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Defin it ion and Expressions of the Exte nded Mean 
Va lues 

Thl' lii'itorics of mea11 Yalucs and inequalities are lo11g [9] The mean values are relat e<l to 

1111· ~ kn11 Vahll' T hrorcms for t he derivativc or integral. which are 1he bridp,C' bt"IWf'l'l1 t.li(' 

lornl nnd global properiics of functious. The a rithrnctic-mea11-gro111ctric- 1111·nu iu<'quality is 

probnbly tbc m~ l 1111porll\Jll inequality. nnd ccrtainlr a keystouc of thC' tht>ory of i1l('qwdi! if's 

¡2¡. luequnlit ies of mean values are oue of the ma iu part s of tli t• thro1y of in(:'{p talities, they 
l1nv1' explicit geometric meanings [1 4]. Thc t!1eOr\" of mcn 11 \"flhll',., play:. nu importunt ro!e 

111 rl1t• whol(• 111a.1lu.•mntics. siucc 111fl 11.v uonus in 11 rn th t"111Htic!- 111·1· oft t' B 111eans 

1 . .L Dcfiniti on of the extended mean values 

111 197:;. rh1• l'Xh'udNI 111C'n11 valucs E(r,¡;:.i:.y) wcre defined iu [51 ] by!\ . B. Stol arskv as 

follow~ 

vi={: 
y' .r'] 1 

i •-• 
l:'(r. ' 1• !1 .•1(.1 111 =O: ! I I J 

!!' - .r' 

E(r.O:I.y) = [~ 
y'' - ,¡;' ] i,, 

luy - hi .r 
r (.1 .11) r 11: ( 1. 2 ) 

. l [·/"~ · · r ,(_ ... _,,. ) 
C(1.r:I,y) = ;-¡{. -¡ji7 . ,.¡ .. -y) 1 º' ( 1.3) 

f;(O.D:I.y) = J.iT,. .1: # y: ( 1 1) 

1'(• , , 1.r) = .1, .1: =y: 

w lu•11 • .1.JI > ll 1111d '··'E R. 

11 1:; <'llW 1 0~'· thnt thc ex tended 111cuu values E(I'. ~: .r.y ) at .. 11.111111111111 .. <111 1Ju·1!<1111ai11 

Hr .... :.r.!f)ir .. ., E RI.y > O} . 

Tl1cy nrc S},lllllCtrk betwccu r nml .~ aud l>l'! W• '•'l l 1 a111l .11 

" 1n11y bns1c pm¡M'rtu• ... hm·1· h1·1•11 !t' .... l'nrt ·lwd ],_, I·: 11 l.cad1 nud ~ I C. Sholnndcr in 
[!H\ m rn11r. 

\111111 tu• .111 \.1lm-... 1\ 111. 111<11 : 111: 1lol1· ,., :iw "PlTia l c11scs of E. for exnrnplc. 

f 1. !1 J.y) = .1/, (.r .y), 

F'(l.11.I.g)=S,.(.c .y), 

f.'(l 1J y\~ / (1.y). 

E{I 2.J 11) = A{J·, y). 

(powN mcnus or 116\dcr means) 

(cx!eudrd logn rithmic means) 

(ideul rk 01 ('Xpot1 t•n1inl 111('n 11 ) 

(11rit!1111tk 111eu 11 ) 

( 1.5) 

( 1.6) 

( 1.7) 

( J.8) 

65 



66 The Extended Mean Values 

E(O.O,,.y¡ = G(x,y), 

E(-2, - l :x.y) = H (x,y), 

E(O, l ;x,y) = L(x, y). 

(geometric mean) 

(harmonic mean ) 

(logari t hmic mean) 

(19) 

(1.10) 

(1.11 ) 

St.udy of E(r, s; x,y) is not only interesting but irnportant, both beca.use most of the 

twO-\'Briable mean values are special cases of E (r, s ; x. y), and beca use it is challenging to 

study a function whose formulation is so indeterminate [26J . 

1.2 Integral expressions of the extended mean values 

Let 

{
y' -x' 

g(t)~g(t: x, y)= -,- . 
tuy - ln .1·. 

Define A fu uctiou U,.(.L·: I) such t.hat 

U0 (x;t) = t"', 

t 1' O: 

t =o. 

U,,+i{l:; t) = xaui)~x: t ) - (11 + l )U,.(x ; t ) 

for 11 being a nouuegative iutegcr and t > O. 

(1 12) 

(113) 

The direct ca\culat. ion of the i-th arder derivative oí g(t ) for i E N is complica1cd 
Howe,-er. it is easy to see that 

(1.14) 

HL'Cl'll tly, a ucw cx prcssiou for thc i-th onJcr <lcri vnt iw of y(t ; .r.y) wilh m;¡wrl 10 tlir 

vnrinble t was 0L1.aiued by thc nuthor as fotlows 

(115) 

wl1erC' 1 1i:. n 1101111C'gnti vt> i1 1tegcr, tu1d f (;;, x) denotes 1he i11complet e gnnmin funct io11 <lefi11ed 
for ílc:> Ob~· 

(1 16) 

Thf' l''Xpr~~iou l' ( 1.1 2). ( J.\ .\). um l ( 1.1 5) of y (l :.r. y) look ~implC' . lmt tl1C'y 11tf' 1111· 
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port1mt. for u.s. The exprcss1on ( 1. 14) cn11 be used to rewrite the extended mean values 

S(r.ll:..t,y) ns 

(
g(" X, y))> /(•- •) 

E(,,s:x. y) = - ,-.-) ' 
9 1' 1T,y 

. (g,(,;x.y) ) 
E (r.r:.r. y) = exp g(r;x,y) , 

Tukiug logari t lun in (1.1 7) and (l.18) yields 

{ 

1 1' 8g( t;x, y) 1 
- ---·--di. 

1 '"(· . )- , _ ,' 8t g(b.y) 
11 ,,;. i ,ll . .t , y - l)g(r:x, y) l 

-8-,-. g(r;x , y)· 

¡, - s)(x - y)# O; {1.1 7) 

(x - y)# O. ( 1.18) 

(' - s)l., - y) # O; 
(1.19) 

,. =s . .r -y# o. 

~011· 1lm1 . 1hr mt egral cxprí'ss\011 :-; (1 .1'1). (l . 17). ( J. 18). nml íl .19l of thf' fu1H·tio11 ,<¡ 

111111 1lw f'Xt1·11dNl 111ea11 \1\lllc:- E ( •',8: .1·. y ) play kc,\' ru[i>,.. rn our ,;cq11t:• 111 co111 cm ::.. 

1.3 lnequali t ies and recurrence formulae for g(t: x. y) 

Ut1 111g Tchcbyshcff's integral incqunli ty, Hcrmite-Hada1 11anl's iucquality for couvex fuu ctiou:-; 

nnd tlll' 111nlhcma1 ical ind uction, sorne rclat.ionships beiween 9(.1·) sud U., (.c, t ) nrc 1k><l11c<'d. 
i111cl !!OlllC l'CCurrcncc fo rnmlac ami incqunHtics of them ar(' gi veu. For cxam ples 

T heorcm l.l (146)). The ftmct.io11 g(t) sntisjies 

91 ,,)(t) = U,,(t; y~ .::Y,,(t ;x). 

ou.~;1:, f) = .r"+l( lu t )"rr- l . 

(1.20) 

(1.2 1) 

T hcol'c m 1.2 {(46J). Tl1e fm1 ctw11 ~ is iricn~asi119 (or decrttJsmg) m L /01· 1' > O {01· 

,,_ 11 ). : 1 111/ [ "~;: 1 } 1 1 1 , / 'f:. O , i11i11crcasi11gwit/1 t . 

T hco1·cm 1.3 (!461). Tli e ftmction g{t) is absolutely cmd regufarly rnonotonic 011R/or11 > 
1. 111· 011 (0. } for b > ~ > 1, com71letcly mul regulad y mo11oto111c or1 R fm· O < c1 < h < 1. 

m 011 ( - oc . O) f ar 1 < b <t. Fuf'l// i; rnwn:. g( t ) i,~ nbsofotcly com•e.r 011 R . 

Thcorcm 1.4 ((46. -1 7)). Fm· ~· . i.j bd11y 1w111wf¡11t1111• i11teyers. we ho1•1: 

(1.22) 
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~ · · Tl1e mt10 gP~ J (t) 1.s mcreasmg m t. 

For com plet.eness, we list definitions of absolutely (regularly, completely) monotonic 
(convex} function as follows. 

D efinition 1.1. A fuuction f(t) is said to be absolutely monotonic on / if it has derivntivci. 

of ali orders ami ¡ C ~·l( t) 2: O, t. E / , k EN. 

De finition 1.2. A functiou f (t.) is said to be comp letcly monoto11ic ou I if it hus derival ives 

of a li orders allCI (- 1 )~'/(kJ(t) 2: O, t E ! , k E N. 

Defi niti o n 1.3. A fo nct ioll J(e) is said to be regularly monoto11ic if it nnd it s derivn i h·~ 

of ali orders ha ve coust ant sign ( + or - : not ali the same) on / . 

D efi niti o n 1.4. A fn1 1ctio1J f(t) is said to be absolu tely convex 011 f if it has derivativ(':.of 

ntl orders ancl / f2kl(I) 2: O. 1 E / , /.: E N 

T he absolutcl.v (complet.ely, regu larly ) ruonotoui c (couvex) fu 11c1ious nr{' u~ful 111 Lu 

pak{' rrn 11sform !52) 

2 Monotonicities of the Extended Mean Values 

\\'hcu studyi ng a funct iou, we always consider its monotonicit,r lirst .. T!1c extended 111en11 

rn lu~ E(1·.s:x , y) ore iucreusiug with respect to its a li variables. That is 

Theo re m 2.1. Th e e:i:tended mean values E(r, s; x , y) is i11creasi11g m both .r. 1md y aruf m 

butli r 1uul ~ . 

This t hcorem wns verificd by E. B. Leach and ;vi. C. Sholander i11 [20]. 

La1c1. us i11g ex pressiou ( l .17), ( 1.1 8) aml (1.19), monotonici t.}' of !he uritl 1111c!1c 1111·1111 

of funclion, Tchcbyshcff's iutcgral inequality, Cauchy-Schwarz-Buniakowski's iucq1111li1y nnd 

olhC'r 1um l~· t ic tcclmique, somc simple mid ncw proofs for mo11otonici1y of t he cxtcnde<l m<'Ull 
'1llm.'S are provided iu [l :i, 112, 114 , -17j. 

3 Compa rison of the Extended Mean Values 

Th<' rompan.:-011 of lllC' cxicmlcd 111c1m vahu•s E (r ,., :.,..y ) 1s a d 1fficul1 probli•111 . 11 '''rL' 
1,"N..,1rchl'll 111 f20J. Fi'"c .H•in s lntl'I" , rnon• g<·1wrnl n ·:-.uh :; wcn• oh101rn'( J ¡,_,. Z l11i11·:; 111 !WJ 
aud rt':'> rntNI 111 [25. 29) ns follows. 
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T hcorcm 3.1 ((20. 26]). Let r,s.u.v be n!lll mm1bers wit11 r #- s and u#- v, then 01e 

E(r,s; o,b) $ E(u.u:a,b) 

111 aatiafietl for al/ a, b > O 1/ arid only if 

r+s$11+u a11d e(r.s)$e( u, u) . 

whert 

{
x- y 
-1-,- / 01· xy > O and x 'f:. y , 

e(.r , y) = 11 ü 
O /01· x y = O 

1/ e1/lierO $ min{ r.s , u,u} 01· mnx{r,s ,u , u} $ O, and 

e(.z , y) = l.cl - lul /01· x , 'Y E IR imd .1' #-Y 
.r - 11 

1/ 111111{r .. ~ . u . d < O< mn..-.:{r. s. u. 11). 

4 Convexities of the Extended Mean Values 

(3.1) 

(3 .2) 

(3.3) 

(3.4) 

Aftt- r considcring the monotouicity and comparison , it is natural to in\'estiglllC' thc co11vcx­

l1ie-! of t hC' extended mean va\ues E(r, s; x,y). 

4. 1 Oeflnitions of convexities 

The conccpls of com-exit ies of functions are manifold , for instancc, the logarithmically convex 

1111cl thc Schur-con\!V(. 

Ocfl nition 4. l {124J). A posi tivc fuuctiou f <lefiuc<l 0 11 nu iutcrvnl I is logurit.hmicu.lly 

OO ll Vl'X (concave) 1f its logarithm lnf is convex (coucave) . 

Ocílnitlo n 4.2 ((6, 28)). A fu nction f with 11 nrguments on /" is Schur-convcx on !" if 

/(.1) ~ /{y) for each two n-tuples x = (x 1, ... ,x., ) nnd y = (y¡ . ... . Yn ) in /" such thu.t 

1 -< y holds. where 1 is an intcrvn l wlth nonempty interior. 

Tht> rt'lat1oos lup of mejorization :e-< y menns thnt 

' k 

L "I•\ $ L•I•\• L "l•I = L •I•\· (4. 1) 
1• 1 1• 1 

wlu·n· 1 :S 4· ~ 11 - 1 aml "'lil de notes t he it l1 lnrgcst compo11c111 in .1·. 
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A funct.ion f is Schur-concave if and only if - f is Schur-convex . 

4.2 Convexity of the arithmetic mean of a function 

The c01wexities of the (weighted) arithmetic mean of a function (integral aritlnnt?tic mean) 

are importan!. to our proofs for convexities of the extended mean values E{r, s: x, y). 

T he following results can be verified ensily. 

Lemma 4.1 ([47]). !/ /(t) is an increasing integmúle funct:io11 on ! , tlrnn the 11nlhmehc 

m ean o/ /1m ct'io11 f(I), 

( ) {~j' J( t)dt, r#s. 
1' r, s = s-r r 

f(r ). T = S. 

(4.2) 

1.s ni.so i11c1't!asmy with hot.h 1' and s 011 I 

/f f 1s a fum:c- differnnl.iahle co1wex fimc.twn. lher1 tJ1 e /1mdw11 <11{r . .s ) i:,· al.so cmwa 
W lf/¡ both ¡· lllHf 8 011 f . 

In [6). N. Elczovié and J. Petarié preved the following 

Lemma 4.2. Let f be tL contifüw·11s /v.nctio11 011 l. Th e11 the integral aritlun etic mean </>(r,s} 
1.s Sch 11r-co11 ve.:r. (Scluir-co11cave) on 12 if and only if f is convex (concave) on l . 

The followi ng uecessary ancl sufficient condition is well-lmown. 

Lemma 4.3 ([6] nnd [28, p . 333]). A eo11tinuou.!ily differentiable f'unctio11 f 011 / 2 (u1/i crc 

/ úemg ª" ope11 i11t.e111ul) 1s Sclmr-convex if und only if it is symmetric and sutisfies 

( DJ D!) a,¡-¡¡;;; (y-x)>O forall x,yE l ,x f:.y . 

Usiug Lcn111m 11.3, we cau obtain tihe Schur-couvexities of the weightcd ariLhmtic rnc1111 
of n fm1ction. 

Lemma 4.4 (145]). /,el. f be a co11túnwu.s f1m ctio11 011 l. /et p be 11 posil.we courm1wus 

mc19ht cm I . Tlw.u llw rm:iyhl.etl 1tritlm1dic 11wa u uf 11 /uriction f wilh mc1yhl JJ de/i11 ctl by 

{ J: p(t )f(t)dt 
V(.G, y) = 1.: p(t)dl . .i· #-y. 

f{.i;). .s: = !I 
( 1.-1) 
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18 Srlu11·-co11ve:r {Schur-concoue) on 12 ·1/ aud only if th e inequal1ty 

J: p(t )f( t)dt < p( x) f (x) + µ(g)f(g) 

J: µ(t )dt - p(x) + p(g) 
(-1.5) 

/wl1h (11vtr·se.t) for all L,y E l. 

4.3 Logarit.hmic convexit.y of t.he extended mean values 

l)y for 11111lf\ ( 1.19} a nd Leuuno •l. \. wc cnn sce that. i11 order 10 prove the \ogarithmic 

co11vtxi ty of thc ex1t nded mcau volues B(r, .i;: .c. y ). it s uffices to veril)" the C01l\"cxity of tli e 

fn nr tio11 

w1tlt H'~ \H'ft lo 1 

' tm1~d1tforward romp11tn1 1011 result :;. 111 

( g'(t))' = g"(t)g(t) - (g'(t) )' 
g(t) •i'it) . 

( g'(t ) )" = g2 (t )g"'(t) - 311(t )g'(t )g" (t ) + 2(g'(t)(' 
g(t ) g2 (t) . 

Dy n long imncatc and stnnd ard nrgument , wc o btain the followi ug 

Propos iti o n 4.1 (j33J). 1/ y > x = 1, then, / 01· 1 2: O, wc lia tte 

(•J.6) 

(U ) 

11.8) 

!/(t: l ,y)y;"(t; l.11) - 39(1.; \ ,y)y;(t.; 1, y)y;'(t; 1, y) + 2¡g;(t: l , y)J3 ~ o. (4.9) 

Tlu.' comb111n1 1011 of Proposi tion 4.1 with equality (·1.8) proves that ~is conc1.wc 011 

[O. ) wi th t for fixcd JI> :z: = l . T hus, it fol \ows tlmt. the extc11dcd menn values E(r, s; 1, y) 

nn• logaritluuically concEwe 0 11 [O. oo) with respcct to cithcr,. or s for y> x = l . 

])y i;tnnda.rd argumcuts, we obtnin 

B(r ,8::1:.y) = .cE (l". s: l.~) , 

E( - 1·, - 8: :1:, u) = E(r.:~J-. y)" 

(4.10) 

(•1.11 ) 

lk11C(1 • f:(r .. ~;r.11') l\Tt' logari1h111icnlly co11Co\'e o n [O.oo) with ci1he r r or s nud \ogarithmi­

rn ll.\· t'OH\'f'X 011 (- --....Oj in eithC'r ,. or 8, rcspccl ivcly. Thnt i!<i 
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Theorem 4.1 ([33]). For allfi:xed x ,y >O and s E !O, oo) (orr E [O. oo), respectiuely) , llie 

atended mean values E(r,s;x,y) are logarithmically concove in r (or in s, respective/y ) on 

¡o, oo). For ali fi:r,ed x, y >O and s E (-oo , Oj (or r E (- oo, OJ , rupectively), the eztendeJ 

mea n values E (r, s;x, y) are logarithmically conve:t in r (or in s , respective/y) on (-oo,OJ. 

4.4 Schur-convexity of the extended mean values 

The Shur-convexities are parted into two cases: convexities with respect to (r, s) o.nd (x, ¡¡), 
respectively. 

4.4.1 Scbur-convexity with (r, s) 

By the same procedure as bhe proof of the logarithmic convexity of B(r, s; x, y) and using 

Lemnrn -1 .2. we obto.in t he followiug 

Theorem 4.2 ([36]). For· fixed x, y > O a11d x f:. y, the exte11ded 1nea11 ualues E (r,.s:r ,y) 

are Schur-conctrne on R! and Schur-convex 011 R: wit/1 (r. s), wliere IR! and R': deuulL 

!O, oo) x (O. oo) and (- oo , O) >< ( -oo, O], tl1e first a11d th-ird quadrunts, respectively. 

Taking (ri, s 1) = (0,2r) and (r2,s2) = (r, r) far r '!O, as a direct consequcncc of 

Theorem 4.2, we obtain an inequality between the generalized logarithmic meau valucs 
defined by ( l.2) nnd the genern\ized identity (exponential) mean values defined by (1.3) os 
follows 

Corollary 4.2.1 ([36]). Lct x , y >O and x '!y. Then, for r >O, wc have 

[
_.!_ , y2r _ X2r l L/(2r) < _.!.._ (~) 1 /(::i: ~ -lo' ~ ) . 
2r lny- ln x - el/r Y"' 

(4.12) 

Fur r < O, mequa/ity (4.12) rcvenrns. 

4.4.2 Schur-convexity with (x ,y) 

The resu lts 011 t he Schur-convexities wit h respect to variable (:t , y) are not vcry perfoct. 

Ftom Lc111111 a 4.11. usi11g thc following Theorem 4.4 about iuequalities o í thc arithmc1ic 

111ca11 . harmonic mcau an<l logarif,hmic mean , wc lmvc 

Theore m 4.3 (!45J). Fo1" fi'J:etl pufot (r .. ~ ) s11ch tJwt r .. " 1 (O.~) (m· r .. ~ E (O. JI . 1rsp.). 

tli e c:rler1dcd uw.1111 1m /1ms E(1'. .s: :r , y) Ull! Schul"·coucu ue ( or Sd1ur·cm111e.r. n•s¡1.) wdh (J'. y) 

011 tJ1e dfJ111 t1111 (0. cx.i ) x (0 ,oc ). 
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As Uy-products. somc mequulit.ics of meun vo.lues wcre established . 

T huorum 4.4 ([451). lct x, y be posit·iuc real 11.mnbe1·s ml(f r E IR. 

l . 1/ r ~O, tlum 

t/1e c11mil1t1es rn (.1.13) hold 011/y i/ :r = y 01· r = O. 

e. l/ 1·?: ~' we llave 

tl1e c1r1wl1ty 111 {'1.14) lwld.s 011/y if :e= y. 

S. lf ,. E (O. lj, 111eq11a/1/y (.l.11!) 1-eucrses witho·ut c1¡1rnlit.y u11less J ' = y. 

Tlu· n·:-.uli:. of Throrcm .\, 1 impl,\' iiwquulitiei> lw11Wl'H 1 li1· f·x!i'ndt>d 1m•11u ntln<':- aiu l 

tl11· p,o·1u·1•11li1.l'd wc1glncd 111cni1 of posit ivc seque11ce. 

T huorcm il.5 ([•ISJ). Let i :. y > O. 7'hcn 

l. ,¡ r,s E (O. IJ, u•e lwue 

E(r, s; .i:,y) ::; J\12(( 1, l); (.r. y):/' - l.~ - l). ('1.15) 

wlwrc M2 (( 1, 1): (x. y); r - 1, s - 1) titmul.t:.,· thc yenernlü:.ecl weiglited mean of positive 

.tc1¡11enre (.r.y) u·rl/1 two ¡111n1111.1.:ters r - 1 ami I>' - 1 trnd co11.stant weight (1, 1) de/inetl 
111 Ocfi111tio11 5.2; 

:!. 1f ,.,.~~(O.~). mqua/1/y (<Li .5) r'CuCl'scs; 

3. u//wnms1·. ilic l'al1d1ty oj met¡u11lity (4.15) 11wy 1wl be certt1ir1. 

5 Generalizations of Mean Values 

l"io111 ( l . l l), 11 1:- cl,·ar 1l1A1 1hc cx11·11ded n1en1t vnlucs cn11 br• rcwritte11 n..c:; 

(J: 1"-"lt) •/!-•-•) 
E(r. s:.r.y) = JYtr-ldt . , 

(5. l ) 
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7•1 Tlie Extended Melll1 Values 

5. 1 Generalized weighted. mean values 

Onc of generalizntions of mean values, the genernlized weighted mean vnlucs M1,,¡(r, "; x, u), 
are classified int.o two coses. 

5.1.1 Integral case 

lt is nat;urnl to genemlize the concept of t he extended mean vnlues El(r,s:x,y) through 

replacing 1 by n positive func bion f(t) and considering a wcight in t he integrnnds i11 (l>.1 ). 

Definition 5.1 ( [32 1 35!). Let x , y, 1·, s E IR , nnd p( u) F. O be a nonnegativc nncl integrable 

functiou. f (u) a positive and integrnble function 011 !'he interval between x nud y. Tlw 
gcnernlized weighted mean vo.lues, wi t h weight p(u) and two pnramet.ers r a11d 11. is dcfiul'CI 

hy 

. . .. _ (J: p(11)f'(u)du) l / (.•-r ) 

.\l, ,,¡( i . .s,.1.y) - J;v(·u)f'' (u)d·11 · (r - .s)(.r - !J) #0: (á.2) 

. .. _ . (J~v(u)J"(u)luflu)du) 
M,,.1( r , 1 .. r.,y) - exp J;p(u)fT(u)d11 . r(x -y) i O: (6.3) 

( J:p(u)J"(u)du) '1' 
M,,,¡(r . O:.i: , y) = J:v("u)d·u . ,¡, - y) 1' O: (5A) 

(r p(u)hif(u)d•u) 
t\11,.1(0, 0;:1;, ¡¡) = exp "' J:p(u)d·u . x- y# O: (5.6) 

Mp,¡(r.s;:i;.x) = f( :1;). 

Thc followiu!!, lcurnm is culJed the rev i:;ei.l Cnuchy 111c1m vul m· Lht'Ore111 iu i11t.us rnl fonn 

Lemma S. l ([32, 35, 47]}. S11ppo11c tlrnt f(f) a1ul g(I) ~O are i11t.cgroble un [u, b] (lm/ fl1 c: 

mtw W, lws fimtdu m1my nmwuable disco11tinu1t-y JJOmt.s. Tfl cr¡ th ere cxi.'fls at lcM! eme 

¡1-0ml O E (11.b) such l.lwt 

J~ f(t )dt . J(t ) 
f.'.' y(l)dl = )~·~ y(I) 

(5.0) 

l lM n¡.: l.1·1 11111 11 f1 . I . so11w lms it· JllOPl'l'lir>s oí tlw f,('lw1nliz1·1l m·1¡.: l111•1I 1111•1111 mhu.., 

.\/1, ¡( 1 .... ~ .1·. u ) 1\'i ' l '1· .1·i ~·lrli-cl ns ío llows. 
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T hcore m 5. l ([32 j) . . \l,..1(r,s: x.y) lwue tl1 e followmg pmpert1es 

m :5 M1,,1(r,s;.c, y ):5 M. 

M,._1(r.s;x,y) = M1,.1( r,s:y,x) = M1,.1(s.r:.c.y). 

M; .'¡r( r. s) = M,~.J ' ( t . s) J\111,~/(,., t). 

u.•l111t m • iuf f{u). \/ = sup f(u). 

(5. 7) 

(5.8) 

(5.9 ) 
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In [:12) tmd ¡ 111. thc 111011otonicitr wi!.h x nnd y of M1,.J(r. s: .c. y) wa.s proved b:r t hreC' 

11ppro11rhr-; 

T hcorom 5.2. Lct 11(u) f. O be t1 rw1m egutwe rmrl cur1 tmuous fu 11ctwr1. f(u) u ¡JUsitwe, 

m1·rrt1.m19 (u1 decrtmmg, rtllpcct1vely) ond contm11011.'I" ftmctw11 . Tli en ,U,.1(r. s: .r , y) m-

1 nu.~r-~ (en 1/1nrn.~tll. r?sprc/11•ely) wtlh 1l'8¡1ect l o e1thc1 .r 01 y. 

l l~m ¡.: C'nuc-h\ h\\nr1- B1111rnkow:.ki' :-; il ll'q w1l1 r.\· m ' prowrl 111011010111r11\- of tll!' g¡•11t•r-

ul111•1l 1111' 1¡.:l1!1 'd llll"llll mh1l'-" .\/1,/(1' .. , :.l' . !/ l 11·1111 ( r . ' ) ¡1.,-. foll1111·-. 

T heo r1•111 5.3 ((4 J). Tlu g1 ncm/1:;c<I we1yhkd 111c1111 Nilucl) J/1,¡(r. \:.r. yJ ª" 111n'!!usmg 

11•1 1/1 bolh r 1md • fflr nny cv11tm1W 11.'i 1w 1111 e911/i uP UWl!fhl p rmd ra11 trnuou.o; pos1lf111• J1111cfirm 

U11111g Tchebyshcff·s mtcgrnl iucqua lity, we hnve thC' fo llowiug two 1heorcms. 

T licorc m 5.4 ((32J) . Ut 111(u) '1:- O anrl p2(u) ~ O be 1wrmegatll!e and integro.ble functiuns 

(Ju tl1r mlr1i:t1l bttu:a:n .e rmd y, / (u) a positi uc anti mtegmble functwr1, the mt.io ~ 1m 

mtr_qlflblt' f1111ct1011. ~ Md f (u) lwth incn.:asiny or both decrea.smg. Then 

M,,,.J( r .. ~; :i·,y) ~ i\111~./(r , s: .r. y) (5. 10) 

1/ 11111 of tl1t fu11clraru o/ /(u) ,,,. ~ is 1umir1c1-cas1119 ami t/1 e other no11decre1isiu .1J . llw11 

11111¡1111/1 111 (!"¡ IO) lS ITlC:NCd 

Thl.'oru m 5.5 ({32)). L<t p(u) "/:.O be u nmm cyative ami mtc.gmble /1mctw11, rmd f 1 (u) 1111d 

fi(u) jlll•1/1r•r 011d mltgmble fimc.tums 0 11 //J e mte11111/ betwcu1 .t ami y lf 011• rnl.io ~ 
11111/ !J(11) 111r 111ltJf06lr ami botl1 rn c1-e11sm9 or butlt d(Cll!ttsmg. the:-r1 

,\/1,.1.( r .. ~: .1 -.y) ~ /11 1,,J¡(r.s:.t.y) (5. 11 ) 

lwM•/111 1 •• • ? O u• r ~O~,\. u111/ ~ ~ l . Tltr mn¡ua/1/g (;). 11 ) M rt'1·e11>cd fo r r .. ~ :5 O 

m •> O ~ 1. und ~ $ 1 
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1/ one o/ th e f1m.ctiow1 o/ h(u) or 7;t;f is nonincreasing ond the oll1er 11ondl!Creru1119, 

tlum mequab1y (5. 11 ) is ualid /01· r, s 2: O or s 2: O? r , allti ~ 2: ! ; tJ1 e ineq1rnlit.71 (5.11) 

reuer es for r.s 2: O or r 2: O 2: s, and ~ :5 l . 

5 .1. 2 Oiscre te case 

Thc discretc annlogue of the gencro.lized weighted mean val ues, the generalized wcighted 

mean of positi,,e sequencc a= (c~ 1 . · · , c1,.), was dcfi ned in [31J by 

OeHni tio n 5.2. F'or a positive sequcnce a= (a 1 , • • • • a., ) wi th a, > O and u posiLive welghl 

I' = (p 1• ··.p .. ) wit,h p, > O fo1· l $ i $ n, t.be gcnernlized \\'Cighted mcun of positi\-e 

scquencc a wilh two parumebers 1· nnd sis defiucd ns 

r - s #-O: 
(5 12) 

r - 1> =O. 

Rema1·k 5. 1. For 8 = O we obtui u the weighted menu MJ,rl{a: p) of a rder r (set! [2ilJ): fo1 

·' = O. r = - 1. 1 he weighted hnrmouic mcuu ; for s = O. r = O. the weight.ed gcomcLric rncnn: 

nud for s = O. r = 1, tibe weighted nrithm~ic mean 

Thc mean A/,,(p:n; 1·, s) has some bnsic propert ics similar to ~hose of M1,.¡(r,.!;L,y). for 

instnnce 

T heor em 5.6 (j3 I J). The mean M,,(p;1i;r ,s ) is a coritmuous /1m ctio11 w1t11 rcspccl lo 

(r, s) E R2 and has th c Joliowin9 1nvpert1cs 

m:5M,,(p;(l ;1· ,s) :5 M , 

M,,(7Jiri;r, .s)=/\•l,. (p:t1;.s, r ). 

M;:-'"(p;11.:1-, s) = M;;- 1(p;11 ; /., .s) M!-"(p; n: r. 1). 

(5. 13) 

Thc i11cq11olit_r propcrty iu (5.13) fo llows fro111 Lhc followiug clemcntnr)' iucqunlilies 111 

[2 l. p. 20·11 which nrl' duf' 1.0 C1111d1y. 

Fa r m1 nrbitrnr.\" st·q11e 11cl' /¡ = (li 1 • .. . /J.,) nml n posith·r :-('(1m•11n• 1· = k1 . . . . r.,). 11't' 

l u\\'(' 

,,,;,, { ~} < ~:~1º· < ""'" { ~ } 
1<1< 11 t ", - L:,=1 r·, - 1<1 < 11 r, 

¡:. 11 ) 
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~::C¡uf\Hly holds 111 OOth of thr f\bovc iuec¡nnlities if and only if thc sequences b and e are 

1)roportio11nl . 

77 

Using Lr 11111uPI 1 ami b:.• standard nrgument s, we obtnin thc mo no tonicity o f M.,(p; n:r, ,.,.) 

w! tl1 rrspl'CI to vnrisbles r nnd s . 

Tlu.ior c m 6.7 (!3 1)). Tl1e 111c<111 Af., (p:a:r.s) o/ 1111111úc1·s '' = (o 1 ••• rin) w1th weight.~ 

p • (µ1 ••• , p., ) a11d two µommeters ,. m1d s is i11cnmsm9 111 úot/1 r a11d s. 

13\· 111u thc111n11cnl mductio n ami incq11ulit ies iu (5. 14 ), we obtaiu an ineq11nli t.r for dif­

f1tri' 111 nn !11rnl iud1C"CS 11 of J\ /.,(p: n: r·.8) . 

Thoorom 5.8 (!3 11). Fo1 <1 monotonic seq11e11ce o/ pcm twe 11umber·~ O< a 1 ~ n2 ~ 

cmil¡10s1l ll't wughtsp=(1'i·l>'l· .. ), ifm < 11 , th e11 

,\/.,,(p: 11 : r.8) ~ M,,(p:f/:r .. ~) (.1 .15) 

E,,1111/1/r¡ lwltl.~ 1/a1 = 11i = · 

lJ~1u ¡.¡ tl w d1stret e T chcbvsh!'íf 's iucr¡u1llit.v. thc fo llowi ug nrí' obtmued . 

T l1co1·c 111 6.9 ((3 1J). 1..ct 11 = (p1 . .. , p.,) 1mcl q = (q1 .... <¡,, )be pos1t1vc wc19hts. 

(u, , ... 11.,) u .llCqu~n~ o/ posiliue mm1bers. lf tlu: scqu1mces (~ ... . ~} and 11 m"t bul./1 

1w11 111cn:n.rn19 ur balh 11011dec.rccismr1. th e. 11 

M., (p;11:r.s) ?: J\J., (1¡:u :r,s). (5. 16) 

l/ m1t• o/ tl1e .i1cqumce.!i of ( ~, .. . t) ur 11 is norih1 crcusi r19 tmd the other 1w11decmasin!J, 
f/n• lllClfll/lllty (5. 16) U f'!:l'Clr$Ctl. 

1'hco1·c 111 &. l O {13 1J). ld 11=(p1, .. ,p,,) úc µcwt1ue. wc19hts, 11 = (a1 ... ,11.,) 1mdú = 

(li1. . b,,) tw11 <icqurriet._, o/ positiue rmmúcrs. Jj th e. seq11ences (i¿ .... t") <rn d b 111'C úolh 
1111"1111~11111 m Ú<lllt d«Tf'O.fmg, tlre11 

,\J.,(p:o: r.s)?: J\/., (p:ú: r. s) (5. !7) 

'.'.""'' /111 Jt > l u?: 1?: 1. crn d r·. s?: O m· r ?: O ?:.~. Tlie 111cq1rn/1111 (5. 17) rs rn1ir r.'icd fur · 

f,''- l .11 2:1?: 1 a11dr .. ,~Oors? 0 ? 1 ·. 

lf tmr 11/ ll1c •tllU<mr.~ <J/ ( ~ ....• t) 01· b 111· 11 011111rre1111·111y mul the otht"r 1w111/cn~1uui!J. 

l/H 11 111n¡1w/1i11 t:> li) '·' ral1d fur r. ?: l , 11 ?: 1 ?: l ri111/ r. ~ ?: O ur .~?:O?: r: t/11· 111 e.1¡1111/ity 

(r1 li) "1•11.~1 • /u1 ¡- ~ l. 11? 1 ? 0 l . 1Jr1r/ r .. 'i? O 111 ,. ? O ?:.\ .. 
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5.2 Generalized abstracted mean values 

The following definit.ion is nn integral analogue oí t he Definir.ion 3 in (2<1 , p. 75 j. 

Definition 5.3. Le t p ben defined, positive and integrable íunction 011 [:e, y] for :z:, y e R, ¡ 
a real- vnlued and monot:onic íuuctiion 011 [o ,,O]. lf gis a íunction valucd on [o . .01 nnd / og 
i11tcgrable on fx .. !/], t.hc qunsi-arithmtic non-symmetrical mean of function 9 is defiued by 

_, (I: p(t )f (g(t) )dt) 
M¡(g;,,;",y)~J f : p(t)dt ' (ó. I ) 

where ¡ - 1 is the iltve rse function off. 

Rernar~· 5.2. For g(I ) =f., JU)= v-1, p(I.) = 1, t.he mean /Vf1(g; p;:r., y ) red uces to tht' 

ext ended logarit.hmic memis S,.( :~, y): for p(I.) = t.r - !. g(t ) = f (t ) = t , to t:he 011c-pnrmue1c1 

mean J ,.{r,y): for p(I ) = f'(t,). 9(1.) = t , to the nbstrnc1ed mean M 1(x. y): for g(I) = t. 
p(t) = rr-I. /(1) = t·•- •. t.o t,li e extcmded rnc1m vnhu~ E (r . ..,·: .r. y) : for / (/ ) = t' . to tlw 

wcigbted mPf\1 1 o f a rder r of t hc fu11ctio11 g with weight ,, 011 [:r. y! . lf we repl1.1cc 11(1) br 

v(t)f'( t ), f( t ) hr 1·· - r . !J(I) by f(I) iu (5. 18). then we gel the genernlizcd weight.cd 111cm1 

\'Il lues J\lp.¡(r.s:x. y ). Menee , from f11f¡(9;p; x, y) wc can deduce n lot o f the Lwo varmbtc 

T h(> follow in~ proper t ies follow ensily from Lemm!.1 5. 1 a nd s1,aud1.1rd nrgumcn1s. 

Theorem 5.11 ([31]). The mean M¡(g; p;:r., y) has th e foflow1119 propcrti es 

a~ M¡(g;p;x. y) ~,O, 

M1(g ;p;:r:, y ) = M1(g; p;y , x) , 

T he íu11c1io11 ; i ~ t.hc rcci procnl funct.ion of f (:r,) =:c . F'ur1.hcr, we /uwc 

Lcmnm 5.2 ((31]). S uppose llw rntio 7!- is morwtomc 011 a gtvtm mt.enwl. Tlum 

wlu:ft' (í)-I M lhe 1 u 11e 1 ·.~ 1: f11w;t.io11 of ~ · 

(ó.19) 

(S.20) 

Th~ 111111,-. r1•111 i1ul 11s rlwt . if r<'plnci 11g ~ b.\' (Y,) -1 
111 D1· h 11 i11n11 ii .2. 1111•11 11i•c>n11 

11ht 11111 
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Dcflnlllo n 5.4 ((J I J). Lct / 1 aud h be renl-valued functions s uch tha t the rutio ~ is 

monotOTLf' 011 tite closed intcrvnl [o,,B]. lf a= (a1 , ... ,t1,, ) is n sequence of rea l 1iu1nbcrs 

from [o , J;J] nnd p = (p1 . .. , 1111 ) A se<1uence of posit.ive numbe rs, the gene ralized nbstrncLed 

nll'nn vnlucs of numbers a wi lh respect t o functious / 1 a nd h, with we ights p. is defined by 

( ") _, (¿:;~ , p,¡,¡,,, ) ) 
.11,, (t"'"'•·Íl)= -f ~fl ) . 

2 ¿_,, ., ¡/), 211, 
(5.2 1) 

whcrc (t ) - L is the im-ersc fu11 ctio11 o f ]! . 

T hc lnti.'grnl nunloguc of Dl'fiuit iou 5.tl is givcn by 

Doílultiou 5.5 ((J I J). Lct ¡J be a positive i11t egrnblc functiou de fin l.'<I on f.c. yj . . 1·.y E IR. / 1 

1111d /J rcnl-\•t1luOO íu11c1101i.s irnd thc rntio Í monotoiic ou the ime rva l !o . Jj. Jn ndd itiou 

11•1 1¡ br d fi11ed on '.r yj nnd \Tlltwd 011 [n. fi]. nnd f, o y mt cgrnhlr 011 '.r. y~ far i = l. 2. Thr 

14t•11f'111]1zl'd nl:>Mrn<'IN.I 111cn11 vnhw:. uf fuuc1iou .IJ with n:Spt'<'t to fuuc- 1 10 11 ~ ft ~u 1d ¡, 11 111! 
111 1h w1·1¡.;l1 r ¡11.., dehnrd lll> 

( ¡, ) - ' (I: p¡1¡¡,(y(1)¡<l1) 
.\l (¡r g: /1. h: .r. y)= y; J: p(t )f'J (g(t ))d t . (5.22) 

11•li1·11· (f.) 1 i:i the 1m-erse íunction of J!. 
llrnrmJ. 5.3. et h =. 1 111 Definition 5.5, then we cnn obtain Definition 5.3 easily. Replaciug 

f l1y f,. 11(1 ) by '*)h {g{t)) i11 Dcfin ition 5.3, we arri"e nt Definitiou 5.5 direct.ly. Defini -

11011 ú.:l 11utl Dcfimt ion S.5 are e<¡uivalcnt to ench ot.her . Annlogously. formula (5.2 1) is equiv­

ole111 !O Al¡(a :p). nnil&rly, so nre Defüiit.iou 5 .4 and the qunsi-nrithmtic non-sym met r ical 

1m•1111 M¡(o: p) oí numbcrs a= (ti 1, .. , n.,) wi ~h wcights 1J = (p1, .. . p,, }. 

F'ro1n i11e<¡uaht-y {S 1..i ), Lemnrn 5. 1, Len1tno 5.2 n11d s1andnrcl nrgumems, we lmvc 

Theorcm 5. 12 (13 1J). Thc mcn11s 1\1,,(p;n; J1, h.) tmd M(p;g: Ji, h. ;x, y) have th e fullow-
11111 1nw11:.1tu·.~ 

1 Uwlu tl1r condrl1011.5 aj Df!ji111 twu ,5.4. wc lm oe 

111 '.$: /l/., (p:fl:/1. h. )'.$: ¡\/, 

M.,(v: 11 : / 1.h) = M ,,(11:n: h.fi). 

11•/inr m • 111111 1<0< .. {«,} . ,\/ = 11mx1<1<11 {111}: 

(5.23) 
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f. Under thc condit.ions o/ Definition 5.5, we ha 11c 

a S M(p;g; f ,,f,;x, y) S P. 

M(p;g;Ji,h:r&, y) = M(p;g; f¡ , /2;y ,r.), 

M(p;y; /1 , h ;x,y) = M(J1:9;f2, /1 : r. , y) , 

where a = i11f1e[r,u) g{t) and f3 = SUPrelr,11¡g(f ). 

By Lemma 5. 1 aud stmudard nrgument, it follows that. 

(5.:W) 

T heo rem 5.13 ([31]). Sttpposc p aml y are dcfin cd 011 R. !/ / 1 o g ha.s corLStanl s1911ond1/ 

(~) og rs mercasin9 (01· dccreasi.ny, 1Y:specti11ely), tJ1e11 M (p: g; f¡, h ; x,y) lta11c thc 1111on:ic 

(ar same) monof.onicit ics llS J; with both x and y. 

Tlu• Tcheb.vsheff's integml iuequalitr}' produces t he fo llowiug two 1,heorems. 

Theor e m 5. 14 ([31]). Suvpost h o .CJ has cu11..~ta 11t -~·1911 011 [x.yJ. Whc11 y( f) lll C' l'tlll l \ 1111 

!.r. yj. r/ ~ rs m crnusmg, we hm1c 

(ó.25) 

r/ ~ ~ dccnmsmg. 111eqiialil.y (5.25) n;ver·ses. 

When g( t ) decrcuscs on /:1; , y] , i/ ~ is in creusing, tl1cn mcqtrnlit-y (5.25) is rcllf!rscd; r/ 
~ r.s dccroasrn9, incqt1ality (5.25) holds. 

Theorem 5.15 (131]). Suppusc h o 92 does not charige rls srgn on [x, y¡. 

1. Wl1 en h o ( ~) rnul ( J;) o 92 are both mcreas fog or both dccreas1119, i11cq110l1 /¡¡ 

(5.26) 

hulds far ]; bci11!J incrimsing, 01· rc11c1·ses for ]; bemg decrcasi119. 

i! IVl1cn onr. 11/ /h e frmctiom /'J.o ( ~) or ( ?! ) 0 92 is dt:en!0.stn9 and tl1c ofhcr 111cl'l'tl-(1U9, 

111cq1ml1ty (5.2G) lw/d.Y /01· ~ bci11y dccreasmg. or rtt.~CJ' /or]; bcwg mcrensmg 

5.3 More absolute ly monotonic (convex) íunctions 

111 (:HJ nml f32J. ~011 11 · 111on· g!'11ernl nhsolut r.ly (rq),11 lnrh·. rvmpll'll'ly) 111m1010111c (ronwx) 
íu11r11011.. ... l\"C' IC' rs tnl1lii; lu•1l , wl1 ic-l1 g<'11 C' rnlizr llLr rchuNI ~nh~" 111 [ IGJ rC'S tUIC'<I m Tlit'O" 

n•m 1 :S of S('("t im1 l :1 . 
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T hco rcin l'.U6 ((3'2)). Su¡1po~e tlint f ( u ) IS 110s-it.1ve mlfl liru dent•atuia o/ ali onlcrs 011 

t/1r 111 fr1'1 •al [t1. bj . Dtfine ~ ·( t ) by 

Tlu"' 

{ 
/' (b)- /' (o) t ¡< O· 

v( t)= t · · 
lu f (b) - 111 f (o). t =O. 

i" "' (t) = U.,(t , f(b)~ ,::.Y"(t .f(a)). 

au¿,~·s) = l" ... 1( 111 .)')" .·i' - 1. 

u•hr1t' U., u dt/intd 111 ( 1 13). 

(5.27) 

(5. 28) 

(5. 29) 

T hcQ rc m 6. 17 (j32}). 1/ j {u ) ~ 1 mu/ f' (u) ~ O. thn1 th1 f1m rrw11 d i defirud !111 (5.27) 
r• 11h1ulu tr 111 01111 nq11lr1rl11 111rowtt1 1111 uu 111~ m l 1•r 1• 11 / IR !/ /¡ -!'." /' 11 < 1 m.d .f' 11 1 • 11 //1f'll 

~·( t) 1.• q1111plr1rl11 nrui n._yulmlv m 1mritm111• 1m IR . ~fon mi' l'f ' ' ,_, 1il""lurdy •"fmn .1 011 IR. 

Tlicorcm 6. 18 (13 1J). up¡xm F(t ) = J;~ p(u)j1 ( u )du . u·li t n t E R. p(u) F O •.'J n no n-

1119u t11•t 111111 nmtmuuw /u11ct11m. <111 d f (u) is u pos1t11•t ami co11 t1n uou.s/1111clum 011 11 9iuc11 
111/nl«ll [u,b]. Thcn 

Fl" l( t) = l p(u)/' (u) [ lu/(u)J"du. (5. 30) 

lf / (u) l. lhtn F(r) 1.1ab~olu tely 111 ou oto 11e 0 11 R: 1/0 < / (u)< l. tli~n F(I) u ro11171letely 
m1mulo11(' ou R Mon"01-er. F( I) l.'! llbsolut.ely c01111e.r 011 R. 

6 Application and R elated Results 

Thr 1·x1r 11d1•d 111N\11 \1llllf'S and tlici r gcucrnHzntious luwc bcen npphed not only to cstnblish 

11wf¡11t1l1 1t1· ~ oí ll ll' ~mnR fun t.1011 nml thc iucomp lctc• gnmmn funct ion. to constnicl ncw 

S 1 df1 • 11 ~1· 11 ¡mu.., tultl to gcucrnhze thc ll crm itc- ll ndmunrd 's mcquaht\·. but nlso to s tmly 

11111111111111 n11d t o '-t'1..-r1thze thr Bernoulli 's numbcrs nucl polynominls . 

G. 1 A pplication t.o quant.um 

ll1(' <'OHC't'))f :< oí tlM" ~nll11cd w<'iglircd mcn u \11lu~ J/1,,1(r .. "i:.r. y) havc h<'<'u nppliccl t o 
~1mh or q1m11t 11m m 19 ~) 
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6.2 GeneraJiza tions of Bernou1Ji 1s numbers and poly nomia ls 

The fun c1ion g(t;.c , y) defiued by {l.1 2) hns becn npplied to generulize t he conccpts of 

Bernoullrs nurnbcrs nnd polynominls . For detnils, picase refer to p2, 22]. 

6.3 Genera liza tion of H ermi te-H adamard 1s inequali ty 

!img Tcheb~"Shcff 's integ:rnl iuequality. suitnble properties of double intcgrnl nnd the re\•iscd 

Caud 1,·'s meau vohie t.heorem in integra l form of Le.mma 5.1. the followi ng rcsull is pr<»'Cd 

Theo rem 6. 1 ([13]). Suppose f(x) is t1 positwe d1fferentrable f1mc tio11 nml w(.r) t O an 

integrable nonneg11l.we weiyht un the fot er·ual In, bJ, 1/ /' (x) arid ff;f 11 ro mlegroúle aud both 

mcreasmg or bo t.11 decnJ.w;iny, then, /or· alf roal riumbers r and s. we lrove 

M., .¡ ('···""·h) < E(•·+ l. ,+ l : / (a ). /(~)): (GI ) 

1/ mrt uf /h e /tm r;l1rm.~ f'(.c ) 01· ~ 1~ 11oru/ecrcas1119 and tite otJrn,. 11onm creas1119. t/rn1 

mtquahly (6.1) rr: 11c1·se.~ . 

Tlu~ nuM¡uality (6.1) genern!izes l·Ie nnit 1.>- l·lad1U1mrd"::. inequnlily. See ¡3, 13] . 

In (2;J, lfor111i\ e. J·lndumo.rd 's incqul\lity wns gcueralized 10 1he cnse of r -co1wcx (unc1iom 

w1th the help of the ex tended meau vnlues. In j21], the results ol)l,niued in [27j wcre furthr r 

ge nernlizcd to 1he case of so-co.lled g-couvex fuu ct.ious . Hecently. it wns fu rt.hcr geucrnllzrd 
nnd refined i11 [30j. 

6.4 Monotonici ty results a nd inequa li t ies involv ing gamma func­
t ions 

11 1s we ll-knowu rha1 1.hc iucomp le te gamma fu nctio11 r(.::.x) is deñ ncd for Re.:: > O by (1 16) 

nnd de fine 

(02) 

w1 th r(.:: . O) = r (.::) . cn ll<'d 1.hc ¡;:011111111 functiou. r(O . .r) = E1(r) 1hl' l'XpOBC'lllllll m leRrnl 

In !J I!, 11:-i11g i1 u•qunlily (G.1) nnd ~1 1w rc:;ult:- 011 thc- 111011otmuri l 1l':-< of 1lw i;1•m·r· 

11lvt•d wv1gl1I('( ] r11en11 v11luei; ¡\ /1,,¡(r.s: J·.y). i t w1Lo.; wrificd 1!1111 fu 11r l1n11., [ffit j1110 · •I 

[ r i •Jl ff •- •I [' '" , ,1 i / (.• - •l Ji-;¡ nm! ~ HrC' i11nr11i;1 ug 111 ,. > O. , >O 1111d 1 > O FH1111 t]u ... -.11111· 
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11101101 11\city resull and mequa\i!ics fo r tbe gamnm or the iucomplc1c gamma fu nctions are 

dt•duced or cx tcuded. a uniflcd proof of sorne known results for t he gamma funct iou is g: iveu. 

lf t king µ(t) = t'-1 n.nd / (1) = f for t E (O, x) in Thoorem 6.1, then we have 

T hoorom 0.2 (134)). For fi:red .r. > O, f/1e / 1111ctiou ~ u decreas1119 rn s >O. 

~"ro 111 1ht• 111011oto111c11y wi th the two parnmet.cn, r and,.. of .\ l,..1{r.,,..:r,y) in Tl1eo­

rf'111 5.3, lt follows th1u 

[ l}~ i l /(M) T hoorc m 0.3 {(34)) . Tlle Ji111ctw11 ~ i.s mcnwsrng w1tli r >O and s > O. 

Coro ll nry 0.3. 1 {13,IJ). Tli t. /tmct1om [r{ r )) 1/( •- lJ ami tli l cl19ammafunchon 1,11(r·) = tf,t . 
thr fo91111tl11111 c dnwatwe uf f/¡(' !JllllUIW fm 1c;lHm r (r). llll' HIC"l't'tl.'tmy m r >o Htll l 't! r( r) 

r ~ u IC19anthmuall31 C"Om·cr fi111ctw11 111 //11~ m l e1·11a/ (O. x) . 

li1111111k (¡ 1 lu I-' Aucl 123. mu<m¡.:, 0 1l1 n t liiu~:- . i !w foll ow111¡.:, n11111uto111r1t\ 1t•:-u h ~ 11'('1 1· 

ob11111wd 

¡r(I T k·)J 1 ' ~ < frt2 + k¡J 1"1.- 11 • k e N: 

[r ( 1 + ~) r dccrcoses wirl1 ./' >o 

('1t·111 ly, our Thoorem 6 3 ami Corollury (l.3. 1 gcueralizc and extend these results for t.he 
111 11 ~1· of t tic nrgu111e11t 

orollnry 6.3.2. Tht followmg mequalitics lwlrl /01· s > r > O 

r (s) 
•xpi(s - r),,(s)j > r(r) > exp[(s - rh>(r)j. 

e~< r(r+ !} < exp [nl.l( r + ! )J. 

u~1r1T r • O 5i7'2 u t.hc Eulcr's cm1slant. 

(6.3) 

(6.4) 

llr11wrk 6.2 T ht' raho R;i hns b1.>c 11 rcscnrcbed by uu:rny 111Athema1icians. \V . C1111t sd ii 
11 l1011i'f'rl f1~ r O<.,< l 1md" e N i11 (11 ] tlrnt 

111-• < ':(u + l ) < cxp[( l - s)v(11 + J)j 
I (11 +s) 

,\ ~ ! t•·11~h1•11\'d upp<"t bouud wns gi vcn by T . Erbel' iu [71 as íollows 

f (n + 1) ·l (u + .~)(11 + q 1-·• 
f(n+t)< ·l u -+(.~+ 1 )2 · o < s < l. 11E N 

(6.5) 

(G.G) 
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J O K«:kK- and P. M. Vns ié gavc in [16] t he inequalities below 

&b- 1 n - b r(b) b&- 1/2 11-& 
a"- 1 . e < r(a) < aa-1/2 . e . O< a < b. (67) 

T he íollowm.g doser bouuds wcre proved for O < s < 1 and x ~ 1 by D. Kershaw 111 !J 7J. 

(6 1 

(69) 

lt is easy t.o SC<' 1 hnt inequalities in (6.3) of Corollar~,r 6 3.2 cxt.end 1be nrnge of argum<'nb 
ofabo\-e mequalilies (6.5) (6.9) but (6.7). 

A:. rou~ueuccs of Thcorem 5.2 ami T heorem 5 3 \\'(' haw 

[~1 •/l••I Theorem 6.4 ([34]). For s > r > O a11d x > O. the Junct1011 . .s #i nnd 

[ !1!.:.!lll/l •-r-) <tl• . .r l fl o rl ~ uu:rcrise with cithe1· x or r and s. Tl1ertfore. ~ dccr-r:rue.s a11d ~ 
rncn:B.!u u:1th s > O, respectively. 

Coro llnry 6.4.1. Tlic incomplete gamma /u11ct1ori.s 'Y(r.x) and r (r , :i::) ore logonthm1collr 

[ J
I/ • 

C:Olll'e:l" U'1th respect to 1· > O far fixcti x > O. The functron ~ is mcn:a.nng m r >O 

and :r. > O. Tlicrefore, lhe funct io11s ~, ~!:!:::! and ;f::·:·:J are mcrerumg w1tJ1 O far 

/Uf'd s > r > O ami :r > O. 

Rcmark 6 .3. 111 1he lnst weck of November 2001 . N. Elczovié remindcd me oí h 1SJOllll Jl8Pfl 

l5J w11h C. Giordrum nnd J. Pctarié. In thcir pnpcr l5J. among 01hers. th co1wtx11y w11h 

[ r J '"'-" rC'Spttt to '-arial.ilc .1· of t hc function rtoll for lt - .si < l 1s verificd, thr l.iel:t '°"""" r¡;+;¡ 
lJound For (6 ) ami thc bcst. uµpcr boun<l for (6.9) are obuuned. !!OlllC d1fforc11t approM'h 
írom Gnutsclu"s in [11] is givcu, severa\ ncw simple llll"<IUl\h11e- for d1gn11u11n h111c11011 l\1l' 

nl!'<O prowd 

Thl' gn11111m nml i11co111pkt r gn11111m íuue1io11s nml rrla1<'tl fu11c11m1" linH· 1,.. ... 11 111\•"'11 

1tnlNl 1i:-111¡.; diffl'n·u1 upprond1cs. for C'Xa111¡1ll'.!>. 1'('(' {I 1 :1-!!o IO. 11 . 1'.'I· 
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6.6 Estnb li hment of Steffensen pa irs 

Le! f tmd g bt' llllt"grnble fu nclious on [11.bl such thot f is de<:reas111g and O s; g(:r) s; 1 for 

r ¡n.bl. Thl.'n 

J.• n··)c1,· s r' n ... ¡.,1 .• -¡c1 .• s r ·' J (,¡c1,. 10.10) 
11 - .\ },, } ,, 

wht·n· " • I: 9<.rJd.r 

1' hl' m~uaht\· (6 10) 1s call~I Stcffouse11 's iucqtmlity . 

111 [ J. n d1!1C"Mt" 1umlog11<> of !hP i11cqurd\1y (6.10) wns pro\-ed· Le1 {.r, };~ 1 lw 11 d P­

(' ll'l\!'ILl 1~ fimtl' "\"qU<'ll('(' OÍ 1101111cg11 1ive nm l 11 11 111ber::.. {y,}:~ I l><' ll ftnll e seq ui:mcc of l'eul 

11umb\•t11 11m h tha1 O $ y, :5 1 fo r 1 s; 1 :5 11 . Lct k1.k2 E {1.2.· . 11} be sucb 1.ho. t 

AJ< L::1 1 11. ~ .l 1 Theu 

¿: .... s f .... 11. s ±: ' ((i 11 ) 
... .. l, .• 1 , .. ¡ 

¡\ • n cht1 't' I C"Pll~'q ll t' llC"I' o f 11wq 11nli1.v (ii l l ¡. w1 hn\1 ' l.1•1 { , }: .. ht• 11<.1111wg 11l 1\"t' rPu) 

1111111h1•r:- .. ud1 rhfll ¿::· 1J, :=:; .· \ u11d ¿:;'., 1.i:: ~ IJl . ,,.hl'lt' .\ 1111d JJ nrt· pos11d\"L" n ·ul 

111 1111lu ·r" Lt·I J.: e {I 2. · . 11} lie i;11rl1 t l1nt A·~ ~ Tht·11 1hi:'rt> are~- nu111hcr.• 11111miµ, 

r1. •J · . .r,. wh • m111sh1gg\'l t l11 111 ur1'qu11h• to/J . 

Tl1 t• >-rnllt'tl '1cffl"11-,('11 pnir wn:- defi ncd hy 11. Gnuchmnn m ¡10; B..<> fo llow:-, . 

Dufl 11 ltlon 6. 1. Ut ~ je. ) - !O. ) 1ULd r: (O. oo) - (0. :x.) be two s1rictly iucre11siug 

íunnlous, e ~ O. let {.r,} ~. 1 ben finitc 1:1cq11c11cc of real numbers such that .r, ~ e for 

1 ... 1 <.: 11 , .. 1 1u KI O be J>OS11ive it·al 111u 11 bers, and L::~ 1 :r , s; A. L:.1 .;{r,) 2: f.{) (/3). [f. 
for ouy k E. { 1 '2. .n) ~urh 1)111! k 2: r ( ~), therc nrr k 11umbers among x 1 , •. , .r,, whose 
11n1111s 1101 J¡..,, lluu1 8 . tlwn ,,·1· t nll (ip,r) 1J Steflerise11 pa1r 0 11 [c. }. 

l'lw 1\1111~ 1111,., '1dl1•1i-.t·11 ¡mu " wt·i·e fou 11d by 11. Cnuchmau 111 j!Oj 

{J·" . J' l/(n - lJ). o 2: 2 . . r e!O.oc): (G.12) 

(.r r>.:J>(r" - 1), (1 ! 111 .1 ·) 11"), n 2: l. rE ¡1. .x). (G. l:l ) 

l.t· I 11 uutl b 1 .. tt'111 11umbcrs ~o ! is(vi 11 1) b > 11 > 1 nnd \t;;b ~ t ))('fim.• 

{

.rL -< ln b _.fl - 111 11 

;(r) = lnJ· 
l11b - \11<1 

r (.r) ... . t. l/ lu ,;;J.. 

iÍ J.'> 1, 

IÍ J'= l. 

(G 15) 
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Then it was \-e.rified by H. Gauchmo.n in [10] that (ip. T) is a Steffenscn pnir on [I , ) uslng 

some resuhs and techniques in [46] . 

With hclp oí propcrties of tibe extended mean valucs E(r, s;.i:, y) nnd t.he gcncrallzed 

weighted mean values M1,,¡(r, s; :e, y), sorne new S t.effensen pairs were estnblisl1ed in (Ji , 39J 

Using 1he i111egml exprcssion (1.14) of hmct ion b';"', mathcmnticnl iuduc11011 1t11d 

nnalyric teclmiqucs, wc havc 

Theor e m 6.5 ([37]). lf a and b art nml mm1be-rs satujym9 b >a> 1 or b > ~ > 1, and 
.;;Ji ~ e, lhen 

(G.16) 

1s u Stefieusen ¡KJtrcm fi, oo ). lf" awlb are real numbers sat1sfymgb> <I > 111111/ .,/;b 2'. t . 

( !,, .. , .... , ... "••"'') 
,f' " (111r )"11" J'- 1 di , .r ;-:-y ( t,,~fR o J f h _, ... • 

11n- Strffr:11..se11 }KJtrs 0 11 [L oo ) Jm· tmy pos1twc wtcgcr 11 . 

111 j39J. considcring tibe f11 11ction JQb p(u )/' (u)du nnd ils propert.1es. wc furlhcr ob1n111 

more general Steffo usen puirs ns follows. 

Theore m 6.6 ([39]). !..et o.,b E IR , lct p 'I:. O be t1 11ormegat rue and mt.eg1YJb/e /1mclwu nnil 

/ a pus1Jure and inlegmblc ftmcl,frm ()11 01c m tcn ral /(I , u¡ . 

.!b p(u) c.l u :S ¡b 11(u) Ju / (u}du (6.18) 

J.uld.f. llu: u 

(6 19) 

1.s a Steffcnscu ¡¡1111" 1m (1. oo). 

1/ /(u)~ 1 mu/ 111t1¡rwlil.y (G .18) liold..,, tit en 

( ,, , ........ ···- ) 
.I" .! ¡1( u)IJ(u)l 1" r[ lu / ( u)j"du . .r '- ... ¡ .... , •• •• ·•· (6 '.!01 
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