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Aus rnAC'T :'l ln1ro1ds wcn.' intruduccd by Whltnéy in 1935 to try to capture ubst.ructly 

tlw l'l>llt'nct' o í dcpcndcncc. Whibncy's dcfiniLion cmbrnccs a suq>rising divci·sit.v o r 

r.0111b111ntonftl :.1ruct urcs. Morcovc1·, maLroids 11risc natunill.\' in combinatoriul opLi· 

mfantion !llllC't' 1hey nrc prccisel.v uhc strucbures for which thc greed.v algorit hm works. 

Thl!! Slltvl'_\ ~¡x:r introdm;cs mnbroid cheory. prcsents some oí thc nmin t.hcorcms in 

tlic 1mbJl'CI. nnd 1dcntifics ~onw of thc mnjor proble111s of currcnt rcscarch intcrest. 

Introduction 

1'his survey of 111a1roid 1heory will assurne only that t he render is familiar with the basic 

1·011ccplo!i of lilll't\r algebro. Sourn kuowleclge of graph t hcory ami ficld t hcory would ulso 

IJ!' h<llpful but is not cssential since Vhe conccpts nceded will be re\' iewed whc u t hey ar<· 
mt roducecl. Thc munc ""mntroid" suggests n s truct.u re re la ted to o matrix nrn!, iuderd. 

111u!rolds wcre mtroduce<l by Whitney [511 in l935 to p rovide a unify in~ nbst.rnct, t,reatmcut, 

of d1•pc11dc11ce in lincnr algcbru aud graph thcory. S incc rhcn , it hru; becu rccogni:1.cd 1.lmt 

mnl 1'01d!l t1risc unturnlly in combiuutoria l optimi:t.nt.iou nnd cau be uscd ns n frnmcwork fer 

11p1ironch111g n dh"<'rsc vnricty of combimi.t.orinl prnblems. This survcy is far from complete 

nud n w ll'W!-. ouly rer1nm aspccts of the subject. Two o ther ensil~· ncccssib!C' survcys hnve 

bt•1111 wri1h'11 b~· \\'cbh j•l8] nnd Wilsou [53! . T he rende r scekiug n furthcr int.rod uction t.o 
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180 Wlmt. isn Mnrroid? 

malroids is reforred t.o these papers orto the author's book (29J. F'requeut rcfcrcncc will be 
madc to 1he la1.t.cr throughout the paperas it cont ai ns most of the proofs that are omittt.>d 

he re. 

Th is paper is structured as fol\ows . In Section 2, W hitney's dcfini tion of a mntro1d 

is gi ven, some basic classes of examples of matroids are iutroduced , nnd somc importnuc 

qucstions are identified . In Scction 3. somc- alt ernative ways of defiuing matroids 1u·c gwen 

along witb some basic constructions for matroids. Sorne of t.he iooh; are introduct.'<l for 

nuswering the questions mised in Section 2 and the first of these o.nswers is givc11 . Sec1io11 •I 

indicares why matroids play a fundamental role in combinatoria] optimizutiou by ptO\'ing 

tlmt tlw.v nn' precisely !.he struct.nres for which the greedy algori1hm works. 111 Sec11011 fi. 

the answers to most, of t he questions posed in Sectiou 2 a.re given. Sorne uren..-; of cun cm lv 

activf' research flre disc1 1ss~d nnd sorne major unsolvcd problents 1lre described. S1•c1iou 6 
provides a brief s um1 1iary of sai ne parts of matroi<l thc>ory that were oznit.Lcd fro1n r he ~·nrlwr 

:;1•rt.io11s of thls paper aloug with sorne guidance t.o the liternt.m c. 

2 The D efinit ion and Sorne Examples 

111 rh is sectlon. mat,roids wil! be rlefined. some basic classes of examplcs will be g1,·e11 . 1md 

sorne fundame11t al questions will be ident ified . 

Example 2 .1. Consider the matrix 

1 2 3 4 5 6 

A= [ ~ ! ~ 1 : : ~] 
Ll't E bl:' t he set { 1, 2. 3, <!, 5, (i , 7} of colun111 labcls of A nncl lct I be thc collectio11 of subSl!t ~ 

I of E for which t.he u111 lt.iset of colm1111s lnbellcd by I b linearly i11depc11dc111 on ·r thl' re11l 

nmnbers IR. Theu I consists of nll snbsets of E - { 7} wi th nt most t hree clc111cnt.s cxccpt for 

{l. 2.:1} . { 2, :J, 5 }, {2. 3, 6}, aud a 11y subset conr ni ning {5, 6~ . Tlw priir (E'. I) is fl p11r1ic11IDr 

cxn111plc- o í 11 mntroid . The set. E und thc mcmbcrs oí I are 1 he grmmd .~ !!I a11d rud~¡icmh·ul 

sef,\· o f 1!1is 11111troid. 

~ow rousider sorne of 111](' propr'rtics of thc set I Clcarly 

( 11) I ,,. 11•m·n111•l11. 

111 udrlit11111 . I i~ !u•n•di1ur,\': 
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(l l ) f;l'try .1ub.1d o/ t>t·ery member o/I 1~ a/110 m I. 

\lnrt' lllKtuficauth·.1 ~tisfics tlil' follow ing nugmcntotion conditioll" 

(13) // .\ cmd ) an rn I anti IXl = WI + l . ther1 lh i:re is 1m elcmenr .r m X - }/ .rnd1 111111 

\ J(J") I• 111 l 

\\'h1t1w)· .. ¡>ap1'r ¡sq. ·•Q u tl1c ubstrnct propcrt it'S of lincnr dcpcndcnce.,. uscd coudi-

11011, (11)· (13) 10 tr~· to captu rt' nbstrnctly 1hc csscncc of dcpcndcncC' A 111<1lrv1rl M i¡; 11 

lllllr (f.' l) co11._1,1111g of n fi uit<' St' t E 1rnd 1\ collcctiou of subset-. of E satisfying (11 )- (13) . 

Tlll" 111u11t -uuuroid"" hru. 110 1 nlwn.vs bec u uui,·cri.nlly achnired lnd('(>(I. Cia11 -Cmlo 
Hntn, whOM· man~· 1111pon a111 co11tributio11s to 111 at roid thcory i11clud1' roauthorsl1ip of tl1e 

hr't !IOflk 011 tlw 'UbJ('('I {ij. mouutcd 11 cntu pnign to tr.\' to d 1augt- 1he tUlme to .. g(·o111et r.\'·· 

1111 11hh11·n1111et11 of ·rombml\lori11l gro111ctry'" At tl lC' height of tJii, cnmpaign i11 197:\. ]i(• 

\\wt• lli ~·\Tlftl otlwr tC'rtu~ hfWt' het•11 11sccl iu plan· of At'omt>tn. iff tl11· ' 11n·ess1\'1· 

d1,crn•·11·1~ of 1Jw 1m11011: -.1vh~ 11 r111lr. t li L'~1 · rnuge froru tlit.> pathl·t1r h.1 il1l ¡!.lOlt'Sqm·. T lw 

0111\ .,UJ\1\·11111. 0111• 1:-. matroid". still ust·d iu potkc1 ~ of fht• 1rndu1011-ho1111d Bri tish Com~ 

111011"'1·111111 T0«ln\·. l\huru.1 thirty ycars si ncc those words wert:' wrt1te11. botli "g.C'ometr.\·" 
nml mnlru11l Mj' -.111\ 111 use nltl1ougli ··111ot roid' ' Ct'rl ai 1i ty predotni nnt c:-. 

\\'lm! ~ 11~ 111·x1 uumbcr iu thc scque11cc l .2. 4.S .. . '! T he nex1 cxsu nplc suggc!'I~ one 

\\'11\ 10 nuw.1·t 1h1.. .. and R second way will be giveu later 

Ex11111ple 2.2 . lf E=~- thC't1 1here is ex11ctly oue nrn t roid on E. namely tlie onc lw\'illg 

l fil) Ir f.' - {l}. 1lw11 thcrc l\!'l' <'Xflctly two 111ntroids 011 E. onc having I = {0} 
nml 1111' otlwr hn'm~ I = (0.( Jl} . [ f B = ( l. 2}. rherl' are exaclly five 1111.l!roids 011 
f.' 1lwu rnll1't"lto11., oí mdl'pcndC'111 sets bcing (0). {0.{1}}. {0.{2}}. {O.{ l }.{2}}, n11d 

(11, ( 11. (2f, ( 1 2}l But thc SC'cond nml t.hird mntroids. 1\ / 2 and ,\/3 . Juwe exactly thc sm11e 

slrnr!urt' ;\IOJt' fnrmAll\", !hCrC is f\ biject,ion from the grOUlld Set OÍ .\/2 10 tbC ground Set of 

.\I ¡ ~ 11d1 tl1111 .1 '°('f 1, 111tll•11e1nlcut iu thc firs! 11 m! roid if u11d only 1f 11~ i11uigc is imkpt udcnl 

m 1111' ~n1ml 111.11ro1d urh ml\lroids flrc called 1so11w171f11c. n11d W<' wrile ,\/2 ~ i\/:1. Si ucc 

11111 uf rlw hh· m.11ro1d' 011 11 2-cll' rucu! se! are isomorphic. we SC<' that tbcrc ore cxactly 
ln111 111111 1 .... 1111nrpl11r 111A1r01d~ on such n sel \ \ 'e !cnv<' lt to the rcftdcr to show tha1 1here 
011 1· 1'\1u 11\ 1·11d11 1io11-1"()111orpl11c 111111roids 011 a 3-clemcm set So how 11u1.11y 11011-isornorphie 

111 11 t111ul~ ari· llK·rr ou a 1-elcment set? This qucstio11 will be tcmporarih· lcft to thl' curiou!'i 
11·0ul1•1 nhhuu1th lltt 1u1o;w·<•r will be i:¡ ivcu u! 1hc cml of 1l11t. !>C'Ction 

l~xnm plc 2.3. L 1 F ht' nu 11·dt•1ue111 ~e t uml. for nu mtegC'r ,. w11h O S r S 11 , lct I be 
tl1" rnll1"<t1n11 of ''11"'(·1' of F \\' 11\J nt 11\0);I 1· l'le111c111:<. Tht'111t ¡_... f'n.:-.y 10 \'Crify tlmt (/~,I) 
1' 11 11111! rn11I h ~ rallrd 1 lw uri1/01w 11111t,.011/ Ur.,. Thc 1 hrec mn1roids 011 n set oí sizc ni 
1111"' ' inu· '"'" l'<nlllr>tJ>lnc- 10Uuo.Uo 1. 11ud U1 1. 
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\ \ 'e have yet to verify that matrices do indecd givc rise to matroids. \Ve begau with n 

matrix º'·er R. But. we conkl havc vicwcd A as a matrix º''er C and we would havc olnaiut'd 

exacliy the same mal.raid. l ndeed, A yields the same mat roid wheu viewed over any fiC'l<l 

Tlns is beca use. as is ensily checked, a ll square submatrices of A lmvc t hcir detcrmiuant.'i 

in {O. 1. - 1} so such a subdeterminant is zero over one field if and only if it is zcro O\'fr 

every field. \11./e shall say more about this propert~· iu Section 5. In rhis pnpcr. WC' !>hall lx• 
imeres1ed pan icularly \11 finite fields although we sha.11 noo<l \'Cry few of tbc1r pro¡>t>rtJl':'i 

Recall tlmt. far every prime 11umber p ancl every positivc integer k, there is u uniquc füu1r 

field GF(p") having exactly pk elements. and every finite field is of this fonn. Whcn k = 1 

these fields are relut,ivcly familiar: we cun view GF(p) as tite set {O, l ... . JI - 1) w11h lhl" 

operatious of addit.io11 and multiplica.tion 111odulo p. \Vl1e11 k > l . the strucl ure of GF(¡/) 
is more complcx ami is 11ot t hc sume us that of the set oí integers modulo ¡¡4 . \\'e i.Jrnll 
specify t hC' precise s truct.me of G F ( •I) in Sect iou 5 wheu t he mnt roitls arisiu • from 1111\I nC't.., 

over thnt ficld urc chmacterizcd. 

Theor e m 2.4. /,d ¡\ be 11 uwtrix oue1· 11 field F . /,,,f E bt tlw set of 1·0/1111111 fo/x/., 11/ 1 

a111l I b1 thr cullect.um uf .rnb.~cl.s I uf E fur wlnch /111,. multu;et uf 1·0/1111m:. ltibclktl by I '' 

lme"rly mtfo¡¡enrle.nt. OVt!r !F. The11 (E.I) is a matro1d. 

Proof. Certaiulr I so.Lisfie8 (11) a nd (12) . To verif:y that (13) holds, let ){ aJl(I )' Ue hm.'nrl\' 

iudcpeudent subscts of E s uch t hat IX I = WI + l. Let W be thc vector spacc :.pnnnc<l 11\' 

X U } '. Then dim W , t he diine11sion of \\' ,is 1H least IXI. Supposc tlmt )' U {.i: ) i:. hncnrly 

dependeut for all ;¡; in X - Y. Then W is co11tainecl in the spnn of Y, so lt' hru; dimcnsion 

at lllOSt w1. Thus IXI :s dim w :s IYI; a contradiction. \Ve conclude that X - )' COUHÜll~ 
an elemeut .r. such that Y U {x} is linenrly independent, that, is, ( 13) holds. O 

The mat.roid obta.ined from thc matrix A ns in the \ast 1 heorem wi\1 he 1lcnotrd hy 

i\/[A]. This mnt.roid is called t.hc vector malmul of A. A matroid /l./ 1hn1 i:. bo111orpl11r 

to Mj..t] for so11Je nmt.rix ¡\ ovcr a ficld F is c1illcd f' -rl:prcscutubfr, 1111d /\ is r11ll1'll n11 ,.. 

represe11flltio11 of M . Jt. is natural to ask how well Whitney·s nx10111s succt.'C<I in obs1mc1111K 

li11em independence. More prccisely: 

Question 2.5. /.s eve.r·y matroid l"f!pn!se11tr1ble ouer .some ficld '? 

;.;rol e\·er.v rnntroid is representable ovcr e.,ery fil'ltl f\S 1 hl' 11cxt propositiou w11l show 

~ lntroids reprcscutnbll' over t.he fields GF(2) ami GF(3) ni<· cnlJC'cl bmmy nud ftrnmv. 

rt>:'pcctivc l.\·. 

Proposit ion 2.6. Tlu· malmid U·.u 1.~ rwt b11111ry lmt '' 1111/fffl/ 

Proof. Suppo:w tlm1 U2. 1 is n ·pn•spnt<•d U\'l't :.01111· lwlrl !"'In .1 1u:1111x 1\ Tlwu. '111' ' ' tll" 
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lnrgcill lndcpcndent set in U2.•1 hns tlwo elements, the cw/mm1 space of A. t he vector spuce 

ll!ll!Hnr<l by its c:olunms. hns dimension 2. A 2-dimensionu! vector s pncc over GF(2) hos 

rxnorly four mcmbcrs . threc of which nre non-zero. Thus. if F = GF(2). t hen A does 1101. 

hnvc four dlsLinct 11011-zero columns so A hus u set of two colum ns that is lincnrly depcndcnt. 

nud ohurcfor u A does not rcprescnt U2 .. 1 over GF(2). Thus U2 .. 1 is no1 binury. The mutrb: 

[ /,~l ~ 1 J rcprcscnts U2.~ over GP{3) s ince every two col11n111s of this m11trb: are li11enrly 

1ud111it' lldu11l llcncc U 2..i is tcrnury O 

In líght oí this p roposition , we have tihe following: 

Q11ci1tlo11 2.7. Ufl11 cf1 11wl m 1ds are repre8e11tr1ble our. r eue1·y fi eld'! 

Once wl' focu:. nn c111io11 ou specific fi elds , u m1111ber of que!<lions nrisc. Fo r ex11mplP: 

Quustiion 2.8. Wl11 cf1 mal rtmls fl1 'C /11'.nury? 

QuuNLion 2.!). U'l11 rh 11rn f r Y.11 d.~ urn tenw1y ? 

1\ll of Ques11on.!- 2.5. 2. 7. 2.8 . nud 2.8 will Ue unswercd lu1e r in t lu.> puper . As 1l lri111 

uf wlmt i11 to come. wc not.c t hn \, 11 conscque11 ce of t1hese ttns wers is rhnt n mnt.roid is repre­

~t· 111 n l ) I (' ovor ..-~ry ficld if nnd on ly if it is l~o th bi 11nry and tcnmry. 

Fi g:m e l: Thc g:rnph G. 

lt \l'll..' 1101nl t'1trher 1 hnt grnph t.hcory pl11ycd 1111 illlpOrtnu! role i11 111ot.iv11t.i11¡!, Whit­
tw \·':. fo1111tlmg P."l)('t i11 111n1roid 1•lwory 1111d we s l1ow 11f'x1 l1ow 111n1roid:. nrise íro111 i:;rnp l1s. 
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Consider the graph G wit.h 4 verLices nnd 7 edges shown iu Figure 1 Lct E be the erdg~ 

sel of C. that is, { 1, 2. 3 , •I, 5, G, 7}, aud let I be the collection of subset s of E thut do 1101 

contain all of the cdgcs of any s imple closed path or cycle of C . Tlw cycles of C luwe cd¡f' 
sets {i}.{5.6}, (1.2,4},{2.3 , 5},{2,3. 6}.{1.3. ·1. 5}, and iJ,3. -l.6 }. 11is 11ot d1fficuh 10 

check that I coiucldes wit.h t.he set of liuearly mde¡>eudem sets of coluruns of 1he mntnx 

A in Examplc 2.1. Thus t.l1is pnir (E.I) is a matroid. As we sl1 all show bclow, we grl A 

matroid on the edge set of every gruph C by deñning I as above. Th is umt roid is culled tlw 

cycle matrord of t.he graph G and is dcnotcd by M (G). t\ matroid that is isomorpluc to thf' 

cyclt• ma.troid of some graph is cal\ed grapl11c. lt is nntu rnl to ask: 

Questio n 2.10. Wh ic:h 11111/.roirü cu-e 9ropf11c'? 

\\'e s hnll s how llf'xt t.ha1. cvcr.v graphic macroid is hinary This p1oof will nbo ~how thnt 

CYCry grnphic 111a1roid is actua \ly a nu:itroid . lt will U!>(' the \'Crtex-cdgc i11cidr11ct' rnntrix oí 

n ~rnph For thc gni ph G iu Figure L tlus nmt r ix tic 1~ 

1 

"[' ¡, 1 

' o 
d o 

3 ' 6 

, ~ H
0

] 
1 o 1 1 

1 1 

\\°e obscrw thnt the rows of Ac are indexcd by thc \'Crtices (l.b.c, a ud d of C: !h(' col mnn~ 

or<' iudcxcd by thc cdges of G; the column corrcsponding to the loop 7 is nll z('ros: und, fm 

ali othcr c<lges. the corrcspoud ing co\urnu is 1 if thc cdg<' mcets thc \'Crtcx a nd O otht·rwiM• 

T heor e m 2. 11. let G be u graph rmd Ac be rts ve1·tez:-edge 111c1dcnce 11111tru:. 1Yfur1 Aa 

1s L•1ewal oue1· GF'(2), 1ts vcctm· 111alroul M[Ac] has'" 11.s 1ndeper1de11I set.s ali ..,u/.isd.t o/ 

E (G) tfiat tlu not conf.ain thc edges af a cycle. Tlms .\l(Ac;] = ,\l (G) a r1 d Cl'f'1/ gm¡1/111 

11111/mlf/ 1.~ /1111111·11 

Prw/. lt sufficci; to preve t hat a set X oí col umus of Ac is lmt>nrly dcpc11dc111 1f ami onh 

if X coutaius thf' sC' t of t>dges of a cyclc of C. A:-. ... 11111t' 1ha1 X coutams tht' C'dR<' M'I of~mw 

e.ve\<' C. [f C is n loop , 1.hc11 1 lit' corrcspo11di11g columu i,. 1111' 7A'ro Vl'<:tor . ..o X 1:-. hrn•mh 

dtpcndC'UI. \\' ]l('ll (' is ILOt 11 [oop. cach \"('rtcx thnl I"< UU'I \i\· C i~ 111('1 h.\' C'X ll rll~· IWO 

('d~1·,, of (' Tl111s !fw Sl llll. modulo 2. OÍ tht' col11 111l1 "< OÍ('¡., !lit' 1.l'fO W'(tOr JI C'11tt• ,\ I~ 

11111·111 ly d1·p1·mll'11r . C'o11verst>l.v. s11ppose thnt X 1~ a lrnt•ark 1lí'¡>t>111IC'11! :-t•r of co\111 1111" Tnkr 

a .. ui.,,,•t /) of .\' thn1 is mi11imnl wit h tlw propl'rt\· of ht·111~ luwmlv d1·pl'mlc111. 1hn1 1~. /) 

1,, luwarl.\· dq)('11dt•11t lmt ali of j1,., pl'Op <' l :<Hh:-.el~ nn· 11111·.nh' 111il••p1·11d1·111 lf /) 11111111111., •I 

;( ('ro t·ol11 11111. 1!1t•11 /) co1 1t11i11:. !lit• ,,.1~1 · st•t t•Í 11 loop . \ ,.,uuw 1h111 /J 1ln1 ... 1ml ('1>1 1111111 H 14•1• 1 

1·0] 1111111 . \'011· CV(2) hm• l ns its 011ly 11 0 11-zi•ro 1•11 11 \· .\ .. /J b ,1 1111u111111I l11wa1l\' d1·pi·rnll•11! 
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.1, lht•tmm. modulo 2. of thl' colu11111s i11 IJ is thc zcro vector. Tl1is mea.ns tha1 cvery VC'rtcx 

lhnt mt't'h au edgt• of G 1s mct l>y nt \east two such e<lges. h follows 1hat D coutnins thc 

i1IAMI of n cvclt> To~ 1hi:s. rnkc un cdgt" c/1 of D nml let ''º nnd l'¡ be the vertices mct 
h\ 1¡1 ('lt·Rrl' 11 1:- mt'l by flllOt her cdgc d2 of D . L('t l':t be tht' other end-vcrtcx of d2 . 111 

1h~· "'11\, w1• tkfiur A -.('(¡urue<> d1, tl2 . .. of rdgcs of D nml n o;cc1ue11C'f' l'Q. 111. . of vcrt ices. 

Uni\11'14 1h1• Rtoph ... füutc. 1•,·c111unlly onc of tlie \'e1L1cc:s 1· 111 thc ~"'Qucnrc must rcpcnL 

\\'lwu 1h1• hl"I occ1u'\I, a cyclt• 111 D hns bccu fouml thnt :-.tnrt .. nud cnd" fll 1•. O 

\\1• 11011·fl 1·1uhn thtu tlw number of uo11-iso11101 phic matroicb on nu 11-clcrnc11t s1.·I 
lwh.1n·, hk1· tl11 ...-qm•ntt' 2" for :-.11111\1 v11l11c~ of 11. A-. Tnble 1 :-.how:.. lhl' M>quc11ce 211 

111 r,1,t, r\1·11 ln11J:,t r wl11•11 count i11g uon-isomorphic hinury mlll roid" 011 1rn 11-elc1ucu1 :sC'I . 

~11rh of 1lw mntro1d .. 01111 3-clrmc11t set is gmphic 1111d thc render¡., cnoournged to fi ud 8 
1:111pho¡ 1•nrh w1th 3 ('{IJ,;t~ !>UCh 1hnt tlic tl1>:lociuted cydc 111utro1ds are 11011-iMlmorphir. Wc 

111111- l11•n• tha1 11on·1"!:1111orphir g1npl1s cu1 1 l1nvc iso111orphir cycle 111ntro1d:.. For i11st anre. 
1111• nrl,. 11mtrotd of an\ Affl)>h 1-. uucl1tt11g1'd by uddiuA fl rollrc11011oí1"<llflted ,·pr11<·e!>. !lint 

1 \t•r11r1.., 1h.11 11w1·1 110 t'<IA<':o. ~lorP sigaificnut ly. tlw :i-\'l'rtt'X gmph lmnug h :-;mglc loop 

UU"l'llll¡t 1•11d1 , ... r1,·x hn:. !lll' sn111t' cvtlc 11ll1troid us tlic :smg]('-\'C'rlC'X ~rnph luwmg tli r<'•' loop:-. 

m1•dm11. tht• onh \l'rlt•x In gcucrnl. \f 11 1:1rnph G hns co1111ec1ed com¡>onent:s G 1. G2 ..... Gk 
tunl I'. 1" 11 \1'tl1X oí e, for ni\'· theu thc grnph thnt is obtalllttd In· idcutifvmg 1111 of tllC' 

\l'llH1·~ 11 h11 .. ~ ll1t· ""me cycl(' lllllll'Oid US G SiHC(' thc 1de11tificatlOll:i .!>pecified do llOf nlt t•r 

1!11• NIAr "('t:-. t>Í auy ryclrs lu n pupcr t lmt preceded nud doubtlcss mOll\'fit l·d tiis ¡mpcr 

1111rnclunHR matro1d!._ \\'hlln('y {50] dctcr111i11cd prccis('\y when 1wo grnph:s hnw~ isomorphic 
1 nh• mntrnLcL .. (..,.'t" al"<l 129. Theorcm 5.3. l ]). 

\11 lli of tlw- hmnry mntroid¡; 011 n •l-clrmcnt :set nre grnphic. The one non-biunry 

1u111ioul m1 l'I l·<'lr111c111 -.et is thc onc tlu\t wc hnvc nlrcndy 1101cd. U2 4. 

tm\1roids li21 
hmnry llll'ltro1d!l 312 

lnbl1• 1 :'\111111.,...... nf 11011-i~tnorphic 111ntroids nud 11011-isomorphic binnry mnl roids 011 ::m 
'''''t'llH'lll ... ·f 

l11 .. p1h· uf 1t f'uk 'lllllhu ity to 2". thc m11nbe1 f(n) of 11011-i..;omorphir mnt roids 011 
.11111 1•l1•11wut ... i b. ha\~ umcl1 mor1· Hke 22 ". ludcccl. h)• J{'!;Ults of Piff j33J nud l\1111tli [19], 

tlll't•' nu• t·nu.•l,\llh r 1 nnd r 2 nml 1111 irit.C'gtr /\' surh t hn1. for nll 11 ~ .\' 
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Let b(11) be t.he m1mber oí non-isomorphic binary matroids on 011 11-e\emeut ¡,et Oiw 
cnn ob1run R crude upper bound on b(11 ) by 1101ing thst evcry n-elernc nt bina.ry 111nt ro1d can 
be represent e<! by an 11 x n mntrix in which every entry is 111 {O, 1 }. Thus b(u) $ 2" 1 Q11 

comb111111g 1his wit.h t.hc lowcr bouud 011 / (n). wc deduce tha1 mo:;t mntroids ore non-bmnry 

that Ü>. limn-oc ~ = O. 

For funct ions 9 nllCI h <lcfi ncd 011 the set of J)O!ii tivc integers, 9 is asymptotlc to 11. wm1t 11 
y - 11, if lim.,_ oc y/h = l. Let. { k )2 be tite number of k-dimensionnl v<'ctor :;pnt('<. of iu1 

n-dimensionat vec!or spacc over GF(2 ). E\·ident ly [0J2 = 1 nnd it is 1101. difficult to .. )uw. 
by counting lincnrly ind epemleut sets (see. for exnmplE'. 129, Proposit ion 6.1..J]) thnt , for 1111 

k ;?' l. 

["] = (2" -1)(2"-I - 1). (2"-'- 1 - 1) 
k ' (2'- 1)(2•-•- 1). (2- 1) 

In 1971. Welsh [47] rni:sed t.he problcm of finding thc asympt otic be hn,1 iour of b(ri ). A 

r('(.'C'nt pnpn of \\l ild [52) cl11im s to sol ve Wel:sh ·s problem bv provmg 1 lw fnllowin~ ! ht'OMU 

Curiouslv. tht.> fu-y t11p!otic bch11viour of b(11) dc pends 11¡>011 thr pori1 v of 11 

Theore m 2.12. Tlw m1111bcr b(n) of 110"-1s1m1orpl11c bmary motro1ds 011 1m 11-~ l1 rf1111/ .•rl 

.\/oreon:r. r/ 0(11) = 2" 1 / ~ - u 10111 11 +" lu~~r-(l/2 l1 "9~" for ali posllfl!t' mle9ers u, thr11 tlrtn: tm 

cunst1111 t.s d1 mu/ d2 .rnch tltnt 

b(2n + \) - d¡{J(2n + 1) a11d b(2n) - di ¡J(2u). 

Rou11ded to 6 dec mrnl plr1ces, d 1 = 2.9409 2 011d d2 = 2 9-10990. 

\\'i ld i;f'nl n corrcct.iou !o thc argnment in his pn¡>er 10 Mot11e1rwt1rol lir1111"'·'"1111d 1111 ~ 

nppears in the rcvicw of t.lic po.pe r. M R 200li:94077 W l23J hns fo u11d n diffon•111 nro1 

111 \\'i ld's nq_.,'1.1rnc11t. 1111<l it is uo t clcar how 1his should bt> rorrectNI . Ncw•nht'lt·~ . 11 '' 

hclicv(.'(J 1lm1 Wild's 11sscrt.io11 is corrcct. Fi nnlly, 11 ¡., worth notmg, fo r th<' r<'nd<'r fnm1l111r 

w11h c-0diu¡; 1!1eorv, t lmt /1(11 ) 1·q11nls thr numbrr of inl'f1111'tllcnt b111nr~· l11war cod<',.. Qf t(·nRlh 

11. wh<'r<' two .. ud1rod<'s1u·e 1•r¡u11111 lt11 t if thcy d1ffor onh m 1h<' ord<'r of tht• s~·mbol" 

3 C ircuits, Bases, Dual , a nd M inors 

111 1111 .. :-t'<'l lOll. \\''' c'O!ll' idt•r nltt·rn11t1\T Wll\l'o lo dd11 11' lllRl1 011J .. IOP,C'lh<'t w1 1l1 "4J llH ' l,;L ... lí 

ro11~1rucl1m 1 i- for rnntroids. \\ '!' nli-o 111tro d11ce .,mm· toul.., fm nu ... wr1111 p, tlw q1n ... t1m1 .., fr11m 
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thl· 1 11.~ t !l('(' tlOll nnd gl \ 'C thrcc nnswers to Questiou 2.8. A set in n m airoid thnt. is 1101 

int.lt·pt nfll'nl 1!! c:nlk-tl dfpt;.11dc11 t . The heredila.ry prnperty, (12) , meru\s 1he 1 a ma t.roid is 

mmiud)' dNcrn1111t'<I by 1ts coll~I ion of maxi mal indcpendc nl sels. which a re cnlled base.~. 

PI lw 1 1 ~ roltcct 1011 oí minimnl dcpcudent !let.s , which nre callee! c1rc111ts. lndeed , t he cycle 

mt1uoid ,\/{G) oí a gmph C is pcrhaps most nnturnll.Y defincd in tc rms of i1.:. ci rc uit s, whi ch 

nt<' prt'(· 1~· l .\ tht• 1-dJtc' !ot'h oí thc c:ydes of C. 

lh \L:l lll~ ( 11 ) (13) . 11 is 110 1 d iffi cul! t.o show thnt t he collcction e oí circuits of n 

umlnml M hll!t lht• following 1hrC't' p rnpcrt.ics: 

l) TJ,,. rmptg •ti t 1101 m C. 

2) No mr mlw1 o/ e IS (1 11''011C,. subsd of rm olhf'I' me111 be1· o/ e 
3) lfC 'i 1111dC:t ort 1hstm C"t mw1ber.~ o/C 1m d " E C'i n C'2. the11 (C1 UC2)- {t } cm1 /w. 11 .~ 

11 mrmbn 11/C 

flw"' ' 1h r"' co11d1t1011:- du1rnrtt'l'l"l.C 1111· colkction:- of :-<" t !' tl int can be 1!11? n rr u it ~ uf 11 
111ut ro1d \ lo r~· formnlh 

Thoorcrn 3. t. lt.t .\f be a m at rrml and C be its collectw n o/ c1rcu1t.s. Tll cn C .rntisfi es 

{ 1) ( 3} Conttr rly. ,•·up¡wse C 1s th e colleclw 11 of s ubset~ o/ a finr te set E 1ml.1sft1m!J 
( 1) ( 3) 1md la I be those su b.~e ts of E tlwt co11/u111 no mcmber o/ C. Th e11 (E,I) 1s a 

111 11/ m11J /11w1119C a,., 11., rollcrtian o/ czrcwils. 

W1• lcn\'t' thc prooí oí tlus resul t to !.he reader not ing t hat it rna:-.· be fo nnd in (29 , 

Tli1'0n•111 1 1 ·11 TIK" IH.'Xt resuh chnrnct.erizes mf\t.roids in t enns of their collect ions of bnses. 

h it proof mny bt· found in f29 , Thcorem 1.2.3]. 

Thcort•m 3.2. l.cl 6 ben set o/ s11bsets aj a fin1t e set E. Titen 6 1s tl1e collcct1011 uf lmses 
uf u m11irmd 011 E 1/ nnd only 1/ B .rn/. i.~fi e 11 !he followmg cond1tion.s: 

(IJI ) U 1 .~ mm·rmplJI. 

( IJ2 ) f/IJ , 1111d81 ottmt111bers o/ B 1md.i: E /31- 8 2. titen t11cre i.s 011 elemcnl y o/ Eh - 111 
~ 11d1 llud t U1 - {r))u {y} e B. 

Ir foil~· ... 1m11lt"d1ately from (13) t.hat., like the bases oí n vcc1or space, oll bns<'s of n 

11111r1nld ¡\/ hn\'t" llw "-tll11e rardi no!it.y, 1·(J\f ). which is collcd t hc rrmk of .\/ T hus tlie n rnk 

uf 11 111•r1or lll<llrokl \f [AJ 1s equo! to !.he ronk of thr mntrix A lí C is a conuect e<l grnph . 
1h1' 11 t lw l in,.~ of .U(C) 8t1" tlw 111Axiuml i;cts of edg~ t hnt do not conunu n cyclc. Thcsc 

~· t ~ nrr ¡m·ci..~·l,-11"' t'dge !'('!.:. of sp1u111i1tg trL-cs o f G nml. if C hfi!> m '"t'rl ict"S. cach sp1111 11i11g 

1n'i' 1 111:11·~1\tl h m 1\>dg<.':;,1'Q r( Al (G')) = 111 - l. 
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188 Wlrnt is n Matroid ? 

Lc1 us rcturn to the grnph G considcred in Figure 1 to introduce o bMic 111n1roid 

opcrnlion. Evidcntly G is u piune grnph , that is, it is embedded in t.hc plnue without c<lgt'!I 

crossi ng. To constrnct the dua l e· of G , we insert a single vertcx of G " in eacl1 /actor 

rcgion detcrmined by G ond, for eoch edgc e of G. if e lies on the boumlnry of two r~. 

then wc join 1 he corrcspond ing vertices of e· by an cdgc lnbelled by e, whilc if t liC!f 011 

thc boundnry of n single foce, then we odd n loop lnbcllcd by e at t hc corrasponding \'PflCX 

of e·. This consl.ruction is illustrnted in Figure 2. We observe from l'hnt figure thnt 1( "°1' 

hnd begun wit.h e· ins tcnd of G and had constructed thc dual oí e·' Lhcn wc would lmw 

obtnined C; 1.hnt is, (C•)• = C. T he lnst observntiou holds for ali com1cct ctf plnnc gmpl111 

G, 1hnt is. fo r a li piune grnphs in which every Lwo vertices are joincd b)' n pnth . 

,' 
o. 7 '. 

' , 

5 - -/r--o--- 6 

fa) (b) 

F'i¡J, lll'C 2: (n) Constructing thc dual e· of c. (b) e· ' 

. ow tlic cd!J,C sets of Llm grnphs e· und e l\l"C thc :.ame. Thc collcctior1 of ciTcmt ... of 1111' 

cyclc nmtroid 1\/(C º ), which is t.he collect.ion or e<lgc set.s of cycles or 1he grnpli e·. N¡unls 

({ l .'l} , 1l ,2, 3), {2,3.'l). {3. 5.6}. 1l. 2.5.6). {2, -1.5 , 6)} 

\\"lu11 do thl·st· sct,<1 con cspoud to 111 tlw origmnl grnph G" Thc)' nrc thc mminml l'<lg<' 

c-ut:- of C. tllflt is, 1. !11• 111 i11 irr 111 I se r:-. oí C'dgcs of C w11h tite propL·r1y 1hn1 1hc1r remo\'fll 

11u-n•i1..~-s 1 h<' 1111111b1'1' of c0t 111cctcd pkc-C':-. or ctmqx111111h of 1 he grnph To ~'(' 1 lui., 1 lw ke\· 

olbt.'T\'l\l\0 11 i:-. 1 lmt !.lu• sd or etlgc:-. of e concsp011thug 10 n cydr e of e· co111m.t s oí 1ht• 

l'<lg1 ... 1lm1 JOlll n vt·i t<·x of G' t lmt li1 ·:-. ms uJC' of C 111 n wrll"X ofG !hu i lks 011 l1'1d1• of C 

¡\ 111 i111111nl 1•1IJ.!.1' r1 1t of 11 J.!.l'llJllt 1:- nl:-.o c-ntl1•d n bm11/11í 1hr ~rnph \ \11 • )111\' t' ~ .. ·11 lu1w 1111· 
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huncl~ (Jf 11 l;fll llh C Rl'e 1 he circuitS OÍ l\ 1110.bl'Oid Oll ti]ie edge Set. of C in lhe Cn5C llhnt G is 

ll Jllhlll' gmph. In fnc1 . this holds for aPbitirnry gmphs ns cun be preved using Theorn111 3.1. 

Prop0t1ILl0 11 3.3. !..et G' be. a yrn¡¡ll wit/1 ccl!JI! .~el E(G'). Th e11 the set o/ bonrl.s of G is the 

,tt uf r11r rut11 o/ a 111atro1d lm E( G). 

1'l1t• 11111lro1d in tht• lnsl pro posi1tion is cn llcd Lhe bu11d 111at1u1d OÍ G nnd is dt::llOLed by 

11/. (G). Thi .. mn1roid is the <lrwl of llhe cycle 1111l tiroicl M (C) . A mot roid tlmt is isomorpl1ic 

10 tlu· hond uuu roid of so111e grnph is cn llod cog1nvl11c. 13vcry ml\lroid J/ hns o dua l liu~ 

lt Is 1•11.11lcr LO define this i11 1cnns of bn:-;es rn.L her tlhun circui ts. In p rep11rntion for thc 11exf, 

n ... 1111 , 1h1· rcadcr is urgC<\ t o check thnt Ll1c set. of cdgc sets of spnnning trees of 1 he grup l1 

e m Fl~ur1• l I " 

111 . u1 . 11. 2.01. 11. 2. 6}. ¡ 1. 3,.q. ¡ 1,3 , 5}, 11 . 3. Gl.11. u}. 

1J..1,61.12, 3. •l}.12. -1. 5).12 . .J.6}.13. 1. 5) .13. <l. 61 }. 

l'lw dunl G" of C. which i!l show11 iu F'i~un· 2 , hus ll." it~ spa1111111g t rce.!' every se t. 0f t.li c> 

forru (7) UX wlacre X b 111 tlll' followi11g set: 

111.2.ñ l . { i. 2.6}. l i. 3. 5).1U.6}. l U , 61. 12. 3. 5).12. 3. 6 ). 

¡2 ,'1,5}, 12, <1 , 6) . {2. 5. 6). {3 . .J.5 }. {3. -1. 6}. loJ.5. 611. 

Ol11<11rvt ~lmt the sprumiug 1rccs of e· 11re ~he c:oinplements of thc spanning 1recs of G'. 

' l'hcorom :JA. Lct M be 11 mt1froir/ on a set E <md B be tlie colledio11 o/ b<ises of M. /,,ef. 

l.i' • ( r:: - B · 8 E 6 }. Tlteu 6 " i.Y !.he c;ollectiu11 uf l111!le!'i· uf n matro1d 11/• on E. 

'rli t• prooí o f lhb thcorcm umy be fornid in [29 . Theore m 2 . 1.l j. The nm!1r0id M. 

!~ r.nlkd ~he duol oí ,\/ 1'he buses till tl ci l"cuits of iW' ore callee! co6'1ses a11C! cui:in;1úls. 

H'llllt 't' t1\'l'ly. uí .\ / E \•idc111ly 

:i.s. {MT c1\f 

Ir rnn lw ~'°""' thnt , fo r cvcry grnph C, 

:i.o. IMIGJ)' = .l/" (G). 

l1't1r tl1e muíonn mturoid U,._,,, Hhc set o f b11scs is 1hc set o f r -clcmeut subS<'1s of tlw 

Jl louucl !l•'I T11t"Ott'111 3..J nuplics thnt, t hc sc1 of bn...:;c.!' of thc d ual mntro icl is 1.l1e Sl' t of 

(u 1 )·111t•mt 111 ... , ¡11l'("t:. of lhc gro1111d sel . l lt'ucc 

:1.1. (11, ,, )' i!l'· - ·· 
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190 \\'luu is n .\luroid? 

Thc set of cocircuits of Ur,11 cousists of ali (n - r + l )-clcmcut sul>M'ts of tlu .. ' ground 1" 1 

T hus. m this cnsc, t.he cocircuits 11re thc mi nimal sets m t mg every bn.sis. Tlm .. nurattm 
propert~· holds m g,euernl. 

Theor e m 3.8. l et AJ be ti 11w/.1vui. 

(1) ..! set e· u; a coc m; m/. of ¡\/ 1/ anti only 1/ e· u a mmnnnl stl htw1119 11Q1H111J•tv 

rntersectiou unlh cvery ba.Y1s of 1\1 . 

(u} A set lJ r.s 11 bmilS of M if ami only 1/ B r.s a rntmmal .~et lia11mg r11m-u11¡i t y 111trr1rtlwn 

u·1tl1 c11e1·y ('Oc1rr 1úl of /\'/. 

This block ing propt>rty s uggests the followi ng l\\~Pt'r&Oll garue Gh•<'ll n mntrm1J _\/ 

wlf h ground se! E, two pluyers /3 and e ul!ernnt('I)' lag elemenL'i of E . Th(' gonl íor IJ I~ to 

lll.g ali !he c\e111c nt s OÍ SOJJl(' bos is of ¡\/ whi](' t hC' gonl fot C ¡.., 10 pr('\'l'lll ! bis. f.c¡u1ml~·uth 

hv thc lnsi rc;.;u h , C\ go11l is 10 tllg ali thl' clcmenh of <.CJml• rot11Tu1t of ,\/ \\ 1· ~h111.ll 

.;p('('1~· wheu f3 CUll wiu 1.1gai11st all possi bk• Slrnt egl<.'" OÍ C Jf JJ lms 11 WllllllllK 'trnt• '1,.\ 

pliwing !>ttond . tbcu i1 will ce1tai11l.r lmve a w11111111g !.lrllll'g,_Y pln.vmg fir!.t Th1• 111·>;! 11· uh 

i:. obtamecl by co111bi11i11 g somc nttrnctive resulb of Edmond!> [9J onl' of wl11d1 1'XIN11ls 11 

result of Lel111111u (25]. Thc· g11 1JLC tlmt we hm·e described 1" a mú11111 of Shrumou\ M\1tdun11 
game (see [261). 

Theor e m 3.9. The followi11g statement.s are cq111 uale11t for a malro11l "1 11•1th gm1111d HI 

E. 

(1) Pfayer e plliys first 111111 playel" 8 ccm Wlll aga1rt.fl ali poss1b/1: st mtcg11:.s o/ e 
(11) Tlie 11wtiv1d 1\1 h.1111 2 disjoi11t bases. 

( 111) Foral/ s 11Ú8t~ I.~· X of E. IXI ~ 2(r(M ) - r (M \ X )). 

Edmonds nlso spccifics whe11 playcr e hns a. winnmg slrnlegy lrnt this IS 11\0rt' C'omph 

cnted and we 0111it. it. lf !.he gm11e is p]aycd on a connt>Cted grnph C. th r- 11 /J 's Ft0"11s to 1111:; 
the cdgcs of n spa 1111ir1g t.rec wl1ilc C 's gonl •~to tng lht> edge;.. of n bond lf w<' 1h111k of 1hu. 

gnmc in tcnns of ll CO! lllllllll icntion nctwork. lhc11 e·., goal i!' 10 s<'pnrn lr tl1r m·lwork mto 

p1eccs 1hn1 nrr 110 1011¡.;er co1111cc tcd to t·ad1 otlir r wlul4> B l!<i 1u11111111. 10 tl'mforn• c'tl).(c·s rJf 
1he uctwo rk t o Jll"l'VCl!1 thci t• drstruclion End1 lllOH .. íor e ('l)JISJSl :o. of d1•sll0.\'llll!, Oll! 1'flltl 

wh ilc cnc11 rnove for /J involvc~ Sl'Cllflllg n11 l'tlg\' nllRlll .. l d~-..1rt1<'!1011 lh nppl_n1111. 1111' ln.•I 

lhrorcm 10 tli1· cvch· 1111\!roid of C:. w" w·t tlu- followm~ r1 ..... 111! whf'ti' tl1• ' 1't1111,·11lrnN· of (ul 

1111cl {iii ) wru, li1;-;; IJI Qv1•(] IJ,\' T11tt1• [ 1 l j n1ul Nn. .. li -\\"1lham .. '2ij Fm 1t p111t111011 -; r1f" .,. e 

\\'C' dcuol<' tlw 1111111lwr of tlm;:.e~ 111 111!' pn111rin11 IJ\ -
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orolln ry 3.10. Th' fo llowmg stolcmtmts 111"t cqu wolcnt /01· o co1m«ted grnph C. 

(t} /'loyri C plo1r fir1t a11tl ¡1foyer D t<m 111111 agomst ali poss1ble strot"g1es o/C. 

¡11) fht qniph C h(l.) 2 rdgr·dlS)Ulrl t S¡//lmUitf/ lf'CCS. 

¡111 f'ur uf/ Ji..Jrhhoru "'f of lhl 1•er·fe.r IJCI of G, tite number of t:;dge.s of G /luil )0111 uer·t. u:c.~· 

m d1firir1d rlus.(f'f o/ tlie ¡Xffl1l10fl u 111 le11sl 2(1-rr l - 1). 

In tlll' ln.~r lht'Ol1'111 nnd oorollnry, pnrts (ii ) nnd (iii ) rcumin cc:¡uival ni if, iu ('nch pn1'1., 

1111· rr¡1h1t1· 2 ll\ l\11 tu"lmrnrv pO!;lll\!1' i111 eger J..· 

\\1• d1·dm1· from (3.i) thn1 thc su n1of1l1c r1u1ks of n u11i fonu mntro1d nnd its dual cquals 

1\w ~111· ni tlw Kro1111d ··~:t TJm. i¡¡ 11\ll' iu genern l nu<l follow~ immcdinrcly from Theorcrn J. l. 

3. 11. fo1 umot ti.\/ cmn1111·dn111·nl11el. f{ M )+r(,\/ ")=n 

U;•fot1· nm~1d.n11r how to com .. 1ruc1 tli l' duul of n repn•-.t'tunhle 1111uro1d. W<' look ni 

hm1 naw rnn l\ller" 111n1r1x .-1 wi thout nffct!Íll!!, the ns:.ocilllt'd n.'<'IOr mntroid ,\/ [AJ. Th(• 
no·\I 11·~1111 follo.._-.. •1thou1 difficul1~· by usiug Plcmeutnrr linenr algt~bra 

L1m111m :.1. 12. Suppo~t t11ol tlw rnfm•s of 11 11wln.J· A 1H't token from a fidd F. 7'h c11 1\/ (AI 
101111111• 111111llrml r1>r prr/omung <my of llw followmy Of)cratwri.s on .\. 

(•/ ÍU/nrh11111,.- tcv ruu•.f 

(11) ilf11//1pl~ o ro• blf o 11on·:crt1 member o/ F. 

(m} Jfrpforr 11 rur ~V llu s1m1 o/ tlwl row rmd 11r1otlw1·. 

(11') Drlrt1 11 ;nn m (1111/1 .~.f 11 1.,. lhi• rmly mw). 

) lntr1rhu11~ 1 roltH/11/j {movm!J lil e ln&el.s with tl1c co/umnjJ. 

1 d 11/ulhplr • colu"ln b1111 11011-:cm mem&er vfl'. 

lf 1 b • ttto n1a1nx w11h 11 colutuus, thcu clcnrly ¡\/ !Al is 1:;o111orph1c to U0,,,. Now 

11 11\ H~i· lh<JI .l Dl)(J·:t<'ro havmg rnr1k 1'. Thcn . by pcrforming a ~¡uencc of opcrn1io11s 

(:1 12)(1) \\) ... c-.aJ1 1111.n~form A iuto n umtrix iu the fon11 jl, IDj. whcrc Ir is tlll' r x r 
11lrn111v 11111tru. T dual of .\f [lrl D] Íll\!OlVf'S thc trnnsposc JJ7 of O 

Propo'll t lon 3.13. út .\1 bro 1111 r1 -elrm1 r1/ molrtml thol i.s rrprt entable ot•l!r n /idd I'. 

l'lirn ,lf ' "' trptr• "r•labl.- O•'t'r F. /ne/m i. 1/ ¡\/ = /\/(/y!JJI. thrn ,\I º = 1 /J7.j / ,,_, ). 
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192 W/mt is 11 Matroid? 

Agnin wc shnll omit thc proof of this result , which may be íound in 129, Thoor1:in 2 2 b 

Thc lost resu lt provides im nttrnctivc link bctween mat ro1d duali ty l\ud or1hogon11.\11y m 

Vl'Ctor spaccs. llecall t.hnt two vcctors (u1, t."2, , t.•n) and (w1• U'J:, . , wn) are orthog1mGJ 1f 

L:'. 1 L',w, = O. Civeu a subspuce 111 of a vector spare \ ·, thc ~t 11 •.l of vector!! oí \ ' tha1 

are orthogonn l to evf'ry vector in IV forms a subspact> of l ' call<'d 1 he ortl1ogonal •ub•pan­

of 11' 1t 1s not difficu lt. 10 show t.lmt if Ir is 1he \'CCtor space i;panucd by thC' row~ uf 1li• 

matrix !l rlDJ. then IV.lis t hc vector spacc sp&nned by thc rows of 1-Drlf., -r)· 

G 14 G / 4 

Figure 3: Delction nnd contrnction of an cdgc of o grnph 

Tnkiug dunls is oue of thrce fuud nmentnl nmtroid opcra11ons which gcncrnhzc OJX'rl\ l lOll• 

for graphs. Thc ot.hcr t.wo nrc dcletion nnd contrn.ction lf e ¡,. 1u1 cdgc of n grnpl1 C. thl'll 

1 hr t/rfrlum G\1• of f' is t.hP grnph obl oincd from e by .. llnply rClllO\•ing ( Tlw rtmlrnrf1mr 

G t of t is the grupli 1he.t i ~ obtai ued by idc11t1fyi11g thc rnd1>0im" of e e.nd lhcn drltt111~ 1 

Figure 3 shows thC' grnphs G\11 nud G/11 wherc Gis tht• grnph from Figure 1 \\'r 11011• thAt 

lhr dt'lc11011 nnd co11trnctio11 of o loop are the snmc TIK'Sit' opt· r1111011s hnvc 11 pn•thrtoh11· 
l'fft'C"t 011 tht• mdcpcndl'nt. sets of tl1e rycli> 111u1roicl M (G a ~:I J ¡o; 111drpe11dc111 111 _\l(C',,) 

1f 1111d onlv 1f 1· ¡: I 11ml I ii; ind1•pendl'nl m A/(G) : srnd, prondrd 1 1s 1101 n loop l>Í G, R "'t 

1b111d<'¡w11dl'l1t 111 M (G/1·) if 11ml 011ly 1f I U {t 1 ¡, mdti>t.·ndt'nl 111 M (G) - Bv ~r11r111hzm11 
lh t-.. ""' cnu d.-11111· tlw op1'1·u11om; of dC'll•l1ou 11111] OOUlrftC'l:ion for nrlntrnrv mr1troulo; 

Lt•I .\/ bt• n 111ot10id ( l~',I) 1111d 1 h(' 0111•lr111l'nl oí¡.: l.A·I Z' - 11 e ,._ {•) , t 71 
Thl'n 11 '' l'n.w ro dlt'd; 1h111 (/~· {1 ).I') 1;. n 111n1 ro11I \\" 1lt'11oh• tl11!-i 111111roul ll\' \1 1 

nml C'nll 11 lllC' ddd1m1 nf t fro111 ,\/ Jf 1 1" n lt••1• uf .\l. tlint ''· I•) 1o; n n1r1111 ni 



Jmucs Oxlcy 

\I , tlwu wt' clf'tint· ,\1 t • ,\l\c lf Is 110 1 n loop . thc u .\l jr = (E - {t}.I") wherC' 

!" • { ¡ ._ f~ {tl 1 U {t} E I} Agni u lt is 1101 diflicult to ~how tha1 ,\ / 1 1!-i n mn troid . 

íhi~ mn.1rn1d l-" 11M· nmtmeho11 of r from M . lf e nnd f nrc d1!-t111ct dt·me111::. of n 1111\l rnid 

\I 1hru 11 1• •lnuitlnforward 10 check 1hnt 

3. 1•1 .. \l \r f \I J r .\l /r//=1\l / f / e; "udM \1/f=M f t 

11u~ uwa11 .. 1luu for chsJOmt sub:-<' IS X n11cl \ ' of E. the mstro1J, J! \ X, ,\/ / )' , n11d 

\I \ ) 11tt' 9.1"ll·d1·fiill'd ¡\ mmor of ¡\/ ii< nny mntroid thnt can i)(' obrni11('(I from Al 

¡,, n ' ' '(lut'nl'•' of d.•lt-11011' or c1.mtrnct iow1, thnl is. nuy rnntroid of tht> form M\ X/l" or, 

r11111\nlrull\ of lltt.· fon n ,\/ )"\.\' 

rtu· m•.\I r ..... ult "'Pt'<'LÍll'' 1hc iudcp(l] 1dc rl! :.cts. cirrnu ... nnd ha._ ... -.., oí .\l \ T nwl /L l / T . 

Propo<o!lllon 3.1:). ltt ,\1 bt c1 mllflYJ11/ or1 u sl'f E mul lel T bf" a Htb'tt a/ E T/i f11 i\l \T 
11111/ \f r arr "'1tro1J., cm E T . Moreo11er. fvr u .rn/i.~rt X o/ E - T . 

1 \ ,, 111Jtprfl1l111t lfl .\/ T 1/ 1111</ m1/y 1J .\' 1.~ 111dqlf rui1 nt w .\/ 

u \ 1• a r1rr111t 11/ .\/ T 1/ mu/ m1l11 1/ X 1.~ 11 runut m ,\/ 

t u1) \ 1• 11 liwi• o/.\/ · T 1/ anti 011/y 1J X is 11 111a.rw11il i;ub t'C o/ E - T that t.~ 111dt'¡H'1ulr11/ 

111M, 

111 J \ 1.• 111J,~11d1 nt 111 .\l /T 1J 1111d 011ly 1J Xu lh· M mdependtut m .\/ Jor ~rm"' 1111u·1111ul 

•ub1rt Or o/ T th'1t 1s tntlc¡m1de11 1 m i\/ ; 

/d \ 1• 1.1 cunul 111 .\l (T 1/ 1rnr/ 011/y 1/ X 1s 11 1111111111al no11 · rwplJ1 rn<mbn of {C 'f ': 
(' q 

(11} \ " a u-u oj .\f T 1/ a111/ rm ly if X U B·r u o ba.su of M /or ornt 1111u11110/ .rnbs!'I 
ll r o/T lliot H 111dt'pr11dr r1I m ¡\/ . 

l>wth\) drktxm anrl co111rnctio r1 nrc rc lntcd through thr following n11 rncti v(' rcimlt 

v.lm h rRB \"· PfO\T'd for rxnm plc , by nsiug (iii ) nnd ("i) of thc l~t propos11iou. 

3. 10 .. lf' T• \ / T)" and M "\ T =( i\l /T )" 

('~·11n111 unpo«Mt clll..' of mntroids nre clo!!cd undtT rmnor' that 1s, cv(.•ry 111i11or of 

·I uwmlwr of 1ht cW I!> al-.o m 1 lw dru;s. 

l'h('Or(!m 3. l 7 Jlir t/o..uf' oj 11111/orm, 9rop/11c, and cogroph1c 111atru1d1 are mmvr·do.~ed. 
\ f¡,irm r1 J ~ ell pdd.J F lht rl11J.~ vf f'.1y: ¡wtscnlabft· rnf1tro1d.ot u rmnor·closc.d. /11 ¡xtdlt' IJ · 
/.ir tlir rfo,,,, o/ ... 1111ry ond lrriwry mlllrt11d an: 111111or-rfosl'd 



19'1 Wlmt is a ,\Jatroid? 

P roof. lf lhe unifonn matroid U,., ,, has ground set E ande e E, 1hc11 

nnd 

U \, °' {Ur,n-1 if r < 11: 
r,u e- Ur-1.n-I ifr =n: 

U /' °' {Ur -1 n-1 ¡f r > O: 
r,u e - Ur.n-i if r =O. 

llcncc the dnss of uniform nmtroids is indec<l miuor-closed 

To M'<' 1hat ihe closs of grnphic 111at roids is mmor-doscd, 11 sufficc!l to nolr llm11f 1 1~ 

n11 edge oí n grnph C. t.l1en 

A/(C)\o = Al(C\e) '" "I M (C)/e = .1/(C/c). 

Ou llwo1her hand.1,he clnss ofcogrnp hic 111atroids i~ 111i11or-c1~ b(.>('l\USC. by (3 IG). (3ti). 

nud tht· ]n. .. 1 obsrn ·o t.iou. 

M ' (C)\e = (M(C) /e )" = (M(C/,))' = M ' (C¡ ,¡ 

a nd 

Ar(C)/e = (M(C)\e)" = (A/ (C\c))" = .W (C\ ,). 

Fiunlly. to see t.hnt t.he cluss of f'-rc prcscnLnblc nmtroids is mmor-clo.scd, wc notl' thnt 1f 

.\/ = M (Aj nnd e is un clemcnt. of M, Lhcu A/\c is rcprescnted o,·cr F by thc uwtrix t hnt 1 ~ 

obtnincd b:o-1 <lelcting column e from /\ . 1'hus the clllSS of F-rc1>resent.11blc nmtroids is clOM'(I 

under dcleiion . Si uc<· it is ulso closcd undcr d unlity by Propos111ou 3 IJ , wc deduce fro111 
(3. 16} 1hn1 11 is closed under coutrnctiion. Hcncc it. is 1mnor-closed o 

From thc lnsl rnsult., wc know t.lmt., for nll ficlcl s F. C\~T)- con1mctio11 /11 / 1 of 011 f. 

rcpr~mnblc mnl.roid i\/ is F-rcprescnt.o.blc. llowc\•cr. thcconstruclion of nu F-rc¡>re.;e111n1ion 

far .\1 /c 1hn1 cau bt· dcrivcd from ¡,he lnst. pnragrnph of lhC' prt'C'Cding proof is mthl'r rouvo­

luled Thcrc is n n111cl1 more dirccL mcLhod , which wl' now d~b<' Le! ,\/ = i\/ IAJ. lf 1 1¡1 

ll 1001> or _\ /, lh{' ll (' 1111,cls ll l'.Cl'O column of A llHCI M/t is rq>tl"'o(.' 1111'1:1 bv thl' 11111trix thfll I' 

oblmued b_\' dC'IC' lillA Uds coh 1111r1. Now n:.::.umt' rlmr 1 1~ 11ol a loop of ,\/ Tht•n 1 lnlwl" 11 

11011-7.<'f'O roh111111 of A. S11pposc firsr t hnt 1 l11h<>b n m111 wctor Fo1 l'X n111pl1" 11·1 , lw 1 h1· 

l'll"ll\1"111 3111 thr umtrix A i11 Ex11111ple 1 1 Thl'll' 1ktt•r111u....., n row of A. 11111111•lr tl11· 01w 
111wl11d11 lm.~ its 11 11 iqu<' 11011-z<'rO t•11try. Bv cl l'INm~ fro111 .t clu~ !(Jl~ ''-" Wl'll n.' t\11• rolnum 

luht>llt.'tl b~· i. 11 is 1101 di flkul r IO clu•ck u~ing (•le1111·11111n 11111.'\I nlj\l'hl/I 111111 \\•' 1>bln111 n 

rc¡>rl~·1 1l :it1011 fui ¡\/f 1. 111 out cxntuple. thr row 111 'l11t-...uou '" l llf' 11111<1 ww of 1\ nml h\ 



.fomcs Oxlcy 

ilrltlhlM ítmn A l~h 1hi.. rov.• a11d tlw column lnbcllcd by 3, we obtmn 1ht> nuurix 

1 2 ,¡ 5 6 7 

[ \ o 1 o o º] · 
o l 1 l 1 o 

lhlR nmtn~ r1•prt~111 .. 1ht• co11trnc1io11 1\/ j :J . 

WhM tl1J 1o.t· do 1f 1l1e 1101i.zcro colmnn e is nol o. uuit vector·~ By opcratio11s (3. 12)( i)­

j\·). 1w <'1\ 11 ttiuuíonn A into a 11181rix 11 1 in wliich e does lo.bel n mli1 \'t"CIOr. 1'. loreover, 

\(ti M[t1'J and wt• mny now proce<.'d ru; befare to obtuin nu F-rcpresentAtion for i\/ /11. 

No"' tlu1t ~,. know tlmt Cl•rtni11 bnsic clnsscs of !lllltroids nre miuor-d ast."ll we c·u11 Sl'ck 

"' 1l1 M nlw M1rh tLi..w·s b~· n lisl oí th t• 1ni11i111 11l obstrnct.ious to mcmbcrship of 1 he dn~s. L l'1 

\1111 11 11111111r-r· ..J chi...'' of nmtroids n11d lc t l '..l' (Alf ) he thc oollcc-t1011oí111iuor-w i111m1d 

111Mruid .. 1mt 111 .\f 1h111 • ~ • .V E EX(M) if n11d oulr if N 1 M a.ne! evcry proper mmor of N 
1 111 ,\ I íh• m•·mb•1' oí (, \'(/v1) flr(· rn lk·cl 1•J'l'/u1fod 11urw1·$ of .\A Wluk 1h~ collcc1 io11 of 

, 1 lucl• d 111111,,r •JI ,, 11111101 ·dt.~l'd e lns~ rl•r111i11l,\· flXÍSh,, llrt uulh <ft.1rr111111111g, 11!> Hl{'lll lll'l',, 

11111\ lw wn 1hth 11h lndt'('(I. 1'\'l'H d1•1erni 111i11g whr 1 l1r:-1 11 is fi1111<" or 111fi11111· 11111.\· In> h1ml 

llmi.,.\1•1. lnr lh• n A.'' U oí m11forr 11 mntroi ds. fiudiup. CA:'(U) 1-. n•il d iftu:uh To dl•:·wnl.i · 

fX(U}. 11 w1ll '" u.,,.fol 10 1111roc\uc<' 11 wny of stlcking two mn1ro1d:.. toge1hrr 

Propo:i ltlon3. l . L.d.\/1 a1u/M'J. b1• tlw mctlroul~(t.' 1 ,Ii) tmd{Ei.ZJI u·IH.rY:E1 1rnd/:."2 
Ptr1IHJ11tlll /.rl 

\\1·om1t 11..- prooí of 1his proposition, whicb follows en.sily from ( 11)-( 13). Thc r1111t roid 

111 Mi 1 ~ mllo· 111" d1Tttl .f1m1 oí 1\/1 nud M'J.. Evidcntly if G 1 nnd C2 nre disjoi n1 grnplis, 

rlw11 .l/((,'1 ) l(C.:) ...... AlnPhic si utc i! i11 t.hr cyclc 111n1roid of thc grnph oblRim·d by t11kiug 

1111' 1HMjomt 1111 fl of C1 l\llcl G2. Thus t hc cluss of grnphic mntroids is cJ()S('(] uudl'I' dirett 
mu~ Ir 1~ 1·~' 10 C'IK"ri. lhnt , i11 gc11crnl, 

3. 10. (.\1 1 U. · ::.\/j-li.\ /2 

110111 lh1.1o 11 rolkw.-... lhnl 1lw clnss of cogrnphic 111ntro1cb 1, nbo c:IO!>Cd 1mdrr di1·t•t·r 

11111~ ~ l 11rrm d .. da,_,, of F-H•prt'S('Ult1blc 111ntroid~ is clo.."l'd uuder din'C' t stm1s. To H'l' 

1111~ 11•1tf rh.111f t .-1K1 .-1 2 rirr 111 nrriccs ovcr F, tlwn .H [. \t]ti. ,\f [..\ i! "'rrpr{'scut rd ov<·1· F 

11' lln· 1111\lrtJ. • bloclt for m is [ '~' ,ri ]. 
l>ui· 1u1~ .. q • of llw urxt rt.·sul~ b 1hnt thC' dn.. .... ._ of 11111form 111a1ro1ds is 1101 dost·d 

1111111•1 th1t'C'I. unu. 

195 



196 H'hal is .. . \Jntroid? 

Propositio n 3 .20. Tlie uniqu e cJ:cluded mmor for tlu. clrus U r.s U0 ,1 E& Uu 

Proof. The mnt roid Uo, 1 CEIUi. t is ccrtninly not umform sincc it has n 1-elcmcnl mdf"prnd"h! 

:.et but not C\'Cr y 1-elcmeut set h; imlependent ~ loreO\-er, everr propcr minor oí Uo 1 {'11 

1s easih· seen to be 1111iform . Thus U0•1 $ U11 is nn excluded mi nor for U. 

Xow snppost 1 hnt N is 1111 cxcluded minar for U We shall show t lmt .V 9! Uo.t ( 1 1 

Since .V is no1 uniforr11 , t.herc is 1.111 imeger k such 1hat S has both n k-cleme111 uidf'put<:lmi 

set nnd a k-elerneut. c\ependent set. . Pick the leru;t such k and !et C ben k-ele111e111 de¡>t·iic.IHil 

set ThenCisnci rcuitofA/ . Choos e 111 Ca.ndcoru,iderC - {~}. Thisiso(k 1)-rlruuut 

independe111 set of J\lf . Since /W hns a k-element 111depcnden1 set, 11 follows by (13 ) iluu .\f 

ha..., nn elemeut f such t lrnt. (C - {e})U {/} 1s mdependent Now /11 /( C {1)) hA.." (1} ~ 1 
c1rcmt and has {!} flS au iudependeul set Sincc .\/ ih DJI excludcd minor for U. "'~ d1(fu"• 
that .\J /(C - (e})= M so e - {e} is empt.y. lf WC' now deletc from /\/ ('\'Cf)' elrmt'nt t'X 1•t 

1· nnd f. wc still hnve 11 1utüroid iu which {e} is u circu11 and {/}is nu i11dcp""• 11cfo111 .. ,.,.1 Tl1• 
foc1 tlmt .\J is uu cxclude<l minor uow im plie:. t lmt E(.\/)= (l' . /} 1111d wr co11rh1tl1• 1h"1 

S :!L'u1+ l '1.1 

F111d111g the rollcctious of l'xcluded rniuo r h for thl' \"RrlOllh oihcr cln,:,..."'-·~ of mAlt·mW. 
thnt we l11we co11sidcrcd is uot us s trnight.forward lt lh wo r1h 11oti 11g 1h111 onr1· 1\1' kmra 

lhC' excluded 111i11urs foz· the closs of grn phic 111ntro1ds. wt• 1>1111ply iakc 1lw durils uf 1111-
exrluded rninors to get. t.l1e cxclll(led miuors for 1he el~ of rogrnphic mntro1ds Anntlut 

uscful general oLservut.ion is thnt if Mis a clnss of matroicb thnt is clo:.e<J undcr 1 th 1111t1t>f' 

and duals. 1 hen t.he dnul of every excl uded minor for . \11 1s also 611 cxclmlcd unuor fo1 A-i 
In Sec1ion 5, we slmll auswer thc following question 

Questio n 3.21. Wlwt is the w llec /1 011 of excludt.d mmon /or the cla.811 uf graphtr 11101n11d1 • 

\\"e showcd i11 Propos ition 2.6 t hnt U2 . .i. is not bintu}' 111 fw:t, U2.J 1s m1 <'Xrludt.J mmor 

far 1he clo....c;s of bilmry matroids bccausc if e 1s 1rn clement of U2,J, 1he11 U2.~V ;ii: t'2 .t ru1J 

U2 ¡/l ~ Ui.:.i· Both U2.:.i 1111d U1,:1 are binary l.teing rc¡>rescnted Uy tlic 111n1n t'\·~ U, Y 1 
nud [I J l ]. respccti vely. Tutte [112] established a num\x>r of imercsting propC'rl 1~ of bmnn 

ma.lroids nnd thc rcby sli owcd t.hat u'l.4 is the u111que excluded 111inor for tht• r lA.. ...... 

T heor e m 3.22. The folluwm,1¡ .stalem cnts lll"C t.qutt-akul /ora matro1d M 

(1) Jl 1s bmrwy. 

(11) For 111w1·y cm;uil. C mul cocirrr11t e · uf M. 1C f1C · '~ni" 

(111} l/Ci 1md Ci rm; d1.~lm/'/ f'l/'f'IUIS uf ,\f . t/1(11 ce Cil 1c, nCiJ "fl tf1~11rnt l/llWfl 

o/ r:nr111t~. 



nw l.id ilu"Pftlll 11.u·r. -.("\'l'rlll dilft•rc111 llUS\\'t'rs to Qm~1 1011 2 111('(', lll p11rtic11l11r, 

11 • JM"flh•· 1lw tull1...- t10 11 of rxclmll'ti 111ino r:. for l hC' clllS~ OÍ binan· Rlftlf'Old?>. i l is lHllllrnl 10 

~ 

q 111.,.tlou 3.23 Uhat 1~ tl1r 1u flt C' tw11 vf u cludul muwr1' fur th1 da ... , of ttrnmy r1111 t rvi11/.~ ~ 

~ t .ui\ uf 1lw .. 11 r,1r t1w pro¡>('tlit• .. of bi11nry 111n1 roids are 1101 .,Ju1.rt.-d bv lt~m rll'.v 111nt rnids. 

\1v. illll'h lbt" colh .. 11011 oí t•xdudrtl r11i1101·s for the lutt t•r ch~·-'"' ha.. .. ltt't'll fo11ml. Ai. \1•1· 

.1i.11 ... ,.111 11 .. 11111~, 11 . 11 OOllllHHll t'Xl\C'tly four lllC' lllbt•r.- :X IOll\lttt-<l 111 ))Ht'I b.v 1111' 

k_ 111 ,,,1,~l11.• · uf lh•· i du1.kd mmor:-; fo1 tlit· dAS!>l'S oí huu1ry nml 1t·rnary· mH troids, Hor11 [:{ I] 
111<1•1• ! lw [nlklWlllt{ C'Ullj t'C' llln• 111 197 1 1111d thio; COllJ CC' I UI ~' h n ... IX't'n ll f()('i1l JlOllLI f01 11mr ioid 

1l1n•I\ 11-t.1td1r\11' 111n· Jllllllr ulnrly iu th!' lnsl fi n• \'t'IU" 

( ' 1111J1•11un• 3 1-1. li11 '"'V j11111 1 jl!'/d GF(q ). r/¡1 cnllnl"'" ,,• IJ rndu l "' ""''' for tlu 

,¡ 11• "'P"''"'"ldr mi 1 (.'F (ql ,~ Ji11111 

\ \11 l111U ""' 111 ~•'ftmn :i. progn•:.:. 011 thi~ collJl'tllllt· lia.-. h(1.'ll rf'11t.11,ely ~l ti11· nwl 11 

unh h1 1·11 MU:"! fo r om• funlwr Cf\Sl' . IJ.\' co11trn.<.t , i1 i:> kuuw11 1hn1. fo1 nll lll fm11(' f1l'ld .. 

tlwt•· ur• mh1111 h 11111.11\· 1·xrl11dt•d 111inors for f'·1l'pl'lhl' ll lilh1ht\' Tlu't•h·m :u; 1•s111 hl b lw .. 

1111 lnr 11 1111porlAJ1I oolk'CllOH of fit•ltls iuclncll ug Q. R. uml : 

Matr id and Combinatorial Opt imization 
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\ l111 11w l' plA\ an mporumt role In couiblrmtoriol opt11111zn11011 In t h~ ""->('liou , we liriefly 
nwlk'dll · lli•• ,.,...... ÍOJ 1l11s l.>,\' showing fir st how mntroids occur na rnrnlly i11 !'it hcd u!iu!I, 

J>ft1l•l•· 111 ' 1m• l l bP.1 l.m.· the dt.'fi t1itlon of 11 mntroid llrJ~ ine,·1u1bly fto111 1he grrl'<l.v nl~o-

011 11 11 \ 1.11 11 ..... •m¡>1 t'l1t•1c;1\'t ' 11t•nt1 m·u! of thc pa1t pla\ t"<I b~ 111a 1 ro1J~ 111 opti111iz11t1011 

.111 1 ... l1111H•l 1n 1~ ''""''t"~· oí B1xhy ond C'uuniughnm l3J or thl' book b\' Cook. Cn11u i11A­
lu11n l111U.·,·hU.ti.k artd SchriJ't'I [6, C'hripter 8]. \\'e lx>gm w1th 1.mot hl'r l'Xnmpll' of n rln.-. .. 

ni 111.111n11l IPJ'OI • tluu n Mlpl'rvi¡,or llfls 111 oul'- wo rker ouMa._,· JOh-- J 1. Ji. . J,,, tlilll 

11n-.l 111 llf' 1!txw TI ' -u~·n·1l'i0r rout 1 ols 11 workl' rs l. 2. . 11. each of who111 1 .. q1mhfü·tl 111 

1"11111111 11.r sul.1<•f1hr JOhs. Th1· supt•rvi¡,or wn111 c; 10 kuow lhl' 111n.,1111u 111 uumbl't of 
1'•11'1 f ]w wnrkrn .u1do111 u11e dnr J\ s we shnll ~('('. 11 11~ numbet l"> th1 rnuk of n n ·11u111 
t111lw11I 

l.i·1 .i-1 1 .. • rnil"1 11 ( 11, r\ 1 , , A,.,) of subc;l'b of 11 fim k ..._., F Fui \'Xl\111plt'. lf'I 

I • f l .! O f~:t· 6) l:'J. 6 }. {7} ). A sul~t•t{J 1 . .1 1. J~}ofFt:on¡irr1lrull1tm$l'n .w1/of 
' if l l1• H· l"illl UCllf' l<>o11i- 111App111A C fro111 l 1. 2 . ~·} 11 11 0 l J 2 111) .,m 11 l lmt .I' , r: . \, ••I 
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for n ll 1 A part inl 1 r11 11sversol with k = m is clllled 8 lmrut't'r.taL ln o ur ~p«1fic t·xiu111,}. 

{:?. 3 . 6. i } h n trn usvcnm l becuusc 2, 3,6. and 7 Rrf' 111 A 1. A1 , A3. A.lid A.a. n~JK'('l!\·i·I~ ,. 
A I l e - --- · A¡ 

Al e Al 

4 • 

A3 5• A3 

A, A4 
l e 

(al <bl 

Fig·un· 'I: (n) 6 (A) (b) A matchmg 111 6. (A). 

Theor e m 4. 1. Ll'I A be 11 mllectw11 o/ .)ub.scts o/ a /indt Hl E . Ut 1 IK tJu C'Oll(Thu11 o/ 

11ll ¡101 tial lnm.)1 • ~T11u/11 uf A . Thn1 (E.I ) 1.s a rnatro1d 

Proo/ Clenrly {'Wry s u bsot of u pnrtiAI 1ransversal is a p1U"C1nl trnnsvt•rsnl , ond 1!11: 011¡11\ 

....,. , , ... n pRtlml t1·11nsversul o f t.he c mpty family of sub.t>h of A Thus (12) nnd (11) l!óM 

To prow thnt I sntisfics ( 13) . wc nsso<:intc n bqmrt1te gaph ~(.A ) wi1l1 A ~ foil wi; 1 rihd 

1111t· w1 h~ i.: clnss of t li c bipurtitc gruph by tb(> clc111cms of E and thc ot hC' r n·rh'X dru.~ h\ 
1lw '4'1" A1. A2 •. . . , J\,,, ir1 A . Put n11 edge fro1n a.u clemem ( of E 10 R :.et A1 1f tu1d ouh 1f 

• t: . l , "h uu \.'X llrnpk. !he bipllrlitc grnph a...'il>Oeinted w11h thP sp«1hc f1u111ly h~ll"ll .1h11\• 

1 ...... 1io\\ ll lll Fig11re 1\(11). A pnrt.inl trn.nS\'Crsnl oí A correspouds 10 u 111atcl1111g 111 ~fA). 111111 

1-. a "<' I of N.lge:. no Lwo of wh ich m t at n common '"nex The 111ntd 1111g ~m11od v.11h 

1111" 1><u t1nl 1rn11sversn l {2 , 3, 6, 7~ 1101ed abov • ts :,hown m Figure l (b) 

IA·I X 1111d },.. bt• pnrtiitl tmnsversnls of A where IX ""'" ) 'I + 1 Co11s1dt•r lhf' 1111\!rlnni;: 

111 ~A ) rorr<'"..,P011di11g to X fu1d Y nnd oolour th<' t.'tl~t"!< of tliN• m1Hr11111p," IJl1w Ami 11"'1 
11-..¡>t, 11wh· wlu•t•' 1111 C'd¡.I\' ! lutt iit i11 both 111n1d11111t-' L" rolomt'd purplt• Tlni.. 1lw1t" n11 

\ ) lihw l'dµ,1· ~ n111 I P' X l 11"llt"llA1"', llllfl /.\ )' = l \'" j+ I l n1 11, .. 111¡,t 1>11tlw1•-.I 

• 11~·, .11111 lilu" 1•1lµ,1·:. oid\', w1• ""' ' 1 h tll 1•,1d1 n •r11 ·x of t l1• · 11h1:,1/\¡>b // mdm ni h\· 1 lw.,. ' "' 1~1 
• 111.. uw•· I, 11 ..,111µ,h· l'dw· 01 1111•1•1.., ho th a 11 "1 11'f l~· llll'fl .11 t.hw t'(lp,1· h \" 11 '11111¡,thlfmY.111 •1 

• :u · 1~ .... 11 1 1:.r u11l1 tl11'(ll\' 10 ~ l1 •1Y. 111111 1•¡1r l1 ru11 1JXJl trh l of lt 1 .. 11 1)11 111•11111\11•· wlw1 1 111 



Jfllncs Oxley 

rM·li t l\.'>t'. t ht• tclK · 1'h cn uu e In colour. Bcenuse .O. (A ) is n bi pnrtue pph, evt>ry cyc\c i11 H 

¡. rwu fJ.ll tl llO h tht aame numl>er of red nud blue edges. Si nce t he:tt are more blue cdg~s 

1lmn rrd ~11 11 . tM«' mWlt ben component 11 1 of H tlmt is pnth tluu begms ami euds wiLl1 

Mur l'dKI"' Ju /1' uuerehnnge the colours red nud blue. Then the edges o f ~ (A ) thnt nre 

,..,. rri lo1tr1'fl rNI °' µurplc fo rm n 111ntching, nnd it is 1101 di ffi cuh 10 check t hn1 t he subsrt 
uf¡.: 1hnt 1 .. llll'I b\· 1m cdgl' of th is 1111it chi11g is Y U {i:} for some r m X - }' V1le co11c lud t> 

111111 l ~M1.,fit"'I ( 1$) a.ncl M> (E . ! ) is n mntroid . O 

\\'1· ch·nolr thc- 111n1ro1d obtained 111 t! ic lnst tl1eorem by 1\ / jA! and calla 1nntroid th a! is 

00111mpl11r 1o~uch 11i mMroid tm11.$ucnw/. Wc le11ve it to ti .e render toc:hecl< 1hnt wlie 11 A ii; 

1ln- fo1111ly {{ I 2. 1). {2,3.S,6} , {S, 6} 1 {7}) co11s idc red nbo,1e. the trans,·t'n.al rnnt.roid .1H [A] 
~ L"1mtirplur 10 llH' cyclt• 11111.Troid of thc graph e· in Figure 2 T hb Cllll bt' fl chievrd by 

•lll"l\lli lllK. fnr 1·xamplt". 1hn1 thc list of cdgc sets of spnnniug tree:. of e· which wns compiled 

Jll•I ll(' íur1• T lto·on•m J 1 comc1dl':i wi! h ! he lis l of t.rnusversals of ...l 

ll• ·111m111.: 10 tlif' piohll'lll w11h wli\d1 Wl' hcgnu t he St>C110n. 1í Wt' kt .-1 , bf.' tlw 1w 1 of 

~• •f~· r~ th11I iUr 11UAhfi('d 10 do job J,, ! !1Cll 1 he 1nrud1nuu1 llUlllber OÍ jo!,.. 1 l1 fl t <·11 11 IJ r {[Ql li' 

11111 1h1\ L• l b•· ra.nk or .\l [A] This is given by the ío\lowmg re.uh "rou~qurn ic l' of 11 

!h1,ltl'IU OÍ 0rr 

1'hunrmn 4.2. ú t A k t i fc11111/y (A1• A2 , . . , /\ ,,. ) o/ sub$tf o/ a fimle set /~. T/w,, !lw 

r11 11.l. u/.\/ IA ... 
mm{ IU1eJ 11;1 - IJI+ 111 : J ~ ( 1. 2. .m)} 

4 

--------(} 
<•le, (bl c1n 

l l11· rt..~ ol ltAU..."''Tl ..nl 111n t1 oid~ diff1•r.. íro1n t l1e olher cll\:!..'-t..., 1ho1 wc· l1nw ro11 s ide1 1 ·~ 1 
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111 1hnt u 1:. not closcd undor minors. 

Exnmple '1.3. Co11s icler t. lm grn.phs C1 nnd C¡/7 shown 111 Figure S. Thl' cyclt' 11111trok! 

.\/ (G1 ) 111 1ronsversnl si uce, us is cusi \y chcckcd, .\l (G1)= .\l (.AI whcre .A =( { 1, 2. 7), (3, ¡ i} 
{5. 6. 7}). On 1.hc other huucl, M(Gi )/7, which cqunls M(G¡/i), is 1101 1rnnS\'l'r.tn.l. To....,. 

1111:.. w<• note 1.)utt if M(Gi/7) is trnnS\<crsal. then therc is n fom ily A' of :iets roll<'h 1h1u 

.\l l C 1 7) = M [A'). Ench single-elcrnent subset of {1.2, .G} is i11clrpc11dcn1 hui fl.~) 

{3. 1 }. nnd { 5. 6} ore depemlent.. This 11u?n1i:. that each oí {l. 2} , {3, ,q, und (5, 6} 1:, n \UIP-< t 

of t.:xnc1ly onc 111cmbcr of A'. Let. t.hcse :;cl.s be 11'1. Al. a.ud A3, respcctivcly Tl1t'11 , Mltcr 

{ 1. 3}. { 1.5}, a ll(I {3 , 5} ure al! indcpc ndcnt. A;. Aí. and 11; nrc dí¡.,t.inct Thu11 { 1.3.5} 1q 

pMl inl 1rnrnwcrsnl of A' 1rnd so is iudc pcudcnl 111 1\l {G1/ 7): n con1rnd irtio11 Wc 0011clud1 

1hn1 1111.., cl n.s.i:. of hrnusverslll mut.roids is no1 closcd undcr oontrnction, 11\t.hough ita.~ drn.rl~ 
rltN.'<I uud('r cl1·lotfon. 

\\'hi ll'." umnoid:. 11rist· iu 11 u11mbcr of pinces 111 combinntorinl optimizutlou . 1ht•h 111 1 

"'' 1kmg 11pp1•01 u11c·e relat es to t he grec<ly nlgorillun . Lt•I G lw n cotmcctcd grnph uncl !<up¡ 

rhul l'i\C'h edge ' of G' lms 1111 nssiguud posili\'(' real w\•1gh1 ui(c) . Lc1 T bt• tlw ooll('('tmn 

of 111d<'pendeu1 sct.s of t\/ (G). l\i·usknl' :i Algori tlun j20). which il< descri bcd ucxt. fnut~ ~ 

11mxnmun-weigh1. sp1111uiug \1rec of C, tlmt is , a spnmnng ttcc such 1lu:11 thl' s11111uf1!11 

\\ c1gh1.:. of 1he edg('S is 1\ muximmu. l! i:i nttrnct1ve becau:.e, by pursumg 11 locnllr "11"·d\· 

"t rnteip-. 11 fi uds u g: lobttl muxinmm. 

The Greedy Algorithm .tJ.4. 

(11) Wlnfo tll c1-c i; :.1;1sl.~ e 1. Be for wl11cl1 Be U {e} E I. d100.9c sud1 1111 1 ur1t/1 u(d 
11 uu111111 111, M1d 1-c11fo cc Be by BcU{c ) . 

,\iow le1Mbe 11 11111.troicl (E,I) and ns.sume thnt 3d1 clc111cn1 e of E Juu; 1111 111'...o<"ll\ l l'l:I 

poo1tl\'e rcnl weigh1 w(c). Thcn thc greed3• nlgoritlun a1so Vi'Ork.'! fo r ¡\/ 

Le mnm -1.5. Whc11 llw yrci;tly 11lgontlm1 '" appltcd 10 .\/ , 1)1 set l:Jc 1t pnxlurr.• 11 o 
11111.ru1111111- 111t•1y/if 1111fo¡w11de11/ .~el fllHl hcrict: CI ma.r11num ·tr'l'19l1f ba.YM uf ,\/ 

Pn1uf. Sum· ull W('i¡; lit s nrc posit1n.'. 11 mnx1111um-•t: 1¡q,li1 111d~· 1><• 11dc111 ~t 11 of M 1111t•I 

ltt·a ha,..1,..11f ,\/ !"I J¡Jr<•ovt·r. !l1t'St'I De 1:; BIM> B L,a. .. bof ,\/ L<' t Ua = {• 1· '-' · .•} 

\\'l u'h' 1lw 1-lt-111(·111 -. nrt' dLO:lt' IL i1 1 thC' OrtlC'r hi>!Cd Tiu.•n u·(• 1) 2: u•{r2 ) 2: ~ 111(1, ). 1.rl 

IJ = 1f1 . fi . . / , 1 wht•J 'l' '"(Ji) 2: u•(/i ) 2: 2: 111 / .). \\'l• "11111\ ,IJow 111111 11·(1,) 

u f ) fm ull J 111 ! 1. 2 . .. . rJ Assunn· the co11trnrY ru"I 11 ·1 1: + 1 ht· 1111· J. • 11..~ 1 111 t1·w·1 fnc 
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whloh w(cu. 1) < w( /.,+1). Lct Y= { ei.e~ , ... ,e,.} and X= {/L , f.l , ... , J¡,,+d· Since 

IXI • JYI + \, ( 1 ~) nnpllcs lha. t Y U (/1} E I for some i in {1,2, .. . , .k + l} . But w(/;) 2: 
w(/.ui) > w(t,+1). lhmoe the Groody Algorithm would have ch06CD /, in prefercnce to 

cuii n contradtcoon Wc conclude t ho.t we do indeed bo.vc w(e1 ) 2: w(j1 ) for a li j. T hus 

E; .. 1 w(c,} !:?; L:;. 1 w(/1}; thn.t. is, Be ho.s weight nt \eost t ha. t o f B. Since B hes mrud mum 

~l¡ht , "° docs Be O 

Whllc it ÍJ lnt.cresting that the Crcedy Algorit hm extends from graphs to matroids, 

1hr pn.rtlaularly ttriking rcsul t here is thnt mat roids are the only uon--empty heredito.ry 

atructuret for wbxh the Grcedy Algorithm works. 

Th11orn111 •1.6. Lct I be a collectlon of .9 ubset.• of a finit e M t E . Th~n (E,I) U a matroid 

.¡ '"d "'"' .¡r ,.,,.fi., (11 ) , (12) , m•d 
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(C) foroll pcudt1~ f'((lf we19litf11nct io11s w un E, the Greedy Algonthm prodtlces a maximmn· 

u1C19ht mcmkr o/ I. 

l>roof. lf (E,I) da mrtt.roid, Lhcn it followH from Lhe definit ion and lhe last lemma t lmt 

( IJ ). (12) , and (C ) hold. 1-0r cho converso, n.ssumo tho.t I sntisfics (11) , (12) , nnd (G). Wo 

Ut'Ctl to 11how th.' Z sal lSfics (13). Assume it <loes not nnd Jet X and Y be memben; of I 

•ut:h tlmt JXl• IYI+ 1 but thnt l' U {e} r/. I fo r ali e in X-Y . ow IX-YI = jY-X!+ l 
11.11C.1 l' X Is nGU·ttnpty, 90 we ctui choosc a rco.l nwnber e such thftt O < t < l nnd 

O< (I +<)IY - XI <IX - YI . 

Ddlnr " wtigh' fuoctton w on E by 

"") 1~· -·· = ~. 
~1x--1m•1'""1l'"'-1~x~uv~)i • 

ife e Xnl'; 
if eE Y - X ; 

if c:E X - l'; 

if e E E - (X U Y) ;' 0. 

'Mu~ Crt1idy Aqonlhm wtll flrst pick nll thc clcmcnts of X n Y and tbcn ali t.he elcmcnts 
gf Y X By ldlfUDIPllOll, it CAn not. thcn pick nny cle.ment of X - Y . Thus t hc remniui ug 

ri..111r11ta of 8t; •di be m E-(XU Y) . Monee w(Bc) , thc sum of the "-e1ghts oft.he elc111c11 t.s 
of Do, 110.i1.11fia 

Bel 
IY - XI IE- (XuY)I< 

$ 21xnYl+IY - Xl +IX - llE -(Xu l')I 
$ 2jXnl' !+ l +c. 
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But , by (12) , X is contained in a maximal member X 1 oí I , and 

w(X');o,w( X ) 
1 +2e 

2IX n YI + IX - YI IX _ YI 

2IX n YI + 1 + 2e. 

Thus w( X') > w(Bc), that is , the Greedy Algorithm fai ls for this weight function. This 

contradiction completes the proof of the theorem. o 

A number of proofs of the last result have been published. Curiously, what seems to 
be the first of these was obtained by Borüvka [4] in 1926 uearly a decade before Whitne}' 
introduced matroids. 

5 Excluded-minor Theorem s 

In this section , we answer many of the questions that were raised earlier by giving excluded­
minor characterizations of each of the classes of ternary, regular, graphic , and cographic 

rnatroids. In addition, a very important structural characterization of regular matroids is 

described and some problems that are the focus of current research attention are idcutified. 
Most af the results in this section cancern matraid minars. Far a more detailed survey of 
this tapie, see Seymour [41]. Very few praofs are included here but many may be found in 
[29). We begin this section by describing another way to represent certain matroids. 

(a) 4J\5 
2 ~3 

6 

(b) 4J\5 
2~ 3 

6 

Fi!,rure 6: (a) The non-Fano matroid . (b) The Fano matroid. 

Consider the diagro.m in Figure 6(a). Let E be the set {I, 2, ... , 7} of points aud Jet! 
be the collection of subsets X af E such that IX I :5 3 and X does not canta.in 3 collinear 
points. Then it is not difficult to check that (E,I) is a matroid. lndecd , this mMroid is 
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represente<! over GF(3) by the matrix 

Now suppose that we view A1 as a matrix over GF(2). Then M[A1) has {4, 5,6} as a circuit. 
\Ve en.u represent this new matroid as in F igure 6(b) where 4,5, and 6 lie on a curved line 

ns shown. This configuration of 7 points and 7 lines is known as the Fano project ive plane, 

PC(2, 2). T he corresponding matroid is ca.lled the Fano matroid and is denoted by F1. 
The mntroid in Figure 6(n), which does not have the curved line, is denoted by F1- and is 

cnlled the non-Fano matroid. The Fano matroid has more symmetry than Figure 6(b) may 

suggest. For exa.mple, if wc add row 1 to row 2 in A1 , thcn, modulo 2, we recover A1 with 
ils columns reordered. Thus F1 has a symmetry t hat interchanges 1 with 4 and 5 with 7. It 

foltows that, up to symmetry, al! the points of F1 look the same, as do ali the lines. 

In general, suppose we have a finite set E of points in the plane and a distinguished 

collcction of subsets of the points, called lines, such that any two distinct Jincs have at 

most oue common point. Then it is straightforward to check that we get a matroid on E 
having as its independcnt sets ali subsets of E of size at most 3 that do not contaiu 3 points 

from the same line. Another example of such a matroid is t he 13-point matroid shown 

in Figure 7, which has 13 lines including {1,2, 4,5}.{5, 6,8, ll },{5,7,9,10} , {1,8, 10, 13}, 

nnd {2, 6, 10, 12}. The reader may recognize this diagram as the 13-point projective plane, 
PC(2, 3). lt is not difficult to check that this matroid is the vector matroid of the following 

rnntrix over GF(3): 

7 8 10 11 12 13 

1 1 
- 1 - 1 

o 1 - 1 - 1 1 - 1 
~1] 
- 1 

The diagrams of the matroids that appea.r in Figures 6 and 7 are called geometric 
representation,, of the matroids. If we delete the point 6 in Figure 6(b), we obtain the 

diagrnm in Figure 8(a). It is not difficult to check that this is a goometric representat ion 
for M(K4) where K4 is the graph labelled as in Figure 8(b). The symmetry of t he Pano 

matroicl implies that ali of its single-element deletions are isomorphic to M (K4 ) and hence 

lll'C grnphic. 

lf 8 is a ha.sis of a matroid M with ground set E aud e E E - B, thcu 8 U {e} 
contaiu:s n circuit C(e, 8 ). Moreover, by (C3) , this circuit is uniquc. We call C(e, B) t he 

/1mdamwtal CH'Ct.ut of e tuith 1"Cspect to B. Now suppose t hat M is represented over a ficld 
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Figure 7: A 13-point matroid with 13 lines. 

F by the matrix [lrlDJ where the first r columns b1, ~ •.. ,br of this matrbc correspond to 

the basis B. Suppose e labels a column of D and Jet C( e, B) = { b¡, , b;1 , •• , b¡•, e}. Then 

some linear combination ofthe columns b¡ 1 , b¡1 , •• , b;.,e must be the zero vector. Moreover, 

since C(e, B) is a minimal dependent set, no coefficient in this linear combination is zero. 
It follows that column e is non-zero in row j if and only if j E {i1 , i:i, .. , ik}. Hence the 
fundamental circuits of B completely determine the pattern of zero and non-zero entries 

in D. In particular, if F is GF(2), the fundamental circuits uniquely determine D because 
GF(2) has a si ngle non-zero entry. 

We shall use the Fano and non-Fano matroids to show that there is a matroid that is 
not representable over any field. The next result uses the notion of the characteristic of a 

field F. This is the least positive integer m such that m · l = O in F; if no such integer m 

exists, then F has characteristic O. Thus, for example, for all primes p, the field GF (pk ) 

has characteristic p, while the fields Q, R, and C ali have characteristic O. Moreover, by 

considering the elements that can be produced by sums , differences, products, o.nd quotients 
start iug with 1, it is not difficult to see t hat every field of prime characteristic p has GF(p) 
as a subfield , while every field of characteristic O has Q as a subfield . 

Proposition 5.1. Let F be a field. 
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(•) 465 
2~3 

Figure 8: (n) A geometric representation for M{K.1,). (b) K.¡ . 

(1) Fr i.1 F-repre.sentable if and only if the chamcteristic of F is two; and 

(ii) F7- IJ F-reprrnmtable if and only if tlie chamcteristic of F is not two. 

Prooj. Suppose that ME f F7 , F7- } and that Mis F-representable for some field F. Beca.use 

we kuow that Mis represeuted over sorne field by the matrix Ar, it follows, from considering 

fundamental circuits, that an IF-representation of M has the same pattern of Zf!ros and non­

zcros as A7• Thus we may assume that M has an F-representation A' of the form 

where each • represents sorne non-zero member of F and two different •-entries need not be 
c1¡ual. Now, by multiplying columns of A' by non-zero members of F, we may a.ssume that 
the first •-entry in ea.ch column is l. Then, by multiplying rows 2 and 3 and then columns 

2, 3, aud 6 by non-:z:ero elemcnts of F, we can make al! entries in column 7 equal to 1 while 

1111\intaini11g the fact that the first. •-entry in ea.ch column is l . Hence we may assume t hat 

12 34567 

[ 
1 o o 1 1 o !] 

ll1 = O 1 O a O l l , 

O O l O b e J 

wherl' a, b, and e are non-zero l'lements of F. Beca.use M has each of {3, 4, 7} , {2, 5, 7} , and 

{1,6,7} as a circu.it , it follows that each of a,b, ande is l. Thus A' = A1 . We conclude 

thlil if 1\f is F-representable, then Mis represented over F by the matrix A7. Now the 3 x 3 

mntrix labelled by colunms 11, 5, and 6 has determinant - 2. In F7 , the set {4, 5, 6} is a 

circuit, while, in F1-, it is u. basis. Thus if F1 is F-representable, then - 2 = O in IF, so F 
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has characteristic 2. Similarly, if F7- is F-representab!e, then -2 oF O so F has characteristic 

not 2. By its definition, F7 is GF{2)-representable so it is representable over ali fields oí 
characteristic 2, and we deduce that (i) ho!ds. To complete the proof of (ii), we just need 
to show that M[A7 ] and r1- ha.ve the same set of circuits when A7 is viewed over any field 

of characteristic other thnn 2. But since we already know that M(A7 ] and F7- share as 

circuits ali sets consisting of 3 col!inear points in Figure 8{a), this Jeaves little to checlt and 

(ii) follows without diffk1:1!ty. O 

We are now able to answer Question 2.5. 

Corollary 5.2. The mat.ioid H EB F,,- is not representable. 

Proof. Both Fr ami F7- are minors of Fr E0 F.¡ The corollary now follows immediately 

from the last pr0p0siti0n. O 

(a) (b) 

Figure 9: Non-representa.ble matroids with 11 and 9 e!ements. 

One ma.y ask whether F1 $F7- is a smallest non-representable matroid and that question 

is easily resolved. If we stick F1 a.nd F1- together in the planea.long a. !ine as in Figure 9(a) , 

then we obtain a.n 11-e!emimt matroid having both F1 and F7- as minors. This matroid is 

also non-representa.ble. /l.s an asi<le for the rea.der familiar with projective geometry, we note 

that, by Pappus's Theorem, if the configuration shown in Figure 9(b) exists in a projectlve 
geometry overa field, then the points 1, 2, and 3 must be colli near. lt follows from this that 

the 9-elernent rank-3 matroid for which F'igure 9(b) is a geomecric representation is 11011-

representable. But there a.re even smaller non-representable matroids and we now describe 
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onc oí these. This construction will use the following result , which can be proved using 
Thoorcm 3.2. 

Proposltion 5.3. Let M be a matroid with ground set E and collection oj bases B. lj C is 
a c1rcuit oj M .such that E - C is a cocircuit oj M, then B u {C} is the set oj bases of a 
111atro1d Mé on E. 

The matroid Mé in the lllSt proposition is said to be obtained from M by relaxing C. 
Thus, for example, the 11011-Fano matroid is obtained from the Fano matroid by relaxing the 

lino {4,5,6) . The proof of the next result is not difficult. 

Lcmmn 5.4. Ltt M be a matroid with ground set E and let C be a circuit oj M such that 

E-C IJ a cocircuit of M. 

(1) 1/ e E e, then Mé\e = M\e, and if ICJ 2: 2, then e - {e} is a circuito/ M/e whose 

complement in A·f/e is a cocircuit of M/e, and Mé/e is obtainedjrom M/e by relaxing 

C - {e}. 

(u) 1/ / E E - C, U.en M(;/J = M/f, and i/ IE-CI ~ 2, U.en C;, a cfrcuit o/ M\ f 
whou comp/ement in M\f is a cocircuit of M\f , and Mé\ f is obtained from M\f 
by relaxmgC. 

Consider the matroid AG(3,2) that is represented over GF(2) by the matrix 

1234567 8 

[

¡ o o o 1 1 1 º] o 1 o o 1 1 o 1 
o o 1 o 1 o 1 1 
o o o 1 o 1 1 1 

Thus the columns of AC(3, 2) consist of ali the vectors (x1 ,x2 , x3 , X4)T in the 4-dimeusional 

vector spaee over GF(2) such that X¡ + X2 + X3 + x 4 =f:. O. Evidently AG(J, 2)/4 ~ F7. 

Morcover, {1 , 4,5,8) is a circuit C of AG(3,2) whose complement is a cocircuit. Thus we 

cnn relax C to obtain AG(J, 2)G a.nd, by the la.st lemma., AG(J, 2)0/2 = AG(3, 2)/2 ~ F7 . 

Morcover, AG{J, 2)(:/1 is t he ma.t rQid tha.t is obtained from AC(3, 2)/1 by rela.xing {4 , 5, 8}. 

But AG(3, 2}/l 9! F1 and it follow~ , by the symmetry of F1, thnt AG(3, 2)G/ I 9! F7- . We 

conclude that AG(3, 2)C has both F1 nnd F7- as minors so it is non-representable. It is a 
smnllcst non-representable matroid, for Fournicr [10] proved t he following: 

Theorcm S.S. Euery matroid 011 a set of at most 7 elements is representable. Mo1-eover, 

~very 11011-repre.u:ntable rnatroid on an 8-element set has nmk 4 . 
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We noted at the end of Section 3 that, for ali infinite fi elds, the set of excluded minors 
for representability over that field is infinite. The next result shows this for ali field.s of 

characteristic O and hence, in particular, for Q, R, and C. Let Jk be the k x k matrix thal 
has zeros on the main diagonal and ones elsewhere. Lazarson (24] proved the following 

result. 

Theorem 5.6. Let F be a field o/ characteristic O. For all prime numbers p, /et Lp be !he 

vector matroid of the matrix [lp+ 1IJ;+i l viewed over GF(p). Then Lp is an ucluded minor 

for F-representability. 

The model for a ll theorems t hat characterize classes of matroids by excluded minors is 
Wagner 's modification [46) of Kuratowski 's famous characterization of planar graphs [22). 

The graphs K 5 and K 3,3 are shown in Figure 10. A minor of a graph G is a graph fl that 

can be obtained from G by deleting or contracting edges, or deleting isolated vertices. 

Figure 10: (a) K 5 . (b) K3.3 . 

Theorem 5.7. A gmph is plana1· if and only if it hM no minar isomorphic to Ks or Kl,3· 

Tutte [43] generalized this theorem to give an excluded-minor characterization of graphic 

matroids. The fact that neither K s nor K 3,3 is planar means that the bond matroids of these 

two graphs are not graphic although this is not immediate (see, for example, [29, Theorem 

5.2.2]) . These two bond matroids are among the five excluded minors for the class of graphic 
matroids. Of the other t hree, one, namely U2,4 , ha.s been shown in Proposition 2.6 to be 

non-binary and so, by Theorem 2. 11 , is non-graphic. The other two excluded minors nre 
F7 and Fi. To see thnt F7 is non-graphic, recall from Figure 8 that every single-elemenl 

deletiou of F7 is isomorphic to the cycle matroid of t he com plete gTaph K4 . As F1 is simple 
having the same rauk as M(K4 ), we deduce that F7 is non-graphic. lf Fi is graphic, then 
it is isomorphic to M (G) fo r sorne connected 5-vertex graph C . Clearly G hus 7 edges aud 

so ha.s average degree less than 3. Thus G has a vcrtex of dcgree at most 2, so Fi hns a 
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coc\rcuit of sizc at most 2. Thia irnplies that Fr has a circuit of size at most 2, and this 

contradiction establishes that F; is non-graphic. 

T heorem 5.8. A rnatn;Jid is gruphic i/ and only 1J it ha.s no minor üomorphic to 

U2,4, F1 , Fi , Mº(Ks), or M• (K3.3)· 

Corollary 5.9. A matroid ¡_, cogmphic i/ and only if it ha.s no minor üomorphic to 

U2.~ . F1, Fi , M(Ks ), or M(K3,3). 

Finding a list of candidates for the cxcluded minors for the class of teruary matroids is 

not difficult. \Ve know that 1'1 is non-ternary. Moreover, all its proper minors are ternary, 

so F7 is an excluded minor. Since the dual of every ternary matroid is ternary, Fi is nlso 

an excluded minor. Two other excluded minors are U2,s and its dual Uu foras the reader 

will eo.sily show: 

Lemmu 5.10. The matroid U2,r1 is representable overa field F if and only if F has at least 

11 - 1 element.!. 

Although this lemma completcly settlcs the question of when a rank-2 uniform matroid 

is representable overa fie ld , it is a.n open problem to determine ali the fields over which 

au Rrbitrary Ur.n is representable. This problem has ret:eived considerable a.ttention in 
projective geomet ry where uuiform matroids a.re called n-arcs. The history of the problem 

and progress towards its so!ution are described in [14, 15] 

The last lemma means thnt we have now identified four excluded miuors for the class 
of ternnry mn.troids and these four were conjectured to be the only such matroids. In 

197l, ata Nationnl Science Hnmdatiou Adva.nced Science Seruinar held at Bowdoin College, 

~lt1ine, Ralph Reid gave a lecture in which he announced a proof of this coujecture t hat was 

bascd 011 tcchniqul'S introduced by Tutte l42J. However, Reíd never published his proof. ln 
1975, Bob Bixby aud Paul Scymour, worki11g independently, obtained two differcnt proofs 

oftheconJecture. lndeed, Bi-:Ly called his paper "On Reid 's characterization ofthe terno.ry 

rnntroids" Both proofs appcared in the sa.me issue of the JoumaJ o/ Combinatoria/ Theory 

St.nt.11 8 in 1979, and sevcrnl more proofs of this result have appcared since. None is 

l'lcmcntary enough for inclusio11 here. 

209 

T heorem 5.11. A matroid is temary if and only if lt hM no rninor uomo1pliic to U2,s , U3,s , F7, 

orF; 

The rnatroid in Examplc 2.1 is representable over every fie!d. Such matroids are called 

1·tgular and Tutte l42J proved severa! attractive cbaracterizations of them. 

1'hcorem S.12. The /ol/owing Jtatements are equivalent for a rnatroid M . 
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(i} M is regular. 

(ii) M is both binary and ternary. 

(iíi} M is representable over GF(2) and sorne field of chamcteristic other than 2. 

(iv) M is representable ove1· IR by a matrix ali of whose square submatrices have dettnm· 

nants in {O, 1, - 1} . 

(v} M has no minor isomorphic to Uz,4, Fr , or F;. 

A matrix A that obeys t he condition in (iv) is called totally unimodufar. We note t.hat 

such a. matrix simultaneously represents Mover ali fields where, of course, - 1 = l over fi elds 

of characteristic 2. The clHss of regular matroids contains the cla.ss of graphic matroids. To 

see this, we observe that the matrix tbat is obtained. from the vertex-edge incidence matrix 
Ac of a graph C by chang-Jng the sign of one of t he two ones in each non-zero column is 

totally unimodular (see [29 , P roposition 5.1.3]). At the end of the section, we shall notc a 

deep structural theorem of Seymour /40] for the cla.ss of regular matroids. 

One important feature of ali the known proofs of Theorem 5. 11 is that they rely on the 

fact that a ternary matroid arises from an essentially unique matrix 

Theorem 5.13. Let A. 1 and A2 be matrices over GF(3) such that the 

columns o/ these matrices are labelled by the same set E. lf M[Ai) = M[A2] and A1 

has no more rows than fh , then A 1 can be obtained from A2 by a sequence o/ operotions 

(9.12}(i}-(vi). 

This theorem fails, for example, if we replace GF(3) by GF{4). We noted earlier that 
the latter does not have thc same structure as the ring of integers modulo 4. We shall take 

che elements of GF(4) to be O, l ,w,w + 1 where, in this field, w 2 = w + l and 2 =O. This 
field has an automorphism that maps each element to its square. If we replace every entry 
in a GF(4)-representation of a matroid M by its image under this automorphism, we obtain 

another GF(4)-represcntatio11 for M . Two IF-representations A 1 and A2 of a matroid are 
equivalent if one can be obt.ained from the other by a sequence of operations each consisting 
of one of (3.I2)(i)- (vi) or the following: 

(vii) Replace each entry of tite matrix by its image under an automorphism of F. 

The reader unfamiliar with field automorphisms should note that, when p is prime, 
GF(p) ha.s the identity mnp <LS lts only automorphism. In general, for ali positlve integers 
k , the fi eld GF(p") has exnctly k automorphisms , namely lhe maps that takc each element 
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x to .xP' for all i in {O, 1, .. . , k - 1}. The foHowing two matrices A 1 and A2 are both 
GF(4)-ropresentations of the same matroid M but they are not equivalent: 

1234 5 6 

[ 
1 1 1 o o º~] A1 = O 1 w 1 

o o o 1 

nnd 
1 2 4 6 

A, ~ [ ~ l ~ : w + 1 ~ l 
The nmtroid M can be broken apart In a simple way. In fact, M can be represented 
goomctricnlly a.s in Figure 11. T hus M can be ebtained by sticking together two 4-point 
lines nt o common point and then deleting t hat point. To formalize t his idea, Jet M 1 and M2 

be mntroids on sets E1 and E2 , each having at least t hree elements, and !et E 1 n E2 = {p}. 
i\11811mc thnt, for ench i, tbe set {p} is neither a circuit nora cocircuit of M;. Then the 
2-sm11 JW1t}h1\h of M1 and M2 is the matroid whose ground set is (E1 U.&.2)-{p} and whose 
set oí circuits conslst.s of ali circuits of M1 \J; together with ali circuits of M2 \p and ali sets 
of lhc form (C1 UC2)- {p} where each C; is a circuit of M; containing p. We ornit the proof 
Uhnt iW 1 Gh M2 is actual\y n matroid., but note that the mat roid M above is isomorphic to 
U2.~ Gh U2.4 whcrc t.he two copies of U2,4 have ground sets {1, 2, 3,p} and {p,4, 5,6}. 

Figure 11: A geometric representation for U2,4 EB2 U2.4 . 

A nmtroid /'d is connected i f it cannot be writ ten as t he direct sum of two non-empty 
mntroi<ls. lf M is connected and cannot be written as the 2-sum of two matroids, then 
M is 3-connected. If G is a connected graph with at least 4 vertices, then M(G) is a 3-
connooted matroid if and only if the graph G is 3-connected and G is simple, that is, G 
cmmol be disconnected by removing 2 vertices, and G has no cycles with fewer than 3 

cdgcs. Eictending Theorem 5.13, Kalm [17] proved the fol\owing: 
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Theorem 5.14. If M i3 a 3-connected GF(4)-representable matroid, then all GF(4)-repre­

sentations of M are equivalent. 

This theorem was a crucial too! in the proof of the excluded-minor characterizatlon of 
quaternary, that is, GF(4)-representable, matroids, which was obtained very recently by 
Geelen, Gerards, and Kapoor [12). Although we have already met sorne of the excluded 

minors, there are three others that have yet to be introduced here. The first of these, Ps, is 

the matroid that is represented over GF(3) by the matrix 

1 2 3 4 5 6 7 

[ ~ ~ ~ ~ ~ ~ : ~l] 
o o 1 o 1 1 o 1 
o o o 1 -1 1 1 o 

In P8 , the complementary sets { 1, 4, 5, 8} e.nd {2, 3, 6, 7} are botb circuits and are both 

cocircuits. If we relroc both of these circuits, then we get the matroid Pá'· The matroid ?5 
is represented geometrically as in Figure 12 . 

• • • 
• • • 

Figure 12: A geometric representation for P6 . 

Theorem 5.15. A matroid is qu.aternary if and oniy if it has no minor isomorphic to 

U2,s,U4,G,F7-, (F7-)º ,Po,Ps, or PS'. 

The last theorem means that Rota's conjecture (3.24) has now been proved for q = 2,3, 

and 4. Comparing Theorems 3.22, 5.11, and 5.15, we see that, for q ~ 4, the number 

of exduded minors for the class of GF(q)-representable matroids increases with q. Oxley, 

Semple, and Vertigan [31] showed that, in general, this number is at least exponential in q. 

Theorem 5.16. For all prime powers q, there are at least 2q-4 excluded minors Jor the 

c/ass o/ GF(q)-representable matroids. 

Rota's conjecture remains open for values of q larger than 4. Consider the case when 

IJ = 5. The matrix 

[
l o 
o 1 
o o 

1 1) 
1 a 
1 b 
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rcprtstnts U·u ove.r GF(5) for e.11 a and b in GF(5) - {O, 1} such tbat a # b. T he re are 

(i euch matrices 1m d t hey are all inequivalent. S ince U3,s is 3-connected, the e.ne.logue of 

Thoorem 5.14 does not hold for GF{5)-representable matroids. Kahn [17] oonjectured t ha t, 

for llll q, the~ is a fixed munber n (q) such that every 3-connected CF(q)-representable 

rnntroid has al most n(q) inequivalcnt represeuta t ions. Oxley, Vertigan, e.nd Whittle f32J 

prowd this conjecture whcn q = 5 but showed t ha t it fa ils for all Jarger \'8.lues of q. 

Thcorcm 5.17. Every 3-connected GF(5)-representable matroid has at 

moJI 6 rnequ1ualoit GF(5)-represtmtat-ions. For ali integers N tmd ali prime powe1·s q > 5, 

tht.rr u a 3-connected CF(q)-represe11table matroid that ha.s at letl$t N m equivalerit G F (q)­

rrprtJtntahoru. 

This theorem menus t hnt if further progress is to be made on Rotn's oonjecture, t hcn new 
trclmiquei .,..¡JI need to be dcvelopcd. Onc direction in which some work has been done is in 
Ml\'agingsomething from Knhn's conjccture by strengthening the oonnectivity condition [16J 
w1th the hope oí regnining control of thc number of inequivalent representations. Another 

dire<'tiOn that has been explorcd involvcs using the para.meter branch-width, which wns 
111lroducrd for grnphs by Robcrtson nnd Seymour [36] as a relative of their better-kuown 
trtt·wtdth Loosely speakiug, for ench of t hese pnramcters, the smaller the vnluc of t hc 

PftrlUnNer 1he more 1ree-like is thc structurc. Gcelen and Whittle [11] hnve proved t hnt, 
for nll llmle fields CF(q) aud a li positive integcrs k, there are only fini tely many excluded 
minors for GF(q)-representnbility tlu.i.t ha.ve branch width at most k. This work is pnrt of 
nn efrort that is being made to extend H.obertsou and Seymour's graph minors project (see, 
for exrunple, (35J) to matroids. Among the many important contributions of this project is 
the followmg very deep result , which nppenrs in the twentieth paper (37J of the series! 

Thcorem 5.18. In euery irifinite set of finite gmphs, there is always one that is isumorphic 

lo a rmnor of another. 

600 
(a) (b) !el 

figure 13: Goometric rcpreseutntions for (a) M3, (b) M,. , and (e) M5. 

Thi.s tbeorem fails if wc replace "grapli!l' by "matroids". For example, the mntroids 
L,. in Tbtolem 5.6 are ali excluded minors for R-representability and so uoue is n minor 
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of another . As another example, !et M3 , M4 , M~,, .. be the sequence of rank-3 matroids 
for which geometric representations are shown in Figure 13. None of these matroids is 

isomorphic to a minar of another . To see this, observe that , since these matroids ali have 
the same rank and contraction drops rank , if M; is a minar of M; , then M; must be a deletion 

of M ;. But once we delete an element from M ;, we destroy the ring of 3-point lines common 

to all the M" 's and this cannot be recovered by further deletions. Thus Theorem 5.18 does 
not extend to the class of all matroids. Among the biggest unsolved problems in matroid 

theory and one that has been the focus of much recent research attention is the fol\owing: 

Question 5 .19. Is there an infiníte set of binary matroids none o/ which is isomorphic to 

a minor of another? 
L 

For ali prime powers q, the corresponding question for the class of GF(q)·rcpresentable 
matroids is also open. Indeed , it is generally believed that the answer to this question will 
be the same irrespective of which finite field is considered. Geelen, Gerards, and Whittle (13] 
have answered this question negatively for ali prime powers q provided that the branch-width 
of ali the matroids in the set is bounded above. 

The last result that we note in this survey is a deep and important structural theorem fo r 
regular matroids due to Seymour (40j . This theorem uses an operation for binary matroids 
that corresponds to sticking two disjoint graphs together across a 3-edge cycle and then 

deleting the edges of the cycle. Let M 1 and M2 be binary matroids with ground sets E1 

and E2 , respectively, each having at least seven elements. Suppose that E1 n E2 = T, where 
T is a 3-element circuit in both M 1 and M2 , and T does not contain a cocircuit in either 
matroid. The 3-sum M1 $ 3 M2 of M1 and M2 is the matroid on (E1 U E2) -T whose set 
of circuits consists of ali circuits of M1 \T, ali circuits of M2\T, and ali minimal non-empty 

sets of the form (C1 uC2)-T where C; is a circuit of M; such that C1 nT = C2nT#0. 
We omit the proof that this operation does actually produce a matroid. 

We ha.ve already noted that the class of graphic matroids is contained in the clo.ss of 
regular matroids. Since the latter class is closed under duality, it also contains the class of 
cographic matroids. One sporadic regular matroid, which was found by Bixby [l), is the 
vector matroid RIO of the following totally unimoduJar matrix : 

Among the special properties of this matroid are that it is isomorphic to its dual , every 
siugle-element deletion is isomorphic to M(K3 ,3). and evcry single-element contraction is 
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\aomorphic to M• (K3,3). Seymour [40] shawed that every regular matroid can be built by 
pi«:l11g toget.her grapbic matroids, cographic mat roids, a.nd copies oí R io. Combining his 

1heomn with earUer ~'Ork oí Brylawski \5J gives the following result . 

Tbeorem 5.:ZO. The clas.J o/ reguiar matroids coincides urith tM class o/ matroids tiiat 
am be am.11truc.fed usiri9 dired sums, 2-sums, and 3-sums beginning with graphic matroids, 

rogniphic matrouú, cmd copies of R10· 

We recall írom Theorem 5. 12 that a mat roid is regular if and only if it can be repre--

8'!':nled by a c.otally unimodular matrix. Using this fa.et , the lest theorem can be combincd 

with a rmult of Cunniughrun aud Edmouds (8] to give a polynomial-time algorithm to test 
whelhfr a real mstrix i.s totnlly unimodular. This is a very import.ant result in combina.torial 

opt1111uahon for, as Scbtijver !38, p. 266) notes, "Toto.lly w1imodu1ar matrices yield a prime 
clw of IU"ICM progre.mming problems with integer optimum solutions!' 

6 Conclusion 

In ternw of tbe rcsearcl1 rcsults highlightcd, t his paper ha.s íocussed mainly ou represent nble 

nmtroids.. Another import.a:nt and act ive research direct ion in matroid theory involves the 

numcrOU3 bnb bctwcen matroids and graphs. A recent survey of t.his area, which ooncen­

lrali!d partM:Ularly on connectivity resu\ts, appears in {301. Yet anotber very active and rich 

PN"l of malrotd lheory centres ou the Tutte polynomial, its properties, and its :numerous 
lnttrcstmg eva.luations throughout combiuatorics. A reccnt survey of work in this area np­

P'&tl m \\'eMh l49J . Fer the history of matroid tbeory and a reprinting oí so me of the most 

mflucntW papera in the subjoct , the rcadcr is rcíerred to Kw:i.g [21J. Ma:ny mathematicians 
m tlie 1930I and before were led to formula.te abstract ax:iom systems for depcndence. As 

Kung 121 , p ISJ notes, "it was an early testimouy to the naturalness and iuevitability of 

Lhe coocept ola 1Mtroid that ali these a.xiomatizat ions, discovered indcpeudcntly by vcry 

d1fftrtnt malhematicians, are ali equivalent . n T he fa.et tbat tbe conccpl of a matroid has 

cndur«t il a preeent.<lay testimon.y to it.s versat ility and utility. 
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