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F\mct.ious f : U e C -· C might eugeuder fuuct.ions oí .squarr matrices. know 11 as 

functio n.s of matrices. Exnmples a re thc mnt11iccs Ak, A- 1, sin A and t.he Aow e111. Thcse 

fuuct,iou.s. despitc being au es.senLia l topic in Linea r Algebrn. are 110 1 usunllr covercd hy t hc 

t:rndit.iona l prnse11ta1io11 o f thc subject. 

U.sua lly, most of t he a t.tcnLion is rest.r icted to polynomial funct.ions of a mat rix or , when 

A = p -l DP with D d iagona l, f(A) i.s defined by p - 1 f (D)P, where f(D ) is obta incd by 

cva luatiug f in ca.ch of t hc d iagonal entr ics of D . 

Duc to its ovcrwhelming role in d ifferential equations, e"1 is usua lly defincd by means 

oí t.hc powcr series expa nsion , which demnnds t he conccpt of uniform convcrgence nnd, in 

co11sequencc, makcs t he cxposit ion nccessiblc only to more ndvnnced studc111.s. Moreover, 

1·A' i:; ob t.11i11cd j us t iu sorne simple cases (111os 1.ly whc11 A is iu Jordau cauonica l forn1) nnd 

t.he s l.udcul. gc ts the imprcssion tha t eA' is a "t heorct.ical" solution of t hc systcm x' = Ax. 

Thc foct tlmt e-"1 is a polynominl (with coefficients depcnding on 1) in t he matrix A is no t 

<'11111hnsizcd . 

Not mucl1 nt1e 111ion is givcu t o t.hc íunct iou f(A) = Ak. Oí course, one would probably 

fiad ;tk íor lnrge k by ite rnt.ing powers ;\3 rd rendy obt.niued . However, Ak has part ic ula r 

imporl,nncc in proble ms where symmetry plnys nn esscnt inl role , thus tnaking possible nu 

cusy dcrivntiou of thc cigcuvnlucs of A nml n much simpler obt.ent io11 of Ak. 

Thc defi ni1io11 of l hc functio11 /(A) = ;1 - 1 is rnre , nlt hough thc nlgorit.bm t.o obtni11 

t lie i11vc rsc hy appl,\·ins Ga11s.sin11 eliminnLiou sinmlt nncously t o A nnd I is give11 in every 

t1·x t lmok. !u i-ornr prohlcms. howcvcr, A is symmctric mi<l hns f('w cigen\'nlucs. Also in this 
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cnse it is worrhwhile to use nnother method to obtain t he inverse. 

Our exposition of functions of matrices could be summarized as a generalization of thc 
fin ilc dimensionnl version of Dunford-Schwartz's functional calculus [SJ and goes bock (ot 

lenst ) to Gantmncher /9J. lt is simple and has amazing consequences: every function f {A) 
1s o. polynominl in the matrix , which can be easily obtained if one knows its eigenvnlucs 

w1th multiplicities. (Of course. the coefficients of tibe polynominl depend on the funa11on 

f) . This method. n standard tool in Nmnel'icnl Linear Algebra, has surprisingly sunk into 

oblh,ion in the introduc1.ory texts of Linear Algebra. Well-set textibooks (see [2], /101 , fl 1), 
[12), !IS!) or evcn more aclvnnccd monogrnphs (see /3] or [13]) do not even mention it. With 

t his arride wc expec1 t.o contribute to the reappraisal of t he functional catc11h1s method i11 

(bnsic) Linear Algebra 

\•Ve uow describe briefly what is b1 the text. Section 1 is baslcally a thcoreticnl remnrk 

concerning the division of a function by a po!ynomia\. We show that under natural hy­
pot hcses this division is euclideau. (The ultima.te versions of bhis result are the Weicrstrnss 

u11d !\'lalgrauge Preparatfou Theonm1s). The fu11ctio11ul calculus. which is fl conseqmmcc of 
this fuc1. is nnalyzed iu sect.ion 2. The next sect.io11 clisplays various examples of thc use oí 

tl1e functionnl cntculus nncl section 11 is devoted to bhe (elementary) proofs of the Spectrnl 

r-.<1nppi 11g Theorem ami t.he Spectral Theorem by the functional cnlculus method. Seatiou 5 
is n lit1le more advauced and exhibits a silmation where the symmetry of a mntrix cnsure. 

thc existence of fow eigenvalues. An appendix shows thnt the functional cnlculus givcs rise 

lo a contiuuous homomorphism between the nlgebra Fk (of functious of class C1") ami thc 

a lgebra of polynominls of matrices. Th·is appronch is basically tlhe one used to cstablish the 

functionnl calculus in it.s full genera!it.y (see [8], {14!) and makes it possible to fiud l'.!rror 

cstimntes in Numericat Linear Algebra. 

The Interpolation Polynomial 

DeRnition 1.1 A /1111ction f: U e C -• C (or f : le R - R) is euclidean with ruptct 

tu tlie polynomml p if 

(11) 1f .:o rs a ;ero of 1' wi01 11111/tivlic.:ity k, ther~ f lrns dc1·i.uatiue.s 11p t.o orrfer k al =o. 

( For rt'n.'"011:-. thnt will hl' clcnr lnt L'I", wc do tlist.iuguisl1 hc1,wcc11 (oomplcx) nu11l.vtir11I nml 

holomorpl11c fu11ct io11s. 111111lyt.ical r1Wll11i11g ~he cxistciwP of trhc (first) derivntivc, l1olo111orpl11r 

Hll'l\11111& 1hn1 il 1:. n•prP.,r11111btn l1y 11 powcl" series) . 
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T hc t.enninology wc hnvc used in t.he above dcfini t ion is suggested by the followiug 

rcsu lt, which is vulid for functions defiued cit.hcr in / C IR or iu U e C. \Ve define the dcgree 
oí t.he zcro polynomial ns -oo. 

Proposition 1.2 Let f be euciulca11 with 1"e.spect to the poly1wmial p. Then. then: c:i:1.st '' 

f u11cl.fo 11 1¡ , co1tl.imwu.s ni cnch mol o/ p. ruttl 11 po/.1J11Vmi<il r suc/1 that f = qp + 1·. wlwn• 

dcg r < deg p. 

Proof: Lct,. be an arbitrnry po!ynomial. Wc cons ider t.he fuuct,ion q defincd (in the po ints 

of t,hc domriin of f which a re 110 ! root.s of p) by 

\Vi· will show t.lmt we can cl1oos1'",. with degree smallcr thau thnt oí p. so 111111 q has fl 

c-or1r i 1111ou:- f•x1r11:;iou n1 <'11ch root of 11 \.\1P 11ot1· 111111 11 is ns srnooth i\!> f a1 ench po1111 :.: 

1111\ ! is 110 ! n roor of /'· 

Ll'I : 11 lw fl roo! of JJ wi1h multiplicity k. thut. is. 

whcrc sis u polyuornial such 1hat .s(zo) f; O. Wc wa nt. to fincl r such rhut fil{' quo ticnt. 

f( z ) - r (z) 
(z - zo)' 

hns u cou1.i1111ous extcusiou at : 0 • Accorcling to t.hc L'Hospitnl rule. this will happen wheu 

/( ,o)= ,(,,), /'('°) = •"(,.) , 

lt. t.hen s11f-lic(.'S to show thnt thc re exist,s n po lynom ia l .,. with dcgrce smnl\c r than that of p, 

t.hni sut is fics t"Cla t ions as thc above n~ cnch root : 0 of p. The cxist.ence of such a po lynomiul 

will lll' sliowu in t hc lcmma bclow. O 

wl' denol.11 / (O) = f . 

Lc mmu 1.3 Giuc11 a fu11clro11 f 1mcl /.lle ualues 

f(z¡) f'(z,) 
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wherc : 1 ••. , Zt are distinct, let us denote n = di + d2 + ... + d,. Th e11 th ere c:nsls a 

polynomial r , with degree not greater than 11 - l, satisfying 

foralli=I . .. . ta ndj=0, .. ,d;-1. 

Proof: We may assume that one of the given values is not zero. T he polynominl r wc look 

for satisfies a non-homogeneous linear system, which can be written as 

fü ~b, 

where :; is t he vector which has as coorclinates tlhe cocffici ent.s we seek fer r, bis u vector 

whose n coordinates a.re t:he given values off and B is t he 11 x 11 matrix of the lincmr systc111 

thus obtained. 

Ir Bis uot iuvert.ible, t: lic associntecl homogeueous system has o 11011-tri vínl soh111011 

.::o= (ao , . . ,a,,-1 ) E C" . 

We consider the polynomial 

t(:) = C!Q + li¡Z + ... +<t,,-1:"- 1. 

which has dcgrce uot b'Teater lihau 11 - 1. Since : 0 sat.isfies the associn.t,ed homogeneous 

system. t must be a multiple of 

w li ich is absurd. since 1,hJs last polynomial has degree 11 .. So, 8 is im<ertiblc nnd llhe s)•Slcm 

8; = b ha.<> thc unique soh1t ion =· O 

The poly no mial r is known as llhe interpolation polynomial. 

The rest oí 1his section will show how the resul ts given here can be included in n bnsic 
coursc oí one complex varinUJc. 

lf wc consider an minlyticnl íuuction f : U C C - C, .::o E U ttud p(=) = .:: - .::o. 
Prop ositlou 1.2 shows tho.1 ! (=) = h(=)( = - .::n) +e, wit h Ir continuous in U a uc.l aunl \' l icnl 

111 U \ l ~ ) Wc clearly hnvc G = f(zu). Supposing 11ddi1fo11nlly tlml U 1s couwx. it is 1'n.".\' 

lO show thnt Ji hn.c:; n prim it. ive iu U (.!wc [15]. 10. l•I). 1!1us i111 plyi11J; 1!1111 

//¡( .:: )rl:= fl 
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for cvery closed path; E U . F'rom this foltows immcdint cly tlic Cauch)· ln1egrnl Fonuuln in 

COl!VCX sets: 

1 ~(~)~' ~ 1 h(,¡d, + ¡ ¡,, ¡ 1-~' -~ /('-0)11'('<¡. ;). 
, ~ --0 1 , - -o 

whr r<.· H' (;::0.1) de1101cs t hc wiuding uumbcr . As n conscque nce, onl' :.hows chn! e very 

nnulyt.ic n l íunction is h o lomorphic (sC'c [6]. TlwOl'C'lll 2.8 or (l5j. to 16J 

W1.: now g1\'t' o consc"<¡ucncc of Proposition 1.2 thnt appenrs to be uussing in our iut.ro­

duc·tory com'S(':, of one cowpll'x vnrinLlc: 1.hc nlgebrn 'H of ali nnalytir funct iom; f : C - C 

is cud idcnn wuh rr<ipt•ct co cnch polyllomiul p. More gencrnlly. Wl' luwc 

Pro p ositio n 1.4 fo /he euc/11Jctm dwisum 

J = ClfJ + r, dcg r < tlcg JJ 

11f IW 111wlyr1r f11m:l1Cm J. L" e e - e /Jr¡ 11 110/1¡1w111111l ¡1 ri•IW•I ,00, , ª" "' L' /}¡/' r¡1111/w11/ 

1¡1.1111111/¡¡tuol 

Proof: Accordmg 1u the p1oof of Prnpositiou 1.2. lht' fuuc11011 

f - /' 
r¡=-,, 

is nunlytic. since botl1 the nu111cr11tor und tite <lcnomina1or hnw root.:. at the snme poiut s nutl 

! lié zcroes of 1he numerator have 1m1lt iplicity g:ren1er or equnl ! han 1lin1 of 1 J1c <le110111i11at.or. 
Thcre for{'. q hn..s n power series cxpim siou UI euch point of l' O 

This resull can be extended t o functions f: I C R - R of clns.-. ('<X Rncl polynominls 

whosc roots nrt' ali in / : thc l..'Hospi tul rule wi111hen imply thnt q E C"'-

Now, lct J : u e e - e be tll1nlyt.icnl Oll u nncl ') ben clOS<'d j)(\lh (cho.in) homolosous to 

O i11 U. Thc (global) Cnucl1:-.• lnt cg:rnl Fonnnlu follows from thc (g lobal) am:hy T h l'Ol'c111 1 hy 

tli l' 11rg:11ml'ut gwt'll abovc. Anot.hC'r !lpplicut iou comes 1f \\'C co11s1der thc quotieut J(:;)/(:; -
: 0 )" . for luslnnCt'. 1f 11 = 2 w(' huve f (:;) = ll (z){:; - : 0)2 + a(:. - =o)+ b for f\1 1 nnnlyt.icnl 

fu 11ctio11 /1 on {/ nud ro11stn111 s ' ' nud b. Clcnrly b = f( :0) nnd (tnkmg d<>nrnt ives) " = J'(z0). 

So. 

J 11' 1"' f 1 '( 1 "' 1 "' (---)' ~ i. , ¡,1,+ f 'o) :-:-:-+/('o) -(---)' 
, - -o ', , - -o , ~ -o 

= f'(,0) 11"(,o.1). 

10r t'OutM"", •'t •ur,_. 1hA1 l)11cnn·~ proor or tite {global) C'nuchy Thl'Ol'l'm hA!. not b<>cn u:.cd 10 dt'rnon­
¡111 11\(' lhl~ rt"uh In 1htt. proof, lh(' C'i1uchy Thro rrm 1~ n ton'-('Qurnt't' oí tll<' Cauchy l111eg111I Foimuln. S•'I' 
¡n¡. pr,¡ 
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2 The Finite Dimensional Fw.ncti@nal Calculus 

We somet-imes write f(z) to distinguish tl'he complex function from f(A). 

We use sorne well known facts about the minirnal polyn0mial mofa square matrrix A. It 

is defined as t he polynomial of smOiJ;Jest cleg11ee ancl leading coefficient 1 such that m(A) =O. 
Any polynomial t hat vanishes a.t A is a multiipte of m . The roots of m are the sl).me as llhosc 

of the characteristic polynomial p of A (a resN.lt ¡;iroved in section 4) and form the specb11um 

u(A) of A (i.e. , the set of eigenva.Jues of A). If a matrix A is diagonalizable, mis a product 
of distrinct linear factors. 

Functions of a matrix A ar.e usual'ly clefined in l<\vo situations: the function /( z) 
is smootrh in the eigenvalues of tlhe diagonalizable matr.ix A and f(A) is then given by 
p- 1¡{D)P or the fuuct ion f(z) is aiiialytical and f(A) is defined by a power series expau­

sion off. (See section 3 for examples) . In both cases the function f is euclidean with respect 

tom. 

So. i11 t he cases above , by considering the euclidean division 

f = qm+r, (l ) 

eibher q is defined at each eigenvalue of the cliagonal rnatr.ix D (by Proposition 1.2) and q(A) 

is t hcn given by p- 1q(D)P or q is analybical i.n the spectrum u(AJ (by Propo~it ion l.'1) and 

q{A) may also be defined (see bek>w). lt turns out in botJh cases that2 

J(A) = r(A). (2) 

This is one of the deepest results of s¡;iectral theory: f(A) is a polynomial in A, which has 

coefficients determined only 0y t'he vaJ.ues off (and its derivatives, according to the case) 
il1 !In• spect.rum a(A). 

Wc now co11slder the invcrse problem. I~et be given a squnre mat.rix A. 

Definition 2.1 Let m(z) = (z - Ai)"' · · · (z - At)d, be the. rninimal polynomial of A. lf tite 

ut1foes 
f(>.,) f'(!.,) 

f(!.t) f'(!.c) 

ex1st . we sc1y that J is euclideun with respect to A a11d define 

f(A) =r(A), 

U'l1t: rr r ,.., t/1e 111te17JOfoticm ¡10/yru1111foi y iu1.; u by f~e. 11111111 / .:J. 

1To IK' ¡1r<>el."'. onf" mu~ I sht'"' lhnl ('I"' .,. r)(,\) :::: 1¡(A}m( tl) + r(.'I ). !:il!C t hc nppc11di:oc . 
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lf wc compare thc definition ubove with t hc dcfinition of nn eudidcau functiou f(z) w.r.t. 

m( .::), w(' sec thnt t.he rcquireme nts on f are Jess res t rictiv-e. \\'hr this d iffe rencc? 

The answer is simple: thc considcrntion of t he abstract divlsion 

1111¡>0SCS M>mc s moothness co11ditiou1' 011 f (.::), in arder to define a fuuctiou q( .:) t hn1 make:s 

scnse lf thcsc rcquircrncnts are fulfi lled. we conclude that r(.::) is thc iuterpolatio11 poly­

uomial. which happeus to be dcfiucd undcr \css sc-.·erc conditions. But., since 111(z ) is the 

1111111mal polyno111inl of A, we havc f(A) = r(A ) uo mnner how we defiuc q(A ). 

Rc mnrk 2.2 Lct A= p - 1 DP for a diagona l matrix D The usual dcfinition for f (A) is 

p - 1/(D}P. \\'rifiug C" = W1 $ · · G:l W.,. where Ir, is 1hc eigenspacc associa tf!<.l to the 

('Lg('flVt"('IOr 1·,. WC scc tllf\t J(D) = r(D ). lt follows that 

tl11L" .. howing 1)1111 both df'liuitio11s coincide iu th<' C&t> of 1\ diagounlizablc Jtlf\Trix A Tlw 

ex¡>011c11t ml of n gcucric mo.t.rix J i11 Jordnn cnuonicnl fonn is cxplicitly cnkulnlcd i11 [5j. 

[11¡. Thc s.n111e procl•dure ma.y be uscd to define f (J ) changi11g thr cxpor1<.'1Ll.i11I fu1w1io11 frn 

l\llY íu11ct1011 f (.::) smooth cuough. T hc expression for f (J ) thus obtninl'd 11111k1·s rlmr rlmt 

f (:) mus1 \)(' <'11clidca11 with rcspcct to A, if one wnnt~ to define /(J). J\ -::. lll'fol'~'. it <·uu lw 

proved thnt th<' dcfin itiou f (A) = p - 1¡ (J)P is eq11h1\lc111 to th<' dC'finit io11 2. 1. 

llowcvcr. Definition 2. 1 lncks npplicnbility: in most CRSCS. 0 11rc thr charnctc ristic polynomia l 

µ(.::) o f A is knowu, t.he mbdmal polynomint 111(.::) still has to be comput.cd . lt would be nice 

if \\'t' could use p(.::) iustca.d of m(z) to define thc function f (A ). We cnn do thnt: we can 

d('nl w1th multiplcs of m( z) a.s long as the smoothncss off(.::) permits. In fnct, if f(z) = 

11l.::}111(.::) + r(.::}, wc l111vc dcliucd f(A) = r(A). lf ~(A)= O aud f(.:) = qi( .::).s(.::-) + ·1·1(z) 
w1th df.1Z: ., ~ drs m. tlic proof of Proposit iou 1.2 gunra.ntees th111 

(3) 

( lf .\ ,., n 1001 uf 11111ltipliri ty rl of 111( .::). wc uotc t hnt rf 1p.) = ¡ r•l(..\) = r<dp,), for 

1 =o .ti- 1) 

l::qun11011 (3) 1111·11 implics t.lmt r 1(!1) = r(A ), thus nuthoriziug thc use of nny mul t.iplc 

·•l:) oí thr 1111111111nl poly110111inl 111 (:) of A iustcnd of r11(.:) in the Oefiuitiou 2. 1. 

\\"r note 1 lmt drfi11it.io11 2. 1 has nu impor1n111 couscque11cc: each fu 11ct.iou f(A) c01u11111tcs 
w11h th(' 1ua1nx At 

37 
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3 Examples 

3.1 T he exponentia l 

We start with the standard definition of the function e"", t E R. F'or this. we consider the 

cxponc11t10.I íunct1on exµ. C - C, whose power series representation 

00 .,.";" 

exp(zr) = eir = 1 + ~ 7. 
converges un1formly in compact sets. [f llA\I denotes the usual norm in the space l(C" ,C") 
of thc linear operator A : C" - C", we claim that 

00 A"r" 
I + f; -11!-

dC'hut>:. n l11wnr opt·rntor. luclee<l, t.he uorm in C(C".C") ha:. the propert.\· 

llABll $ llAll 11811 . 

wl1kb iinplies llA'll ~ HAii'· lt follows that, for k = 1. 2,. 

11 
k A"r"ll ' llAll"lrl" 

i + L ---;¡r- ~ i + L --",-. 
n = l n=l 

(4) 

F'or each fixed r , t he series on the right-hand s ide converges. Since the space C(C",C") is 

complete. we have provcd that 

exp(Ar) = eM := l + ~ A"r" 
L.,,¡ n! 
ti= ! 

is n liucar operator. Choosil1g T = t. E IR., we have defined e'" . We also uotc t l1at (•I) 

shows that thc convergence is uuiform if r belongs to a compact set. Hence, term by tcrm 

cliffcre11tio.1io11 produces its derivatives and 

F\irthermore. whe11 t =O. we have 

ThL>St' are the 111ai11 prOpC'rt.ies of thc cxpo11c11ti1ll 11ml rix 1:111 • !11 ¡>nrliculnr WC' M't· t.11111 l"11 

is 11 fu111l111m'11t11l sol11tio11 of t.hc m111rix sysl('IH X'= AX . .'<{11) = I 
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This definition of t.he exponential eA1 is not very suitable for computation: usually one 
hns to obtain 1.he Jordan cnnonical form J = p - 1 AP o{ 1he matrix A, then eJt and (at 

\nst!) e"' = PeJ' p - 1. The functional calculus makes it possible to compute e""1 easily. 

Furthennore, t.he propcrties of the fiow e""' follow immediately from t he functional 

calculus. For example, 

Remark 3.1 Although the funct.ion f(z ) =e; satisfies t he equatio11 

we can 1101 deduce t hat eA _.. B = eAeB, since t he simulta.neously substitutiou of the variables 

=by A and w by Bis llOt nllowed by the functional calculus. HoMwer , if A and B commute, 

the simple knowledge that l:'A is a polynomial iu the variable A allows us to •Conclude t.hut 
r" B = B eA. Thr proof t.hat. ,,A ... B = e'1e0 iff .48 = BA then follows as usual (seP [l]) . ,_. 

Example 3.2 Let 

( 
l o o) 

A = O 2 -5 
o l - 2 

The cbaracterist lc polynomial of A (which coincides with the miuimal polynominl) i:-: 

p(z) = (z - i )(z + ;)(, - ;¡. 

To compute eA' , wc defino the function f(:;t ) = e'1. lt is then ('11011gh to ¡!,et 11 pol.vuowinl 

r . w1th degree no greatcr than 2, such that r (l) = f ( lt ) = e1, ,.(i) = f (if) = cost + isbit. 

and r{-i) = J(-it.) = cosl - isint. Substituting these relntio11s i11 t.ltP po [y 110111ia l t·(z) = 
o.::2 + b: +e, we fi nc.l ll = (e1)/2 - (cos t. +sin t)/ 2, b = siut nnd e = (11' )/2 + (cost - sin t)/2. 
'fhll.'l, 

e"' = [(e')/2 - (cost + sin t)/2]A2 + (sint)A + [(c' )/2 + (cos l. - siu t)/2Jl, 

which is n real mnt.rix (as e:<pected). although A has complex roots. 

Example 3.3 Lct 

( 
3 - 4 - 1 ) 

A = -3 5 1 . 
21 - 32 - i 

Th<' clulr&e:t erist ic pol,vnomial oí A is 

I'(') = (' -1)' ' · 
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To compute e At , we obtain the coefficients of r(z} = az2 + bz +e so that 1'{1) = e11 = e1, 

r(O) = eº 1 = 1 and r' (O) = te0t =t. Thus, e= l , b =tanda= e1 - t - l. We conclude that 

eAI =(e' - t - l)A2 + tA + 1/. 

The examples above show t hc practica] advantages of using the functional calculus to com­
pute the exponential eA1. A5 a consequence, we can deduce that t hc predominant role givcn 

to the Jordan canonical form in the study of the linear system x' = Ax is not iutrinsic: a ll 

the analysis of hyperbolic systems can be done wi thout using it (see [41) . 

3.2 Trigonometric functions 

The study we have just completed is also valid for the exponential e •A 1 (that is, the case 
r = it, t E !R, in t.he subsection befare), which generates the trigonometric functions sin Al 
aud cos A l. These functious are usually defined by means of the power series expansiou of 

s in : a nd cos z. but. a re ubo easily obtninable t.hrough t he funct.ional calcului;. 

Thc sruuc remarks also app!iei; to other trigonornet.ric functions. 

3.3 Logarithm 

A Jogarithm of a matrix A is usually defined by means of the Jordan canonical form. (Of 
course, t.he hypot hesis det A 'f:. O is necessary) . Since ali t he eigenvalues of A are nonicro, 

one usually t akes logarithms of the Jordan blocks , which is accomplished through the power 

series expansion of log(l + .~ ) (see (3]). However , according Rema.rk 2.2 , a \ogarithm of a 
Jordan block can be direct ly defined. As befare, the main shortcom ing of this method is 

that tite Jord au fo rm of a matrix is needed to compute its logari thm. 

The functional calculus allow us to get a matrix B =lag A, if detA 'f:. O. We only havr. 

to clioosc n bnu1ch of t lic fu11ct.ion /( z) = lag : t hnt conta ius t h<' $ptttrni11 a(A ) n11d 1 lwn 

cvnluatc B = log A t hrough t he interpolation polyuomial . Of coursc. t he mntri x 11 clc ponds 

0 11 the brnncl1 we have chosen , but bhe relation e0 =A follows in any case from é'l ; = :. 

l f a ll t he cigcnva lues of t.he real 1110.trix A are positive, we cnn considcr the real fuurtiuu 

/ (x) = ln :i;: nnd apply t.h(' samc techuique . The matrix 8 =In A thus obtuiuc<l is lhl·11 u 

real solu t ion of the equation c/J = A . 

3.4 Squa.re root 

Lr l us sup1>osr thnt ull rlic r.igcm·11hws of thc rea l 111111.ri x A nre renl nnJ no11 -11rgnl i\'C. 
~\1 rtlu~ 1111ort•. if O i~ n11 ....i¡.;(•11 vn lm· of 11 , wc supprn:;c !hot it is n ~uu pll' rool of t.lic mi11i111ol 
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polyuomiAI m of A. In this case, wc 1uay use the funct1on J · (O, oo) - IR, / (x) = /X 
to define ./A. WP. ernploy in Lhis case thc functional cakulus to a fuuction that is only 
routmuous a.1 1l1e simpll' eigcnvnlue >i =O. 

llowever. wc moy define JA if t he eigenvalues of A are complex and nol equal O. We 

JUSl ch()('.>M' a brand1 of t hl' logarithm function /(::) = log: for wluch tl11' squarc roots of 

nll the c1ge11vn\ucs oí A art' dcfii1cd. \Ve apply thcn the funcu onal calcului. to t.lie complcx 

fonction j (:) = /: 

R omark 3 .4 The dcfinition of thc function JA does no1 provide ali solutions of thc equa­

tiou 8 1 = A. lf A is the 2 x 2 identity matrix , 

( l l ) ( - 1 l ) 
O - 1 and O l 

uu• al~ solut ious of a-i = 1. besides 11 = l . l h f> muque solutiou obtnined h.Y means of 
th<' rt>al squatt• root ÍUnC'1io11 Furthcnnort.'. if A = - I 1hr Pf:¡Uat1011 8 2 = A has thc rcnl 

solut1on 

( ~ -~ ) 
wl11ch does uot 11risc frorn 1 li(' functio11 JA. .. 
3.5 The inverse 

The dB.SS1c11.I way to obtain thc invcrse of a (invertible) matrix ;t lhrough its dmrn1·1i·nsti1· 

(or mimm11l) poly110111inl v(z.) is t he following: if p(::) = .t:'" + a,,,_1:;"• - 1 -1 . -1 (/ 1:; + ªº' 
theu 

O= A"'+11.,,_ 1A rn- i + . + "1..1~1111 / 

Smce ~'/:- O (of course, a0 = dct A wheuever p(.t) is the chara.ci,eristic polynominl), A- 1 is 
rhus obtamed 

for 11 general invcrtib)(' squarc mnt.rix A this method usually briugs 110 be11efit, whcn 

compared w1th tl1e calcnlat.io11 of the invcrse by Gaussiau climinatiou. Also thc fuuctional 

calcul~ lS 1101 Mlv11 111 11gcou~. 

Bul. for i1L ... lnt1C'r, ií tlw nmlrix A is symmctric and has fcw cigcnvo.lues (as in tite 
l"Xamp ko of thr t('lrn)1rd rot1 111 IR" . t;ivcu 111 thc St'Ct.ion 5). 1lu.• use of the funct.ionnl cnlculus 
1~ h<'lpful · for 111..,tniu·t•, iu tl1u! cxo111pll' A- 1 i~ c:ompuled by a poly110111inl of the first dcgree! 
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4 The Spectral Theorem And The Decomposition 
T = D + N 

In ~his section v.<e show how the funct-ional calculus is useful in the proof of absttla.ct results. 

We begin with 

Theorem 4.1 (Spectrnl M a pping Theorem) let f be euc/1dean witl1 f't!Spect to th e 11 x n 

complex matrix A. lf .>. 1s an eigenvalue aj A , then /(..\) rs an e191mval11e of f(A). Er1ery 

eigenvalue of f (A ) is of the form f(..\), where ,\ is an e19envalue of A. 

Proof: Since f is eucliclean wit-h respect to A, f(A) = r(A) = n1:A" + ... + a 1 A+ a0 J. 

If v is an eigem'cctor rclai:ed to ,\, 

f(A )v = ,· (A)a =(a¡.!.'+ ... + a 1!. + ao)v = r(!.)v = J (!. )v. 

Let us supposr thut ¡1 is au eigenvalue of j (A) = 1·(A ). We cousider the polyno111 ial 

r (.::: ) - JI. which factors ill e as 

l · 

r(•) - "= ... Dr• - ;. 1. 
i==I 

Consequently, 
k 

r(A) - µ/ = ª" íl(A - !.,/) . 

Since the lcft~ha11d sid t> of t.his equation is not invertible, at least oue of the fa.ctors A - A, I 
is not im•ertible. Thus, ,\, is hotJh an eigeuvalue of A a nd a root of r( .: ) - JJ T luirefore , 

f(!.,) = r(!. ;)=p. o 

We 110 1'' preve thc .!'<'111inal Spectrnl Thcorem . 

Theorern 4.2 l e. t T : C" - · C" be a linear opemtor, U.'lth charactenstu; poly1w11naf 

U'hcrr th r ugc11vulu es ,\ ,. i = ! . . . 'e are dl.)'lrnct . 

Tht:n. thf!fT. t.rr.., 1 .rn/nq1f1cc8 W1,. , \•V, ,) 1Jc!i t.Jwt 

1md T(H .,) C 11', Tfl <' 11w1 ri / m · 1'lw. lws m1fy tli e e1gerw11lut> ..\ ,. duu M', = .s, 11111/ 111(:) = 
(:. - ,\¡}'1' 1:. - ,\,)'1' ¡,,, 1 $ d; -:::: .~ •• 

F11ttJ1cn11on:. T "" /) + N. 1111/h /) 1/w!11111ul(1z¡¡ lilr), N 111/putc11I rmil DN = N D . 



H. Bueno 

Prooí: For euch >.,. wc cons idcr a n opeu set U, 3 ..\ , . such the! U, n Uk = 0, ir ·i ,¡. k . 

Wc define f ,( z ) = \, if .: E U,, f;(.:) = O, if z E U,. for J ;f. 1. The funct.ions Ji, ... , Jr are 

cuclidcan wnh respect to 7' r.11d t.hc relations 

( 

f,i = f,. f ,/1 = 0. if 1 -:¡. j and I:J. = 1 

' are "nlid for each ; E LJ U, T hcrefo.-c, denotiug /, (T) by ;;, . we luwc 

rr ~ = ;;,. ;r¡7r1 =O, if 1 #- j and L ;;, =J. (5) 

h"uce "howiug t hnl cncb r. , i:- n prnjectiun . 

lkcau'>(' :-;, comm111 cs wi~h T . it is trnc cha1 T ( W,) C 11 ". 

RcRnrtJll'S.." of !he d 1oire of l11i..scs l3 1, .. , l3r fo 1 rhe ,,pace,, 11·1 . . W1 , rPspcct.ive!y. 

T can be repre:.f'ut ed ns n bh1(•k ma trix A with resp~I lo t lw hnsi:- B = {81 . . .. Brf of 

C'= t1 ·1 3 ··© ll "r: 

( 

T1 O 
O T, 

A = . 

o o 

\\"l" now clni m tha t. th r d inrnct.r rist.ic polynom ial of T, ¡,. 

\nr' == 1 .f 1!111,. 1111plyi nv, thnt di m H11 = s, a ud (accord ing t o tilll Cuyley~Jfomi!ton 

!111w1•111 liml 1hr 111iu111 111 I po!yuomiul of 1: is(.:: - >.,)'1·. for 1 :S d, :S s,. Wc ca11 a!so 
d• ·1h1IT 1lw f,:.l \ "CU <'Xpn·:;sio11 for rn . 

lllCI! p(.::' = <il' t (: / - A) ..,, <lct(:: l - Ti) · · det (::/ - Tt ). lo provc t.he cl ai111 it suffices 

io .:h~ tluu 1hc ou l~· cig(.>11 vl1 l1w of T, is..\,. \ \le co11sicler 011ly 1 = 1, !he rc11m i11i 11g cuses 

hr111¡.: "nnihu For a fi xc<l ,\ ;':- ,\ 1, wc defi ne 1hc functions 

_qf::I= { q1(:} = : - \ if zEU1 
í/1(:) = if .:: E l 'r 

aucl if :: E U1 

if :: ( U1 • 

.JJ 
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for j = 2.. . , f. In the construction of the projections 11'; we can take the open neighborhood 

U1 3 ,\ 1 as small as we wish . So, we may assume that >. 1: U1 • This lmplies that 

thus guaranteeing that g(A) has an inverse. 

:\low we calculate g(A) . For this, we note that g(z) = ¿:~=! q, (z) f;(:: ). Therefore. 

g(T) = (T - AJ)7r1 + + 17rc and , in the base l3 , 

(

T,-M O 
o l 

g(A) ~ : . .. 

o o 
Since g(A) has as inversc. ,\is uot an eigenvalue of T 1 This proves that. the only eigcnva)uc 

of T1 is ,\ 1 

V1/e 11ow consider th(' •·d iagonal" operator D = I:~= l ,\,11'" ,. (In each W; we havc D, ·= 
,\,7T, = >..,!. where J is the identity operator in W,. Because of this we ca\l D diagonal. See. 

however. example 4.3). 

\Ve define .N = T - D Clearly, for i = 1, . . , f , it holds N = h(T), where 

h(') ~ ' - >.., 'E U;. 

According to the Cayley-Hamilton Theorem, (T; - A,I)s, = O, thus proving that. N" = O, 

where J.:= max{s 1, ... , .~¡ }. So T = D+N, where D is diagonal and N nilpotent. (Actuslly, 

(T , - >.,l)d, = O for d; E { l , . . , s;). The integer d, is the index of the eigenvaluc >.,) . 

Siucc IJ = E~= L >.,r.; is a sum of po\ynomials in T , D commutes with T . Thus ND = 
(T - /J)D ~ D (T - D) = DN. o 

E xamplc 4.3 Lt't T : C-1 --+ C4 be dcfincd by 

T(:t¡,:r2, .1.::1 , :l'1) = (2x¡ - x2 + X4, 3:r2 - X3, X2 + X3 , -x2 + 3x4 ). 

The characteristic polynornia! of T is p(;;) = (z - 3)(z - 2)3 and one easily checks thnt 

111 (;;) = (.: - 3)(z - 2)2 is the minimal polynomial of T . 

\\'e first. cxem plify thc theorem 4.2 with respcct to the canouical basis of C4• \Ve call 

A thc mat.rix t.hat. reprcseuts T iu this ha.sis. 

The projectio11 ;r 1 (nttached to the cigenvalue 3) is obtaincd by solviug thc systenr1 

r( .:) = 11:;2 + b;; +e, r(3) = ! , •·(2) =O, r-'(2) =O 

-,~To-,-,,,-,,,-nr-,.-'°-,,,-,,,,-... -,;,,-,,-,,-.-, ,-,,,-,.,-,,-,., '"' m;"'"'"' '"'"™' º""' ""''""";"" ''°''"º"''"''H. 
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Thus. <1 = t , b = -4 , e= 4 ancl 

rr, d'-4A+41~ u j : n 
h1 t he same manner. 

( 

1 2 -1 
o 1 o 

71'2 = o Q 1 

o 2 -1 

The relatious (5) follow inunedfo.t1ely. So , 

Tht• mat.rix D is define<l as 

D = 311"¡ + 27rz = ( ¡ 
o 

- 2 1 1 ) 
2 o o 
© 2 © 

- 2 1 3 

aml the uilpoteut matrix N as 

N~A-D~ O 1 - 1 O ( 
o 1 -1 o ) 
o 1 - 1 o 
o 1 -1 o 

One easily cl1ccks that N 2 = © aml N D = DN. 

ll"w1• choo:;c, for cxamp le , basis 81 = {wi = (1 , 0, O, l}} uu<l B2 = { u.·2 = (1 , O, O,\il), w:i = 
(O, 1.0. 2) . ui.1 = (0, 0. 1, -1)} for the spaces W1 Mid W2 , respective])', then T is re¡;:n:esented 

hr thr rnatrix iu block form 

B-(~~~ -~ ) - o o 3 - 1 
o 0 1 1 

in t lw lms is { w1• w2 , w:i, w.i}. Now D stands for the diagonal matrix 

and 



46 Functions of Matrices 

a\so satisfies N 2 = O. 

5 Symmetry and Eigenvalues 

In this section we consider a situation where we make use of the symmetry of a matrix to 

obtain its eigenvalues. In two of the three situations we will examine - namely, in the ca.se 

of the n-dimensional versions of the tetrahedron and octahedron - llhe matrix has very few 

eigenvalues, creating the optimum background for the application of the functional calculus. 

We start considering the problem of eva!uating a high power of a matrix. One of the 

best ways to motiva.te this problem is the introduction of the adjacency matrix h1 graph 

theory. Although the subject n0w appears in sorne books of Linear Algebra with empha.sis 

on applicatious (see /2], [18)), we provide a brief exposition for the convenience of llhe render. 

A(n) (undirected) graph ls defined as a set of points (the vertices) joined together 

by some ares (the edges). Two vel'tices are adjacent if they are joined by an edge. (See 

Figure l. below) 

A path of length n joining vertices u and w is a finite sequence v0 =u, v1, .. , Vn = w, 

witb u; and v;+ 1 adjacent. The path is closed if u= w. We consider the following problem: 

how many paths of a glven length joining v to v do exist? 

!t. is somehow amazing that the use of matrices can help in solving such a probtem. To 

see how this is accomplished, we define the adjacency matrix A of the graph. We denote 

the n vertices of a graph by v1 , .• , Vn and define the n x 11 matrix A= (ll;j) by 

{ l, if the vertices v; and Vj are adjacent; 
u;j = O, if not. 

Wc note that., by defiuition, lihe malirix A is symmeliric. 

Example 5.1 The adjacency matrix A2 of a square with vertices v1 , v2 , v:.i and v,1, which 

are labelled counterclockwise, is 

( 
o 1 o 1 ) 
l o l o 

A2 = O 1 O 1 . 

1 o 1 o 

Proposition 5.2 Let. A= (a,.1) denote llw ridjat:ency umfri1: of 11 .Qmph 11wl "!} f/¡¡; (i, j)­

c.nl1y of tlie. 111at1ú: AL, L E { 1. 2 . ... } . Thc11, thc m1mbe.1· o/ imtlu o/ lrn_qtli L joi11111.r¡ thr 

m:1·tc1: u; f.o l.lw ·r11~1·/. r;1: l'J is "~~. 
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Proof: Jf Uk is a.:n arbitrary vertex, we note that a path of length L + 1 joining v; to Vj is 
nothing more than a path of length L joining v; to vk, followed by a path of length 1 joiniug 
º" to uF This suggests a proof by induction on the tength L. the case L = 1 being t rue by 

lhc very defiu ition of the adjacency matrix. We suppose that the result is true for paths of 

length L, i.e., ª~" is the number of paths of length L joining u, to º"· Now t here are only 

two possibilitics: if therc exists an edge joiniug Uk to u1 , then ª~·ª"J =a~. is the uumber of 
paths of !ength L + 1 joining v, to Vj which have t he form 

v., .. , º"· u1 . 

On thc othcr hand, if 11~.1 =O, then it is 1101 possibl<> to join u, to r1 passiug through u~ .. lt 

fotlows i1nmediately that 

(6) 

is the numbcr of paths joining v; to Uj wit.h lengt h L + 1 But (6) is exact.ly t.he defi11it io11 
of tliC' <>lemcnt {1.j) of ,.¡L- I O 

So. rhe quC$tiou \\'C liave posecl lea<ls naturally 10 ilw calculus of !1igh powers of a 11iatt·ix 

A 13111 how should we obtaiu ;11.- for a large iuteger k? !terntiou is. of course. a solutiou. lf 
thi:-i 111ctl1od is good for a general matrix A , in sorne cases the applicatio11 of the f1111ctio11al 

c11k 11lm; is bctter. We now turn our attentiou to 0 11c of tliesc cases: thc a<ljaccucy rnat.riccs 

of rcgulor polyhcdra in IR" 

If t fl(' arnbicnt space has dirnension 11 ?: 5, t hcre cxist. only three regular polyhedra: tbc 
11-dimc11sio11al versions of the cu be, tetrahcdrou and octahedron (see (7)). Taking for grant.e<l 

this rc:>ult , wc will evaluate t he eigenvalucs with mult ip!icity of their adjacency mat.rices'1 

following Saldanha-Tomei [16]. 

\Ve start with the J1-dimensional cube. If ri = 2. we have the square, whose verticcs we 

lo.bel counterclockwise, as in cxample 5. 1. Thcrefore, it is easy to calculate the eigcnvalues 

of tht· a<ljaceucy mntrix A2 of tite squarc: 2, O (wit h mult iplicit.y 2) aud - 2. With the 

sarne pattern for thc labelling of the vertices of two opposite faces in a cubc, we see that its 

ndjnel'n<·y mntrix cnn be writteu as 

wht'l'l' 11 stands for tbc 22 x 22 idcutity matrix . Keeping the uotat.ion, if / ,._1 deuotes t he 
211 - 1 x 2"- 1 idculity matrix, thc adjaccncy matrix of t.he 11-dirncusioua\ cube is 

A - ( A.,_, 
" - /,, _ l 

1T hi' 1, rlonf' for nll n~gul11r po!yhcdrn in !J6]. 

/., _, ) 
A., _¡ 
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Thus[> , 

det(A., -Mn) det[(A"-1 - ,\/"_¡)' - /~-1J 

So, 

detJ(A"_ 1 - (,\ - 1)/,,_¡)(A,,_ 1 - (,\ + I)/,,_¡)J 

det[A,,_ 1 - (,\ - I )/"_¡J. del[A,,_ 1 - (,\ + l)/,,_¡J. 

,\E u(A.,) <> (,\ - I) E u(A,,_¡) oc(,\+ l) E u(A,,_¡). 

By induction , the spectrum of A,, is 

{n,11 - 2, .. , -n + 2, -n} 

with multiplicities 

(~).(';), • (n~ 1 ) . (;:) 
respectively. (The multiplicities can also be calculatcd by thc method give11 helow). 

To evaluate t.lie eigeHvalnes with multiplicities of thl" o-dimensionul vcrsions of tl1 t' 

tetrahedron ami octahcdrou. we will make ful] use of their symrnctry. 

Befare considering the general case, let us <leal with the octahedron in IR3 . The probtern 
we consider wil! be solved by an abstract fornmlation following the samc pattern. 

Example 5.3 l f we hang up the octahedron by a vertex v, the other verticcs linc up at 

different heights: v forms the top leve], then the 4 vertices at the ccut.rnl leve[ and finally the 

vertex oppositc to u. (See Figure 1 ). W'!. enumcratc the vcrtices following a definí te patten1: 
top [e, •el. central leve] counterclockwisc and bottom levcl. \Ve denote by A the adjacency 

111at.rix of t.he octahedron t.hus obtained. 

Let V be the set of vcrtices of thc octahcdron. In order to attach its adjnceucr umtrix 

A to tite' sE'I V, we co11sider A as 111t operntor on U , t.bc spacf' of fmwtions frm11 \1 !n IR (a 

space clearly iso111orphic to IR6). The function u, assuming the value 1 nt the vertex ''• aJHI 
O at the othcr ' 'ertices will be rcprescnted by the canonical vector e, E !R6. 

If R stands for an isornetry of the octahedrou, it is geometrically clear that AH = llA 

(isometries preserve adjacency). Lct u0 be an eigenfunctiou of A attnche<l to tite cigc11w1h1L' 

,\. Ot.her cigenfunctious are attache<l to the samc cigenvaluc: 

ARuo = RAuo = R>.uo = >.Ruo. (7) 

Si11ce u0 (v ) cf; O for a vertcx v, we can choose an isometry R that takes the vertcx 11 ro tliP 

vertex 1•1. As a cm1ser¡ue11cl', u:= R.u0 satisfies u(1•i) :/:-O. 

r, Th<' fir~l <'<¡u,,li1_,. i~ a wrll known propcrly oí the deterrnin;mt oí hlock rrmt !'Íf'.C" 



H. Bueno 

Figm l' 1: T I\(' oct.ahedrnll is an example 0f a grap·h: vert ices joined by edges WheH sus­
pcndccl b.r out' vcrrex. t lw vertikes line up a,t 3 diffel"(!llt height.s 

New, \et R be an isometl"y ma iuta.ining fixed the fi rst level (s0, ¡, is a pennutati011 

of tite verticel'l of t.h(' secoud level). Ccmsider~ug the space generated !~y tihe eigenFnnct.ious 

tih11s obtnined. we cau replaee ·u l!iy its av.ernge ·U in M1e second leve] an<l st•ill get a gem1im· 

eigenfuuctiou, since it safosfies ü(v1) = u(v¡)-::¡. @. 1f rt(u¡) = b; for i = ?. 5. cmu put•ill)!. 

füL(u;) for these isomet1>ies (t her.e a t•e 8 is0metiries fix ing tille first !evel Jf 1.11(' 01·1,;1Jwd rm1 

•! rotn~ious nnd 4 reftectiions, as in t!he case of a sq uare), 011e checks tbcd 11 is 1·m 1s t.a·•1t. 111.1 

levels0 . Note that , if Rm = 11 foil" ali R fixing v, then ·u is afoend:r c0Jtst nH1 (fü lt'n'ls. 

Lct us denote by S e U the subspace of funct i011s that are co!lst anr 011 each leve\. We 

hnve showed that each eigenva'lue of A is a!ita che<'I t0 a.11 eigeuvC'ct.or iu S. 

The regulnrity of tibe pol;yhecli'01l imp'lies t ha t the form of tihe mnt.1-i:< 

[ ~ ¿1 ¡~ : 
A ~ ; ~ 1 @ 1 ; 

1 1 @ 1 @ 1 
© 1 1 1 1 © 

is nlso "'regular": the tofJ ancl l!iot tom levels are represeute<l l:iy tthe first a ncl last, line of t h is 

mntrix, (,he ot.her lines repvesent ing t'he central level. T he to\~ leve) c011nect s to a li vert ices 

in t hr central tevel. but. uo~ witlh tlhe b0tt0m level or itself. Each vert ex in the central 

ll•\<el t·o1mccts to the top ami l!.0tt0m level amJ b c011uected tiwo ~ime~ by ovher vert ices 

11'['hili 11ropcrl)" followi¡ from l hn fnul ~hnl bhn subgroup of J111ch i!'nmntr-íns ncts trn~.sili vnly un V. 

49 
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in the same leve!. The bottom level connect to the vertices in the central level, but not 
with itself or with the top !evel. This implies7 that A(S) e S. In particular, A induces a 

linear transformation ÍJ from S to itself, and the spectra of A and iJ coincide. Since the 
octahedron has 3 different levels, Í3 can be represented by a 3 x 3 matrix. 

To represent iJ we choose as a basis of S formed by functions taking the value 1 in one 

level and O in each other leve!. The matrix B that represents ÍJ is then 

( o 4 o) 
B= l 2 1 

o 4 o 

\Ve note that , in this basis, b;1 is the number of neighbors in leve! j of an arbitrary clement 

in leve! i . In consequence, the sum of entries of each line Is exactly the number of the 

neighbors of an arbitrary vertex . 

The spectrum of B (and , t herefore, of A) is {4,-2, 0} . 

Now we cousider the general case. Let V be the set of vertices of one of these po!yhedra 

a mi. as before. we consider its ndjaccncy matrix A acting on the space U of functious frorn 

V to IR . 

V.'e fix a vertex v and suppose that the eigenfunction u of A attached to the eigenvnlue 

,\ satisf)• u (v) y!; O. 

Let S,, be the subgroup of ali isometries of the pol}•hedron that fix v . For each v E \/, 

we define t.he levels of V as the orbits 

(Tltt• rcader might want to check the distinct levels are classes of an equivalence relatiou ). 

Sinrt· A comrnut.cs with C'ach element R E Sv, cous idering the 1.wC'rag<• of tlu- vahtl':-i of 

R11 011 cach lcvel. we can change the eigenfunctiou u and assume that 11 is coustaut 011 eacl1 

le\'el. Since the value of u in v remai11s fix , wc have 1.1 y!; O. 

Lct S e U be the set of functions taking coustant vnlues on levcls. Titen S is n11 

invariaut subspace under A, heuce inducing a linear trnnsformat ion ÍJ from S to itself. Tl1e 

spectra of A ami ÍJ are clearly tbe same. 

Ju arder to represent B as au rua trix . we choose ns a hasis t he set of vect.ors tak ing rhe 

va[u(' 1 iu ouc lcvcl and O iu any ot!icr level. So, ÍJ will be represent ed by a r >< , . mat.rix EJ , 

1· s lnmling fo r thC' 1111mbn of dist i11ct lc,·cls . The clemcut. b,1 E /3 is the uumber of 11eighhors 

1\\"r rnn a lso dNlucr tila! ( l. l. .. . l ) is an ci¡;cn'"cc tor oí A. at1 11Chcd to the cigcnmluc ,¡ , wh kh ¡, 
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in level j of o.n o.rbitrary element in leve! i. Therefore, the sum of entries in each line of B 
is exactly the number of neighbors of an arbitrary vertex. 

To compute t.he multi¡;ilicities m; of the distinct eigenvalues A; of A , we observe that, 

sincc A is symmetric, A = p-I DP Í0r a diagonal matrix D and an invertible matrix P . 

Thcreforc. !11' = p - l D"P, thus showing that thc so.me ha.sis diagonnlizes simultaneouslr 

Che powers A"'. Thus, if A1,.. , Aj are the dis tinct eigenvalues of A, the diagonal of D',. is 

At (m 1 times), ... ,Aj ~mJ' times). 

So, if t,.. denotes the number of cl0sed paths of Jength k with base point. v , we have (IVI 
stands for thc uumber of elements of V) 

¡v¡.e •. = tr(A" ) = L m,>.~· 
.\, ;<! .\, 

011cc thc A, are known, the m; are so\ut ions of a linenr system obtained by inserting small 

vn!uc:-; of l · 

\11/ r· uow cnlculntc> t•he eigt•11valucs witl1 multip\irit.w.~ of tlif' adjac:e1 tt'Y 111atr1x oí 1]1(' 

1J·di111cusiounl ' 'ct·sious of the 1et.rnhedrnll awl octahedmu In thf' case of tl1l' tetrnhedrn11. 

wc lmvc 

B-(º n ) - 1 11 - 1 

The spectnnn of t he adj acency matri·x of the tet rahcdrnn is, therefore, { - 1, n}. "Fo evaluat.e 

the multiplicity of ~hese eigenva\ues, we cousicler the paths of length 1 joining v to v (t hat 

is, a.11 in the matrix A). We obtain t.he equation8 

(-l)m1 4- (u )m2 = O. 

A11 Ct\S}' compul.at.ion shows that the element C¡ ¡ of the matrix e= A 2 is 1L \.Ve heuce get 

a secoud equation: 

Solvin1;1 t ht' syslem, we obtain m 1 = 11 and m2 = l. 

In t.ht' snme war, for the octahedron 

( 0 2n-20~ ) 
B= 1 2n-4 

O 2n - 2 

lt follows 1ha1 1hr spcctnmi is {211 - 2,0, -2}. T he mu!t iplicities, which are calculated as 

l;cforc. nn• 1. " nnd 11 - l , respectively. 

~Thc Perron·~)obcnius theorem (11C?c [131) implic11 t hnl lhe multiplicity of the grent.er eigenvnlue is l. lhus 
re<ludnR 1111: nurnber of cquntions ncedcc\. 
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The calculus oí powers of the adjacency matrix of the tetrahedron and octahedron by 
use of the functional calculus is very attractive: in each case, the minimal polynomial of the 

matrix A has (at most) degree 3, since A is dia.gonalizable. Therefore, each power Ak will 
be obtained by calculating the coefficients of the interpolation polynomial, which has degree 

(at most) two . 

6 Appendix: a Homomorphism of Algebras 

Let A be a u x n mntrix , m(z) = (z - >. 1 )d 1 • · · (z - >.t)d, the minimal polynomial of A aud 

k = max{d 1 - J. ... . dr - l}. 

There f'x ists a natural homomorphism between P , t he algebra of polynomials (with 

coeffi cients i11 IR or C, according to the case) and P (A), the algcbra of matrices fo rmcd by 
eval uatiug cach pol~'HOmial p E P at A. In othcr words. there cxlsts a linear application 

q,, p P (.4 ) 
P ~ p(A) 

which also sat.isfies 

~(¡•¡ ) ~ p(A)q(A) ~ ~(r)o(q) . 

lt s kernel is the set of rnultiples of the polynomial m. Euclidean division shows that thr 

algehrn P (A) is const.ituted by polynomials in the matrix A with degree smaller than tha! 
of 111 . IJy defi11iti011, t he homomorphism 4' is onto. 

Ld ¡,·be a compact. set such that cr(A) e K . We eudow P with t he 11orn1 

Cit>arl.v. conwrgeuce in this norm implies convergence in the semi-norn1 

(The n·nder might. want to verify that therc is 110 iuteger j < k such that co11vergt'11cc i11 !l1P 

uorn1 ll · !lc, U\J implics co11verge11ce in thc scmi-norm9 11 · ll,:i}. 

:1 lf we cousi<ler P(A) wit.h thc usual euclidcan topology of t he isomorphic spacc IR"2 (or 

C" , accordi ug to the case), t.he homomorphism </> is continuous. Iudeed, t.be pol,\'uomial 
(iu A) p(:I) - r¡{.'1) has coefficieuts that dcpcud 011ly O IL thc values that thc pol.vuuminls fl 

ami 1¡ (nml thcir df'rivatives, np to thC' arder k) attaiu nt thc cigcuvalues {..\¡ . .. . >.r) of tl1 t• 

!.l ln T dc110\e< thc M"1 o f nrnltiplcs oí thc mi11 i11ml polyuo111ial m (:). thco 11 · IP ill 11 norm in thc q11oli1'111 

·' l'""" P / I . 
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nmt rix A. followiug D1fo1ition :.1.1. 1t follows im mcciiH.tcly t hH.t p{.4 ) will he ncH.r q(A) , if ¡i 

1111<1r¡1m• rwnr i11 th1• no r111 11 llr ~(l•: J · 

W1· dr uote by F" tite alg1·brn of 1111 !i1 uc:1.iom; f deli1wd H.nd oí d as.<> c i..- in al\ poin1.s 

of n( A). Of coun;e, P is 11 s11h-1dg1•hrn of F". a nd wc consirlt• r :Fk with 1lw norm a lrcmdy 

1 l l'f i11 t~ 1. Tht• funr l ions Íll FA· nrc eud idt•au wi !.h res¡wc t to A. 

lf wt• ddi1w ~ : ;¡:A· -. P (A) h.\' ifJ(f) = J(A ). il CIUl lw di t><·ked th H. t <Ji is 1111 alg1•hrn­

l10111omurphis111 1h 11 1 CXl.t' li(ls efJ. F1 1r1lu ·r rmin· , 1h1· 11 rg 11 11n•111 gin ·n 11!1m·e sh(JWS t.lrnt. •f> is 

11 1.~o co111 i111 w11:-.. 

P P (A) 

l / 
:Fk <f> 

Th1• kl'rrwl of <J1 i:-. 1·0Hstit11 l t•1I l i.\' 1lw funr!.ious f E :FA· tlt 111 lmw Zt'ro n·nwindt'r wlwn 

di1• i t l 1 ~ 1 li.1· 111 . 

Ack 11ow ledg 111e 11 l s . Tht• 11 111hor wis lws 10 1Jr a11k (;P(lrgt' Sn·tli rl 111.v nnd ( 'arlo...; Touu•i . who 

1n1rh surh k111d of 1h in~:-. . ('nrlo:- is n •sprn 1:-. ihk for 1111111.1· i111p ron•11 11•111,.. iu 1111' pi 'l']i111i1 111 ry 

1·1·rsu111 ol 1h1:-. pu¡wr. Tl ll' nulh(lr 11 1""" 1l rn 11 b fkldn Bod rig 111 ·~ a 11d 11. lidlt'] ~ p i ru for 11 11 t lH 

lwl p 111 dw prq mrntiou or tl1i ,.. urti d1 ·. 
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