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AB TRACT. This Jmpt•r d escrihC's 111nthC'm:uic11 I 111odds 1·oh~l.l'd l,o 

wnn- propa¡;11t.io n . Tlu• 11 mi n gonl is Lo mo tiwlll" t.hr rcador l.owanls 
lhc mnthC'11mtinil t.hoory rclatrd to npplicatious srnd r<'~t·an:b in t his 
firlcl Tlu"' s1n111,ing; poi ul. is vcry s impl cliffC'rc-llliaJ l"'q11n!.io ns g;ovcrning 
"'1'H' propng111,io11 ¡J11ohlui11s. DiffL•rcnl wnw· applicr1 tio 11s 111·c d cscrilH•d. 

~Ion• rornplirri t.orl 1uul i111.nrf's ti11g \WWC' modrls ;•ne! wavr· phc·11011w11a 
fnllow_ Tlu.• prC'sr11bal.io11 is do m· in 11 \'C'ry dr::rrip1h1r forin , L!ius n.voidi11~ 

u"'"hni<"<tl dc111 ils. Soi111• c111TC'11l tht•111r:; o f rt":<>rarrh arf' disc:usscd . 

1 lnlroduction to modelling 

h i_, \t•ry diflirnl!, 1.0 g i\lt' a sin~lc· prc-ris1• tlr linilion for 11 wavc· (r .I'. Whi t 11:1111 

¡:11 }, ll.lJ;,. J}. Nt•W'rt.l1rlc•ss OlH' c-¡1n p;iw t•xamph~ . <'xpl11i 11 wlutt. is 1 l1r ¡1hysi( 'S 
\11\nh"'•d. t'Xlln~'i how 1,Jw 11111! hC"11 mt in al prohl1·111 ¡, íornmb1.1,r·d 11.m! possib ly show 

hnw lo ""'11vr it. lf lhC' 11.1111\y tical soh11io 11 is lmrfl lo fit 11l , 1>111• n 111 s l11dy lhr 
¡1~ohk>m nu11u-rir11lly. 

Drfort· w1• g«i SllirLcd wil h \wn1rs. w1· drfinr thn"l' lt·vd s of rnode lling : 1.lw 
1·n11f"f'pl11.'ll (phy:\ic·n\) nmdc·I. llw 111:11hr 11 mtiral 111mlrl ;111111111• 1111 111rrirn t 111od1•\. 



, \ mhr \ ',11 ltlou 

1' 111 ... •· .111• íuml.111u•11t ;1l t1111ics i11 Ap11l 11•cl l .11 h r 11t.1 111 ... lu 11.1tt K11l.1r 111 f'H'll· 
11111 C"11111¡1m111~. 111 1111:- p11 pP1 w t• 111ak1· 11 hrwí cl1.....c·npt1u 11 ;ilm111 l'\'!'r)! o u r oí 
1111•,1• ln1+ ... uí mocldlinµ,. h111 wt· wi ll fl)nt' on l ht• 11111ldlt• mu:·. t lrnl 1:-, lht• 
llt.ll lll'lli.tl H·.11 mod(•). 

\\"l' r.m find :.t' ' '(•ra l diil'1'1T 11I ty¡w ... uf wa\t·, iu \ ,11un.•. t\ s " fc·w rxnmpl"" 
Wt' llil\'C' :-.urfa("'(' w :\1 1'1' WilVt'S in llw ()('t':\11 tll IÍ\1'1' ;1 '.:u ). il('UllSLit• Wa\'(~ 13. 
$ . 9j in the uncll•rgiound ur 11tuli•rw11 l t'r ¡j, l ;íj h1o lugii:.il Wíl\'(.'.S P9J. r hr mirnl 
W f1\'t':> (1 9. 32;, a nti t' V(' tl Wl-1\'t'S in fooLlmll ... tac.1 111111-. (~ L._1 Ü)<1~ ). /\\l ll l(':.{' WAV('S 

an.'. of C'OUN'. o f cliff<•1·1•11t 1mt11n•. 111 :-:t'<'llOll J i.c:m\I' "lwnfic applicatious nn.• 
pn•:-t•ntl'tl Out not¡• 1 lint 1.lwy 1111 haw .SOllll'l hing iu C'o111111u111: :.0111l' i11for11111tio11 
¡.., hC'111g propogatrd (pnssc·tl 0 11 ) . l·\>r f'xai11plr in "'L<t Oln"' llH' i11foru111t io 11 i~ 

"s1.111d up. rai:.t.• your 11r111s1 aud sil down.. Oy lookiug nrouml 0 11{' k11ows wlwu 
1h1" mf o n 11at 1on r<'ad1t•s Lltt•ttl a11cl tlwrl'Ínrt• w C' "("' a \ t•ry w11 ll ddinrd wnvc· 
prnpagnt1ng a t n , .t·ry wr ll d('fiut'd spN'cl. This i:-. niu• lhC' hr a nt iful 1\.o.¡pc•(:Ls o f .. Ln 
(>In- Tlu ... inforurn1io11 l rn w ls aru1111d a l'llacli11111 in a 11rnlin dly ro11s ta11L spt'<'(I 
.11u.I form --'"' WC' !-.hnll dt• lim~ hdow. this chnrae1Ni1t~ a lm1wlh11!1 Ul(J rlf'. T lu:. 
d u1..., no l hnp¡><'n fo r all wnw.s . Olt· a lso thM 11ot hi11~ i~ cilrrit•d wi1h tlw WílVC' 
lrn t 111fon11atum. Yon do nol. ha w ro hnld 0 11 lo your flistrar lt•d fri••1ul to prl' \'t'lll 
th1• \\ ,\H ' írom r;1nyi ttl!, lii111 :tw11y! 

Ewry hypotlu•sil" n~~a 1·di11~ 1 hf' ''rl'al Wllr ld \'t'~io11~ of n ~iw11 typ1• of wnvr 
w11l lw r<'Íf'TY"fl t u rL..¡ 1 lw ttHH't ¡1/11 01 m rHl r l for 1 lu• wou ·r propaga ti 11 prnhlt•m 
\ l,·\11\' 11ml" \\t' r(·Í!·r to l.lii.s as t lu• p hy s i n i m ocl 1 t'\ T ll wht•11 wt• art• tnlki11~ uf 
.1 lm1lvg1ral nr f'hrrnintl pro lilt•111 . C'o111111n11ly wt• ah11~· oí t h1• word phy.,tr.~. 

Tlu-. Jl.'ll>C'r 1:. ~1 r11c111n •( l 11.s f1 1llow!'. . \\'1· slart lll "-"f l 1m 1 ':!hy 1ll'fi11 i 11~ whnt Wt' 

1111-.m lw a 111.1lh(' llla t intl 11111d!•I. In M'rl1u 11 3 w1• pn-....·111 \'t•ry si111pk• l'<¡1rnlio11s 
~n, rr11111g wa\·1• prop11µ,11Lio 11 p rol1lc•111s. This 1~ !'i¡wn;, lly 1110 1 iv11l.1'1.I fm 11•Mlt·rs 
\\llhonl a IMrkgronnd in P11rlial Diff1•n •111ial E<1mHÍU1L' ( P I Es). J\/"l WC' 1110V(' 
.11011"'- \n• In IO p11•s1•11t 111!)n • <"oi 11 pl11·al t'f l / i1111·n ... 1111~ w;1\ C" 111o dd:. :111<1 w:w r 

¡irnp.1~.11111,:: plu·110 1111•1111 . \V1• 1111 t l1 is in .1 \'l' I \' tlt~ np11n• 11 1;11 11 11·1 i11 o rd r r to 
.u 1111·\t' 011r ni.tm ~11;i l cif 111111 i vnli11~ 1111• 11o;ul1•1 1 11\~ .lnl.., m11lht mfl l 1rfll " ·'IH'f'h o/ 
11 •JI f pm1>nq<1l1<1n 111 t llt' n 111r.s1· of drnn~ "1 w.• p1t...,.·n1 ""11111• t 111T1•11t 1 h1•11u~ u f 

11"'('M1h \ \ ",. hop1• t hat 011r go;d:- a n • :id u1•\1'f l ;11111 1h.1t th1• 11·Í1' r<' lll'{'!'I prnvi1 h'<I 
hll 111 lht· J:.·•P' ofour p1t•s1•111alin11 . 

2 i\ la l h millica l 1110 lc lli 11 g 

Gl\t'll .1 phy:.u·.tl 11111tl1 •l Wt' 1·;m 111o1k1• 1 h 1111 •·" r1,;¡11"rliu~ 1 lw 111.11h1•111<1l 1rn l 
mnclrl lo llt u...-.. t 111 111 lu•r wn1 rb. w1• ~·l 1 'f 1 1Jw m."lth• llt.tl lritl nhj t'f'I 10 lw 
m;1h ,,,¡ \-. .111 1•x t 11·1111·111l v l"ll11pl1• 1·x.1111pl• · 1 ""''''"' .1 pln ... 11 .11 111ncl1•l whir h 



ll'll' 11 .. 1h ll lht• \'1•kwi1 ,v of 11 11 o lij1•rt is ~1w11 hv du." fum·1ion J(y, t) whcrc y(I,) 
t'\.l'I" .. "'"' pos1t1ó11 111 t i1111 •. T lu· 111111 h t• 1111\I iral 111uclrl (1-t• . 111 111,h c 11 m t,ic 11l ob,icd 
ut m1i•w .. 1) rnn ht• t•irh1•1· !ht' onl·111m·y 11tffan¡l111J 1q11ab tw (01 8)i t,ogcLhm· wit,h 

"' uu1111I cuud 1Lio11 , 

<h¡ 
d¡(I.) = /(11(1), 1), 11(/0) =Yo· 

11(1.) = 11(10) r J' /(y( .' )")<I> 

'" 
~hit' 1h11t in thc int('p_rn l ecpmt iou f01·11111lntion th<' i11iti1tl coudition h1u; li aen 

nuto111r.tu·11 lly imposcd , s incc thc int egra l \•nni!-ll\.':'.< at t = 10. Tliis cqttnLion i:-: 
uht.lÍnrd h)• i1111•grn1i11~ hot.h sities of !111• ODE formnhuion. T ite s1u 11<: proble111 
hn. ... bc-.·11 ·m11 Lht'111l\I irnl ly Lnu 1s lnLrd" in Lwo difforrm (bul l'Cp1i wde11t.) w1~ys (i.1!. 
twu tlilfrrrut 11mlht' 111111,irn.I obj r ct.s) . 11. is nlwny~ \'t•ry h~lpfnl 1.0 11mkr \, hu lrn 11-

~lnt10n htuk to L'n¡;li sh . Tlic• !mck nnd forth trnn~lation ll'm ls Lo c11l m111 ; 1~ o ur 
1ut11Uion rC"gnrcling t. li<' rno dC'l. For cxampk· thr ODE modcl c:1u1 he Lrn11 slilLCd 
IL" lhr nloc1ly nf tJ y111t•11 ¡mrlir:le. (with 1ls /"1Mlro11 re1m•.o;c •11/,r.rl li11 y(I.)) urL'l'ics 
11rnmlmq In lllf' ¡ml'l rr-IL' 08 fJfJ.'l'i lúm m 1tl <UT011/1119 lo trm r. This 111f'1u1s 1,lmt, if t hc 
pnrtn h~ n•,1rht':l 1.lll' s1111w pusit io 11 al tlifft•rc>nt lim~. ics \'(' loeit.y rnn be· difl't•rcut . 
Th1-. l,cJr.irly 1•x prt·ssrd (11 11ll. hL·111aticil lly) by /(y{l) . I) . Noll · 1.h11.t. 1,JIC' t,rn11sl1lL io 11 
1111,ir ml!~rrd et111 nt. io11 would lw difft'rr111. l11 ~lt•i\tl oí 11r /m·if,!J wr li nvt• t,li1Lt U1c 
Jlf1•1l11111 . m hm1•, n/ lhr· 1mrt.i.rfo Is 11wiul rd by mldmg l o ils iu:i t,inl ¡10.'li f,irm l.hc 
mm o/ 1111 wdr111 l11111'fm.'I 11dnr·ilics. 1111 lo ll1t· l1mr oj mti-n·.'I /. Tliis is w!irtl t.bu 
Lllh'Rf•tl INlll tr lls 11S , if Wt' thi11k uf intt•grnt ion "·' !'OUIUtu:J1 irrn. 

\\'t- 'hould p(1in1 0111. t.l11bl. t,hcrc nn· mnny m1mc·rical motl1·ls l.ha.t. t1 1il' t.he 008 
l'or mulalllnn. by llpprox i11111tin ¡;, Llit• dnivntiw dy / tlt. using, Taylor sori1·s 1111•1..hods 
~oH'h .i: Eull•r 's lll(' l.l11Jd, 11 ung(' l( 11L1 11 .... T lll'rt' arr 01 hrr 111111irrirnl 111od1•ls t.l111l 
11-;1• ti"-~ mh·grn l íor1111iln1 i1111 :.nul pcwíorm 1 ht· 11umt•rir:1I in l,(•v;nL1.io 11 liy appn1xi-
1111vtmt:: /(v{...:), ,.,) hy 11 pn lynrnnin l i11 • ..: (c·. f. "l'rapt"JOiclal ruh· , /\d11111s 1311.'i li ÍCJ rL IL , 
,\1htm-. • luuhon, ... ). DoL11ils rnu he founcl in Dnrch.'n & F'nirC'!'I [7]. 'J'lic i11t.er­
IH1•lalMln of 1hr m1111twieal i11Lrgrn lio11 11 lf'tl1od il'> tlmt . i11 s l,(·r11 I uf i11 s t1111\,1'Ht1011s 
n·lnrthr· \H' 11:-r 1 1 w1· 11 ~!' vdorit.ir!'I ovn :-1111111 1iml" i·nlt'rv•dK, 11.11d add up t. h1· 

h\'''•'R'- th-.11uu·r~" l ravoll r·d nwr rnd1 s11mll 1 imr inl<'rw,1. 
In llK" nrx t :-ot"C'I ion wt• prcst• 111. so 1111• 111111 h1•111atir<'I mod< ·ls íor w11vr· p1'1J1mga­

t1on oUKI hrtt•fty clesni l11' SO llU' OÍ lhril' Ír11 t11 n-:-; ami .;1ppJirnliot1 S. Ú1•[,11i ls oÍ t,JJ L' 

n1n~po11,lmg physirnl tnorlds will hr ornitlt'<'I íor hn·vi ty, 1i11t. 1'f111 lu • fm1111I in 
t ~, •. n·f, f1•nf"l':'. 1'tiv1•11. 
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3 Wave mod e l · an 1 their appli ation 

\\" ~tarl wil h t. li c s iu1pleí'! L of n ll mnthrmnt.iw.I wn\fC!' moclc•ls: 

~ + G~ = O 11(•.0) = 11o(r) . 
Uf 8:v • 

Th initial condit,ion (1lt Lime l. = 0) is thc kuown funct. ion uo. Thc í1111 ct.io 11 
uo(L) r prcsent.s t,hc init i;il w;wc proñlc. Thc func:Lion u(.r , t) n·pr ·cuts t hc wn\• , 
LhnL is. thc informnt.ion bc ing propag:ated. As ment.ioncd ulic r it. cnn be wnt.cr 
rlcvntion or the co11cc11t.rn.Lion oí 11 pol\utanL etc ... 

In arder to makc 0111' prese11t.1bL iou s implcr ami quickcr. wc will "pull" solu t ions 
out. oí nowhere ancl check t lw.l. tli ey indccd sat. isf)• t.hc problem oí iuLcrcst and /or 
hove the propert.ies wc 1trc secki11g:. T hc tcchnic¡u · for constructing solut.ions can 
be found in books conlni11i11g p1Lrt.i11 l clifforcntial cquation (P DE) [4 , 13 , Jtl j. 

lt is easy to ver ify Lhal. n(:c, I,) = uo(.r - CI) is Lhe sol11t.i n t.o thc probl m 
nbov . FirsL. aL l = O, 11.(f1;, O) = ·1to(:i: - 0). F'i nnlly by 1hc cha in rnle1 it is casy Lo 
check tha t 

~no + Cauo = -CuQ + CuQ = O. 

ª'· ª'" Thc prime indica tcs Lite dcrivat ivc of uo wiLh r ·p L LO its arg11111 c11t.: 

, rl'ILo 
u0 = df' whcr ~(x, /) = .z; - Ct. 

Tnkc. íor cxamplc, !.lit• C:n.11 ss ia 11 i11iLinl profil 

u0 (x) = t' "'. 

rcp~nle<.I in figure l . 1'1i c· fon 11ul11 for Lhc soln t.ion :-;hows thnl wc lmvc n I ra · 
1rcllrng Gauur-011 111fJ11e prop11g:i1ti11g: with !iJ>C'C'd Note tlrnL 11L n lntC'r Lime 
t = L/C. 1hc w1wc lrns t.nwellcd ovcr n clislnnt'(' cc¡ual 10 l.1 with 11 l du:u1ging: ilS 
shap '. Basica lly 

F'igurl' 1. lnili:al Wt\\t' profilt•: 110 (.r) =, 111 

1hc mitinl 1>rofilc ha . .; bcen 1 r1111slatr•d by 1 his nmrmnl (u(r. l.1/C) = uo(r - L)) . 
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1111'• , .. Y.h\ 111 .. 1·allt·d 11 tm1w ll111.fJ wtWt. 

\\t· 1·.m \\l1h.• 11uotht•r "0111• wny" w:wP 111nch·I. uuw for wnvt•s l n1vclli11¡; to t lic 

¡1.11 wuh .. pwd C Tht• 111111lw1 1111lir1d modtll i~ tlu- \\ .l\r N¡11rdio n 

éJu - ('~ = O u(r. 0) - uo(r). 
i)I i).r . 

rlu• lrtu, llm~ 111twc solut io 11 is o í tl11: íor111 u(J. t) = u0(r + 1) . 
('.m tht'!'>l' twt> "trnt• wny" 111od cls h e ll:i('d to ro1htrurl n ut.wo wny11 WHVC 

mtttM'' ll~ 1wo wny w1• 11wH111l 111otlf'l tlmt allow:o ho 1h righl :iud ldt.going wnvcs. 

l'lw im~Y.1·r 1:-. yt•s 1111d is g ivc 11 by t hf' l't'.'t'oud onh.·r PDE 

iJ2u ,01 11 Dti 
iJt! - c~8.,.2 = O, wit h u(.r,O) = uo(.r). Ft(.r , O) = O. 

In tlu .... JWU 11r11l;u n1M~ Wt' lww· 1 lm t 

"~'.' - e'"'" = ( - - D) ( D iJ) iJt .! ü/.! 81 'o; Ji+ Ca; " = O. 

F'iguH' 2. lniri1d \\'nlt·r w:wt• profi11•: r1n(r) = - 2.rt· ... ~ 

J 1p,urn :1 l11i1 lu l p1·1•ss111·1· WH\1• JlrOfilP: 11(r U) lrmli( - .r/ O.OG) . 

l·ur "'•mpli,11 ~· W(' lrnw d1n:w11 1lm1 thr :-t'f"Oncl 111i1ial 1·n11ditio11 is )'.('t'fl . T hr 
"••l11lt011 .._ .. uf tlll' for111 11(.1·, /) = l /2{110(.r - ('I) + u0(r + ('/)). T lw i11i1 i1d pnlrih· 
.. ,,J11 ... 11 lu h;11í, wi1 h 1 wo idt• 11t irn\ 1 rnvrllinJ..t \\'<\\T~. ont' pn 111a~a t ÍllA 111 t,h1· ldl 
1m1I a1110tlwr to 1lw riAl11, l11 1th wirh11111drn11~i11J..t1lwi1 :-.l1111ws. 

Thc-: llt'Mtrli. pr1·s0nt.l'd 11how 11rr cnll1•d /rnuu mlnrlffm 1•r¡1rnl lfm.'i. 'l'ht•y an• 
,,f ... 1 19(1'1t.ll .1!'> lnm.,1101·/ r11m/d., , Tlw inilinl 111/ormalrun 1111 is lu•i11g trnmi]iorLrd 

"''" wb11v e T l11· ll llll l1r111nti('nl 111ocl1•ls 1111 .... 1•11tNI .;tlHWl' 1l1·s1·ril>r Sl' \fl ' l'lll ( \•C'ry 
'Imple) llh\,ir.al modt•ls. We 111r11tio11 a f,.,,. 

l.M f'h.\U~t• 1101111,ion so Llmt i11:-lr1ul <'Í 11 wt· wril( ' 11(.r , t) n·pn·s1• 111 i11~ llu: 
. ....... rJ,t,-•• 1101111h011! 1111' 1111di:-l11rlu'{l lrv1•l !I n of 4111• 01·1·1111 o r or 11 riwr. 111 
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ot her words , thc free snrf<u'(! of t.li c occan is dcscrih('d . in t.imt' alJ(I space, by thc 
Pxprcssio11 y = r;i(:c, l.). In its si111plcst versioll, t,h(' evo'11tion of t.bis free surface 
is govcrncd by thc sccond ordcr advcc:t. iOll N¡11a t.io 11 givcn a.hove. Lct thc initial 
c·oudit.ion be tbc wavc profilc givcu by 170(:1:). TliC'u y = ·r1o(x - Ct) rcprcscnts a 
travclli ng water wavc rnoving to tlic right with spccd C. In tlie cxamplc given in 
figure 2 the wave has il dcprcssion ahcad of it (whcrc 17 < O). 

Ju anothcr physica l mode\ thí! variable of intcrest is pressurc all(I therefore we 
changc notation aga in ami use p(:r;, /.), whcrc p0 (:r) dccribcs t he init ia l pressure 
profilc. Prcssure wavcs are of intcrcst in Mct.corology, where we commonly hear 
<thout high / low pressurc fronts ami so ou. An cxamplc of such a profile is given 
in figure 3. Of course thc trnc Wcathcr modcls [12, 30] are far more complcx 
t hcn the advect ion modcl prcsent.cd hcre . Prcssurc waves are also of interest in 
Geophysics, and are callcd acoustic waves. In t hi s kind of application a pressure 
pulse it scut into thc crnst of thc carth (figure 4) . Thc prcssurc pu lse is simi lar 
t.o the Gaussian presented in Figure l. Through the propert ics of the rcflccted 
wavcs geophysicists try to prcdict t.hc cxistencc of oil rcscrvoirs in thc subsnrface. 
Thc rcflect.cd waves , indicat.cd in thc figure by U( z, /.), are gcneratcd bccausc of 
tl 1c changcs in thc propcrtics of t.hc carth 's cn1st . To incorpora.te this aspcct 
iut.o t hc mat.hcmat.ical 111odcl 011c can use <:t v¡triablc propagation spccd. In othcr 
words , if z represcnts t ite dcpt.h iuto t.he eart.h 's crust , t hen wc defi ne C(z) as 
t li c propagation specd dcpcndiug 011 dcpth. SincP wc will havc a downgoiug wavc 
(thc Gauss ian pulse) and upgo ing wavcs (thc rc fl rct<'d wavcs) it. is imporLant to 
ust' a ··t.wo- way" wave cquatiou 

Stratifictl McJium 1 

t ' 

lncnming 
\Vavc 

o! U¡ 
1 

Fig ure <l . Arn111 ic prcssurc wa\"(' entc·riu~ a layC'rcd carth rr11s t .. 

(l·.f. li g1 1rc !I). T hc rn;t!.hc1uat.ical modf' l, 11s1·d in 1.his ki11d of a rntl ys is , is prcscnt.cd 
in thc ncx.t scc t.ion. 



Su11H' 1\ fotlw111atical Modds for W;1vr P rnpag;1.t.io11 

T1, ::,iw• auothC'r ('xamph'. wC' mc11tio11 o nc' iu t•111ii.m11111en/.a l mod.ellútg. Sup· 
pu~t · 1 li;it a fart.ory has rclcascd a dond of poll11t.ant in t he a.i r. Thc conccntration 
,Jf t hi· pollutant is givcn by c(:c, l) and t.lic init.ial configura.t.ion of thc d oud is 
iu (.r) . T hc dom\ is ·'mnt.hcrnnt.ic.:;1lly t.ranscribrd'' a.<.; t.hc function prcscntcd in 
ti::.me 5. In th i:-; s imple model wc ha.ve a. onc·di111Pnsio11al doucl of pollutant and 
rlw pol\11!.ant conccntration is (cffcctivcly) co11stant. ovcr 1,hc wholc cloud. Wc say 

1·j/á·li11el!J hf'ca.usc 

Figure 5. lnitial pollutant wavc profi!f' 
r·0 (,·) = tani<((., - 1.0)/0.05) - lanh((.< - 2.0)/0.05). 

the changc from zcro to 011c is vcry fast. T hc t.hn'C dimensional analoguc of this 
d o11d wou ld be a rectang ular block of pollu t.ant fioating in t he ;:tir. Note that 
iu t.his oue- dimcnsional modcl the cloucl Ü:> at a fixcd height. This hcight <loes 
uN show up in the modcl. This is a11 i11d irntio11 t ha wc a re considering constant 
winds ovcr t.hc vcrt.ical dircction. 

:\ow supposc t ha.t t hc worst wind obscrvcd in t hc a rca blows west- cast with 
coi1s1a111 sp<'('(I C. Again the simplest modcl is t hf' advection equat.ion 

111 lhis rn-"" t hC' wind \it.crnlly t.r;.wsports t.bc po l\ut.aut. ami t hc sol11tio11 is g iven 
by c(I, 1) = co(.1: - Ct). 111 t his modcl t.h<' sha¡H' o f thc cloud docs not changc as 
it travcls towards ea..o;;t. 

Now lct ns cout.rast tlicsc liuea.r 111odf'ls wit.b a. 11o uli11ca.r wa.vc rnodel: 

Üu Ou Di.+ n¿;; = O. 11(:r. O) = uo(:i:) . 

This import a ul. modcl is know11 as Burgf'rs <·qnat io u. lt can be rcwrittc n as 

Th(' nonliucarity is clea.rly scc11 in thc x·dC'riva l iw LN1J1. T he sol11tio11 is ~iven 
impliritly as 11(:1:, t) = Ho(:c - 11.(:1:1 /.)/.) . lt is <'as.v to S<'<' t.hat thc init ia.l condition 
has be<>n sat.is ficd. 

To d1f'ck tlrnt 110(:1: - ut) sa.tisfics Onrg-crs <'q11at.io11. use th1) cfoün rnlc. 
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Figure 6. Linear {A) ami nonlincar {O) W <:l \"C'S. 

Thc velocity at some points is indicated by the vcctors. 

T hi s ca<>c is a li t tic hardcr than far thc linear cquation. Thc nonlinca r solution 
is constructed by thc method of chan.tctcristics [13] whcre we fo llow t he orb it 
x(t.; :c0 ) of a point located at x( O) = :c0 at time t = O. It can be shown that 
indccd one s ho uld vcrify that uo(x - u(x(O) ,O)t) (or uo(:i.: - uo(:co)t)) satisfics 
Burgers cquat ion. Observe that t he propagation spccd is g ivcn by the values of 
thc initial conditio n and thercfore it va.ries from point to point. Lcts us use the 
water wavc in tcrprcta t iou again, where t he notat.ion would he 17(x, t) = 1¡0(:z: - r¡t.) 
rcprcscnt ing t hc water elcvation. In the linear case a ll points a long the wavc 
profilc movc wit.b spced C, aud thereforc thc wave <loes not change its shape 
(figure 6(A )) . In the nonlinear case o f Bmgcrs equation thc higher points of 
t. lic wavc profilc movc fastcr tha.11 the lowcr po ints (figure 6(13)). Thcrcforc this 
11011li11car wave is not. a tmvelling wave. Moreovcr , fo r t.he cxamplc considered , 
t he wave will cvcntually break. Whcn it. brca.ks t.IH' d r ri vat ivc of our so lution , at 
t ltc l> rcaking poi nt , ccascs t.o makc se 11 se in <l dass iral way. A nnrncrit:al cxamplc 
of a I3urgers cquat.i o11 rtpplicat.ion t.o water wavcs is g ivrn in fig ure 7. Wc seca 
Ganssian pulse propagat ing; t.o t.lic r ight a mi Uccorning st.cc• pcr a nd st.ccper. It 
C'VC'ni.uall y brcaks form ing il <liscont.innity knowu as a hydmulic jnm¡¡ {born). In 
01 her applications, such ª ·"gas d ynamics , t his di sco 11 t in11it.y is call c<l a shock. The 
osci tl ations a long thc wavecres t are dur t.o t.hc muncrica l mct.hod [2 1]. 

[~ 
Figure 7 . ..\ no nlinua r brc;ikinv; wavC' prop;1g;'ltion to t hc rig,liL. 

ThP initia l co11dit.io11 is givc•n in tlic ldt , by e.he dmtcd- Jim• Ga11~siar1. 

T his is a t.y pi rnl lw hav io m o f, for cx;unplc. f\ood wavcs /25]. T wo MATLAB 
programs are prrsc11tcd in [25] n1o clr lli11g t his si t11at ion. Tlw 111odc l is sucb t, l1at it. 
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rai•llS for 7 @ays a1t a 1~0 i•l•1.(, 5©©b n u¡Dst re<:HH from a city. Tl·1e HWH•1eric-::a1l experim eN1t 
shows a Ho0d wa..ve dcvt'lfl ¡~ i11•l'g a1n«l bmmking i1'l.to a 6ore. T l01e Bl01•rgers eqmution 
uu J<IPI. and its relahr:C.1 w;we 1i>H~aiki1°1g: behaviot'11'1 rt.p¡;.>earrs in 0tf.i.er ai¡¡¡¡~il'i·caitiGns 

:;udi t,rnfhc f.low [14], s l01©<!k tu1l>.>e models {31\ iu oil rec0very ain«i s© ow.. 

S0111e wave B10<lels 1·wig,ll01t c0me i•n the for m 0f a sysbem of PDEs. For examp>le 
tlic :;ha llow warber C(iluaiti0Ns ;.u1e 

(1) 

where g sta,nds for t he acceleraitioH due to gravity, h0 is tJ;ie c0ns-tarnt <!leptJ;i 0f 
t.hc region stu~lie@, w{x , t) is tl'le hori1w Fttal velocity of f.l•ui@ J')<lJrtides aind ry.(x, t) 
is t.he wave elevaiti0n as li>ef©re. T J;¡e solntion w ill hie a c0mhiimi.ti01<1 of r igl;i.t arnd 
lcfLgoing waves 0f tJ.ie f'©l'liM f( x ± (gh0 ) 112 t.). T he proprngati0n s-p.>ee<il <ilepeHds on 
l1hc dept h. lf we «lilifere1~t ia.he tfae fi1rst equa tion wit1h res}!>ect t.o t , fae secoHd wi·tl~ 

rn~pcct Lo x, mwlCi~~ liy Í•t li>y fJ a.1o1«l s.1,o1htract t.hem, we get a secON<'i or«ler wa.ve 
cquation iH 1b( ~t, f.) as l:,efon'), wi1th C2 = yho . 

Now we migl01t coi•H:iÍ<ile-r a. w<we in the prese11ce of a dijfo'1tsive mechani·sm. 
Cousider Lhe Ji.Herur, ONe-·~l1imensional , advection-,dififusi0N eqwa.tioN 

DG:. CJr: éPc a;+ Cih = ~ ih' , cV, O) = co(x) . 

'Qhc diffusion c0efücienl is /"'\,. T his ty pe of cqwttion is c0m1M10 rn Í•l•I rneberologicail 
and environmenta;! fl·0ws. Lt is 1•1Stiail1ly a p rotot.ypic:a1] e<ipiati0N for tes ti1i1g nu­
mcrical mcthods. Til·ie prototy¡¡iica.J t'h rcc -dim<~n:;im1a.I m0<olcl is l•tS·Na1l\y wriH1e1c1 

T hc wind velocity is giveu l!ly t l~e eoNst.aut vector [U, V, W]'r , wi1t lt U:,¡ + V2+ 1'1'2 = 
C1 • and thc tra.nsp0rtecl sea.llar ~¡11.m1ü. il.y c(:t:, y , z , t.) ca1H ht~ , f0r exaJ\llpfo, t he 
("u11cc11t ralio11 @fa ]D©lh11taiB•t, 0r h1rn•1•id i•ty. In Na.chfo iN & Tall»aik (25] we l'mve Nsed 

~IATLAB t.0 1o1umerica1l'ly s0'lve tJ.1e one <fo11ensionaJ vf!rsim1 ©f t:his eq1H<b\;ioH. We 
m 11sidN a cloucl 0f ¡i>0'Jlh11taiNt wi1t.h co1o1cent.rnt.ion c(:1:, f.). 'IJr'J.l c~ i1·11i.tiail d owl sl~a.pe 
i:; givcn by co(x). T l0le wii1°1dl bil0ws t he d oud ho the rigM wi·t.h speed e (_U.Id 
tJhc c.oncenttra.tim1 0f the ¡1>01\uta.11L dr:ca,ys in !.i·mr: d11w 110 d i.fl'Hs·i©M. The di1fft18ion 
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111ech;u1is111 is similar!' Lo w!ulrt l1appeus wl1e11 a drop of ink falb iuto thc water. The 
iuk ·'cloud" st.artis spreading while its concentra.tion decays. In Lhe model above 
the wind t.rnnsports the pol\u1;;u1t cloud while it diffuses. Hence this physical 
motlel has two ingredients (medw.Misms): transport and cliffosion. The resu lt of 
a computational experiment is prescuted in figure 8. Note that the ¡~0'1loutant 

concentration, in the cloud, decays as it is trainsportecl to the right by the win<l. 
Note a.Isa that the cloud is spreading due to the d iffusion mccha:nism. This is 
analogons to dropping sorne pollutant (e.g. oil) in a river, which flows downstream 
with speed C. 

As the squarc oil patch flows dowust.ream, it slowly spreads whiile its concentration 
goes clown. 

Figme 8. A ri~htgoing wave in the presence of c\iffusioN. 

The init,ia:l condi>tion is giveM by the "sqwire pulse". 

Figme 9 A linm:ir cfü;persivc wave given by tbe Airy fu1iction. 

Another interesting rnecha.nism rd;Ll.1·'!d to wa.ve propagatio11 is caJ!k'!d dispe1·­
súm. This terrniuology is uufortuua.te si•nce this type of dispersion ha.s nol.hing 
t.o do with the term dis¡Jcrsion of a pollnlrml, which is c:ounede~l to diff11sion. 
This can be confusing 1;lll. first. Hencc it is very import;rnt to be aware in which 
contcxt dis7Je1·sion is being usecL An ex;wuple of a clispersivc cquation is the linear 
I<orteweg- dc Vries (KdV} eqw.lrtion 

:\s tite wa.vc propaga1.es to Uw rigllt it st.arts to d1wl.!!Op a.n oscillal.ury t:ai! behind 
it. . Thc so!ution resemliles (aud ac1.tt1J,lly dcpeuds 011) the Airy function s!town 
in figure 9. ;\ more dd:ail'ed dcscripl.iou is given i11 Dra.z;in & Jolmson /11] (c.f. 
cxcrcisc Ql.10 p;ige 18) where tit e <~q1ml.ion is rPwriLt.e u wi!.h rcspcct t.o a rnoving 

frnmc of speed e and !.urns out. t.o f¡¡~ 
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Gh¡ if111 

¡;;;: + 11x1 = º· 
Wc ha.ve substitu1~e«l iM t.}\ f.' (•J1·i.µ;i•1•rn1l PDE tl•le comp0sit:e fiu•ncti0n -ii = u.(x, T) wi1t h 
x = :1: - Ct (the movi•1·1~ r!.".fonmee t:ra11•Ne) ;rnd T =t. F©F i'Iil•i1ti>a.l virnfiiles giveH by 
·11( t.O) = f(X) tJ.ie s0'h1•t1i0n \-s ©f the forni 

1 .¡00 ·(x-v) 17(x,r ) = (3r) - /3 -oo /(y)A1 (3r)I f3 rly. 

The dispersive wa1ve e~11uati0n (\'it~ea.r KdV) aHcl t l~e ©lifü1s·i·v:e wave eq~i·a.ot-ioH, 

prpscuted ea.rJ,ier, a1•e H©tl Ll·'lait cliffer.e1o1t. Nevertheless the t>e1.uwi0w1' 0f t1'1.ei,r 
solubions is q1uiotie fil1j.~fe1•eFJ..t. Ü·Be sin~vi le waiy to understa.Hd tJ.1e ~J.oi.f.ferem:e l'>etween 
Lhe dispe1·sive wave rnodel a>NQI the dif]usi·ue 111ave model is 0y l!lS·iN,g Fo.urier inodes, 
that is, sim1s0idail waives 0f tl~e f©rBl> 

u~:i:, t ) = ei(b:- wl) = e ik.(:r.- e(k)t) 

'fihc time freque1~cy is g•i•vm1 Thy w = 2n/ T , where T is t l~e w;we periocl . The 
spatial frequency is given füy t l~0. waiveHt1111b0.r k . Tfoe wa1Ve1mmbe1· is Ql'ef.in.ed as 
k = 27r / >., whe11e >. is tl~e waive'leng•t !.\. Hence k ttell ns h0w ¡;¡;¡.;J.B:Y wa·ves fi.it in aiH 
interval of lengt h 2n. Tl~e wOJv:e's ¡¡¡ro¡'><1gation speed is gi1veFl h>lY c(k) = w/k. llf 
wc substitute t hois F@.\owier M·10<lie iB the ªoHc- w<1y" wa:ve eq\orn1f.ioN we get 

-iw(k) + C'ik =ti. 

o(k) = w·(k ) = C :=: consta.Nt. 
k 

If we perform the Si.l.IHle :rn1llisti•t1·1tio11 for t he dispersive wr.we «~C!J1m.it.i0Fl we get 

w(k) = C'k - k3 

aurl 

c(k) = C - k2 . 

Thc propaga.ti0n S}DeeQ! (JC,JDCHG!s on t\.1e spa t ia l f.requency @f tlw wcwe. Ti·l•is is wl~:Y 
an oscillat.ory t;1.1il C.level0,¡;:is @e'hiu~l t!.1e ¡~11opaga.tiNg wave. L0osd'y spea:kin:g i·t is 
likc ha.ving sl0wer C0H·~J~0Henhs faill•i•1•1g hel·liml beca11se tl~ey 0111 aot keep up witl~ 
t.hc leading wa.ve-f.r0H•t ~c.f. Fi~me 9). Note t.J,1a.t. cad't iMd iv·ic'\.t•l<lli F0urier 1Hode 
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i:-; a t rawlling wavc. I3nt any c.:ombiuation of 2 o r mor<' Fourier inodm:i will not 

µ;c111'ra 1c a 1 ravc\ling wavc si1u:c cad1 modc propagatf'~ at. a diff('rcnt spccd. They 
will IJ(' out of phasc. 

For a diffusivc modcl, thc (mathcmatical) story is complet.c ly different. In 
substituting a Fourier modc into thc advcctio11- diffusion cquation we get that 

w(k) = Ck - i~k'. 

S11 bstituting back for the Fourier modc wc have 

c(:r: , t.) = ei(kx -w t) = e -,.. i.: 2 t é'·:(x -Ct) . 

Now we clearly see the diffcrence bctwecn a dispersive wuve model and diffusive 
wn:ue model. For the diffusive model thc propagation spccd rcmains constant aud 
indcpendent of wavenumber. But the wave- amplitudc decays exponcntially in 
time. Again we do uot havc a travelling wave solution, but now for a diffcrent 

rcason. Thc rate of dccay of thc a mpli tud e is g ivcu by thc diffusion K. As wc sa.w 
lwforc, the in tcrp re tat ion is t.hat as a pollut. ion wa.vr (i.c. doud) is trarn;portcd by 
t.hc wind wit h speed C, its conccntration dccays cx ponentia.lly. Onc hopes that 

tbc dccay of t.he po llu tant's conccntrat ion is fa.<; t cnough so t hat whcn thc cloud 
rcachcs a n url>an a.rea thc lcvcl of pollution is not. dangcrous to public health. 

\Ve now rnake commcnt.s 0 11 a. very famous wavc modcl , 11amcly thc 11011l i11car 
dispcrsivc KdV cquation: 

This cqm1t.io11 is a combiwtt.ion , to sorne cxt.c nl. . of 13urgt•rs cq11at.ion a nd thc dis­
prrs ivc wave modcl givcn abovc. To make t. hi s ol>v ious it is so1nct.imcs couvc nicnt 
to rcwrite thc Kr\V N¡wüion i11 t.lic form 

\·\°hPu O" is Zl'l"O wc havD only dispcrsior1. \.V lu' ll ( 1 = () Wl' rcrovPr 13nrg<'rs cq11at io11. 
In watf'r wa vcs t hr no11lit1f'iHÍty pa.ra111('1Pr n «'X\ll"l'SSf'S t.IH' wavc ampli t ud~ ~ to 

dPpt h rntio. whilc t.bc dispcrsion paranll't.n O thl' d<'pl.li to wave lcugth ratio. 
S111all va\ucs of (3 i11dicat.c t.liat wc cit lwr an• iu t hP rq..:;i111c of long wavcs or 
(cq11ivalP11t.ly) of s liallow d1;rnnds. T h11 s wc havP st'1'11 t.hat t he KdV eq11atio 11 
can be writ.tcn i11 diff<' r('nt. w;tys , dqH•111li11g 011 thf' d1oicc· of ccrtaiu sc;a\cs ami 

framf' of r<'f('r<'ncc . Thc lirst. vcrsiou abovl' (Drazi1 1 & .Jo h11so11 [11 J, pagc 21 , witl1 
11 = - 11) gives place to a si1n p l1•r int.q~rnt ion proc<'SS . Tlw so l11t.i o11 is o f t hc fo rn1 



So111(' fv/111 /11•1wit ic;i/ Modcl.<> for w;.n·f' Propagat.io11 309 

·,1Cr /.) = fj scch' { -'f (., - C'I)} 

:uul is dC'pi('f(•d in figun· 10. In this 11onli1war dis¡wrsÍ\'(' modcl t hc travelling wave 

FigmP 10: ,.\ solitary wave 11(:r,O) = l /2 scch2 (:1;/2) . 

has a propagat.ion spccd t ha.t depe nds 0 11 it.s amplitude. Note t hat non\inearity is 
perfcctly balanced by dispersion to g ivc risc to a wavc that travels without chan~ 
ging ils shapc. Nonlincarity a louc, as sce11 carlier. would lcad t.o wavebrea.king. 
Dispí'rsion a lonc would gcnerate an oscillatory tail behincl t he wave. At the e nd, 
thc '·clispntc" bctwecn thcsc two mcchanisms (one "pushing" the wavc forward 
ami thC' 0 1 her up11lling1' it frorn bchind ) leads to a cohereut wavc that retains its 
ini1ial shape. 

Figure ll: .-\n optka! solit o1i ¡jJ(:r, O) = sí'd1(.r)ei(:2~.rJ. The rP<il ¡i<irt. is prcscnt in 

a d<ishcd linc ;:ind thc imaginary p<irt in a dottcd line.Thc so!icl !inc 
prcsunts thc amplitudc í'm·clo¡w ¡-iµ¡. 

This tnwelling wave solu tio n was first obscrvcd by .J. Scott. ll11sscl, whilc r id ing 
his horsr a \r¡ng thc Ediubmgh Glasgow canal in 1834. He was imprcsscd how a 
··largc solitary clcva.tion11 travclled forward wit h g rcat vclocity and 1'prcscrving 
ib original figureº' (c. f. Orazin & Johnson [1 lj pagc 8). Tltc Kurtcwcg de Vries 
N¡11atio11 W<L'i t.hcn dcrivcd iu 1895. T his sol itary wavc is also known as a soliton. 
Solitous are nonlincar travelling waves wit h spccial propcrt.ics. T hcy appear in 
diffcrcnt \W\\'C modcls. F'or cxamplc in nonlincar optics, modcled through thc 
uonlinm r SchrOdiuger (NLS) cq11<1.t.io11 . Let. thc amplit udc cnvclopc of a n optical 
wavc he dcnotcd hy 'lji(x, t.). Thc 11011\incm SdirOdingcr cquation is g ivcn hy 
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illHI thc• solit o n so lutiou by ([ 16 , 27]) 

Note that. a and b determine thc soliton ·s ampli tudc a nd propagation spee<l 
rcspcctively. Thc rneaning of mnplitude envelope is clearly seen in figure 11. 
This mat hcmatical model is of current rcscarch intercst , ancl therefore used to 
study the transmission of signa.Is at gigabit rates (109 bits (i.e. strings of ones 
ami zcros) pcr second) in fibcr opt ics communications \6, 16]. Thc transmission 
speed is detcrmined by how closely the solitons can be spaced without risk of 
overlaping at the end of the optical fiber. 

Figure 12: An optical sigil a! propagating to the lcft. 

Tbe information is scnt i!l binary forrn: 11 00 100111100000110 1, lcft to right. 

Ovcrlap implies that thc infon11atio11 in t.hc rcccived s igna! ha-; deteriorat.ed. 
\·Vhcn this happens one can not dist inguish hctwccu thc ze.rns arul ones rcpre­
scntccl by thc soli tons. An example of a short signa l is g ivcu in Figure J 2. The 
fact t hat no11 li11 ea.r ity and dispcrsion are pcrfoctly ba la nccd allows thc :-;o litons 
to travcl fo r large distanccs without mnd1 of a deteriorat ion of the :-;igna.I. As 
poiuted out by Bronski & J<utz [6) i ~x per t.s iu t lLc ficlcl havc bcen ah lc f.o achicvc 
a rcmarkable 100- Gbit./s trarnm1issio11 ov<•r G300km 11si11g 20 channc ls at 5G bit/s 
per channcl. 
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4 'Nave models in inhomogeneous m edia 

lu thc prcvious scct.ion we stuclied wavcs in homog:cncous media. The me­
dium ·s propert.ics d id 1101. change. As a result wc had a constant cocfficient 
dilft·r<'ntial cqua tiou a nd a lso a const.a nt. propagation spced. In this section we 

co11sidC'r inedia wit l1 variable propcrties. 
Wc start wit.h a ma.t.hematical model for t he propagation of acoustic waves in a 

la_vcn.'Cl mcdi um rcprcscnt.ing the ear th's crnst (c.f. Figure 4). Let. the velocity be 
givcn by u(z, t) and thc prcssm c by p(z, 1.), whcre thc 1lcpth z points downwards. 
Thl' acouslit problcm is govcrncd by t.he systcm 

p(z)~ + 0'_ =O 
fil. fJz 

1 8p 81t 
I< (z) Dt + Dz = O, 

whcrc p(z) is thc dcnsity au<l K (z) t.hc bnlk modul us. The initia l conditions 

u.(z , O) = u.o(z ) a nd p(z, O) = po(z). 

\Ve cxprcss (mathcmatically) t hat thc inhomogcneous subsurfacc of t he ear th 
is laycrccl. by writ ing that it.s p lLy:-;ica\ propcrt. ics are (knowH) picccwisc ·-constant 
funrtions of thc dcp th z . Narncly 

p(z ) = P11. for z,1-1 < z < Zu, 

K (z) = /(11 . for Zn-1 < Z < Z n , 

whC'rC' .:::o = O ami t.hc n t.li bty<'r i:-; of thickncss z ,, - z 11 _ 1 . Tln~ aconstic wavc's 

propagation spccd is g;ivcu by r( z ) = (K (z)/ p(z) ) 112 . In t hc case of a homogc­
urous 111Pdi11 111 p( z1 f.) = Po and K(z, l) = I<0, bot.h const:a11t:s. lt is casy to check 
1ha1 t.hc t1elocity í1.nd pressurr lmvdliuy wn:ues 11( z .t.) = f( z - (l<o/po)112t ) = 
¡1(: .l)/(t>o K0) 112 are solut.ious in t.his particu lar n 1s('. Note tbat. t his qstcrn of 
dilft'rrnti;d cquations is vcry similar to thc o nc uscd fo r sha lluw water wavcs . 

. \ very intcrcst.ing phcnomc11on happcns whcn t.IH' acoustir: wavc is pulse s ha­
¡wd ami broad, comparcd t.o t.hc lcngth of t hc layers. Most. of t.hc wavcs prcscntcd 
111 this papcr a re pulse shapcd. F'or broad pulses cliffc rcut. part.s of thc wavc are 
k'l'linv; diffC'rcnt laycrs of thc s11hsmfacc and t.hl'reforc t.nivclling at. diffcrent spc­
Ptls. This problcrn is linear bnt. vt'ry difficult. t.o a.11alyse m;tt.he111at.ically. Severa! 
rt"N'arrh papcrs h1tvc hcc'n ¡rnhlishPd in rp1·p11t. y<'ars . addrcssinµ; t. his problcm 
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í l. :l. tO. 17. 29]. In sontc cases t he t. bcory invo lws thP a . ..;yrnptot.ic analysis of 
..... rof"!tastil" diffPrcn t. i;il cq11a.tio11s. T ltis a 11alysis also ha . ..; bc1' 1t n1rricd ont for wa-
11'1" wavt's [20. 22. 23, 2~1] . Witliont. get. t.ing iut o dcta il s, wc will describe one 
it1!t'!"PSli1tg l"PSU Jt .. 

ConsidPr tha.t , jf necdcd , a J;iycr can be s nbdividcd in to tuorc la.yen; in such 
a way that thc wavc 's tnwel (or transit) tituc is thc samc ovcr any !ayer. This 
rnea ns that thc tirnc spcnt by any wavc sf'gmcnt ovcr any !ayer is constant. This 
is ca!lcd a Goupülmul mediu111. Now consickr t hat, duc to unccrta.int.ies in the 
. ..;ubs11rface's propcrties , wc modcl p( z) a.ne! g - 1(z) as a. disorclcrcd function. 
Tliis mcans tlia.t thcir values are ra.ndom. For cxamplc, wc can takc them to 
li e 1111iformly distributcd in sorne interva l. Hcncc for cach !ayer we sarnple the 
valuc of p11 in thc (pre- definecl) intcrva l [Po - áp , PO + óp] ami the valuc of J<;;l 
in [I<0- 1 - ó1,·, K0- 1 +O/\·) . Thc stucly of the ef-fect. of fin e scale layering on a 
propagating pulse was initiated iu 1971 by O ' Doherty a.nd Anstey [29/. They 
µ;ave a quantitat.ivc expla.na.t io11 of the p·ulse sh.aping in tcnns of thc statistics of 
t.he reftcct ion coeffi cients for a Goupillaucl medium. Pulse shuping takcs place a.<; 

t he wave interacts with the i11homoge11cous rnediurn a nd generates reflcctcd wavcs. 
These refl ected waves also get rcflccted . This proccss is called multiple scattering. 
Tite wavc cncrgy starts bcing spread ovcr largcr and la rger regious duc to thc 
multiplc rcfl ections. The mathematical theory shows that thc urnltiplc scattering 
;1ssnciated with the diso rclercd microstrnture1 lcads t.o thc apparent attenuation 
(nr di.ffusion) of the pro¡xlgating pulse. Hence t.IH' leading pn!sc is "shapecl", 
by t.Jw microstrncturc, in a. diffusive like lllilll!H'r. Tite tcrminulogy op¡iarent 
diff11.sio11. is d11c to t !ic fac t. tliat thc rnathcrn1atica l rnodd has no diffusion t.crm. 

T~~~-·-------¡ 

·~--lLd . . - - - - - - - - -
;,~ 
~ - - - - - - - -

Fi g ure 13: Top figurr•: init.ial Grnissi;m ¡llllsr. 1311110111 fi ¡?;urr: p11lsr 1md¡·1· ;1ppi1n' t1t 
diffusion . .\lultiply SC'Hl(r'r('d rr:(kf"tiun is srr 11 hd1il11! 1Jw w;1n•fror1!. TI H' j)IJl s,. fi ;1s 
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11.1,·clled approximatcly (7100-250) * 6:1; = 6850 t O.O l = 68.5 units of length. 

Thc acoustic wavc model rcprcscnts a conscrvativc systcm of partial differen­
rial cq11atio11s. Onc way of sccing that thcrc is no d iffusive term in the equations 
is by climinating thc vclocity from t lic system of d iffcrential equa.tions. This givcs 

place to i\ variable cocfficicnt wavc cqna tion for thc pressurc: 

a'v , a ( 1 ºP ) ot.' - [e (z)p( z )j 8z p(z) 8z = O. 

Noticc that for a homogcncous mcd ium (p and [( constant) we recover the 
:ircond ordcr wavc cquation as wc know it. Thc surpris ing fact in the O'Doherty­
Anstcy problem is that thc pulse diffoscs abont its moving center due to the 
disordercd muUiple scatte1·ing of the wavc energy ¡t , 2, 10, 171 26, 28]. O'Doherty 
11ud Austcy's mot ivatiou for s tudying pulse sprcading was to explore whether the 
seattcring associated with fine scale layering in the earth could expla in the ob­
s1·n ·cd clamping of scismic (acoustic) wavcs uscd in thc o il- cxploration industry. 
A similar phcnomcnon occun1 for water wavcs, when the topography is disordc­
r<'d l26J. An cxamplc of this phenomcnon is prcsent,ed in Figure 13. Note, in 
1 lw hot tom figure, t.ltn.t. thc pnlse's a111pl it.11dc has dccayccl and that t.hc plusc 
is 11mi:h broadcr t lmn t hc o rigina l onc (top figmc). This is t.hc apvm·ent atl.e-
111111tio11 geophysici:-1t!' ohscrved, connceted to t.hc 1mlse shn71h 1.r¡ dcscribcd by thc 
111athcmatical t.hcory. 
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