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GRAPll W'ITH GIVEN AUTOHORPllISH GROUP ANO GIVEN CHROHATIC INDEX. 

by 

Eduardo Nontenegro 

Abstracl. In 1938 , frucht 121 proved thal every flnlte group may be 

represented by a graph , that is lo say, glven any f l nlte g roup H, 

there ls a graph G whose automorphlsm g roup Is lsomor ph•l c to H. 

Thls paper pretends to prove t ha t fo r every f ln l te group H and for 

every posi Uve l•n.teger number ni:J , there exl sts a g r·aph G, tha t re-

presenls H and whose chromatlc lndex ls n. 

1. lntrodu c llon. Every graph has an aulomorphlsm group (permutat l oHs 

of lhelr vertlces lhat prese r ve adjacency). A famous resu l t of fruch t 

(2) sta tes that for any f l nlte group JI t here ls a graph G wllose aulo­

morphl s m group ls lsomorph l c to 11. In t hls dlrectlon 1t i s sa l d that 

the group H is represented by the graph G. Later, l•n 1949, Fruch t 

IJJ. pr oved the ex l stence o f 3-regu lar graphs wlt h group isomorph l c 

lo a glven flnlte g r oup. Gert Sab ld ussl [6 } was a p l oneer In sludylng 

the exlstenc e of such gr·aphs wllh glven properUes. fo1· th l s reaso n 

lt l s usual to na me these r esu lls as Sablduss l ' s l'heorerns . The o bject 

of th l s paper l s a prove tha t f o r every f l n l te group 11 a nd for every 

pos t U ve lnteger number ni:J, the re exlsts a graph G, t hat r e presents 

H and whose chromatlc lndex i s n. 

2. Ge neral Te rmlnology. A graph G I s a s ys l em (V, E) where V ls a fl ­

n lte non e mpty set and E is a se t of palrs (x.y ) where x and y are 

dlstlnct e l e me nt s of V. Each el emenl of V Is ca l l ed a vertex and eac h 

element of E !s called an edge. The set V and the set E may be deno­

ted by V(G) and E(G) respectlvely . Two ve r ti ces u and v 1 t are ca­

lled ne ighbor s lf {u, v} ls an edge o f G. For any ve rte x v o f G, deno-
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le by Nv lhe sel of nelghbors of v. To s l mpl lf y the nota tlon, an edge 

{x,y) I s wrltten as xy. Whe n refer l ng t o dlsjo l nt graphs we mea n 

g r aphs whose sets o f verllces ar-e pa l ntl se dlsjolnl. Other concepls 

not deflned expllcllely In th l s wor k ca n be f ound ln lhe lexts (11, 

[<11 o r IS!. 

3. Proof of lhe Theorem. An operall on, lnlroduced ln [Sl ca lled s ubs­

lllutl on ls perfor111ed by rep l acing a ver tex by a graph . A more preci­

se descrlpll on Is the fol l owlng: 

Assume that G and K are two graphs wlt h no common vertlces. For a 

vertex v In V(G) and func ll on s: Nv ---> V( K) we define the s ubs lllull o n 

of lhe vertex v by lhe graph K, as t he graph M=G(v . s)K such thal: 

( 1 ) V(M)=(V(G) vV( K) )- (v) and 

(2) E( M)=(E(G)-{vx/xEN) )vE( K)v{xs ( x )/xeN) . 

The vertex v Is the verlex subs t1 l u l ed by K in G, under the func­

llon s. In the Figure l, t he vertex v i s t he vertex substltuted by G2 

ln G1 , under the funcllon s: N v~ V( G2 J l nd l c ated. 

G, 

' ·, 
¿ ~· 

Y 11(v ) :s (v) 
2 2 3 3 

FIGUR E 1 

Now let v 1 , .•. ,vn be lhe vertlces of a graph G and H1 , ••.• Hn a se­

que nce of dlsjolnt graphs such lha l each H1 ls dlsjol nt wwlth G. \.Je 

w1ll denote by Hk=Mk _1 (vk,sk)llk , I :sk.'iln , lhe graph whl ch I s oblal ned 

by substl tutlon o f k ver tl ces of G by graphs H1 , l:sl:sk , where M0 =G 

In olher words, M1 denotes a graph obtalned by subslitull on of onl y 

one vertex of G, M2 denotes a graph obtalned by s ub s tl tutl on of only 

one vertex M1 , and so on . No le that every substl tuled vertex must be­

l ong to V(G). 
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Flgure 2 shows n dlngram of a graph K4 (v 1 .s1 }51 , l:H :5'1, whe r e the 

functlons s 1 are blycctlvcs and the graphs 5 1 are l somorphlc a C3. 

FIGURE 2 

A necessar y concept by thls work ls the c homallc lndex. A more precl­

se descrlptlon ls the followlng: 

Let G be a nonempty g r aph . G ls r - edge co l orabl e lf t here ls a epl­

Jectlve functlon f: E: (G) -) {l, ... r} so that lf e and e' are l ncl­

d ent edges then f( e) ~ f( e ' ). The mlni mun r f ar whl ch a g r aph G i s r­

edge co l orable l s lts chromatlc lndex and l s denoted by :t:1 (G ). 

LEKKA. 1 : Jf H i s the trivial g r oup and m~J. then t here exlst Lnflnlle 

no t homeomorphlc g r aphs G, such l ha t G represents I! a nd l ls ch roma­

tlc lndex 1 s m. 

Proof. Case (1): m=J . For each posltlve l ntege r number J lake a 

(4.j+l)-cycle wlth vertlces v1, v2 ,. 4 Jd and s ubs U tute each vertex 

wlth a patb P1 (of length 1-1 l so that one ext r e me ve r tex o f P1 Is 

ldenllfled wllh v1. A graph GJ Is formed . Clear ly the group of GJ ls 

tri v ial and lts ch roma tl c number l s J. In Figure J Jt's l llustrated 

the graph G1. 

f'fGURE 3 
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Case (2): Mit.4. lle cons lder now a n a r b l lrary natural number Jit.2. 

lhe comple te graph "• wllh V(K .. ) .. iV1,. .. ,v,_> and 111 c hatns P1, t :s t :sm. 

wl lh no co1UaOn verllces belween t hemsolves and wlthoul vertlces ln 

V(K•l. 

By a successlon of elementa r y s ubd l v l s l ons g1 .... g, of lhe edge 

wlth exl r e11es v 1 and .... o f K,. I s obla lned a graph HJ S lnce ó( MJ) =m 

and lhe c hromattc lndex o f K Is m ( l f m Is even number) or m+l (lf ... 
m I s odd) Is obta lncd a co l or lng o f Lhe cdges of MJ wlt h mcolors bc-

g l nnlng wllh lhe subgraph o f MJ l somo r ph l c l o Km (lf n Is 

ber) or beglnnlng wl t h K,.. 1( 1f n Is odd l. 

A graph z1 I s deflned by subs lllull on o f each verlex v1 (of MJ), 

t :s t :smtl, by a c haln P1. where each s ubs ll tutl on fu nc tl on s 1 l s cons­

tanl and 1l selects a ex treme ve r tex of P1. 

Then we define a graph G1• tha l ob t a lned begl nn l ng wllh z1, s ubs­

ll lut1ng eac h one o f the j ve r t l ces of s ubd l v l s l on g 1 , •. ,gJ by a 

py o f K2 accordlng l o a constant subs lltull on, as lll uslrated ln l he 

Fi gure 4, f or j 20J and m='1. 

V 

' 

flGURE 4 

As lhe chro1Aa ll e l ndex of M J 1 s n and ldZ J )=m+ 1 , l hen lhe ch roma -

ll e lndex o f 2 Is m+ l a nd so the c hromallc l ndex o f G I s mol-! J J . 
Flnally, lf Gr and Gt ( r$ l ) are graphs obta l ned accordlng lhe pre-

v l ous melhod , then they are nol homeomor phl c , because they defer In 

the number of ver tl ces o f vale nce J. 

The f o ll owlng theorem assures llS lh;;i.t to a g l ve n no n tri v i a l flnl­

t e group H and glven preass lgned proper tl es . there Is a graph lhal 

represe nl s lhe group and tha l fu l fll l s uch prope rll es. In lhe proof 

of lh \ s Theo r em lt 1 s u sed lhe graph bu 1 ll by Frucht 121 to the g 1 ve n 
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group H. Thus , we wll l no t p rove the proPE"rllec: l a. ) nnd (b) o í lhe 

nexl theorem. 

Theorem • Glven a f lntte g r oup 11 of arder >1 and ln tege r numbe r nz:J , 

exlsl a g r aph G, whlc h rep1 esenls 11 a nd s uch lhat G l s 

a) connected, 

b) wllhout flxed ver l e>< no r f l xed edge, 

e) of chroma tl c l ndex n . 

Pr oof. We wl ll denote by v1 , •.• • vP lhe ele•enls of l he g roup IL Le l 

C•{h1, .... h,.) be a gene r alor se l of ti. Because IC l z: l , we wll l d i v ide 

lhe proof i n l wo par l s . In a ny of lhese cases. we wl ll de nole by F 

the graph bu l l l by Fruc hl 12 1 lha l r ep resen l s H. In lhc Figure 5 .l l 

l s l llus lra ted a c ha ln lhe gra ph F whose extre111es ve r ll ce s a r·e ve 1· ll ­

ces of r amlflca llon, tha t i s , l hey be long lo ( v1 , .. ,vP) . 

V 

' 

V( \, lt , 1, JI 

V 1 , lt, 0 ,J ) 

FIGURE S 

V 
J 

Flrst par l : IC l>l . He r e it' s d l sllngu l shed belween n>J o r naJ. 

Subcase 1: n>J. 

To a f l xed natu r a l numbe r J z:2 , "'e cons lderale lhe G l bul ll In Lhe 

pr oof of Lemma. 1 (Case ( 2 )), a nd fo r ea c h µ , such lha l 1 :s1.1:spm, we de­

f lne Mµ as a copy o f GJ separaled by verle>< of F and so l ha l eac h 

palr of s uc h copies d o no l ha.ve verll ces In co111111on . 

Beglnnlng wllh F. 1l I s bu! ll a graph Y. subs tl l ullng e a c h r amlfl ­

callon verle>< v 1, t :s1:sp, o í f by a 2m-cyc l e C(l,2111). 

Thal s ubsll t utl on wlll have Lo be pe rfo r •ed by a lnyecll ve s ubs ll ­

lullon func ll on 

s 1 :Nv 1~V(C(1 ,2m)) 

These funct l ons s 1 are nol a r b ll rary. The lr descrlpllon r emalns 

total ly deter ml ned lnd l catlng wha t a r e the edges lmplng lng on lhe co­

pies C(l.2m) subs tllu ted . we l a be l the 211 consecullve ver ll ccs ln lhe 

rollowlng form: v (l, 1, t). v( l , t. 2).v{ l ,2 , 3),v(l , 2. '1.l. . ,v( l, m, 2m- 1l. 

v ( l, •. 2•). Fer every 1, 1 :s l :sp, a nd f or every k, l ~k:sm, we de no l e by 

l • (k) thal lndex J such t ha t v1•v,'\ and by IA(k) lha l lndex l s uc h 

lhal v\•v1hk. \.le oblaln a graph Y deflnlng the subsll t utl o ns so l ha l 
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for every k, l:sk:Sm, lhe ver t ex v(l,k,2k - 1) ls ad jacenl lo lhe verlex 

v(l,k,O,l ~ {k )) and lhe ver lex v(l ,k, 2k) Is adjacenl lo lhe verlex 

v( 1 ° {k) , k , l, l ). 

In the Figure 6 (a) ls llluslrated the substitutlon of the 2m dl­

recled edges lmplnglng on a vert e x v 1 by 2m c halns of length 3 and in 

t he Figure 6 (b) lt ls s ho wn the subgraph lnduc ed by C( l ,2m) In V lo­

gether wllh lhe adjacent vertlces lo each vertex of C{l,2m). 

V ( i ~ (m) ) 

' I vcl <11, 1,1,<l > 
1 

\ v(i) 

v (l ,m ,O, 1 ~'CmJ) 

vC 1° (1) ,1, 0, l l 

vC l° Cl),l ,1 /Íi 

tv(i) 

' 
v ( 1, m, O, 1 ~ ~· m¿) 

v ( 1, m, l, l ~ (•m) ) 

v( l (m)) 

FIGURE 6 (a) 

vcl "(\)) 

v ( l,1,1 , i · o i i 

v(l,1 ,0 ,I•(¡)) 

v(! (rn),m,l,l l 

V (lo (m), m,0, !J 

vd ( J) , 1,1 0,l) 

I 
I 

1 

' ' I 

V(i,1,2) 

v<l,1,0,l·oil 

vll,1,1> 

vcl, 1,0,~>{c(l,.am> 

\ 
vi l (rn),rn,I, ll\',, vcl,rn,2ml 

vel,rn, 2m-I l 

v (! • (•)) 
v( !

0
(m)) 

Yll,m, 0 , !• lml 

F IGURE 6 (b) 
Now, we wl ll prove t hal ali the 'c:ycles of Y are cven, lhat I s , 

they have even l englh. 

S t nc c eac h cyc l e C(l , Zm) I s a palr and eac h d lrec l ed edge ( v 1,vJ) , 

wllh co l o r hk , appe ars r·eprose n led by a c ha ln o f l e nglh J whose 

vcrt1 ces are v (l,k, 2k- ll, v{ l,k, O,j) , v(l,k, l, j) , v(j,k . 2 kl , 

def i ne lhe f o l l ow lng co l o rlng of the ve1· ll ces oí Y. 
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Lel f be such lhal: 

f: V(V ) (0, 1 ), 

í{v(l.k,Zk)) • í( v(l k,0,J)) ,.O, 

í(v( 1, k , 2k-l) )c í( v( 1, k. l. J))•I. 

l'AC.39 

and In lhe rest o í the ver tlces of V (whlch are In cop i es o í c ha lns 

oí l eng th k or 2 k ... I) r ass l gns , altern<ttlvely, O or 1 So V I s b l co­

l orabl e a nd accordlngly al 1 lls cyc les a r e even, lha l Is to s ay. l hc 

graph Y l s a b l partl t c graph. 

Beglnnlng wllh V l s ob talned a connecled graph ll J, s ubs lllullng a 

vertex o f va l e nce 1 of each c ha ln o í lenglh Zk•l (J:sk:sm) o í Y. by o ne 

and only o ne graph Mµ' 1:s µ.:i:pm. Thl s subst1 tullon I s effec lualed 

throughout an 1nyec llvc func tlon and throughoul lhe only ver l ex o f 

valence n o f M . 
µ 

Subc ase (2): n•J. 

For JE~ l el GJ be l he g raph obla.l ned In lhe Case ( t ) o f lhe Lemma 

1 for 11 and f o r cach µ, J:s¡1.:i:pm, we deflne Mµ as a copy o f G1 dl s j o ln l 

by vertex wl lh r a nd be tween l hem. 

Beglnn l ng wllh lhc graph Y. obta lned I n lhe prev lo us Case ( 1) , l t 

Is bulll a g raph 111 subs lltullng each extreme vertex (c hosen o f va­

l ence l) o f lhe c ha l ns of l ength 2 k ... I of V, by one a nd on l y one graph 

M11, tsµ:spm. lt Is obs crvcd that lhl s l asl subst l t utl o n Is fu lflll ed 

thoughoul a cons tanl func llon lhal chooses a verlex of va l e nce 2 and 

ln a cycle of Mµ . 

Afterwards we w111 preve that l he graph ll j' bu! l l l o m2:.J . has lhe 

p r easslgned p r ope rlles. 

As the conslruc ll on of 11 was íulílll ed the co l or and lho d lrec-
J 

tlon of lhe d lrec t ed edge o f Dc (JI) and thc vcrtlces o í r am l í lcatl on 

v 1 were substltuled by cycles C(l, 2m) (•utually l somo rphl c ) we have 

thal Aul(C )"'Aut(r) .. 11 . 
J 

Horeover n1 l s pr i me graph 16 1. havlng vertlces o f va l e nce onc 

(such verl l ces do no t be l ong to any cyc l e o í HJ), a nd conse rve the 

properl 1 es of lhe g r aph C J. 1. e. , 11 J 1 s connecled gn1ph a nd has chro­

aa ll c lndex n . 

Flnally, lf llr ond Hl' wllh r. LEN and r"t. are g r:.iphs ob talned 

acco1dlng to lhe prev l ous melhod, then they ar-e nol homcomorphl c . be-
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ca use lhey defer ln the numbe r of vertlces of valence 3. 

Second pa rl: ICl=l . In l h ls c ase we wl11 do lhe proo f lo J1!1=2 , s lnce 

lf IHl >2 we ca n c hoose a generato r sel C such that ICl> l and we can 

bul l L graphs wl Lh the presc r 1 bed proper t 1 es accord 1 ng to the exposed 

me thod ln Lhe flrst pa r t. 

Subcase ( 1 ): n=2. 

! t ' s ob ta t ned a graph 11,, jelN, 1~ 1 th the requl red p r ope r t l e s s ubs­

tl tutlng the vertl ces o f vale nce 1 of the cha lns of lengL h 3 of F by 

graphs l somorphl c Lo GJ graph, bullt ln the Case (t) o í Lhe Lemma 1 

to H. I n thls case the s ubstltutlon are lnyec tl ve s and chooses a ver­

tex o í val e nce 2 In a cyc l e of suc h graph. In the Figure 7 lt Is dla­

gramod 11 1 and cyc ll c g r oup H=(J,a) wlth generator (:(a }. 

F'IGUílE 7 

Subcase (2): n>2 

For each natural numbe r j l!:.2 lt' s obta lned a graph 11,. by subs ll tu ­

ll a n of eac h ve r l ex o í va 1 once 1 o í F ( whose d 1 slance l o the cyc 1 e o í 

F I s J), by a graph lsomorphl c l o lhe graph G1 bu tll In lhe case (2 ) 

o í lhe Le-a 1. 

1 n bolh cases 11 , fu 1f1 11 s th c tequ 1 red p r oper t 1 es. Ho re ove r 11 1 
ls no t homeoDOrph lc Lo 11 , lf l :tj , by hav tng d lfferenl number o í ver­

ll ces o í va lence J. 
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