)-{vx/xeN })UE(K)U{xs(x)/xeN }.

The vertex v is the vertex substituted by K in G, under the func-
don s. In the Flgure 1, the vertex v 1s the vertex substituted by G2
In Gl. under the functlon s:Nv—> V(Gz) indicated.

5 G, GI(V,S]G2
'I v!
Y
v v
2 3
FIGURE 1
Now let R be the vertlces of a graph G and H‘.....H a se-
n

quence of disjoint graphs such that each Hl 1s disjoint wwith G. We
will denote by Mk=Hk_l(vk,sk)Hk, 1=k=n, the graph which 1s obtained
by substitution of k vertices of G by graphs Hl' 1=isk, where Mn=G.
In other words, MI denotes a graph obtalned by substitution of only
one vertex of G, M2 denotes a graph obtalned by substitution of only
one vertex MI. and so on. Note that every substituted vertex must be-

long to V(G).

T
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Figure 2 shows a dlagram of a graph K.(v‘,s‘)S‘.lsls/l, where the

functions s, are blyectives and the graphs S\ are lsomorphic a Ca'

Kq S Ka(v +5,)S,, 1s1=4

FIGURE 2
A necessary concept by this work ls the chomatic index. A more preci-
se description is the following:
Let G be a nonempty graph. G ls r-edge colorable If there is a epi-
Jective functlon f:E(G) — {1,...,r} so that if e and e’ are inci-
dent edges then f(e) # f(e'). The minimun r for which a graph G is r-
edge colorable s Its chromatic index and is denoted by xl(G).
LEMMA 1: If H is the trivial group and m=3, then there exlst Infinite
not homeomorphic graphs G, such that G represents H and its chroma-
tic Index is m.
Proof. Case (1): m=3. For each positive Integer number J take a
(4j+1)-cycle with vertices v,,va.,...v”” and substitute each vertex
with a path P‘ (of length 1-1) so that one extreme vertex of P‘ is
identified with v,. A graph G Is formed. Clearly the group of G, is
trivial and its chromatic number is 3. In Figure 3 It's lllustrated

; o

2

the graph Gl.

FIGURE 3
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Case (2): m=4. We consider now an arbltrary natural number J=2,

the complete graph K_ with v(xn)uwl,..‘,vn) and m chalns Pl. 1s1sm,
with no common vertices between themselves and without vertices in
V(K ).

™

By a successlon of elementary subdivisions 8.

.g) of the edge
with extremes vy and Ye of Kn is obtalned a graph H,' Since A(M))=m
and the chromatic Index of K, ism (1f m is even number) or m+1 (if
m 1s odd) 1s obtalned a coloring of the edges of H, with mcolors be-
ginning with the subgraph of M] isomorphic to Km (1f n iIs even num-
ber) or beginning with K‘M(lf n 1s odd).

A graph Z, Is defined by substitutlon of each vertex vy (of MJ).

1sism+1, by a chain Pl' where each substitution function s, is cons-

t and it selects a extreme vertex of Pl'
Then we define a graph GJ, that obtalned beginning with ZJ. subs-
tuting each one of the J vertlces of subdivision 818, by a co-
f Kz according to a constant substitutlon, as 1llustrated in the

gure 4, for )=3 and m=4.

FIGURE 4

As the chromatic index of M, is n and A(ZJ)=m+1, then the chroma-
tic index of 2’ Is m+1 and so the chromatic index of G, is m+1.

Finally, 1If Gr and G‘ (r#t) are graphs obtalned according the pre-
vious method, then they are not homeomorphic, because they defer in
the number of vertices of valence 3.

The following theorem assures us that to a glven non trivial fini-
te group H and gliven preassigned properties, there 1s a graph that
represents the group and that fulflill such properties. In the proof
of this Theorem it is used the graph bullt by Frucht [2] to the given

(T
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group H. Thus, we will not prove the properties (a) and (b) of the
next theorem.
Theorem . Given a finite group H of order >1 and Integer number nz3,
exist a graph G, which represents H and such that G is

a) connected,

b) without fixed vertex nor fixed edge,

c) of chromatic index n.
Proof. We will denote by v,,....v’ the elements of the group H. Let
C-(h‘.....h_) be a generator set of H. Because |C|21, we wlll dlvide
the proof in two parts. In any of these cases, we will denote by F
the graph bullt by Frucht [2] that represents H. In the Figure 5 it

is 1llustrated a chaln the graph F whose extremes vertices are verti-

ces of ramification, that is, they belong to (v‘..A..vp).
VLK1, )
v, v(1,%,0, V]
FIGURE 5

First part :|C|>1. Here it's distinguished between n>3 or n=3.
Subcase 1: n>3.

To a fixed natural number )22, we considerate the G, bullt in the
proof of Lemma 1 (Case(2)), and for each u, such that 1suspm, we de-
fine Hu as a copy of GJ separated by vertex of F and so that each

palr of such coples do not have vertices in common.
Beginning with F, it 1s bullt a graph Y, substituting each ramifi-
cation vertex v|,lslsp, of F by a 2m-cycle C(1,2m).
That substitution will have to be performed by a inyective substi-
tution function
BI:NV —V(C(1,2m))
1

These functlons sl are not arbitrary. Thelir descriptlion remalns
totally determined indlcating what are the edges impinging on the co-
ples C(1,2m) substituted. we label the 2m consecutive vertices in the
following form: v(i,1,1),v(1,1,2),v(1,2,3),v(1,2,4),...,v(L,m2m-1),
v(i,m,2m). For every 1, 1slsp, and for every k, 1sksm, we denote by
l.(k) that index J such that v‘=v’h‘l and by 1°(k) that index t such
that v‘=vlhl. We obtaln a graph Y defining the substitutions so that
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for every k, 1sksm, the vertex v(1,k,2k-1) Is adjacent to the vertex
v(1,k,0,1°(k)) and the vertex v(i,k,2k) Is adjacent to the vertex
v k), k, 1, 1)

In the Figure 6 (a) is lllustrated the substitution of the 2m di-
rected edges impinging on a vertex i by 2m chains of length 3 and in
the Figure 6 (b) it is shown the subgraph induced by C(i,2m) in Y to-

gether with the adjacent vertlices to each vertex of C(i,2m).

i 1 an
) il vl (1))
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vl (0, 1,0,1)
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FIGURE 6 (a)
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FIGURE 6 (b)
Now, we will prove that all the cycles of Y are even, that |is,
they have even length.
Since each cycle C(1,2m) is a pair and each directed edge (v,.v),
with color h , appears represented by a chaln of length 3  whose
vertices are v(i,k,2k-1),v(1,k,0,J), v(l,k,1,J), v(J,k,2k), we can

defline the following coloring of the vertices of Y.

(T



GRAPH WITH ... CuBoO PAG. 39

Let f be such that:
f:V(Y)——{0,1),
fv(1,k,2k))=f(v(1,k,0,)))=0,

flv(1,k,2k=1))=f(v(1i,k,1,)))=1.
and In the rest of the vertices of Y (which are in coples of chalns
of length k or 2k+1) f assigns, alternatively, 0 or 1. So Y 1s bico-
lorable and accordingly all its cycles are even, that s to say, the
graph Y Is a bipartite graph.

Beginning with Y 1s obtalned a connected graph ",' substituting a
vertex of valence 1 of each chaln of length 2k+1 (1<k=m) of Y, by one
and only one graph M“, 1s upspm. This substitution 1s effectuated
throughout an inyective functlon and throughout the only vertex of
valence n of H‘r

Subcase (2): n=3.

For JeN let G be the graph obtained in the Case (1) of the Lemma
1 for H and for each p, 1=spspm, we define H“ as a copy of GJ disjoint
by vertex with F and between them.

Beginning with the graph Y, obtained in the previous Case (1), It
is bullt a graph H substituting each extreme vertex (chosen of va-
lence 1) of the chalns of length 2k+1 of ¥, by one and only one graph
Mu. 1=spspm. It Is observed that this last substitutlon is fulfilled
thoughout a constant function that chooses a vertex of valence 2 and
in a cycle of M“,

Afterwards we wlll prove that the graph II’. bullt to m=3, has the
preassigned propertles.

As the construction of H] was fulfilled the color and the direc-
tion of the directed edge of DC(H) and the vertices of ramification
vy were substituted by cycles C(1,2m) (mutually isomorphic) we have
that Aut(G,)ﬂAut(F)ull.

Moreover H s prime graph [6], having vertices of valence one
(such vertices do not belong to any cycle of H ), and conserve the
properties of the graph G’. Le..ll) is connected graph and has chro-
matic index n.

Finally, If Ilr and "t' with r,teN and r=#t, are graphs obtalned

according to the previous method, then they are not homeomorphic, be-
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cause they defer in the number of vertlices of valence 3.

Second part: |C|=1. In this case we will do the proof to |H|=2, since
if |H|>2 we can choose a generator set C such that [C[>1 and we can
bullt graphs with the prescribed properties according to the exposed
method In the first part.

Subcase (1): n=2.

It's obtalned a graph Il), JeN, with the required properties subs-
tituting the vertlices of valence 1 of the chains of length 3 of F by
graphs lsomorphic to GJ graph, bullt In the Case (1) of the Lemma 1

to H. In this case the substlitutlon are inyectives and chooses a ver-
tex of valence 2 in a cycle of such graph. In the Figure 7 it is dia-
gramed Hl and cyclic group H={1,a} with generator C={a}.

FIGURE 7

Subcase (2): n>2

For each natural number j=2 it's obtalned a graph HJ, by substitu-
tlon of each vertex of valence 1 of F (whose distance to the cycle of
F is 3), by a graph isomorphic to the graph G) built in the case (2)
of the Lemma 1.

In both cases , HJ fulfills the required properties. Moreover H)
Is not homeomorphic to H if i#J, by having different number of ver-

tices of valence 3.

Lo
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