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\ M'H .. "'1 Ln J X - \' bo n l!IU)l botwt.'fln l\\'O l pACS fOf" whdl Y Íll 11Lrutifit.'(i 

'"° 1 / • • flbt•1lo11 ovor onch 01>on 11trntum. Wc find 9CllM SJW!Cl r&.1 S!..'qucnccs to 

wm 1 .. U...~ of X In torn111 of tho homology o( }' and thAI of tho fibur11. Wo 

•PsitJ ...._. W IP'" ll Ld11ehut:i thoorom for th degcm:ncy k>ci of a morphism botwcun 

.,,¡, 4 bundk'li on 11 complox 1111u1Uold. 

Homotopy and Homology 

lbt lopology oí ll 8pnco X , onc oí the pnmary lSSUCS is thc co111putntio11 of 

thr hnDlj\°"" pipt lll"{X). Evon 111 tho slmplC!lt CX(Unples of sp.r.ces, homocopy groups 

lutn °"' ~o '"Y d1fficult to compute. 0 11 thc othcr hand. stmphci11.I homology H,,(X) is 

"pnd ,'llff'MU•'l' bnn.g CMY to computo duc to thc cxlSt nct of a Ma~"t.r·Vlotoris principie. 

Th1.• ">qo·j l.o dn..k llK" a¡>n.cc X trnd "gluc" t)1c homology of 1he pil"Ccs. Thc good ucws 

:n¡ ~. :O•llJ«f Cfn..•(/it Plwn 6SN10, 3'JQM 
~~r¡ Nt""" ..J "'"1ur • lll11t.t1h1.t ho111ology, homatopy, •ll"lCU'JiJ ~. l~l.:hcl r; 1hL'Otcm, dc¡¡,cn~r· 

... ~ ,~¡ 

'"''~' .....,.....,18 br Th, l!:11ro1w:11.11 Contnw:t llumlUI lloltntW Ptcpanun(', l'l:'lllCJ\tCh T!1tlnlng NN· 
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lS cha1 Hurcwicz t.hcorom roltüC!I bot h up to soin exlenl , which may htlp UI lo c:omput(' 

homotop:11 groups. 

Let u.s firs t roviow t ho cl11SSicnl notions a.boul homoto py from !SpJ. Consld r· 8 1.oi>o­

IGglC&I spa.cc X with n fixcd buso pohu • E X Th n x .. (X ) consist.S of equh'1tl nct cln.!o­

of mBps o : S" ....... X from tho u-sph re sending B OOsc point r.o E S" to • , modukl 1b.­

equ1,'&Jcmce rclnt.ion ~ givon by o 0 :: 01 1f tJ1ere is l'I homo1.01>y 11 = S" x jO, 1j · • woh 

l/(z,0) = oo(x), H (x, 1) =<»(X), fo.,,JI x E 5" and //(r~, t) ~ • , for oll t E jO, l j. A .,,_ 

X is said t.o be 11-conucctcd if 1r,(X) =O íor 1 :5 n For the s¡>ecln.I CMe 11 • O, wt• h1t\1' l h11 

No(X ) =O if X is nrc:-wise com1eclcd. Also :r1(X ) LS 1hc fundn.mc11t.nl grou1> of X , so th1" 

X is 1-connccled menw1 llhut iL Is simply-<::<>nnectcd 

Thcrc is n 1·clntivc vorsiou of t hc homotopy groups 1f ,1 e X is 11 subspncc c:ontn111111g 1h< 

base point., t.hcn JT,.(X, A) cons is ts of cqul\'&.lcncc classes of mnps o = (D" ,DD") - (X,A), 

lhis mcaning t.hnt. o iH n rnnp from thc disk D" 10 X scnding t h boundnry 10 ;l TI,.. 
equl\~ence re lnt.iou is llh rough homotop1cs thnt sc.11d 1he bouudnrlcs i 1110 A 

Fo r not.ions in rol1~tio11 with homology onc Cl\U look ftl. [fl.fo!. Lot X be n 1opoloe1ral 

spacc. !..et. I = [O, l] be bho unit int c.rvnl. A 11-cube is a con1muo1111 111n1> T : / " X , 1U1d ll 

is dcgenenu.c if it is iudopcndont. of onc of lt.s vnnnble:t The co111pl x of singulnr ch1tm11 l11 X 
is defincd ns tlw früc nbolii:rn group C n(X) gc11cr1tted by thc 11 ubCll, modulo 1h<1 dcgc11•·r1tlr 

oncs. T hc boundnry oporntor 8 n.ssocintcs to cvcry 11-cubc thc (ri - 1)-chnln whlch Q0111u.1ta 

in thc sum of its fnccH wit h nn npproprintc sign gwcn by ita oricnui.t10 11. Thc homok)f!,y 

H . (X ) o í X is given by thc homology o í (C. (X ),8). 

For t hc rclnt.ivc version, lct A e X . The n thc compl . (X , A) is the quol ic.11t o:>111plcx 

C . ( X )/C. (A) wit h t.ho induccd boundary operntor The homology of th¡, c:omplcx 11 thr 

relntivc homology H. (X,A). 

Therc is u morphis m , bho Hurcwicz homomorplusm, 

•,.(X , A ) - 11.(X,A), 

wl11cJ1 scnds t.he clnss of t hc mup o = (D" ,80") - (X . A) LO t he cyclc o E C . {X , A) t~in¡ 

thc homeomorphism l" e! D" nnd s incc 80 E C . (Jl). F'w thc followmg thcorcm 5CC !Sr>. §7) 

Hure w icz theor em. Let (X, A) be a pmr o/ 1-conncrroi spaCCI. Thcn n,{X,A) •O ftlt 

t :S n - 1 1m]Jlie5 that. JT,, (X, A) e! 11 .. (X, A). In plom f.('.f'TN, ali tJ1c homatap11 on4 ltomoh1w 

grvups are zero ti]} f.o the ffrsl non-.:cro one.t, whsdi o~ uamorplnc. 
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Tbif nw that (X,;1) h1 n-connoolcd, Lo., ll'i(A)-=: A",(X). íor t < n, nnd 11',. (A) _,, 

.t,.(.\') U 1.be-"*" .A ft.nd X n.ro CW-complcxcs thou, up to homot.opy cquivnlencc, X is 

ftlfl.'!Uunnl out ol .A b)• "' t.Aehlng ce lis of dhnension " + 1 and O\'er° 

2 pe<:lral Sequence for a Filtration 

S1.1ppcllt<" 1~ .'( il a apKe l\ntl íl C X , t.hen wc hnve thc long cxaci sequencc of the puir 

- 11.(A) - N,.(X) - N,.(X,A) .!!,.. fl.-1 (J1)- ·· 

ih111 «>mrt bom tM CXAGt 1Cqmmco oí chnin co1111>le:<cs C. (A) - C. (X ) - C. (X, A). Thc 

Cl>nt\":llAIC llomornorphiAm 8. \!J doflncd M follows. Lcl !.:] E 11.(X, A) with n rcpresont'ntivc 

l C".(.\ , A) Lih ' 10 ¡E C,(X), thcn 8l E C. (JI) nnd set 8,¡4 = l8lj. 

Wr =--." 'hink of 1hltl CA.i(.' 1\8 n two tcrms filtrnt.ion Xo = A C X 1 = X . Whnt hnppou8 

whtn .-.,. 'IT a longr:1 fUtrntion X0 C X 1 e··· X., = X? Then C. (X ) is n filt.c rod complcx 

•11h ftl111U . .,.CJ''rtl by C. (X,) C C. (X). 1'his givcs risc to o spa;rml scq11tmcc. A spcctrnl 

.-f11•nc1J •• te.qUen~Of doublc comp!oxcs (E;,,,, tF') wilh differentn1..ls ti" : E;'iq -· Er,+ .. - l.v- r 

_,l(b 1twc .... bomolog)• of tho 1'-Ch ~Ol'lll Is thc following OllC ll(&r, tf") = er+ l _ Wc :my 

lhitt lt c .. u.,. 1f lor CAcl1 fixud (¡J,r¡) tihc torms E;., stabUixes ror r hugo onough. T hc 

l11nillflt( ClllW dmotcd 1\8 S:· i:'or tipccllic mntcrinl on spcct.r31 !ilequcn~. llhc rcudor is 

ffCuuumr~ lbr túcc book jMc] or [BT, §1•1\. 

111 our •~ gtntrM.c n spootrul HCqucucc with 

~ • C,,+q{Xq)/C,,+.,(X.,- 1) zC,..._.cx •• x._, ). 

'TI-u• h~ a.dacxd dlllcH'llllinl r~J which h1 thc stnndnnl bounda.ry in chains. Tho homology 

E,~ • H,,+, (X, , Xv-1). 

TI\• 1".1wc ••daux::y on spectrnl 11tx:1ucnccs t lis u.5 that the d1fferential 

d1 : ll,,+,(X,,X.,_¡) 11..+v-i(X.- i.x._,) 

!al! ~J ~:.) E 11,.+,(X,, X"_1). Sclcct n r prtSC.nlAt.h-e : E C,,~,(Xq, X.,_1) n11d liít 

•t t11 JE c •. ~~(.\',) Thrn 001u~ldur th • imng oí Di. E C,.+4 - 1(X.- 1) m C,,+v- 1 (X11- 1, X.,- 1)1 

lllitl 9 11 : • !.) 11,.._,_i(X.,_1 , X,_1 ) . In J>ft.rl iculn.r, 11fol"'-""S 1hnt, r/1j.:) • 0 mc1111a 

11111~ 11\i•r-9 ::tt ~1 E C',. ... (X,_ i) sucl1 thnt O:+ 8.i1 E C. (,\'4_, ). 

l:J !lurvivL'8 to E:". 1 e, d 1f:I • O. .d"-11:) • O ií thcro u.re :., E 
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Cp .. ,(Xq_, ) such Lhnt 8(i + i 1 + ··· + ,:...._,) bclonp 10 C,.+.,-1( 'q-r)· The In.ti~ lemc111 

defines rf'"i.:J e Er. t-.forcovor, thc clo.ss l.:J as :tero m ~ ií tl1c.rt ru-e 1iJ, e ,. ... ,'t1(X,+1) with 

8 ( ti·1 + ti12 + · · · + iü,.) - i e C.(X"_ 1). 

Thc E'°°-t.cr111 is llho ho111ology N. (X ) i11 the following SCnM.'. Thcrc is n flltr1u lon of 

thl? homology N.(X) glvcn by Che subspncc:s Fq//,(X ) = 1111(/1. (Xq) - //. (X)} 1'ht•u 

E:'!!.= Fqllp-:1 (X ) 
" Fq_1fl,_1(X ) 

lí wc \\'Ork with homology ovcr u ficld , c.g. thc reals, wc hn.,•c E9 EPll @R ir //"(X) 0 R 
p+q•n 

n.s \Utor spnccs. 

Now wc nrc goiug lo look to Lhc e.e.se of o. pa1t (X, 8 ). F'or nny A C X , wt luwt tt.n 

e.xnct scqucncc 

.. . - N.,(A,AnB) - · N., (X ,B)- 1-fo(X,JI U B) - 11.,_,(Jl, ; l nB) - · ... 

Tln~ comes from t.hc oxoct soqucncc of complcxcs 

C. (JI) C. (X) C. (X) 
C.(AnB) - C. (B ) - C. (A)+C. (13) 

For provi11g t,h\s wc 1u:cd thot C. (A) + C. (B) e C.(A U B) induces 1!i0111orphlsm 111 homol­

ogy jMa, pngc 151] . This is tcrmed as {A, 8} 15 M CXCllJ\'1? couplc. 1 <.'., thnt th1• Mn)l'r 

\ ' lCtoris holds for A U 8, A and 8 . Th1s is lruc ~·hen thc mt.cnors of il nnd B CO\'cr A U B ~n 

1he relati\'C t.opolOb')' oí A U B. T hc proof COIUl:iU oo • J1fOC!CSS of subdl\'1B1011 of lhe cyelr.s 

m A u 8 13ut nlso il is tiruc whcn A &nd 8 rue CW !'lJbnnnplr>: of 11 CW·coll'lplt•.x X , 

~mee 1hc.111herc nrc opon sets U :> A. 11::>O111 A n B qx:ji t htu U rrlt<1oeU 10 A , V l<'lrl\~~ 

'º n nHd u n \I ro~rncts lo A n D 



Vlccmto Mutloz 

1'heOt tint ( p.!Clrlll aoq uonco for ll íllt.rnL\0 11 ). Lct (X . 8 ) Oc o ptur o/ C W-camvlexcs , 

\'o e •'=t e x~. X o /illmhori b11 C W-wubcomplezes. Thcm lhcrt: IS o spectrnl Sltf/ 111.!ll CIJ 

irith 1;~, .11,. •• v: •. x._1 U(B n Xq}} canvcrymg to Hn(X , B ). 

w .. look al tOO Rl trn1 kl11 glvcm by 

~ C.(X) 
C. (BnX,) e C. (B) " 

'flw; #:U IOlD t,btl cokftm 1 \11 

~-~-- C.(X) . 
C.(Bn x,.,) C. (BnX,,) C. (x ,_,)+C.(B n X,) 

lf~¡,., 1hr :wnpU0111. 1ha vn.rloul! couplos o..rc cxclslvc, so '4"e gct a spcctml !mquoucc 1\8 

ti.-t.i•r 

p tral qqences for Quasi-Fibration 

1,,.,"' l\fi1ll 1um our a 1t<?.n1lo 11 10 11 dlfforout issuo. Vc.rr t)'PM:ally .spectrnl sc.:q uonccs 111·0 

,.¡ t.it. ,....uon J . e - D wi t. !1 fibor F. Suppo6C thAI B l5 1-c:onuoc!.od. Thou 

thti hu1llG61le ol 1hc di lJ; "CllL Rbor1:1 11.ro ido11 tlficd in n canonkAJ way. Thcroforo // .(F) 

~ ll artf'ca af (tau:lMl.I) Coofri clo11w ovor thc bnse B. We hlt.'"e th fo l\owing st.m1durd 

~IAh_,hdlup ·~ tht h() lllOIOgy OÍ llho blli!O 8 e.nd liber F and lhAI of 1.hc LOL0.1 SJlllCC E' 
1 ·· \M<l...i llT1 

~t",)' •Se.r•~ spcctrhl swiu oncu. Su,,¡KJ.fc 11101 B u l -amn«.1.n:f Tl1c rll 1~ 11 .f¡¡ccll'fll 

•rrtu1111.·r wl'.·~ •lftln4 f<'"l'J 14 g~ • llq( B ; ll ,,( F )) ond com:cryrng ~,,, H" (E ). 

\\~,.,... .. lb tT'fUh f1:,r CW-com1>lcxf!!J. 'l'bkc n. \V.d mJ>OllÑl'lOll fo r IIJ une\ co11sitlor 

u, .. 'bl111t111 8... g(•J. 1'11~ 111 ll fllt.rnL lon or t hc sp.n.c:e O {h may be l\11 \11A11ltc fllt.mLlon 

U V~ ~a.. bul ch<> 11\f(lry work 11 b nusc D hM lhe "u.k topology wlth rcspccL to 

•ktill'ltw) b a.ny 8":.1'r> C oí coofllc l c.n~. thc homology 11.(B;C) c1U1 be computcd 

""11\t> bi->-4am ol thf. 11,(11., , 1J,, _1) 0 C. 1'hb ls tn1c slnc:e lM spt"Ctrl\I quuncc /J:1~ • 

'1,.~ (11. , 8~·• C) only 11011-:r.uro for " a p + q = q. i c .. fOf p • 0. Thcruforu Lhlt 011 ly 

tkln U1' ' •tt'l:tlluJ 11o et' e~ E:!.i,-t · >\ll 1hc 01bcr ono ha\'t' 1,0 vnnlsh u11d lu.m e 
11.¡a Cl• 11. E1.d1) 

C'l'l 1•0dd dar loU\f"\ng filtrM1011 E,. • ¡ - 1(0") of 1h~ total .FJlllQC E n11d th corrc-

~Jlt1lhht1tt 1 tul ~l.H'n~ for tht• ílhrot lon 1'hc ílbrnhon ~'CI' e.<Kh n--ccll in (E,., E,, - 1) la 

290 



300 Lor11y- arro pecuaJ Soqucnct! for Qu1t..'fl-Flbrndoll$ 

tm'1aJ. This mcnns thnl t hc complcxes C.(E .. , é.,_ 1) a.nd C. (8.,, JJ .. _1 )@C. ( P') fttt 8.lrno.t 

the same, in dio son110 llhnl llhoir homotogics 001ncldt., 11.(E.,, E,._ 1) • 11. (B,., 8.,_ 1 )~ 
11.(F), which is t:ho B1-torm of the specintl scqutnce of th flh.rn.Lion. Thc E'-1A:"rm 

lS 1hc homology N.(B; N .(F')) . Note that ll1e fin;-t non·u:ro dlfforc.111\n.l w1ll be"' m.., 

d' ' H.(B; 11,,(F)) - 11, _, (B; N,,. , _, (F}). 

lns t.end it. is moro common to hn.\'e a map J · X - )' which is not n flbrntlou but can 

be dec:omposcd in t.o picccs whoro il nctually is. Wc want 10 exumd t.ho Lcrny-~rc spccoa.I 

sequcncc to t.his Clli:IC, rclu.t.lng llhc homology of X ... mh tluu oí )', 

D eflnitlon. A mnp J : X - • Y botwcc.n L"Vi'O spaces is C8lled tt q11Mi-fibrat 1on lf Lhtte it • 

fillrat km Yq of )1 by clm1cd aulJ!lpnccs such that.denotn\g b)• Xq . ¡ - 1(Y,) thccorffl8pondln3 

fihr11.1ion for X, 

1 1he rcst.rict.ion oí f to Xq - Xq-1. J., : X., -X.,-1 - l'., - Yq-1 is o. fibrMion w1tl1 fil>cr 

F.,, for evcry lf· 

'2 For cnch <1. llhorc h; un open ncighborhood U o( Y.,-1 in l'q Lhnt reLrot t.s 1.0 Y.,_., 11uch 

thnt ¡ - 1(U) is u noighborhood of Xq- 1 111 X., thtu. rct rnct.s to Xq- I· 

Beforc going on íurthcr, lut us s&.}' some words on the hypothcsis 011 f T l1e couditlon 

of U being o ncighborhood of Y,,- 1 in l 'q rctrncting to )'q-I Is tcchnlcl\Jly rt.fcrrtd to l)l 

NDR.= 'cíghbourhood Ooforrnution Rctract. lt occurs ''Cf)' of1, 11 , for lnst.tu1 wh 11 l',.1 kl 

a CW-subcomplcx of o CW-complcx Yq (c.g. 8 submamfold, ven slnguhu·, In 3 dHftrc11t1nbk­

mMifold). 

H \\'C (lrc dcnli11g willh CW-complexcs {the fihnllon givc:n by CW-subcomplexCll) Md 

f is cellulnr, t.hon condltion (ii) obovc is satisficd assummg f is propcr: rue n rtlrACtlng 

neighborhood U of Yq- i in Y,1. Wc considcr thc: net&hborhood ¡-1(U) of X,_1 n..nd tW"' 

rctrt\Ct ing neighborhood V e ¡ - 1(U) of X.,_. in X., Thcn sincc f Is propcr, j 11 cl<Med, IO 

there cxist.s U' (in foct, U' e Y - / (X - V)) with U' CU &nd ¡ - 1(U') C V . MorCO\'Cr "'" 

mayas.sume (siucc Xq is n CW-complc:x) thnt U abo rctract..1 10 U . Lcl U : U w ¡o, 1] - U 
be thc: mnp wiLh N{y,0) =y, H(J/,t) = J/ for '111 E fF a.nd H(u, 1) E 'fF for 'JI E U. J::e,.,dy 

we me.y !\ISO l\S9UIT10 thot H (y, t ) E U- Y, _¡ for IU1). ve U- l ', - 1. , E ¡o, lj 

By 1hc fil>rntiou proporLy, wc lift thc rctr.cUon 10 Ji : (J - 1(U) - X,-1) )C [O, l j 

¡ -1(U) - Xq- I with h(:t.O) = :::, nnd Ji{z. I) e 1-1(lfr). Naw tnltc 1t con1muout1 hmctlon 

11 U - fO, I] which iti O in u 1101gl1borhood IV CU' o1 X,-1 fll1d 1 111 ¡ - 1(U - U') Thcn 

K(r. t) = Ji(.z:, u(.1:)1) Is n relrnct t011 of ¡ -•cu> - ~\',_, to ¡ -•cU) - X.,- 1 wliid1 '" ti,,. 
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¡d..(111ty 11" J"'(U1 .. ~ •• ,. Thc.roíorc ll nU\Y be. extended with K(.r,t) = :r. for x E X,1_ ¡. 

•oU- ib rtttwtDl wh111h rctrnctilou form V to Xq - 1 to get & ~ract ion írom ¡ - 1(U) 

i..t~l ·~ 

Th-ontOL. tc1 J X Y be n quru11 -fibmtior1 wrtl1 oll o/ ihc Y,, berng 1-conn ac: ted. Th1m 

¡.,,- •fu11J tAl~q, lhcn t4 a &pcctml aaqucm cc wlioac ftJ tcnn u H . ()''~· ) 'q-1; H.{Fq)) tmd 

'""~ni;r.1 t. ll.(X •• X.-1). 

Uadr1 1bro ;um111to1a wc hnvc 

11.ix,.x,_,¡. 11. (x, ,¡-' (U )) = N. (X, - x,_,,¡-•¡u - l'o-•»· 

h•t ~ ... ha\'t'" 1mnllnr rC:tlul t. whlch wc stnu.· 111 the con1ex1 oí c w .complcxes. 

Thi!Oftltn. W:r / ,.\ - l' be 11 ¡1m¡1tw maJJ bctwtcn C IV-complera oruJ li!t (X, 13) be a pcu'.r 

.,¡ru.,~.pl.ao Lo )~ be 11 fi lt.mtw11 o/ Y b11 CW-subcomplera and /et X,1 = ¡- 1 p~1 }, 

l11 • / 1 ), 8 t.r rhc: 0t1rTrs¡K1 111/my /iltn1t.ior13 o/ X onJ B. upp<Mr. lhat (X,1- X,1. 1, 13,, -

111 tl ... >1 - )~ 1 u o fibm l.i tm (o/ 11 11111r o/ spaccs) u.ilh fikr (F,.,Cq)· The11 for [13.ed 
1. IAm P· • .7 .. .:trm.I lcqticna: w1/l1 B2 • 11,(\111 , Y'i_ 1; lf .(Fq.C.)) and amucrgi119 lo B 

'1.(\,.. '· ""' ª·> 

Th F\ mdamental Group on a Qua i-Fibra tion 

.. ...,n.nJ t('Q\1cnco (M hm.sl In the snnplifil'd \'f!flQOn wr luwc 111.ut.ud it 111 

... rt11." ll • An im1>0rtnnt. l1!:1 11C oí lhc bclu.wiou.r of tht- topology of 1>poccs u11dt1 r 

"'1111 ..1111 Ü 11 "'--. "Am<'h• lhc c111et1tlou rc\nthi: to thc íu11d&m"1llal group. L.c l us dunl wlt.h 
lh111bv 

1'h1;19••• Ld / .\' l" he o t¡\ll~i-f\brn l ion bttw1!'C_n ().con1".'t1.ed SJ>ncc:s, such t.lrnt. Lhc 
Hti"l"lf,, (~«IThc.11 

f. · •1(X) - •1(l') 
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i.:s S\U)tet.ivc. 

Tu sce t his, tnkc 11 loop 7 : [O , 1 ! -· l'. Consid~ " aub-uu4!n'fJJ ¡o, t 1 J t uch t hat 1(f0, 11)) 

ls mdudcd in }'11 - V11 - 1 nud 'Y(l1) E Y, -1 ThlJ allo--s to "'tit.e ")' • 1'• • 'l'2 M n JwttMpo.J1*' 

of11=1ho. r,) nnd 'Yl = 71¡1, ,L)· 

' O'!'' considcr n 11cighborhood U o ( l~-1 in l', th1t.1 rclrMLll l.O Y, _1 1ud1 that rt{U) 

r(!lr'ACtS l.O Xq- 1· Choo11c 801110 E > o with 1'1(!t 1 - E, t1 1l e u. Tlu:m \\ U!k\ tht fibrAIMW\ 

property fo r Xq - X., - 1 -• Y., - Y.,-1 to lifi 1d10,1, - tl to a J>l'lh t i . Wlth thc rct rAtt.IOn , 1ll'r 

ma • jom i 1(t1 -e) wi llh n pohit i11 x,_1 by n pAth 6 m ¡ -1(U). l..et 6 • / od be thc induo:-d 
pe.ch Thc pnlh 6- 1 • 711(11 -c, 1,¡ 18 in U w11h c.nd-pomi. 1n Y, _, 80 h, 111 horuoto¡>k (vía 1hco 

rctf1'Cl'lon) ton pnth o in )fq- L• This mctu'5tlu:H6 • o:::11h1, - ( ,r, J· So wa dec:om¡>O!!P 

Tht' ñrst loop is liftcd LO a po.th '11 • 6 w1Lh cnd·pomt m X,_, 
\\'(' ¡>erform lhc nbovo C0116truction simultancouily m (!\'(!ry 1>0rtlon or .., In Y, f)t'C'IÍ• 

1caJly, SUJ>J>OSC 7([0, ! ]) e Yq. Wrítc.., = 'll . ... . , ,. with ,, - "Yl¡1,. ,,..¡ aacmfylng 1h1111 

eithct 11(lt1 - 1.t1]) e Y.,- 1 Ot 11((t,_ , , t, )) e Y, - }'•-1 Md1'1({r,_1,t, ) ) e Y. - 1 (exccpt for 

poss1bly "ti (O) nud 7,.( 1 )). Lot I C {I , .. ., r) be thc set of indices oí lhoitc "), $/\lh1fylng lit<' 

second condit.ion. 

The mcthod nbovc nllows to chnngc "Y by 'l :::::- 1~ • · • .,; sud1 t hnt 'l! 11 llft.ablc t.o i! 
for 1 e / , and 7Í Is iu Y,1_1 for i r¡_ l . Sincc T, ls mcludcd in Y, _1, for 1 f. l , b)f lnduc:llon 

011 q ""C mn.y suppo11c thnt t hcy nro liftnblc to;-:. lf tht: cnd polnts of 001\llCC\ll h>c f¡' do 1104 

mnccli th n wc use t hut thc fibcrs nrc nrc-wlsc: connt'C1ed 10 jo\11 t.ht'Ul 

TI1creforc t hcrc 111 n loop 'Y .. Ti • · · • T.- sucli lh&t /o i ::: 1 . M rcqulrcd tO hn\'f' 

SUtJCClivh~• OÍ f •. 

Obviously 1.ho co11d itlo11 on 1.hc flbcrs !-... bcing 0-connot-t.cd lf llOOC81tJU')' Juat t.hlnk ol 
thc projcct.ion 

, 51 m ((z, , )Jz'+.' • I} j- 1, Jj 

(z,9) 

wlud1 is n quC\8i-flbruL fo 11 , but nol surjccti\IC in t.h~ fundamentti.l groups 
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O g neracy Loci 

Aa tmpon.a:it pohn of 11. miu.homntlcnl thcory is to hnvc npplia u ions which prove its use­

~ ()vi .ppliclr.t lon touchet thc world of nlgcbrnic gcometl)·. Start wit h n complex 

it4olfllld M ol (complo:) dlmonslon n. This mcnns thnt M i.s CO\-ered by chnrts which nre 

oprn "'ol C'"' ami thc d11u1gc or chnrts nro bi-holomorphi!fDlS. A holomorphic vector bun­

tti. t. - M of rank e ll e com¡>lax vector bundle which Mimit& k>ctttl t:rivinlizutions where 

1~ lJ!UlllU .. funcc5ons lltt holomorphlc (Wo]. 

for hliO licliDnorph1c \'CCltor bundlcs E nud F over /\'/ , of ranks t! Md f respec~ively, Jet 

~ f; F bit-• holomorpl1lc morphlsm. This mcnns thnt 9 is holomorphic aB n section of 

llcM.11lE. F) 'Tb<o r.cltg nf rl\Cy locus of tJi Is thc subsct 

Tbl• 1t. <Olllplicx tubm&nlfold of M but \t is not smooth m general. It, is usunlly su.id 

11\al 0~(9) ._ • dtt(!mlinnnl.nl 8Lruct.urc (ACGHI, whlch forces Dr{4t) 1.0 be singulul' nlong 

º· 11•> 
11\f' •· . to uDdml6nd thc dcigcnorncy loci Is thc íollowing. Cons1 ruct thc grusimuumiun 

bun-llf e Cr(< - r, E) O\'Cf M . Thls COll!fls ts or putling thc gtASSnuuminn Cr(c - r, E,,, ) 

of (r r ) • t.ip.CJes of thc Rbcr E11 ovor cvcry x E M in "difforenliRblc vnrying wny. T hc 

fAl\fltll(a? proJr'nJOn of 1hls Rbrntilon lo M will be dcnotcd by ot. There is n universal bundle 
lt 11\'tir C &\uy pom1 V E G ts nct.uo.lly nn (e - r)·dimcn!ionaJ subspncc V C E,,, for 

1 ... m(") ~ bundlt U h!UI flbcr ovur V e G thc spncc V itscU. Sincc V e E,,.¡v¡, we 

pt LI C ,,. · t; Compoclng t.hls l11ahu1lou wlth thc mnp K"{t;S) : "'.E - n· F we gct. n mnp 

;,. V · T· F ~" b tnro nt ~ polnt V E CH and only lf ~V)= O. This muo.ns tho.t nt. 

t ,,.Wl t 11 -.n {e- r)·dhnu111donnl 11ub6pncc oí Ez in thc kernel of 4J(x) nnd t hcrcforc 

rk(iO(il) S r Soclrnolin.g by Z(l/l,.) e G thc zcro :;ct oí di,., v.-e he"t 

rr( Z(~,)) ~ D. ló). 

1'ohit"J1t111J lM a.ap 11 onc to onu ovor D,.(,P) - Dr- i (~). Wc htwt M obvious fi ltrntio11 of 

P,(~) (ll·••r.. "1 l!aor..c D,.,(~) wlth i ~ O. Ovcr D,._ ,(~) - D~_,_ 1 (9') t.hc fibcr of ~he mup 

,, J¡.,_¡ D, !o)u C<(, - '" - , + 1). So 

rr ' Z(ó,) - D,(ó) 

-~t¡\Wd.-Mw~ 

'Á:b.,:a tJw Jlt'<1íaa ~. of lfom(U. rr• F ) is trtulSvtr.wtl, Z(O..) att srnoot h subvnric~ics of 
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C. so thM 1hoy cnu be consldorcd M o dc~mgul&ntAtton of D .. (9). Mor'OO\'tr dlmC • 

dun. I + 2r(c - r) nnd rnukc(U" S rr · f') .. J (< - r), *> lhlll 1hc dunension oí Z(~) ¡, 

í!n - 2(c - r)(/ - r). lf this 111 nogntlvc lhcn D .. (ó) 16 cmp1y Finll.lly 1 l 

*l = n - (< - r)(/ - r ) 

1 "ott- thl'lt h must. be r· 5 11 1111d r 5 f iimoo 01 henr.·~ •"'t' hl'I\ D .. (41) • M 

Wc pose oursch•cs ll quet1tlio11: whai can besa.id about 1h topology oí thc dr:gencraty 

loa D,(6)7 

6 A Lefschetz Theorem 

L.et .\1 be 11 com1>lcx 11u:i.uifold nud lct E - M be n. nudc e holomor-phic \'f1ClOr bundle For 

n holomorphic scct.iou s of E, lut W = Z (s) be 1hc zcro l'il(.'I oí 11 Th~· l.01>0logy of IV c:n.n lk' 

conuolled undcr 1111 cxLrn u.s11umpLion on E. 

Wt" sny t hn1, JI: is u poslt,lvc vector bundl ¡w c, Plllt' 223JICr, Chnpt.cr OJ if thcn.- cx1hl IUl 

ht'rlllllll\Jl mct.rlc h¡; in thc íihori; or E such lhnt th CUn'BIUre e MSOCinted to thc hcrm1l l1Ut 

C"Onnl'C't1on induccd by uhc holornorphlc sLructurc Mttsfies th.111 ,!=Te i.s t1 po.1t1\'t' 2--fonn 

(.!, /=10 (u, Ju)3) > o ror uny 110 11·?.C.ro u e T,.M n..nd non-te.ro /11 e 6,., wh rt Ju I~ '"" 

\U10t ob1a111cd by rnultiplyius u by 1 111 thc complex SpM:IC TpM QI C" Togo llll.O druúb 
oí 'he dcfinil io 11 oí curvul;urc tmd conscquenccs oí pos:1t1\'1t)' ~ [WeJ. Wht u E 1! of rt111k 1 

Llu.s produces t1 l(iihlor form for M . 

Lcfschct.z t.hcorcm on hy pc rplunc sccLlon.s. Lcl E be a rn11k e pot1hvc ucct.or bundlr 

Ot."Cr' o compact. comvlcx mtm lfoltl M and /et s be o holomorph.tc scclla11 oj E. Lct W • Z(•) 

be lht .:.ero !Id o/ s 11111/ p = 11 - e. f/ thc .fccllon " u lmnstl{'rJ"c IJ1cn IV ho.r donciu1on 2p 

In 01111 m.sc, tJ1c vair (M, W) i.t 11-conncctcd 

Thc rcsul1 is origluully givon in JAFllBoJ We abo lua\~" l..cf6Cl1cll. lhcorem for dr11rn· 

cracy loc1 given in [MP] (scc (Dol for lhc homology \'t'fSX)ll bullt up 011 conaldcr-1\tlcma or 

conn('C1.cd11cs.s of dcgoncrncy locl in IFL)). 

Lefsch ct.z t.hcorcm for dugc ncrncy loci. lc,1 o k a morpliU1m bct1CCc11 U.e holornttrphir 

L'CClor 6und/e.f E cm1l F', aj nmk..f ond f l"UJ~chu- f• 01>ef a ootnpa,t:f compla manifold 

M , .tocia tJ1at 110111(1:.:, F ) ¡,, ¡xwtuJC. /.c.I W • Z(O.) C C • Cr (c - ,., E) and p • " - (e -

r)(j - r). Tlirm (C, W) i.f f}· conna;lcd 
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n.,.. 1...._,m doi-J oot follOWíl fro111 thc prevlous Lcíschct?. theorem, since the positivit:y 

J. t'"'1al(E,fl dck'lf nol 1mpl)• thnl Hom(U,ll' "F ) is po6ili\'1!. A.c1Ually 1he proof of the 

tbn:lt•lf' ta tMPI pt 1hrough t hc w~· o( pro\f\ng tho.t Hom(U. m" F) keeps "pnrt of" t he 

pooih'f11J ol tloa'l(E. f1. unmel)' tho pot1lblvlty nlong t.hc St'Ct ion O.. 

Olll uan ~ thé followlng lnfo rmntiou 011 t hc topoi<>g.l' of D,.(d>), using thc mnp 

11 c ... i1 

T~uu. Ld ó k o morph1.rm bcl.wa1m thc. liolomorph1c ua:tor hundlcs E n11d F over ri 

ftrl'\ptU:I cr.r;¡lo rnonr/old M , auah llUl l Hom(E, F) ._,. posdn:e. Suppose tJrat p( r + k) ~ O , 

¡.,, ,, ,~ · O Lct t • O 1/ p(r + k) > O 011d e = 1 1/ p(r + k) = O. Tlum tlw ¡mfr 

1 \f. 0..tlf>l u tll 1 - c) 4 cor111cclad. 

l"Toof. \\"t' PfV\'l' llu by lnductlou 0 11 k. For k = O 11 as \ 'ef')' casy: if p{r) = O 

• ·1~ IC z °' 11 D O·eoon('(!t,00, i.o., ovury COl\ 11 Clcd compone.mi ore hRS a. t lenst n point. of 

Zt~) .. 1J.r C'Ollnrit"l«i compo11cmil of C nrc in 14 1 corresponde.nce wi1 h t.hose of M 1mci 

Z{ .. } "°*l""rt.t ta!IO Dr(~). thc snmc lrnppmu1 lo (M. D.-(~)). lf p(r) >O t hcn (C, Z(l/I,.)) is 

1 c:c:iMn·1ird TI.t- cvm1nuu1tlvu cilngro.m 

•i(Z(~,)) 

1 
,,¡o, (~)) 

•1(G) 
11 

:r1(M) 
( i ) 

1111ph" J lhr MfVlrl' In lho boLtom row Is n surjeclion . Thcreíorc (M, D,.(1/1)) is n l110 

lctm~l.nf 

\.,w lt\ • turn lO 1hc CANu k > O. Wc mny suppoi5C! lh.ft t M is connccteci from now 

llfl, wu, • f"'lY')' councct, el co111ponc11 L of M i( n<?Cess&ry lf p(r - 1) ;:: O llhcn p(1') ;:: 

I• ' ) • U - r) + l ~ 2, unlcss f! • f • r i11 which cnsc D,.(6) ,.. M ami t hcro i11 not.hlng 

11:1 Ptmt• U fl(f) 2 tlu:u (G,Z.(r/lr)) Is 2-connoot«l Then the top row 111 cii ngrnm (1) 

1t1 iw1 l•l·~ tly 1hc rcaulL in scctlon 11, ~ 1 (Z(6,.)) _,. 1(D .. (q'i)) i!f 1.1 11urjocLion. 

Th1t1 r~l:A tW tbc bottom row l11 ( 1) musl be an boniorphtStll. o t:hc fundomontnl 

aftl\IP" c:ii l. Z(o.). e, M nnd D,. • D .. (Q) nll comcide. Let DO'\\' p : ;;:¡ - M be t ho 
11111 ~ 11"~1,; ~<!plla' /\lso 1l: v" G-Ch1"u111' rsalCO\irnn&.sp&ce, nnd i= rJ- 1(Z), 
D.• , ~•f~ ~ I~ unh•ttiJnl covcrlng llpGCCS oí Z and D repec'li\"cly. Pu11ing bock tdl 

c:i11r ~11 n11tl'Wbea ~ p •ii 8l'C Lh nt LO provo lhl\l (M. D,. (0-)} lJ n-oonnocticd is cquivnlout. to 

pr1.m• lfl,"1 ~ .ii D~c•)) "' n-oom•t.'Olcd . 

l~or C'CIDMdcrai1\o11!'1 lmply l hnt wc can w'Ork on M 10 simplí fy not.ntion, wo 

™' 11\ 1 t11 •111 U. lt, •'D AlM!umo to sLArt with 1hat M lS stmplr-conncclecl rmcl kccp llh 



noc.auons wlthout 1,il<Jc.:s. Uudur thb condulon, lh.ir'("frt.'fC& tJ1 1t'm ln !Ion 1 "">"ª t lnu 

(M . O.) is (2k + 1 - r:)-co1111 ctcd lf "" manAg'I! to pt'O\ 1htu 

11,(M , 0,) •0, r ~ ?J: + l -c 

By L<>f:,ehct;o, 11hoorom (G', Z) l." p(r).conncc100 N~· p(r - k) ;?: O uupli 1ltnt p(r) 

(t' - r)I.· + (f - r )k + k"l ~ 2k + l (o.gtu n 11 t n h1..'1'" e • ror J • r llll'fl D r(9) • M 1md l hf'fl" 

t1 ''°thms 10 pro,ra). So H., (G', Z) • O loi n S V: + 1 

U t llfl str(\tlfy M wit.h i\11 :J Dr :::> 0 ._ 1 :J :::> D •. ~ 1tnd ltt C l>t • lr1tt1fll"d wtlh 

e,_, ... ,..-1(/) , _ ,) lllld Zr- · - Z n Cr- 1 W1th t lns hl)l<ftl!Ot\S 1fl J>lnae, Wt' IUW't' tluu 

~ ft Hbrallon wlt h flbor (Cr(c - r, e), Cr(l' - r, t - r ~ 1)). Li:t r > O. 1' ht' h1 .. .,1 1 h~trtn 1n 

~'°n 3 unpllcs 1.h1tl, Lhorc le t1 :ipcclrnl M.'rqUt'n~ ...,,th E' • JI. (Or ,, D. ,. 1)<-: 11. (Cr (r 

r , <), Gr(c - r,c - r + i )) convorging loE = ll. (C, _,. C, . , _1 UZ, ,) . (WecM l.nlirtl,... 

homology oí 1,J1c gru.ssm tuinlun out of thc 'CO(.'Ric:it!nt grou¡J' ,,1nc1· 11 Is rr~"·) Nuw 1lw J>llli•r 

(Cr(< - r, t~). C r(I' - r, c - r + 1)) lli (21 + l )-conncc1fll.I 13y mduct lon h)'llOl hC"!llll. thr ¡wur 

( ,\/, D, _, ) is (2(k - i) + l - c}-co1111cctcd Thc.rdor~ b)• th<' lo11g t•xncl ~uc11~ nf t hr 1i.u 

11.,(D .. _,, Dr- •- I ) • O íor 11 S (2(k - 1) - c). lit'.'ntt E'¡.,• O for p+ 1¡ S 2(A.·-1) - c+('.h-i l}+ I 

Thi.s 1mplics 1hnt. 11,, (G,._,, Cr- ;- 1 u z , _,) • o ror n ~U-+ 2 - c. 

Thc SJ>e<:trnl 11cc¡ucncc ror t.hc fl ltrMion e :::> e, :::> e,_, J ... ::> c f_, hn.s 

E,~, r+ t = 11,.""r-+-1(G,C. ). 

11:;.r- • ,,,. 11,.,.'l(C ,_,,c,_,_, u Z}, , ~ o. 

M d con\'e rgcs to B = N,.(C , Z). By t hc nb<r.'t: Q»Wd tn.11011.11 E'i.. • O for q r 1tnd 

p+ q :S 2k + 2- c. Looklng f\L Lhc limit , Hn(C , Z) s O flN n :S 2k +. 1 \\'e lllW<' lhnt 11 11\U..•I 

be d1 = 8. : JJ., (C, Gr) - · //,._ 1(C .. ,C,_1 U Z) ftn 150fTMN1Jlu•m. for n _ V: + 2 

c+ l 
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N- tlkl .," 1-v t pc:crt nd M.'(J t1C11ces: E?J • fl1(M , Dr) ® 11,(Gr(e - r, e)) couverg­

" lt> 1!-- 11.,(C.Cr ). And l!i?1 • llJ - 1( D~ , Dr- d ® N1(Cr(c - r, c), pt) convorgi ug to 
11. ¡(C, e~ .1 u Z). _.lk'1't pf Is tho bnsa polnt. Hcrc we htwc ·mo\"'td' l.11e sccond spcctrnl 

'"'' 11,.., 1 10 d.e top IO thnt J • 8. Induces n mnp oí b1deg:K'le {0,0) but.wcen t hc 

• 1t' . " 1111\J) r : Jf;r - · E~ íor C\'Cry Slep . such l hRl r +1 = H {¡r). 

- E. 1111111 b 1\11 lsomorph ism. 

IJ>i•k •• //, él, J.:!1. F'or 1 + j S 2k + 2 - e it is surjoch\-C, mee N,(M , D,.) -

111 1tD. .0. 1) 11& .1Urjl'let l\'t íor J S 2k - c. Also /[¡ is injCCtl\"e ÍOf 1 > 0, j 5: 2k - 1 - é , 

'*' 11,PJ 0..1 - · 111 1(Dr. Dr 1) Is l njcc~ive for J 5 2k - 1 - t . Now leL ua provc ~hnL 

r ,.~, t: "' uomotl>hb:m íor ¡ + j 5 2k + 1 - c. 1 > o a.nd IU1 epi111orphisu1 for 

, + 1 < 1A: •-, ' by 1ndut1lou on ,., We considnr Lhc diagnun 

E; • • l.J ... ,. 
~ E' ,, ~ E, _,._, J_ ,. 

1: ... ., .. . 1:, 1 J;-r- IJ-r 

E.:-.- 1.1 <1• Ji:... IE[i ~ Eo-r-IJ- r 

•~~ 1 •O -... h..\~ E(;1 • 01 110 lt unuJt be d,.- : E[,J - f:;_1J-r thc zoro mnp for 

J 'J}t +'l-c lfr:xr ~t a" II:Qj • 

~·lit' i foo J < l~ .;. 1 - e aud i > O, i rf. r - \ , thc \'Crt1c;al lUTI)'lli: are isomorphisrns, so 

/;/1 il' "'lu•c:•,a&ll:ln or 1 • r - 1 llho rcsult nlso holds usutg lh•l d,. : Eó, - · E~- 1.J- r 
lit lb. •~ro t1lr 1 .+- J • 2k + 1 - l. , i > O, 1:h fi rst vertical MnJ9o· is rm cpimorphisni , t l•c 

•111ul lVI>! 1.la;.nl .,<r MIOtnOI JJhlr1 11111, 80 /&+1 is nn h10111orph ism Fuutlly fo r i + j = 2k+2 - f: , 

/ ;1 1ii lm •p• '°' um e.nd g +,.- l ,J- r l11 lll• i1101norphism , h na: /,';1 11 ru1 cpi111orphis111 . 

-.i E litl\.gt' , IG'J : l~uJ - · •01 • O Is 1U1 ilomorphwn for j S 2k + 1 - e . 

f h¡,. rt1r1~ ·' ~ E.f1 • ~1 • ll1(M , O,) • O íor J S 'lk + 1 - t. as des:ired . O 

IAC'CU' l."'1.LO, E.. OllNAt.UA , M., CRffflTll • P.A A~D H AR.IHS, J ., Gooniotry 
11Jf .&.iu C'Ur, 'CI, Cnmdluhnrn dnr MruhcmM~n \\'1SSC:nschníto11 , Vol. 267, 

pr rr-: a~. Ncw York , 1985. 

IMI " l m . A ANO l;-HAt:NK tjl. , T ., Tlic kfsthcc.a 11tiocittn1 0 11 hy pDrp/nuo soc-
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