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ABSTRACT 
In this article wc invcstigate thc gcomotry of a Lie group N with a left i11-

Ví\1'11U1t metric, particulnrly in llhe case that N is 2-step nilpotent. Our primary 
inu~rest will be in propcrtics of thc gcodesic ftow. but we describe a more general 
fmlllC"''Ork for studying lcft invarin11t fuuctious and vector fields on thc tangent 
bundle TN. Herc we consider \lhe natural left action >. of N 011 T N given by 
-'~(() = (!..,,) • W. wherc Ln: N--+ N denotes left translation by n and (L,,) . 
denotes liu? diffcrcntial mo.p of L.,. 

For coovcnicnGe o.11 mnnifolds in this ar·ticle are a.ssumed to be connected 
nnd c;oe 11nlcss otherwisc specificd. Many of the assertions rcmain valid true for 
mMi!olds that are not connccted and are Ck for a small integer k. 

We assume that the reader has a familiarity with manifold theory and with 
~he bM1c conccpts of Lie groups and and their associated Líe algebras of left 
invana.n1 ' 'CClor ficlds. 
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l. Ba ic properties and examples of 
ymplectic structures 

\\'r liat rt'rall some basic rcsults oí manifold theory that will be useful. 

l.1 Lie derivative and exterior derivative of k-forms 

U>t .\ ~ a \"l'Ctor ficld on M with f\ow t ra nsformations { X 1 } . By definition thc 
mt~ral cun-cs of X are thc curves t -t X1(m) , where m is an arbitrary point of M. 
F'or rach compact subsct C of M therc exists a positive number ( = f(C) such that. 
the flmr.· ua.nsformations {Xf) are defined at every point of Con the interval (-t:,t:). 
Morto11fr, x 1•• =X' o X' = x• o X 1 at ali points of M for which X 1 , x• and X 1+s 

"'" defincd 
EVtt} 'tttor fielcl X on M defines an interior product ix t hat maps a k-form w 

<m M to a (k - 1)-form (yw on M given by ixw(X1 , ••• X1i:-t) = w(X, X 1 , ••. X1;- 1 ) , 

wher' (.\' 1 ,. X• 1) are arbitrary vector fields on M . Since the exterior derivative el 
mapaak·íormon A'f toa (k+ 1)-form it follows that both (doix)(w) and (ix od)(w) 
are k·fonn.s for any vector ficld X and any k-form w. 

U w J.S a k-fonn on M, then we define the Lie derivative Lxw to be t he k-form 
on 1\( gn"etl by L.yw = ;i7 li=o(X1) • (w). Thc Lic dcrivative is related to the interior 
produn and exterior differcnt iation by the important formula 

Lxw =(do ix)(w) + (ix o d)(w) (1) 

m<'.1" dod = O 1t íollows immcdiately that 

el o L.Y = Lx o el (2) 
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lf w is a 1-form on M , thcn dw satisfies the basic and useíul formula 

rlw(X, l') = X(w(Y)) - l '(w(X )) - w(IX, l 'J) (3) 

where X and l ' are vector fields on M and IX, l ') denotes t hei r Lie bracket. Thcre 
is a genera.lization of t his formula for dw, whcre w is a k-form. Sce for cxamplc, [Hcl, 
p 2lj. 

1.2 f-rela t ed vector fi elds 

Let M and N be C00 rnanifotds, a nd !et f : AJ -+ N be a C00 map. We say that vector 
flelds X in AJ and },. in N are / - related ií / . (X(m)) = l ~ (j(m)) for ali m E A/. Thc 
following rcsu lt is standard. ---
Pro pos ition Lct M and N be C"° manifolds, and !et / : Al --t N be a C«- map 
Let X 1,X2 and Y1, l'2 be vector fields in Af and N such that X 1 is / -rclated to 1·1 

and X2 is /- relatcd to Y2. Thcn IX1,X2] is /-relatcd to [Y1, l'2l· 

1.3 F low box coord inates and commut ing vector 
fie lds 

The fo llowing rcsult is often useful. For a proof sre [S, Theorcms 7 and M. 
Chapter 5). 
Pro posi tio n Lct M be a C00 manifold of dimension 11. 

l} Let .Y be a C 00 vector field on Al , and let m be a point of Al such that X{m) '#O 
Then thcre ex ists a coordinate systcm :t = (z1 , z2 .... ,xn) in a ncighborhood U of m 
such tlrnt. X=.,/;; in U. 
2) Let {.X1 , ••• , .X.1:) be li ncarly indep nd nt C \'ector ficlds that commutcon some 
open subset U of /lf ; t hat is, [X,,X,J =O on U for l S 1, J S k. Th n for e,•ery point 
m of U t hcrc cxists a coordinatc systcm x = (z 1 ,z2 .... ,zn) in a ncighborhood V of 
m such that X, = .,/';-; i 11 V for l S 1 S k 

1.4 Definit ion of a symplect ic s tructure 

.\ C<:J<. mani fold Al of dimcnsion 2n is said to have a symplcct ic structurc if therc 
ex!Sl!'I a nondcgeucratc 2- form íl on M such that. díl =O and íl /\ ... /\ íl (n times) is 
nonzero at cvcry point oí Al . Globally sympleclic manifolds may vary considcrably, 
but locally the symp\cctic structu re has a canonical fonn. 
Proposit io n (Darbou.x} Lct Al be a manifold of dimension 2n with a sympleclic 
<truclurC' gh·C'n by n closed 2-fon n íl. Far cvcry pomt m of M t.hcrc t hcre cxists a 
('O()rdinatc 1wighborhood U of m and coordinnte <yst<'m 
x - (p1 , • , ,Jn,í/L•' ··,<¡,,):U Dl 2" such that íl = dq1 1\ d11 1 + dq2 fl.dJ>i + ... + 
dq,. l\dp,. 0 11 u. 
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Example !. Symplectic structure on the cotangent bundle [AM] 
Lft ¡\[be a(:«- manifold with tangcnt bundle T!vl a nd cotangent bundle TM º. The 
<VlMgcnt bundle &dmitS a cru1onical 1-form 8 defined by 8 ({) = w(d7r(()), where € 
1 ~ rui C'lem<'nL of T..,(TM·) ru1d 11': TM· -t M is the projeclion that assigns toan 
t'lemcnt w oí (Tm MJ" thc point m. T he 1-form 8 satisfies the follow ing properties 
and ls chnracteriu.-d by t hc first of thesc: 
1) lf 8 ¡\/ -t TM " is a smooth 1-form on M , then p•((J ) = /3, where p•(B) denotes 
<h• pullbaclc of 9 by D. _ 
2) H / ¡\~ -t M is any diffcomorphism, t hen _t hc natural extension / : T M • -1o T Mº 
K'"" by / (<J) = /" (w) l" csc" cs 9; thal is, (/)'(9) = 9. 

Th<' 2-form fl = - dB is a symplf'ct ic form on TM· ; that is , fl is nondegenerate 
11 t t'\"try poinl ofTAf " ru\CI º "···Afl (n times) is a nonzero 2n-form at cvery point of 
r .w inct' pullbacks commute with exterio r differentiat ion the two propcrties abovc 
fnr 8 hAH' tmmrdinte nnnlogucs far f?. 
l) lí J M -t TM· is a smooth 1-form on Al , then fJ º (fl) = -d{J. 
2) lf f .\( -t M IS nny diffeomorphism, then fº (fl) = n. . 

Exampl 2. Coadjoint action of a Lie group on its Lie a lgebra 
1.1'1 /1 hf a ronn('("tcd Lie group , a nd lct fJ denOlc its Lie agebra. On t.he dua l spacc 
f)' .,,,, ddlnr a left action Ad' : H -+ GL(S'J") callcd lhe coadjoint action of H. Given 

~E f)' and h E /1 wc define Ad'(h)(w) = w o Ad(h- 1), where Ad ' fl __, GL(fJ ) 
d1·not~ thr usual ndjoim act iou of H on f). It is rou t ine to check that Ad.(h1h2) = 
\ d' (hi) .\d"{h1 } fo r all li 1, h2 E H . Hcnce Ad"( // ) is a subgroup of GL(fJ•). 

For t•ach \" E .f.> d fine ad" X E End(fJ ' ) by ad ' X (w) = -woadX. lt is easy to see 
ll1111 r•...t·x - Ad ' (e' ·'') far a.11 t E m ancl ali X E fJ. Hence ad ' f) ={ad· X: X E fJ} 
~~ ~hP L11 algt'bta of Ad. H . 

'l/rxt "'"". how t hnt cnch orbit of Ad. H in 5) ' is a symplectic manifold. Given a n 
t•lmwni.,.; of J)" thc orbit Ad . H(w) is natu ral ly diffeomorphic to the coset manifold 
11/fl.,;. •here H..1:;; {h E H : Ad"l1 (w) :;; w}. lt suffices to define a sy mplectic 
\trurtun· on H/ H...,. 

For l'M:h ..) e $)" define a skew sy mmetric bilinear form B.., : f) X f) -lo IR by 
D,.,( \' , r , = ..i(IX ,l')). lf .$'.>.., denotes the Lie a lgebra of H,,_¡, then it is easy to see 
<hM fl. = {l ' El)' acl'Y(w) = 0) = (Y E l) , w([X, \'])=O for ali X E fJ ) = (\' E 
f> O.,( r \')=O fo r a\\ X E ~ = nulli ty of B..,. Hence B.., defines a nondcgenerate, 
~kt•,., ymmnnc b11incar form B.., on fJ/fJ.., by 8 ..,(!X] ,IYJ) = B..,(X , }") , where [X] 
drnt>l~ ti... elcmen~ of f)/f).., detcrmi ncd by X e J'.J . ln particular, fJ/ñ.., has even 
d1mfrwon 2n_ for e\-cry w E $'.) • . 

Lft .'~be the identity cosct in H/H..,. Thc tangent space Tr.ei (H / H..,) may be 
";\;ur,¡Jjl tdt;nt1fit'd with f"J/j).., by t he isomorphism [XJ--+ o¡x1'(0), whcrc o¡xj(t) = 
r 11 .. foc .\ E S) and t E lit Now \et íl.., be the nondegenerate, Jeft invar iant 2-fonn 
1111 H ' ll... ch that íl,., =D.., Oll T¡.,¡( H/ H..,). lt is routine to show that f2..,A· · ·A O.., 
(n,. llfON.) u. nonuro at cvcry poin t o f ¡.¡ ¡ 1-1..,. This completes thc construction of a 
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symplectic 2-form ílw on each orbiL Adº H (w) in .r, · . 

2. Symplectic structure on the tangent 
bundle of a pseudoRiemannian manifold 

2.1 Definition of the symplectic 2-form 

Lct m -+<, >m be a smoot.h a.ssignment oí a nondegenera te symmetric biliuear íorm 
of fixed signa tu re to each tangent space T m M ¡ that is, <, > is a pscudoR.iemannian 
structure on M. The bilinear form <,> defines an isomorphism / .., bctween TmM 
and Tm /11 º for each point m of ¡\/by / m{v)(w) =< v,w > for ali vcctors u, w in 
T m .\1. The resu!t.ing diffcomorphism f = f <.> : T Al --+ T M ' allows o ne to pull bnck 
the 1-fonn 8 and thc 2-form f2 = - dD on TMº . These pullbacks will also be denot.ed 
8 and íl. !t. is rout.inc to show 

B(<I =< , , d~(O > for every <E T.,(TM) (4) 

where r.: TA/-+ M denotes the proje<:Lion map thaL sends a vector v E TmM to thc 
point oí a ttachmcnt m. Since <i commutes wit h pullbacks we a lso havc 

!l = - d8 (5) 

An isometry of /VI relative to < , > is a diffeomorphism f M -+ M sud1 t hat 
< / . (11), / . (w) >=< v,w > for ali vectors v,w in TmM a t ali points m of M . Again, 
f . : Tm/11 -+ T11 ,,.¡M denotes the d ifferential map off . F'rom t he clefinitions it is 
rourinc to show 

¡-(8) = O nnd ¡-(!l) = !l for every isometry f ' M-+ M (6) 

wh('rc r denotes the putlback ora d ifferent ial form by f . 
In this art.icle we will always assume that <, > is posith1e definite; that is, <. > 

is a Ricmannian structure on M . Moreover, wc shall assume that ,M is a complete 
lUemannian manifold so that n.11 geodesics a re defined on (-oo, ). In particular, thc 
grodesic Aow { F'} is defined o n T /11 for ali l . 
R e mark: 

Operating on thc cotangcnt b undle T M · has some o bvious advantages ovcr Op· 
erating on Lhe rnngent bundle TM . The forms 8 and O are intrinsically defined on 
TMº , a nd t bey a re preservecl by the natural extension j : T/'l'f º -+ TAi º of any 
d iffeomorphism f : M -+ 1\I . The corresponding forms 8 a ncl O on T Al are not 
intrin!';icnlly defincd but depend on a choice or nondegcnerat.e b ilincar form <, > for 
t ht:' tangen1 spaces of A/ . Morcovcr , t hc forrns 8 and O a.re not lcít invariant by ev ry 
chffoomorphis rn of Al but only l hOS<' diffcomorphLSms that lea,·c <, > invnrifrnt; thnt 
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ll. lhe i.9om Lries of M . Howcvcr, to define many inleresllng Hows and vector fields on 
TN , iuch as lh goodesic ílow oí Riemannian geometry, it is necessary to introduce 
an inner product. <, >. 

2.2 Geometry of the tangent bundle of a Rieman­
nian manifold 

Vt M tK- a connectcd C00 manifold wit h a positive definite Rfomannia.n structure 
<.> \\'(' . hall dl'finc a natural induccd Riemannian structure < <, > > on 1'M, usu­
n.lly rAlkd lhe a.saki mctric, ancl devclop sorne of its ba.sic properties. In particular 
"'t" dffin<' a connection map /( ; T(T AJ) -t M and use it to give an a lterna.te defini ­
tlon or thP 111ymplectic 2-form n. We descri be a nat ural almost complex structure J 
un TM lhnl rt'lat.es n llnd <<, >>. For further discussion see IE5j or [P] . 

2.2a Connection map 
Forrach ,·ector v E Tm M we define a linear map Ku: Tu(TM ) -t T111 M as follows. 

Lt·l (e Tr(TM) be gi\PCn and let Z( t) be a smooth curve in TM with initial velocity 
{ lf n(t) = :r(Z(t)), where 7r : TM -+ M is the projection, then we may regard 
Z(f) a.\ a \'t'flOr field nlong the curve cr{ t ) in M. Now define K,,(0 to be Z1(0), the 
nr.•1u1.in1 dermui"e at t = O of Z{ t) along o(t}. By computing in local coordinates it. 
L1 nol diffiruh to show that K,.(~) <loes uot clepcnd on the choice of curve Z(t) in T M 
w1th m1t1al ' locity ~ · A fo rmula far the connection map K in local coordinates may 
lw found m IGK MJ, and to my knowledge th is is the first d iscussion in the li terature 
or tht conntttion map. 

2.2b asa_ki metric 
h " nol difficu lt to show that ~ = O in Tu (T M ) ~ d11'({) = O and K(O = O. Hence 

ir ll(v) = ker K,, and \l (v) = ker d11'u, then T.,(TM) = H (v)EB V(v), direct sum. We 
rall Hll') and \ '(u) thc horizontal and vert ical subspaces ofT,,(T .M) respectively. 

OefirM" th asaki mctric < <, > > on the tangent spaces of T M by 
« (,ry »=< drr((} ,drr(ry) > + < K ((),K(ry) > 

íor ( ,,,E Tr(TM) and u E TM. Note that the vertical and horizontal subspaces are 
orthogooal rel&tivc to < <, > >. 
Rema.rk 

Ir / M _.. N is an isometry of Riemannia.i1 manifolds, c.hen it is routine to show 
th1u tbt dúf rcmial map j : TM -t T N is an isomet ry relative to the associat.ed 
S<\'laln wtnn1. 

2.2c J acobi vector flelds 
T conntttion ml\p llllows one to defi ne an ex plicit isomorphism between T11 (T M) 

a.ntl 1 '"t"C10r space oí Jacobi vector fi elds J (¡11 ) along the geodesic "Yv with initial 
vrt«1&) 1· G1' na ''cct.or ~e Tu(TM ) we define Yc(t) to be thc unique Jacobi vector 
hrld oo '• qich that l'dO) = d11' ({) and }'('(O) = K ({). where Y('(t) denotes the 
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cova.riant derivative of Ydt) along 'Yv· 
The map { --t }'{ is a linear isomorphism of T .,(TAI) onto J ('Y.,). Far any real 

number t., one may a!so show that Y'<(t) = d;r((01) . ~) and l'('(t) = K((IB1 ) .~), where 
{©'}denotes the geodesic flow in TM . Sec IESJ for further details. 

2.2d Symplectic 2-form fl 
The symplectic 2-form 51 on T M has the following description in tcrms of the 

metric <, > onMand t.he connection map K . See !P. p. 14] for dctails. 

íl((, •J) =< drr({), K (q) > - < I<((),drr(q) > 
From this it, follows that {(t!l')"íl}((,q} = íl((t!l' ). (,(t!l') . q) =< drr((t!l '}. (}, 
K((l!l') .•1) > - < K((t!l') . {),drr((t!l').•1) >=< l ((t),l'~(t) > - < l'.,(1), l'¿(t) >. 
The Jacobi equation and curvnture identities imply that t he derivative of this func· 
tion of t has derivat.ive ident.ically zero. This pro\·es that (181)"0 = 11 for a ll t . 
\Varning 

It is not true t.hat (©1)º0 = 8 for aJI t, where 8 is the canonical 1-forrn on 
T.\1 ln facl , if © deriotes t.he geodesic vector field with flow {©1 } , then LóO = 
f,!i=0 {{01)"8} = <IE, where E: TAi --+ IR is the energ.v function givcn by E(t1} = 
, < 11, 1• > for t1 E TM . However, if we restrict our attention and also 8 to a hypersur­
Íar:e of constant energy1 say t he unit tangent bundle SAi = E - 1 (1), t hcn (<5' )º0 = 8 
íor ali t . See (5. 1) for furthcr deta ils. 

2.2e T he a lmost complex structure J on T Ai 
Given u E TM and a vector~ E T.,(TAJ) we define ~h = d11'(~) and {,, = K(e). 

\\'e refor to ( 1, and (,. as thc horizontal and verlicaj parts of e. Wc associate ( with 
l he pair (<h.{., ) E T..,M x T.,,M , where m = rr(t1). Converscly1 fix t1 E TAi aud Jet 
m = 1f{t1). Then far every pair (a 1 b) in T111 Af x TrnAI there exists a unique elcrn nt 
{E T,(TM) such that ((,,(,) = (o ,b). 

Define a map J = J., : T., (Tf\.f)--+ T .,(TAI ) by requiring 

drr(J(O) = - /<(() and K(J(O) = drr(ü for ali (E T,(TM), v E TM. 

H we ident ify ( with the pair (~h , ~u) as above, then we may describe J as follows: 

./((), = -(, and J ((), = {h or equivalently 
J(<, ,(,) = (-(,,(,) 

From this description it is clear t.hat J 1 = - I d and J interchanges thc horizontal 
and vertical subspaces H (u) and \/(t1) of T.,(TM). ;\loreovcr, frorn t hc altcrnatc 
d ription abovc of t lHl symplectic form O in terms of K and <, > it is rout.ine to 
check that 

íl((, •¡) =<< J ({ )"I >> for ali (,r¡ E T.(TM) and ali v E TM. 

h follows frorn 1 tw skew synunetry of n that J is .. k,.v.· symmetrk relativc to<<,>>. 
Howrwr, J is also n li11cnr isomctry rrlath·r to < <. > > on eath tnngent spnce 1'.,(T M ) 
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""N' « J(O,J(q) >>= - << J 2 ({),q >>=<< {,q >> for ali {,q E T,(TM). 

3. Poi on manifolds 

3.l Oefinition 

t C' m<Jm/4•ld Pu callrd n Po issou m anifold 1/ thrre"" a &trocture {,}: C00(P ) x 
r(P) • C' (P) thnt &atufirs tl1c followmg 1iropert1e3 : 
1) (Sk,.• ,m1n1•try) - {f,g) = (9, !) fo•· nll / ,g E C (P) 
t) jU1hnt.v1t)·) (,} a...• Dl-b1/mccu-

n){n/ + bg, h} = n {/, l•) + b (g,lo) for o,b E lll and f ,g,h E C00(P) 
b) {f,ng+bh) = n{/,g) +b{/,11) for a,b E lll and / , g,h E C00(P ) 

ll(l.nhn1· {f,g h)={/,g) · h +g· {/, l1)forall/,g.hEC00 (P) 
l)(J >l>1 ld<nu1y) {f,(g, h)) + (g, {lo, /)}+ {lo , {!,g)) =O for all /,g , h E C00(P) 

U" M.- (r;i''t'n a Poisson structurr {,} on C 00(P), then for each f E C 00(P ) we 
m.u ddillt \"¡ CX'(P )-+ C00(P) by X¡(!/)= {y,/}. The Leibniz propcrty thcn 
b«nm th+· 'tat('ment X1(!1 · /1 ) = (X J!J) · 11 + g · (X ¡h) for ali J,g, h E C00(P). 
In p.ut1Cular tarh mn¡> X.1 is a dcrivation on C'lO(P) and consequenLly X¡ defines 
.m rlrni·-ni of X(P), the C vector ficlcls on P. The vector field X¡ is called thc 
lf,ug1ltqlWJ \retor field on P clcterminccl by f. 

oll11tíon V1 1 11(P) = {X1 : f E C00(P)}, t he collection of Ha miltonian vector 
1i1•l,l1:00 p 

3.2 R formulation of t he J acobi identity 

Th1· JoliC"Ob1 t<k>nt1ty rnay be rcstate<l in two cquiva1cnt ways: 
1) ¡-\1 , .\",) = - X{J,g ) for ali f ,g E C 00(P), whcrc [X¡,X9J is the usual Lic 

br11<k•·I ID t {P). 
2) \1 {g.h) = {X,g,h) + {!¡,X1!1) for ali / ,g,h E C00(P). 
Thfo hrt t.al('mcnt. snys tha.t f -+ X 1 is a Lie algebra antihomomorphism of 

{C''(P),{,IJ m!O {X11 (P),j,]) . lt also shows that X11 (P ) is a Lic subalgcbra o[ 
\'.( P) •1tb l°t":'pttt to thc Lic brnckct of vecto r fields. The se<:ond statcmcnt says that 
\ 1 ••lrm"1>0nofthcLiculgebra{C (P), {, }} forev ry / EC00(P). 

3.3 Examples of Poisson ma nifolds 

\\,. P' t IOf11e examplcs t ha t are discussed in more detail below. 

E\nmple: 1 IA>l p be- (1 e nrnnifold with a syrnplcctic 2-fonn n. Far cvcry point X 

~11 p n'"'· - E T., p• thrrc is n uniqu<' \"C'CIOr { E T., P such t hnt w({" ) = O({, C) 
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íor ali~ · E Tz P; t.his follows from lhe facl that. íl is nondegeneratc at every point 
of P. In pa rticular, far every f E C (P) there exists a unique C vector fi Id X1 
such t.hat S1(X1 1 ·) = df. Now define {f,g} = íl(X1, X 1 ) . \Ve ''erify in example 2 of 
(3.7) that {, } satisfies the Poisson axioms on P and x1 is the Hamilt.onian veclor 
field associated to f by the Poisson st.ructure {,} . 

Exru.nple 2 Let. fJ be a finite dimensional real Lle algebra. The Li algebra f) 

mar be regarcled as the subspace of linear functions in C (fY) under t he naturn.1 
isomorphism between fJ and (fJ")" : given A E f] and w E fJ º define A(w) = w(A). 
Define{, } on fJº by requiring t hat {A, 8) = jA, BJ for a li A, B in fJ. Then t.herc is 
a unique extension of {,} from f) to ali of C 00 (.sJº ). Note that f) is a Lie subalgebra 
of C (fJº ). See example 3 of (3.7) far fu rther discussion. 

Example 3 Let. fJ be a fi nit.e dimensional real Lie algebra, and let <. > be a 
nondegenerate, :-iymmet.ric bilinear farm on S). Let. # : fJ -t .r,· be t he isomorphism 
defined by A'(B) =< A,B > foc ali A,B E f). Define{,)# on f) ' !:; C (H) by 
{ ,-1 •, B#} = [A, BJ"# far ali Jl, 8 in fJ. Then {, } 1 has a unic¡ue extension to a Poisson 
structure on S). As in the previous example, we note t hat. jj• is a Lie subalgebra of 
C {))). See examplc 4 of (3.7) for further det.ails. 

3.4 Symplectic Stratification 

Examplc 2 shows t ba t t herc are important Poisson structures that do not ad~ 
from a symplcctic structurc. Symplectic manifolds must hav even dimcnsion, but 
Lie algebras havc no such rcstriction. However, t.he process of symplectic st.ra tificatíon 
allows one, in effect, to reduce to the case of a symplectic Poisson stmcture for many 
situations. We give a brief outline he.re and provid more details later. T he intcrested 
reader should consult [O, Chapt.er 6j , [M R, Chaptcrs 10..13] and t hc referc.nces in 
t.hese books far proofs of the statements here. 

The Hamiltonian foliation and its ra.nk 
For each point x of a Poisson manifold P Jet 1-l(z) = {Y(z ): Y E .111 (P)} a.nd let 

rank(x) =dim 1-l(x). Call 71. t he Hamiltonian foliat.ion in Pe.ven though thc rank oí 
'H. may not be constant in P . If t he rank of 'H. is constant in an open subsct U of P, 
then by the Probenius theor m the dist.ribution 'H. is integrable in U since Xu (P) is 
closed undcr Lie brackets. 

Symplect ic leaves 
An extcn:-iio11 of t hc F'robenius theorcm shows that if z is any point of P, thcn 

th re cxists a mn.xi1rrnl integral manifold L(z) of1f 1hat cont.nins p ancl has d imcnsion 
rank(r). Note tha.t thc restriction of any lfamihonian vector fi cld X 1 to any leaf l{z) 
1'i tangen!. to L(:r.) . In íacL, Lhc manifold L(.z) ca.rrics a. symplectic 2·form íl .. dcfincd 
by íl, (X1 (r) , X,(x)) - {f,g) (x) foc all /,g E C~(P). In parL;cular cv cy lcaf L(z) 
has cvcn dímcnsion. Thc manifalds L (7), z E P. att called thc symplcctic leaves of j') 
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.. p 
Thfo dl9CUS!iOn above shows that cach Poisson manifold P can be decomposed into 

1 tJ14pnt untan of im rnersed cve11 dimensional subrnaniíold lhat ca rry a symplectic 
strutturt a.rumg from thc rcstriction of the Poisson structure of P. The symplectic 
lt•I\\ rolil not ali have thc samc climension since the folialion 1l may not have 
wn,t&nt rank Wc shall sec later in (3.8a) that if f : P1 -+ P2 is a C 00 diffeomorphism 
ihnt prt!IC'n'CS Poisson structurcs t hcn f maps cach symplectic leaf in P1 onto a 
11ymplKUt' lr3f in P, . 

\\ " roo.sidl'r lcft nctions ,\ by a conncctecl Lic group H on a Poisson manifold P 
~uch that thc rlrmcuts of H preserve thc Poisson structure of P . It frequent ly occurs 
that /1 Jcoa\'e! rach symplcctic leaf invariant , which in principie a llows one to study 
thf' d)namin1 of the nction on eacb symplcctic lea.f. ln th is case cach X E 5j defines 
"n'f"tor fkld .\(X ) on P that is tangcnt to ench symplectic leaf and whosc flow tran­
fort11.llM>fl.' Atl' {.\r''" }. lf in add ltion cnch vector field .\{X ) is Hami ltonian, then one 
obHuru a momí'ntum mnp J : P -+ j)º that is an important tool in analyzing the 
"'~ ol 11 (3.ll c} for further discussion. 

3.5 The Poisson structure in loca l coordinates 

Orfort dMcnbing exrunplcs wc cxhibit formulas in local coordinates fo r the Poisson 
llructurr {. } l\lld lhc nssociatcd Hamiltonian vector fields. Let P be a Poisson mani­
f,~d. and IM. .r = (.z 1, ... x 11 ) : U-+ IR" be a local coordinale sytem defined 0 11 an open 
1111-t t · ol .\I . For C functions F, fl on P the Poisson axioms yield the following : 

" " 8F8H 
(') (F, H) = LL(x,,x; )Bx; Bx · 

u:o l J o:o l J 

" " 8 /l 8 
X11 = L{L{x¡,x¡ ) Ox · ) 8x, 

, ... . J=l J 

The st ructure matrix J( x) 
lt • t'\'l<k-nt from these formulas that the Poisson structure is completely deter­

minll'd locall)- by the skew symmctric structurc matrix J (x) = J1;(x) = {x¡, x; }(x) for 
.r EL' Tbt JM:Obi ide.ntltics O= {x¡, {xJ, x .. }} + {x; , {:z: ,t , .i: , )} + {xk , {x1, x; }} define 
• flmlly ol 6.m arder nonlinear po.rtial differcnt ial cquations for the structure matrix 
J(.r) tba1 musl be sntisfied. Conversely1 Jet (:z:, U) be a local coordinatc system 0 11 

f' aod a.-t J(r) be " skcw symmctric ma1.rix that satisfics t hese partial differential 
l'flll.l&IOQI. U •'t' define {x1,zJ }(x) = J,J (.i:) ancl {f,g} by the formula above in(•) 
for functaons / ,g m C (U), then {,}defines a Poisson st ructure on C 00 (U). See [O, 
PP 1 for • proof. 
T~ ~"''ºº abovc can be rcstate<I in another way. Let (x, U) be a local 

r. rdautf'S)"'t('m in a manifold P. Suppose Lhat {,}is a bilinear pai ring on C00 (U) of 
thl' lorm (" J abo\-e ~uch that thc Jacobi iclcnLities O= {:r, , {xJ , Xk}} + {x¡, {xk ,x;}} + 
j.1, f 1;. 11 ) are SAtisfiOO. Thcu {, } defines a Poisson structure on C 00 (U). 
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This criterion is useful in the d iscussion below of the canonical Poisson s t.ruct.urc 
on P = fj º , t.he dual space of a finite d imensional real Lie algebra f.J . T his example 
can be dualizcd to a canonica l Poisson struct.ure on a Lie algebra .lj wit.h an inner 
product <, >, bu t. in this case the Poisson structure depends on <, >. 

R emarks 

l. The rank of the Hamilt.onian fol iation 1i equals the ra nk of t he structure matrix 
J (:r:) in any local coordina te system. See fü, p. 399] for deta ils. 

2. lf F, Fº a nd H , ¡.¡• a re pairs of functions with t he same deriva tive maps at. :r, 
then from t.he formulas a bove we see immediately t.hat 

a) {F, H} (x) = (F", H")(x) . 

b) x ,-. (x) = x,..¡,,¡. 
Co1wersely, if X F · (x) = X f'(:r:) for two functions F an<l Fº , t.hen F and F· 
have t he sume differential maps a t :r:. O ne may verify this either d irectly from 
the Poisson a.xioms o r from the local coordimlle representa.tions oí X F and X,.-. 
abo ve, 

3. A vecior subspacc \1 of C00 (P) will be called firs1 ordcr ~in C00(P) if for 
e,·ery poi11t 111 of P and evcry element 7 of C 00(P) there cxists a n clement f 
of \ · such t.h1tt. f and 7 have the samc diffcrential map at m . For c:rnmplc, the 
linear functiorn; w· on a fi nitc d imensioni\I real ve<"tor space W a re first arder 
dense in C00 (W ). 

lf \/ is first order dense in e (P ) and {,} : V X V -> \ " is a lllllp that 
satisfies t.he Po isson a.xioms, t hen by 2) there is at most one cx t.ension of {,} to 
a Poisson st.ruct.ure on C00(P). 

3.6 Loca l coordinates of Lie - Weinstein (or. ¡o, pAoo¡, 
{MR, p. 348]) 

lí the Poisson st ruct.ure {,} has constant rank 2n in some open set U of P, thcn 
we may hope to choosc local coordinates cleverly so 1.hat the structure matrix J (x) 
has the simplcst possible form in U. To sec whal this simple form might be we 
considcr a single skew symmetric m x m matri.x A. By linear a lgcbrn A has rank 
211 $ m = 211 +e a nd t.herc e.xists a n elcmcnt g oí O(m ) such t hat B = yAg- • has 
the following ca no11ical fonn: 

(" ) 1)81; = O for i ?: 2n + l r j ?: 2n + l. 

2) Thc upper 211 x 2r1 block, nnmcly {B,,: 1 S i , j S 211 ) consists of 11 

co¡ncs of 1 he 2 x 2 mat.rix ( _ ~ ~ ) along thc diagonal and 1cros r lsC'whc rc. 

\\'e can now 111akc our qucstion more prC'C'lM'. lí {,} hru¡ e nst.ant. rnn k 211 in 
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IOll!f' ~ .. t L' of P, thrn cnn wc find n local coordinate systcm around cach 
pouil ur L that thc nructurc mnt.rix J (T) has thc canonical form described above 

inl ' )' 
rtw aru,n·r ls yes, nnd local coordina.te systems with this propert,y are callcd Lie 

\\rm 1Mn coordinnu'!:'!. 
\\1• fonnulat<' this rcsu\t In grcat.cr detail. 

ononical form for the structure matrix J(x) 
Í'ropOfidon l.Rt P bf' n Poisson manifold . Suppose that the Poisson structure {. } 
h.\., ron•tant rank 2n in somc open subsct U of P. Then for cach point m of U there 
f'IL'll • coord1nl\lc sy11tcm -:r = (q1, p1, q2 ,¡n, ... ,q,11 J1n, : 1, .. . , :e) in an open set V 
•llhpt-\' e L' !IUCh thnt. 

(p,.p,) = (q.,q,) = O for ali i,j 

{q. p,) 6,, 
{p..;,} {q1 . .:r} = {:1,Zr} = 0 for 1 $i$nand1 $ r,s $ f 

\,. • ..,, and X,1 = -.,& for 1 $ i $ n 

\ O Íor l $ r $ f 

\ funnmn J U -+ líl Í!I a Cas imir function (d. (3.9)} (:::) G{;; = B!; = O for 

1 1.J < n In this Cn.'!c f = A(:1 , •• , ;:,) for some function A of f variables. 

l\rnark Th1· brM'kl't rclaticms in 1) are equivalent to thc sLa1ement t hat the struc-
111rr &m J for this coordiuate syst.cm has thc canonical fonn in (•) above. 

tr.u~ht forwnrd ronscqucncc of the rcsult abm-e we obtain 
Corollu lit m bt a poiut of P :mch that the rank oí {,} i.s = 2n in somc ncigbor­
boo<l 11 rn L·1 P hnn· dimcnsion 211+t for somc integcr l ~ O. Then m lies in a coordi­
Mlr niPtgbb<.hood U with coordina.te functions r:: (q1 , p1 .q2 ,J>i, ... , <111 , p.,, z1 , ... , z1) 
t1,1rh1U1 

AJ TM- 'mploctic lcnvcs in U nrc thc slice submanifolds (z1 , .• , zt) = (c1 , ... , c1), 

t.h"1" {r,} .u constnnts. 

'2-- 8F8H 8F8ll 
~ T P0t."°n brackct takcs Lhc form { F, /f } ; ::; { /iQ, BJ>, - 0¡;; aq; } . 

Proor or &bt> Proposition Thc roordinates p, q,.: oí the proposition are constructed 
m1i¡¡r11.• "' t•'O tH a time. Thc first stcp is the following 
Lf'ttuua lA'1 P be n Poisson manifold of dimcnsion N, and lct p : P -+ IR be a C00 

foru-1MX1 •1th lhumh.onian vector ficld Xp. Let m be a point of P such that Xp(m) :/; 
O Tlwu thtTt'" f'J:lSLS n ncighborhoocl O of m ancl functions q, y3 , ... , yN : O -+ IR 
•11h &Jw Jalknt, mg propcrtil'S : 

1 ' • (q. p, JIJ, .. , YN) : O -+ m"" is n coordinatc system in O. 
{q.p l.{q,y,) = {1>,y,} ; Qfo,, ~3. 
\, •f.. X,= f, 

b .. r,J-R¡ {y .. u,} ;Qfornllo.¡~3 
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P r oof By (1.3) thcre exists a coordinatc system x = (x 1, .•• , XN) in a neighborhood 
V of m such that Xp = -k . lf q = x1 , then {q,p} = Xp(q) = 1, and it follows 
that [Xp, Xq] = -X(q,p) =O since X c =O far any constant function c. By (1.3) we 
may choose a different coordinate system y = (y1 ,. • , YN) in a neighborhood W of m 
such that W ~ V,-Xq = /¡¡; and X p =~in W . Now define z = (q,p,y31 . .. , yN): 

W --t IllN. We show that there exists a neighborhood O of m with O ~ W such that 
z = (q,p, y3 , ... , yN) : O --t JRN has the properties of the Jemma. 

To prove 1) it suffices to show that z is nonsingular at m. The determinant of 
the Jacobian matrix ~ is -Jtj;;- ~-/:; = dq /\ dp(/v¡, /y;) = dq/\dp(- Xq , Xp ) = 
dq/\dp(X, , X,) = dq(X,)dp(X,)-dq(X ,)dp(X,) = {q,p)(p,q ) - {q ,q){p,p) = - !. 
Hence z is nonsingular at ali points of W, which proves 1). 

2) We observed already that {q ,p} = l. Now, {y;, p} = Xµ(y¡) = ~ = O for 

i ~ 3. Similarly, {y; , q) = X11(y¡) = -~ = O for i ?: 3. To prove the remaining 
assert ions of 2) we relabel the coordinates. Let z1 = q, z2 = p and Zk = Yk for 
k > 3. Then from the bracket relations above and the local coordinate form for a 

Ha~iltonian vector field we obtain X p = t <t{zk, Zj ) :p ) aª = t {z.1:,p) aª = 
k= I j=I Zj Zk k = I Zk 

{} . . ' " " {}q {} " {} {} a . Sm11larly, Xq = L <L fz11 ,zj }az.l& = L{zk ,q} a;- =-a. 
q k= l j = l J k .\:: 1 k p 

3) /p {y,,y;) = - X,{y; ,y; ) = - { {y,,y; ) ,q) = {{y;, q) , y;) + {{q, y;),y;) =O if 
i , j ?: 3 by the J acobi identity and the bracket relations in 2) . A similar argument. 
shows that. -/q {y;,yi} = O if i,j ?: 3. The proof of the lemma is complete. • 

Proof o f t he Proposition Let N = dim P. Let U be an open set of P such that {,} 
has constant rank 2n ~ 2 on U. Fix a point. m of U and choose a function p : U 4 Bl 
such that X p(m ) -:j. O. Choose an open set O with m E O ~ U such that the conditions 
of the lemma hold. The structure matrix J in t he coordinates z = (q, p , y3 , .•• , yN) 

takes t he block diagonal form J = ( ~ J~ ) , where A = ( _ ~ ~ ) and J 1 is an 

(N -2) x (N - 2) matrix whose entries are {y; ,yj} , i ,j ~ 3. Clearly t he rank of Ji 
is 2n -2 in U since the rank of J is 2n in U. 

If 2n - 2 = O, t hen J 1 is the zero matrix and {y;, Yi} E O in U for ali i,j?: 3. In 
t his case we set q1 = q, p1 = p and z; = Y;+2 for l $ i $ N - 2. It is easy to see t hat 
these coordlnates in U satisfy the assertions of the proposition. 

If 2n - 2 > O, then we repeat the method of the lemma. Let q1 = q and p1 = p. 
Write m = (m1 , . ,mN) in the coordinates (q1, p¡,y3 , . . ., yN)· Now consider the 
fo liation of U into codimension 2 submanifolds Uc1 ,c2 defined by setting q¡ = C¡ and 
p1 = c2 . Each submanifold Uc1 ,c1 has a coordinate system y= (y3 , ... , yN ) around 
m' = (m3 , . . , mN) in which the entries {y; , y1}, i , j ?: 3, of the structure matrix 
J 1 depend only on y3 , ... , yN by 3) of t he lemma. Hence each submanifold Uc1,c1 

inherits from P a Poisson structure of rank 2n - 2 with structure matrix J 1 • For 
one of the submanifolds Uc1 .c2 (it doesn't matter which) we repcat the method of 
t he lemma above to obtain a new coordinate system (q2 , pz , z::, , .. . ,zN) on Uc1,c2 
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in a neighborhood U1 of m' such that t:he structure matrix of Uc1 ,c~ has the form 

J:= ( ~ J~ ),whereA= ( -~ ~ ),]ihasent ries{ z¡,z1},i,j'2::5and J 2 has 

rank 2n - 4 on U1• Making the original neighborhood U smaller if necessary we now 
have coordinates (q1,p1,q2,J>2,zr,, ... ,zN) on U so that the structure matrix J has 

theform ( ~ 1~),whereB= (~~),A = (-~~) and~{z¡,z1}= 
k {z; ,z1) =O for a= 1,2 and i,j 2 5. lt is now clear how to repeat this process 
until the coordinates (q1 ,p¡, Q2,Pz, .. , Qn.Pn, z1,. , zt) described in the statement of 
t.he proposition have been achieved. • 

3.7 Examples of Poisson structures 

l. A simple example in IR2" 

Let x 1, ... , x2n be the standard coordinate functions and relabel them so that 
p¡ =X; for 1:::; i:::; n and Q; = Xn+i for 1:::; i:::; n. Define {p;,P1) =O; {q¡,qJ) =O 
and {q;,p1) = ó¡1. Substituting these structure functions into the formula above 
yields 

{F, H)=t{~~-~8H) 
i= 1 Oq¡ 8p; Op; 8q¡ 

" 8H 8 " 8H 8 
XH = L ---:-: - :L---:-

i=I Op, 8q, i=I 8q1 Op¡ 
One may check directly that that {,} satisfies the Poisson axioms, but we omit 

t.his computation. This exarnple is a special case of the next one. 

2. Symplectic manifolds 
Let P be a 2n-manifold with a symplectic structure arising from a symplectic 

2-form !l. Since íl is nondegenerate at each point of P, for every m E P and every 
w E (T111 P)• there exists a unique vector {E TmP such that f2({,() = w({') for ali 
(E TmP. In particular, if /: P -t IR is any C00 function , then there exists a unique 
vector field X¡ on P such that !l(X¡, Y) = d/(Y) for ali Y E l'.(P). In terms of the 
interior product we may express this relationship as 

ix1 ¡¡ = df for ali f E C00 (P). 

Given f , g E C00 (P) we now define 

{f,g) = O(X¡,X9 ) 

We verify the Poisson axioms. 1t is not difficult to show that 

[X¡,X,] = -X{f.g ) for ali f,g E coo(P}. 
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It now follows from the Jacobi identity for [,] on X{P) that {, } satisfies the Ja­
cobi identity on C00 (P). The skew symmetry and bilinearity of {, } are evident 
from the definition and the fact that the map / -t X 1 is IR-linear. Finally, since 
{/,g} = !l (X1, X 9 ) = df(X9 ) = X 9 (!) it is clear that the Leibnizian property of {, } 
follows from the Leibnizian property of the vector field X9 for each g E C 00(P). This 
shows that {, } satisfies the Poisson axioms. Moreover, for each J E C00(P) the vector 
field X 1 defined above by íl is preciscly the Hamiltonian vector field associated to f 
by the Poisson structure {,} . 

Ha miltonian foliation of a symplectic manifold 

In a symplectic manifold P t he Hamiltonian foliation is trivial; that is, h'.(m) = 
T mP for every m E P. Given a point m E Manda vector~ E TmP recall that i{íl E 
TmP" is defined by i(0(77) = 0(~1 71) for ali 1¡ E TmP· Let / E C 00 (P ) be a function 
such that. dfm = i(O E T111 P ". By definition, ix1 ¡m¡íl = dfm, and hence X1 (m) = ~ 
by the nondegeneracy of íl. This proves that Trn P = {X¡(m) : / E C00P)} = fJ(m) 
far ali m. 
Special case 

Let /Id = IR.211 with coordinates PI ' .. ,p,.,qi' .. , qn and ]et n = L dq; /\ dp¡ If 

X is any vect,?r field on IR.2 11
11

, then it is easy to compute 

ixíl =L.: X(q;)dp, - L.: X(p; )dq, . 
•= l i= l 

In particular, i x 11 íl = clfl satisfies the equations X H(q.) = W, and Xu(p; ) = 

" {)H 8 " 8H 8 
-~ or equivalently Xu = L -a . ---: - L -8 -8 . . A comparison with the first 

i=I p, lJq, i=l q, p, 
example shows that these two Poisson structures are the same. 

3. The canonical Poisson structure on fJ• 
Let f) be a finite dimensional real Lie algebra, and Jet fJ . denote its dual spacc. 

The Lie algebra structure [, J on fJ defines a canonical Poisson structure on fJ ". First, 
we observe that each element X of fJ can be regarded as a linear function from jj• to 
lll by defining X(w) = w(X) for every w E Jjº . Define {, ) ' Jj x Jj --> fJ (; C~(fJº ) 
by {X, Y) = [X, YJ. 

Next, we extend {, } to a Poisson structure on f:( . Note that there is at most 
one extension by the remarks 2) and 3) of (3.5). 

1f {x1, .•• , x,.} is a basis far f) , t hen x = (x1 , ••• ,x,. ) : f:l º -t Ill" defines a 
linear coor~inate system on ~· . Let. {C¡~} be

11
t.he st.ructure constants defined by 

¡x.,x1J = ¿ C~x1;. lf A = L A 1x. and B = L B,x, are arbit.rary clemcnts off) , 
•= l J= l 
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then {A, B} = [A, B] = L{L ctA¡Bj}XJ:. Noting that .4¡ = ~ and Bj = G!; 
J: := l i ,j = l 

we guess that for arbitrary C00 functions / , g : f)º -+ IR t ite pairing 

" n ª' a (' ){f,g ) = L{ L C!;¡¡-: /¡ x, 
k= I i ,j = l Xi X1 

with structurc ru.~1ct ions 

{x;,x; } = ¿ c,~xk 
k= I 

is a good candidate for a Poisson structure on C00 (f)º ). For f E C 00 (f) *) t he map 
X1: C00 (fJº }-+ C00 (f)º ) given by X 1(g ) = {g, J} has the local coordinate formula 

" ,, a¡ a 
X1 = ¿::¡ L: CJ,ax,xd ax 

J=I 1.J:= I 1 

lt is ev ident t hat X 1 is a C00 vector fie ld on f)* for each f E C00 (f)º ), and t his 
property is equi valent. to t he Leibnizian property of {, }. The skew symmetry and 
IR-bilinearity of {,} are obvious from the expression for {f,g} in (º ) and the fact that 
Cfi = -Cj; fo r ali i ,j,k. 

lt remains only to check the Jacobi i<lentity for {, } . By the discussion above in 
(3.5) it suffices to check the Jacobi ident ity on the coordinate functions { x1 , ... , x,,} fo r 
fJ '. However, since {x;,x1 } = [x¡, xi] the Jacobi ident ity for {,} fo llows immediately 
from thc Jacobi ident ity for fJ . 

Hamiltonian foliation in fjº 
Let H be a connected Lie group with Lie algebra f). For ali w E f) we show that 

H.(w) = adº f)(w) = T,., Adº H (w ), the tangent space at w to t ite Adº H orbi t of w. 
This proves at t he same time that t he orbits of Adº H are t he symplectic leaves of 
the canonical Poisson structure on f)". See example 2 of (1.4) fo r a defini t ion and 
discussion of Ad º H ~ GL(f)º ) and its Lie algebra adº f) ~ End(f)º) 

Given an element w E .IJº we Jet TJ,., denote the element of T,., f) º t hat is the initial 
velodty of t-+ w + lTJ. Regard f) as the vector space of linear functions on f). defined 
by A(w) = w(A) for ali A E .IJ and all w E f) ". It fo llows from the defini t ions that 
1¡,.,(8) = 17(B) for ali B E f) and all 17 ,w E SJ. 

G;ven A, BE fJ and w E Ji' we compute X,.(w)(B) = { B , A)(w) = [B, AJ (w) = 
w(JB,AJ) = ad ' .4(w)( B). It follows that X A(w) = ad'.4 (w}" for ali A E Jj and all 
w E SJ º since a vector field on f)• is determined by its values on linear functions. 
Recall that f) is first arder dense in C00 (f)º ). 

lf j E C00 (f)º ) and w E f) º are given, then since f) is first order dense in C00 (f)º) 
there exists A E ñ such that X1(w) = XA(w) =adº A (w ),.,. This proves that 1i(w) = 
ad· fJ (w), and it is an easy exercise to show that adº f) (w) = T,., Ad" H (w ). 

4. The canonical Poisson structure on { f) , <, >} 
Now \et <, > be a positive definite inner product on a fi nite dimensional real Lie 

algebra ~. \Ve dualize the construction of the previous example. This construction of 
a Poisson structure {,} depends on the choice of <, >, but it is important for the later 
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discussion. The construct ion of {, } actually works for any nondegenerate, symmetric 
bilinear form on .fj, but our interest is in the füemannian case. 

As before, we le~ # : f) -¡. jj• be t he linear isomorphism defined by A#(B ) = 
< A , B > for ali A, B in f). We regard fJ º as t he subspace of C 00(fJ) consisting of 
linear functions. 
P roposition Far every positive definite inner product <, > on fJ t here ex.ists a 
unique Poisson st ructure {,} on fJ such that 

1) lf f ,g E fJ ', then {f, g) E jj•. 

2) (.4#,E#) = [.4 , BJ# focall .4, BE Jj. 
P roof By remarks 2} and 3) in (3.5) t here can be at most one Poisson structure 
{,} that satisfies 1) and 2) since the subspace f) º is first a rder dense in C00(fJ). 

To show that there exists a Poisson st.ructure {, } satisfying l ) and 2) !et {E1 , ••• ,E,.} 
b! an orthonormal basis of jj with structure constants {Ci} defined by [E,,E¡] = 

Lc~E1;. The dual basis {x¡, ... , xn} in n· defines a linear coordinate system 
k=I 

x = (x 1 , .•• , x" ) : .fj --t ID." It is evident t hat x, = Er and hence the condition 
2) implies that 

(•) {x; ,x;) = L, c;)x, 
k= I 

Substituting these expressions into thc local coordinate formula for a Poisson struc­
ture yields the foltowing candidatc for a Poisson structure : 

" " f) f f) 
u .gJ = :Lt ¿: ª~ox; a: ¡x, 

l;=I 1,j= l J 

" " a¡ a o 
X1 = L,t_L, Cj;ax;x' ax.lax 

J""I 1,k= I J J 

Note: These formulas have the same appearance as those of t he previous example. 
However, observe t hat in the previous example we used an arbitrary basis {x¡} of jj 
to define a linear coordinate system x = (x 1 , ••• , x") : f) º -+ fil" . Here we need a basis 
{x,} of fJ . t hat is dual toan orthonormal basis of .fj. This should not be surprising 
since the Poisson structure {, } on fJ depends on the inner product <, > on f). 

In the formula above for {, } it is immediately evident that 1) is satisfied. Condition 
2) reduces to(•) above. By the discussion in (3.5) it remains only to check the J acobi 
identity for the coordinate functions { x¡} to show that {,} is a Poisson structure on 
f). From 2) and the discussion above it follows that {x;,x1;} = {Ef , Ef} = !E;,E1;]# 

and {x.,(x,,x.)) = {Ef,{Ef,E;') ) = [E;,[E,,E, JJ' . Hence the Jacob; ;denüty 
for {x,) follows from the J acobi identity on f). • 

Ha miltonian folia t ion in fJ 
We define an odd looking left action ,.\ of H on f) by ,.\11 (A) = Ad(h- 1 ) 1(A), where 

Ad(h- 1 ) 1 denotes t he rnctric t ranspose defined by<. > oí Ad(h- 1): ñ -+ ñ. lt is 
easy to check that Ad.{li)o# =# o,.\11 for all h E H , where # : fJ-+ jy is t he iso-
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morphism defined by <, > and Ad" denotes the coadjoint action of H on .SY. Since 
# : fJ--. fJº is a Poisson map (details omitted) it follows that the symplectic leaves 
of the canonical Poisson structure on f)º are the images under # of the symplectic 
leaves on fJ with the Poisson structnre defined by <, >. See (3.Sa). We saw earlier 
that the symplectic leaves on f)º are t he orbits of Ad"(H ). It follows that the sym­
plectic leaves on fJ are the orbits of A(H). Hence 1l(A) = TAA (H )(A) for every A E f). 

Invariant Hamiltonian formula for linear functions 
For la ter use we give an invariant description of t.he Hamiltonian vector field X 1 

determined by a linear function J : f) __. IR, (i.e. an element of fJ"). Far elements 
O:,~, r¡ E fJ let {0 E T0 .5) denote the initial velocity of t __.o·+ t{ and define <,>a on 
T0 fJ in the usual way by< ( 0 ,1Ja >0 =< ( , 17 >. Then for elements a,A and {E fJ 
we have 

< XA•(<>),(o >o= - < a , [A,(j >. 

Proof For a,~ E fJ it is routine to show that (grad (#)(a)= {0 since (#E .5)" 

is a linear funct ion on fJ. It follows that < xA ... (a),{o >o=< xA .. (a), (grad 
(')(o) >o= (d('(XA•))(a) = (XA•)(('))(a) = {(#,.4#J(a) = - {.4#,(#j(a) = 
- [A ,(]# (o)= - < a,[A,(J >. • 

Invariant Hamiltonian formula for a rbitrary functions in C 00 (fJ) 
Let f E C00 (H) be arbitrary, and Jet elements o:, (E fJ be given. Then 

< X¡(a),(0 >o= - <o,[ grad/(o),(J :> 

Proof The meaning of the right hand side of the equality requires sorne explana­
tion. Let f E C00(fJ) and a E fJ be given. Let A E fJ be the unique element such 
that grad / (a)= J\ 0 . Now define [ grad/(a),(] =[A,(]. 

Given J E C00 (fJ) and a E fJ we choose A E f) so that grad f( a) = A0 • l t 
follows easily that d/0 = dA:. From the formula above far linear functions and 
remark 2) of (3.5) we see that < X¡(o:)){o >o=< X A" (a),~"' >o;:;; - <a, [A,{] > -
<o, 1 grad/(a), (] >. • 

3.8 Poisson maps and automorphisms 

Lct P1 and P2 be Poisson manifolds with Poisson structures {, )¡ and {, }2. A C00 map 
..p: P1; P2 iscalled a Poisson map if {f o..p,goip}i = {f,9}201.p for ali f,g E C00 (P2 ). 

If P1 = P2 and tp is a diffeomorphism, t hen tp is called a Poisson automorphism. The 
collcction ~(P) of ali Poisson automorphisms of a Poisson manifold Pis a subgroup 
of the diffeomorphism group Diff(P) of P. 

Wc calla C00 map l{J: P1 __. P2 an anti Poisson map if {fo rp, goi.p} 1 = -{f,g}2oip 
for ali J,g E C00 (P2). lf H is a connected Líe group with Lie algebra _fj ) then the 
Gauss map G: TH; f) is an anti Poisson map See example 6 of (3.Sb) below for a 
precise st.atement and proof. 
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3.8a B asic properties of P oisson maps 
P r oposit ion Let P1 , { , h and P2 , {, h be Poisson manifolds1 and !et f : P1 -+ P2 be 
a Poisson map. T hen 

1) Far every H E C00{P2 ) the vector fields XHof and X H are / -related. 
2) If f is a diffeomorphism, then f preserves t he symplectic stratifications; that is, 

/ (L1(x)) = (L2 (fx)) for all x E P 1, where L1 (x ) and L2(Jx) denote the symplectic 
leaves of P1 and P2 containing x and f (x ) respectively. 
Proof 

I) Given H , H' E C00(P2 ) and x E P1 we compute f . (X n 0 1(x) )(H' ) = 
X110 ¡(T)(H' o f) = {H' o f ,H o f) (x ) = {H', H)(!x) = X11(/x)(H' ). Since H' E 
C00(P2) was arbit rary it fol lows that J. (Xuo¡(x )) = XH(fx ). 

2) Let 1-i.1 and 11.2 denote the foliations of P1 and P2 spanned by the Hamiltonian 
vector fields. The symplectic leaves of P1 and P2 are the are connectell integral man­
ifolds of 'H.1 and 'H.2 . If ¡(t} is any C 00 curve in L¡(x), t.hen (/ o ¡)(t) is everywhere 
tangent to 11.2 since / . ('H. 1(x')) = 1-l2(/x 1) for ali x' E P 1 by 1). Hence (! o¡){t) 
lies in a single leaf of 'H.2 , namely 1-lz (fx). This proves that f (L 1 (x)) ~ (L2(fx)) for 
ali x E P1 • \Ve obtain equality by applying t.he same argument to t he inverse of f. • 

3.Sb Examples of P oisson m aps 

Example 1 P ullbacks on TP by diffeomorphisms on P 
If Q is any C00 manifold , !et P = TQ•, the cotangent bundle of Q, and let {, } 

be the Poisson st ructure on P that arises from the canonical symplectic structure íl 
on P. Then every diffeomorphism f of Q extends to a Poisson automorphism f' of 
TQ", where f' denotes the pull back action of f on P. 

T he proof of t.his assertion is rout.ine. We now present sorne other cxamples of 
Poisson maps and automorphisms that will be discussed later in greater detail. 

Example 2 Musical isomorphism # : fJ -> f)• 
Let. fJ be a finite dimensional real Lie algcbra, and !et <, > be a nondegenerate, 

symmetric bilinear fonn on fJ. Let # : fJ--+ f). be the isomorphism induced by <, >. 
Let {, }· denote t he canonical Poisson structure on f)" , and let {, } be the Poisson 
structure on fJ determined canonically by <, >. Then # : fJ--+ S)" is a Poisson map. 

E xample 3 Infinit esima l Poisson autom orphism s 
Let P be any Poisson manifold with a Poisson structure {, ) . Let .X(.J(P) de­

note the set of ali vector fields X on P such that Lx {, } =O; that is, Lx {!,g} = 
{Lx (/) , g) + {f, L x (g) ) for ali f , g E C00(P ). Then the flow transformations {X') 
oí every X in l:(.}(P) are Poisson automorphisms. See {MR, p. 339] for a proof. The 
vector ficlds in l:{,)(P) are called infinitesimal Poisson automorphisms. For íurther 
discussion see (3.9) below. 

Example 4 Flows of Hamiltonian vect or field s 
Let P be any Poisson manifold with a Poisson st ructure {, }. Let X11 (P) = {Xi : 
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f E C00 (P) }, the collection of Hamiltonia.n vector fields on P . Then XH(P) ~ X{,}(P) 
by the definition of Poisson structure, so by example 2 the flow tra.nsformations { X 1} 

of every X in XH(P) are Poisson automorphisms. 

Example 5 Momentum maps of Lie groups acting on Poisson 
manifolds 

Let H be a Lie group with Lie algebra f), and let ,\ : H -+ Diff(P ) be a left action 
on a Poisson manifold P. Assume furthermore that for each .4 E f) the elements 
{,\e• ..t} are t he fiow transformations of a Hamiltonian vector field ,\(A) on P. Then 
thcre cxists a momentum map J : P-+ f)º that under certain additional restrictions 
is a Poisson map relative to the given Poisson structure {, } on P and the canonical 
Poisson structure {,} • on f)º. The momentum map is important in physics, and 
therc are many situations in which it exists and is a Poisson map. We shall define 
and discuss the momentum map in greater detail in (3. 11 e). 

In this article we shall primarily be concerned with the case that H acts by left 
translations on P = T H, and T H is equipped with the Poisson structure arising from 
thc symplectic 2·form defined by a left invariant Riemannian metric on H. 

Example 6 The Gauss map G: TH--> fJ 
Let H be a Lie group with Lie algebra f) and tangent bundle T H. Define the 

Jeft translation ,\h on H by ,\h(hº) = hhº far h, hº E H . This defi nes a natural left 
action of H on itself. ldentify f) with TeH, the tangent space to H at the identity, 
and idcntify T H with H x f) under the diffeomorphism (h,X)-+ d,\h(X). 

Defi ne G: T H = H x fJ-+ f) by G(h,X) =X, projection onto the second factor. 
Ccometrical ly, this amounts to the left translation of a vector ~ E T H back to the 
idcntity. In t.he case that H is the abelian Lie group rn..3 with vector addition as the 
group operation, then the Gauss map defined here is precisely the classical Gauss map 
used to study t.he geometry of surfaces in IR.3 . 

Now let H be a Lie group with Lie algebra fJ and !et <, > be a nondegenerate, 
symmetric bilinear farm on f). Let # : f) -+ f)º be the natural isomorphism defined by 
<, >. Let. íl denote the symplectic 2-form on TH pulled back by# from the canonical 
symplectic 2-form on T H•, and !et {,} denote the corresponding Poisson structure 
on TH . Let {.}# denote the Poisson structure on f) that is pulled back by# from 
thc canonical Poisson structure {,} • on r:i·. Then G : T H -+ f) is an anti Poisson 
map for every choice of a nondegenerate , symmctric bilinear form <, > on 5). 

Remark The Gauss map G : T H --+ fJ does not depend on a choice of <, > but it 
acts as Poisson map for every choice of <, >. The Gauss map is an important too! 
for the study of the geodesic flow on the unit tangent bundle SH of a Lie group H 
with a left inva.riant Riemannia.n metric arising from a choice of positive definite inner 
product <, > on fJ. 

In this contex t , the Gauss map is also a valuable resource fo r studying totally 
gcodesic submanifalds of H with dimension :'.'.: 2 in the case that H is simply connectcd 
and 2-step nilpotent. See [ E2) and (6.9) below far further discussion. 
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3.9 Poisson subalgebras 

lf {,} is a Poisson structure on a C00 manifold P, then we say that a real vector 
subspace 21 of C00 (M) is a Poisson subalgebra of C00 (P) if it contains 1 (and hcnce 
the constant functions) and is closed under the operations of addition, pointwise mul­
tiplicat ion and Poisson brackcts. 

Example 1 Casimir functions Cl(P) 
A function JE C00(P) is called a Casimir function if X¡ = O, or equivalently if 

{f,g} =O for ali g E C00(P). One may also describe the Casimir functions as the 
center of the Poisson algebra. 

It is obvious from the definition that <!(P) is not only a subalgebra of C00(P) but 
an ideal in C 00 (P); that is, if f E <é(P) and g E C00(P), then {f,g) E <é(P ). 

The Casimir functions play an important role in Poisson mechanics. By thcir def­
inition Casimir functions are constant along the integral curves of Hamiltonian vector 
fields X 9 for every funct ion g E C00 (P), and hence Casimir functions are constant ou 
each symplectic Jeaf of P. Convcrscly, if f is constant. on each symplectic Jeaf L, t.hen 
df(X9 ) =O on L since each Hamilt.onian function X 9 is tangent to each symplectic 
leaf of P. Hence {f,g) = X9 (f) = df( X 9 ) =O foc ali g E C 00(P) , and wc concludc 
that f is a Casimir function. This proves the following 
Proposition Let P be a Poisson manifold . A function J E C 00 (P) is Casimir ~ f 
is constant on each symplectic leaf of P. 

Local coordinate description of Casimir functions 
Let (q1 , p1 ,q2,J>2, ... ,qn, p11 , z1, ... ,z,) be Lie -Weinstein local coordinates on an 

open set U (cf. (3.6)). The symplectic leaves in U are the slice submanifolds 
(z 1, ... ,zt) = (c1 , ... ,ct), where {e¡} are constants. By the result above a function 
f : U -t m. is Casimir <=> G/;: = O and lt = O for 1 $ i ~ n. 

The symplectic case If the Poisson structure on P arises from a symplectic 
2-form f2 on P , then by definition ix1 íl = df for every function / E C00 (P). Hence 
the Casimir functions are just the constant functions in this case. 

However, it is not true that a Poisson structure whose Casimir functions are the 
constant functions must arise from a symplectic structure. lf sorne Poisson manifold 
has a symplectic leaf that is dense in P, then every Casimir function f must be con­
stant on P since f is constant on the closure of ea.ch symplectic leaf. 

T he Lie a lgebra case Let j) be a finite dimensional real Lie algebra with an 
inner product <, >, ami lct {, } be the canonicfll Poisscm ~tructure dctermined by 
<. >. Let # : fJ -t j)• he the isomorphism determined by <, >. 

We give two examples of Casimir funct.ions. 
1) Let f : fJ-+ IR be a linear function and write f = ..t# for a unique element A 

of fJ. Then f is a Casimir function (:::) A E 3, the center oí jj. 
Proof lf f =A# is a Casimir function, then for any BE jj we have O= (8# , A#} = 
[8, AJ# . lt follows that A E 3. Conversely suppose that f = A#, where A E 3. 
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Given g E C00 (J'i) anda E J'i choose B E J'i so that dg0 = dBf!. Then {g, /}(a) = 
{B*,A*)(a) = [B,AJ* (a)= O. Hence f is a Casimir function. 

2) Let. g : ñ --+ lll be a function that depends only on 3; that is, g = Jo 1T3 , where 
f : 3 --+ IR is any function and 71'3 : ñ --+ 3 is orthogonal projection onto 3. Then g 
is a Casimir function. 
Remark 1f ñ is an almost nonsingular 2-step nilpotent. Lie algebra (cf. (6.4)), then 
we shall see in (6.6) that cvery Casimir function g: SJ--+ lll has the form above in 2). 
Proor oí2) Let {E1 , Ei, ... ,En} be an orthonormal basis of ñ such that {Eq+1 , ••• En} 
is a ha.sis of 3, where q = dim 3.i. a.nd n - q = p = dim 3. Let {x1 , x:i, ... ,xn } denote 
the dual ha.sis of SJ., a.nd !et x = (x 1 ,x2 , ... ,x,.) : ñ--+ lll denote the correspond­
ing linear coordinate system for ñ. Let {et} be the structure constants defined by 
C¡~ = Xk([E.,EjJ) for ali i,j,k. By the dis~ussi~~ of example 4 in (3.7) the Hamil-

tonian vector field x, is given by x, = L{ L CJ¡:1.x1:} aª . . By hypothesis 
j=I i.k=I X, XJ 

lt = o for 1 ~ i ~ q = dim 3.i.. However, e~ = Xk([E;, EjJ) = o for i > q since 
E1 E 3 far i > q. Hence X 1 = O by the expression above. • 

Example 2 First integrals for the flows of Hamiltonian vector 
fields 

Let P be a Poisson manifold. For any C00 function J : P --+ lll we define '8(/) = 
{g E C00 (P ), dg(X1) =O). Equivalently, 'S(J) = {g E C00(P), {g,f) =O). 

The elements of j(/) are called first integrals for the flow of the Hamiltonian 
vector field X1. They may also be characterized as those functions in C 00 (P) that 
are constant along the integral curves of X 1. 
Proposition For any function / E C00 (P), j(/) is a Poisson subalgebra of C00(P) 
that contains / and the Casimir functions. 
Proof Clearly 3(1) contains / and the Casimir functions. Note that g E j(/) <::? 

{g , f) =O since {g,f) = X1(9) = dg(X1)· Since d(g + h) = dg + dh and d(gh) = 
gdh + hdg it is clear that j(/) contains the constants and is closed under addition 
and pointwise multiplication. If g, h are elements of 3(/), then by the Jacobi identity 
{{g , h) , J) = -{{h,J),g)- {{J,g),h) =O. Hence {g,h) E 'S(f) for all g,h E 'S(f) . 

• 
Remarks 

1) U one chooses f at random, then ;J(/) will consist only of the Poisson subalgebra 
generated by/ and the Casimir functions However, if f has special significance, which 
occurs in cases of physical importance, then j(/) is nontrivial and it is an interesting 
problem to determine it. 

2) Let H be a Lie group acting by Poisson automorphisms on a manifold P with 
Poisson structure {, }. Let f : P -+ IR be any C 00 function that is constant along 
each H-orbit in P. We shall see that the moment map J : P --+ jj•, whenever J 
cxists and is equivariant, defines an jj• -valued first integral for the flow {X}} of the 
Hamiltonian vector field X¡. See Proposition A of (3.lle} below. 

3) Lct P be a finite dimensional real Lie algebra .fJ equipped with an inncr product 
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<, >. \Ve saw in example 4 of (3.7) that <, > and the Lic bracket ¡, J off) determine 
a Poisson struct.ure {, } on .1) in a canonical way. Let E : SJ .-. IR be t.he energy 
function defined by E(v) = ~ < v , u >. The Hamiltonian vector vector field XE 
defined by E is called t he gcodesic vector field , and we shall see t hat XE corresponds 
in a natural way to the geodesic flow on T H by means of the Gauss map G : T H -t fj . 
Here H is given the left invariant Riemannian metric determined by <, >. It is an 
interesting problem of Riemannian geometry to determine t he Poisson algebra j (E) 
of first integrals for the geodesic vector field Xe. We will give special attention later 
to the special case that f) is a 2-step nilpotent Líe algebra. 

3.10 Infinitesimal Poisson automorphisms 

D efinit ion Let P be a Poisson manifold. We say that a vector field X on P is 
an infinitesimal Poisson automorphism if Lx{, } =O; that is X{f,g } = {X f ,g} + 
{f, Xg} far ali J,g E C00 (P). Let X(,)(P) denote the collection of a ll infinitesimal 
Poisson automorphisms on P. 

If X is an infinitesimal Poisson automorphism, then it is not difficult to show that 
the flow transformat ions {X' } are Poisson maps. Conversely, if X is a vector field 
on P whose flows transformations {X1 } are Poisson maps, then X is an infinitesimal 
Poisson automorphism. 

lt is routine to check that .t{.}(P) is a Lie subalgebra of X(P) with respect to t he 
Lie bracket. Ftom the Poisson a.xioms it follows that every Hamiltonian vector field 
X¡ is an infinitesimal Poisson automorphism, or equivalently XH(P) i; .r{.}(P). 

In general the inclusion Xu (P ) i; X{.J(P) is strict a.s the following example shows. 
Let x be a point of a Poisson manifold P such that the rank oí {,} is ; 2n in 
sorne neigborhood of x . Let P ha.ve d imension 2n + t for sorne intcger t :2'.: O, 
and Jet U be a coordinate neighborhood equipped with Lie-Wcinstein coordina.tes 
(q1 ,p1, q2, J>2, ... , q", p", z¡, ... , z1) as in (3.6). Let A be a nonzero linear transformation 
of IR' , and define a 1-parameter family of maps A(t) U --+ U by 
.-t(t)(q1 ,p1 , Q2 ,J>2,-.. ,Qn, P11 ,z1, ... ,z1) = (q1,p1, Q2 ,P'l,-·.,Qn, Pn ,e1A(zi, ... ,z1)). 1t is 
casy to check t hat t he maps A(t ) are Poisson maps, and hence A'= ftl i::::oA(t) is an 
infinitesimal Poisson automorphism on U. The vector field A' cannot be a Hamil­
tonian vector field since its flow transformations do not lcavc t he symplectic lea.ves 
invariant. 

3.11 Orbit structure of Lie group actions on Poisson 
manifolds 

3.lla A le ft action JI : H -t Diff(P ) and its diffe rentia l )\ : Jj -; 
I(P) 

A kfi action of a Lie group H on a C00 manifold P is a homomorphism >. : H --+ 
Oiff(P ); lhat is, >.1, is a diffeomorphism oí P for cvcry h E H and >.(hhº ) = >.(h)o>.(hº ) 
for ali elemcnts h , h • E 1-/ . Thc left action is C 00 if t he map A : 1-/ x P -. P given by 
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A(h,m) = >.h(m ) is C00 • We shall consider left aclions on a Poisson manifold P by 
a connected Lie group H whose elements act as Poisson automorphisms of P. Let fJ 
denote t he Lie a lgebra of H. 

lf >. : H --+ Oiff(P ) is a left. action, then for every X E ñ Jet >. (X) denote 
the vector field in P whose flow transformations are p ,.x}. lt is not too diffi­
cult to show that >. : fJ --+ :X(P ) is a Lie a lgebra antihomomorphism; that is , 
[,\ (X ), ,\ (l') J = - ,\([X , Y]). See [Br, p. 53]. Th is ant ihomomorphism is the derivati ve 
map of the homomorphism >. : H --+ Diff(P ) if one regards Diff(P ) as an infinite 
dimensional Lie group wit h Lie algebra l'.(P). 

3. llb Proper ties of actions 
A \eft action >. : H -+ Diff(P ) is cffective if ker>. = {l }, or equi valently, if 

>.h (:c ) = x for ali x E P and sorne h E H , thcn h = {l} . Any action >.: H --+ Diff(P) 
induces an effective action X: H = H / ker >.--+ Oiff(P ) by X(h ker >.) = >.(h). 

For each x E P define fl, = {h E H '.l, (x ) = x ) and f) , = {A E fJ' !. (A)(x) = 
O} . lt is rout ine to show ñ..i: that is t hc Lic a lgebraof SJ .... A left action >. : H --+ Diff(P) 
ü:1 free if H ... = {1} for ali x E P and it is almost. free if ñ z = {O} for a li x E P. 

Evcry free action is a lmost free , but t he converse is false. 
Thc next result will be useful. 

Propos it io n Lct ..\ : H --+ Oiff(P) be a left action ancl Jet X: Ti= H/ ker >. --+ Oiff(P ) 
be thc effect ivc ind uced action. Thcn 

1) Ti1 = H1 / ker >. and fi:r = fJ :i:/ ker>. , where >.in the sccond equali ty refcrs to 
the antihomomorphism ..\ : ñ -+ X(P). 

2) The action X: Ti --+ Diff(P ) is almost free~ fJ :r = ker>. fo r a li x E P, whcrc 
,\ ; f) -+ X(P ) is the antihomomorphism. 
Proof Assertion 2) fol\ows immedia tely from l ) and the proof of 1) follows routinely 
from the definitions. • 

3.llc R elation to symplectic stratification 
The symplectic stratification t heorem gives an intrinsic decomposition of P into 

disjoint symplectic submanifolds. T he elements of H permute these symplectic leavcs 
by (3.8a) since H acts on P by Poisson automorphisms. 

\Ve consider t he specia\ case t ha t H leaves each symplectic leaf invariant . In this 
situation each element X of fj defines an infinitesimal Poisson automorphism >. (X) on 
cach symplectic leaf, as we explain below. lt is nat ural to ask under what conditions 
thcse vector ficlds >. (X ) are all Hamiltonian vector fields , an outcome that is not 
guaranteed in general. When this optimal situa t ion does arise, t hen one may define 
n momentum map J : P--+ f) º with important properties . There turns out t o be an 
obstruction to this optimaJ sit uation that can be descri bed e.xplicitly. The obstruction 
itwolves both the topological structure of t he mani fo ld P and the algebraic structure 
of the Lie algebra j) . To explain, we first need to reformulate t he problem. 

Since we are assuming that H leaves each symplectic leaf invariant we may as 
well restrict our attcntion to an individual symplectic leaf. Thereforc it suffices to 
cousider thc case t hat H acts on a symplectic manifold P and t he elements of H leave 
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invariant the symplectic 2-form n. 

3.lld Hamiltonian actions on symplectic manifolds 
Let). : H --+ Diff(P) be a left action by symplectic automorphisms on a symplectic 

manifold P. For every A E Sj it follows that O = L..\(A)n = d(i..\(A)n) + i..\(A)(díl) = 
d(i,\(A>)D) since the Aow transformations of >.(A) Jeave n invariant. Hence i,\(A)íl is 
a closed 1-form Cor every A E j). 

We note that a vector field Z on P is Hamiltonian ~ izíl is exact , that is izíl = df 
for sorne f E C00{P). In this case Z = X1 on P by the nondegeneracy oí 0. By thc 
discussion above the restriction of >.(A) to a simply connected open subset of P is 
exact for each A E fJ since closed forms and exact forms are the same on U. 

We say that t he action >. : H --+ Oiff(P ) is Hamiltonian if >.(A) is a Hamiltonian 
vector field on P Cor every A E fJ. For a left action by symplectic automorphisms 
the problem then is to find criteria under which i..\(A) íl is exact for every A E f). 
lf every closed 1-form on P is exact; that is, t he first de Rham cohomology group 
HhR(P, Ill) vanishes, then that is clearly sufficient. This criterion would be satisfied, 
for example, in the case that P is simply connected. However, one can do better. 
One defines a map H>.. : fJ--+ Hhn(P, Ill) by H ,\(A) = (i..\(A¡ílJ where [, J denotes the 
equivalence class of a closed 1-form of P in Hhn(P, Ill) :;:: (closed 1-forms) / (exact 
1-forms). lt is easy to see that H>. is a linear map. One can show that !>.{X ),>.(l')] 
is the Hamiltonian vector field determined by j :;:: -íl{X, }' ). See, for example [Br, 
p. 104}, but note that a different sign convention is used there for the definition of 
t he Hamiltonian vector field, namely ix,n = - df. lt follows that the kernel of H>. 
contains the commutator subalgebra [fJ, fJ]. 

We summarize : Every vector field >.(A), A E f} , is Hamiltonian ~ the linear map 
H>. : fJ --+ Hhn(P, IR) given by H>.(A) :::: {i>.(A¡íl] is identically zero. T his happens 
in at least the following three cases : 

l)Hhn(P,Ill):::: {O}; e.g. Pis simply connected. 
2)J) = lñ,J)] 
3) There exists a 1-form fJ on P such that the elements of H leave fJ invariant and 

n =dB. 
Case 3) occurs, for example if P :;:: T H· , the cotangent bundle of a connected Lie 

group H , and H acts on T H by the pullbacks of left translations on H . In this case 
fJ is the canonical 1-form and íl :;:: - dO the canonical symplectic 2-form. Wc compute 
O = L,8 = d(i;(AJO) + i;(A¡(d8) = d(O(-\A)) + i , (,1)(0 ), which shows that i;(A)(íl) is 
exact for every A E fJ. 

Case 3) also occurs if H is a connected subgroup of isometries of a Iliemannian 
manifold M and H acts on T M on the left by the different ial maps of its elements. 
In this case (J is again the canonical 1-form and n = - dfJ the cnuonical symplectic 
2-form. The proof that i..\(A)(D) is exact for every A E fJ is the same as above. 

3.lle The momentum map 
Let P be a Poisson manifold, and Jet >. : H --+ Diff(P) be a lcft action on P 

by a connected Lic group H . We say that the action >.is Hamiltonian if ,\{A) is a 
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Hamiltonian vector field on P for every A E f). Henceforth we assume that the action 
,\ of H on P is Hamiltonian. 

The linear map J : fJ __, C00 (P) 
By hypothesis, far every A E f) there exists a function Í(A) E C00 (P) such 

that ,\(A)= Xl(A ). Note that Í(A) is not uniquely determined since we may always 

replace i(A) by i(A)+ /, where /is a Casimir function. Nevertheless, we may always 
choose the map j : fJ -+ C00(P) to be a linear map. To see this, !et {X 1 , ... , X 11 } be 
a basis off), and !et {H1 1 ••• ~Hn} be fun1~t.ions in C00(P) such that Xu; = ,\(X1) far 

1 $ i $ n. lf we define i<L a¡X;) = L a,Hí 1 t hen j : f} -+ C 00 (P) is linear and 
i= l 

,\(A)= XltA> for ali A E J'J. 
\Ve may now define a map J : P-+ f)º by J (x)( A) = i(A)(x) fa r ali x E P and 

..1 E f}. Note t.hat J(x) E f)º far cvery x E P since j is linear. Although thc map j 
secms to have no name, the map J : P -+ f)º is called the momentum map. 

The existence of j and J has t.he following immediate payoff : 
Proposition A Let H be a counect.ed Lie group with Lie algebra f). Let. ,\ be a 
ll am iltonian action of H on a Poisson manifold P, and let j : fJ -+ C00 (P} be a 
linear map such that ~ ( A) =X i(A) for ali A E f). Let./: P-+ IR be a C00 function 

that is constant along cach H orbi t in P. Then Í(A) is a first integral far the flow of 
X¡ far ali A. E jj. Equivalently, t he momentum map J: P-+ 5)º is an f)º-valued first 
integral for the flow of X 1. 
Proof Lct / : P -+ lll be a C 00 function that is constant along each H orbit in P. 
Lct A E fJ be givcn. Thcn {f,i(A)) = X;¡A¡(f) = ,\(A)(f) =O since f is constant 
on the integral curves of >.(A), which ali have the form x-+ ,\e'" {x). • 

Obstruction tn J being a Lie algebra homomorphism 
\Ve investigate further the properties of j: f) -+ C 00 (P} and J: P-+ fJº. 

Proposition B Let H be a connected Lie group with Lie algebra f). Let ~ be a 
Hamiltonian action of H on a Poisson manifold P, and let j : J:i -+ C 00 (P) be a 
linear map such that ,\{A)= XJ(A) far ali A E fJ . Then XJ¡A, B) = X{ i(A) .i(O)} for 
ali A,8 E J'J. 
P•oof For A,B E J'J wc have X;¡A.BJ) = ,\([A,8]) = -[,\(A) ,,\(B)] = 

- [xlt•>•Xlt• >J = X¡JtA).lt•ll by (3.2) and (3. lln). • 

Thc previous result does not quite imply that j is a Lie algebra homomorphism, 
but only that c;(A, B) = i([A, B]) - {Í(A), i(B)) is a Casimir function for ali 
A,8 E f). The map Cj: jj x f)-+ !!(P) is clearly skew symmet.ric and bilinear, and 
the Jacobi identity implies that c;([A, BJ , C) + c;([B, C], A)+ c;([C,A], B) = O for 
ali A, B,C E f¡ . 

We wish to choose j , if possible, so tha t. e J = O, and this will imply t.hat j : fJ -+ 

C {P} is a Lie algebra homomorphism. The discussion above shows that j 1 : f) -+ 
C (P ) and j,: fJ--+ C00 (P} are linear maps with X1 1 (A) = X11 (A) =,\(A) for ali 
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A E fJ ~ ( = j 1 - Í2 is a linear map from .fj to ~(P). lf we replacc our original 
linear map j : .fJ -+ C00 (P) by j· = j - (, where ( : .fJ -+ ~(P) is linear, then a 
computation shows that 

c1.(A,B) = c1(.4 , B)-{([A, BJ) fo'3ll A, B E J'J. 

We summarize the discussion above: 
Proposition C Let H be a connected Lie group with Lie algebra .fj . Let ,\ be a 
Hamiltonian action of lJ on a Poisson manifold P, and let j : SJ -+ C00(P ) be a 
linear map such that A(A) = X j(A ) for all A E fJ. Then there exists a Lie algebra 

homomorphism j • : fJ -+ C 00 (P) such that A( A) = X j·(AJ for ali A E Y) ~ there 
eoüsts a linear map { ' Jj -+ ~(P) such thatc1 (.4 , B) ={([A, BJ) for a li .4, B E fJ. 

The obstruction far j to be a Lie algebra homomorphism vanishes in each of thc 
following cases : 

1) Pis compact (cf. [Br, p.1321) 
2) H is compact (cf. [MR, p.380]) 
3) [fJ , J'JJ = J'J (cf. [Be, p.132]) 
4) There exists a 1-form fJ on P such that the elements of H leavc fJ invariant and 

(l = d8. In this case Jet j(A) = 8(,\(.4 )) for ali .4 E Jj. 

R e mark Example 4 is particularly important for Riemannian geometry. Let M be a 
lliemannian manifold , and let H be any closed, connected subgroup of the isometry 
group / (M). h is a classical result that H is a Lie group [M SJ, but of coursc l (M) 
may be the t rivial group for a random lliemannian manifold M. In any case the 
tangent bundle P = T M admits a symplectic structure n = - dfJ as described in 
(2.1). lt is easy to check from the definition of(J that (Lh)º8 = 8 for all h E H . We 
may now invoke the assert ion of example 4. 

Becausc of its importance far Riemannian geometry we prove assertion 4). 
Proposition D Let P be a connected C 00 symplectic manifold, and Jet n denote thc 
symplectic 2-form. Let ,\ be a left action on P of a connected Lie group Jf by Poisson 
automorphisms. Let. ..\ : .fj ~ X(P) also denote the canonical anti homomorphism, 
where fJ is the Lie algebra of H. Suppose that n = d8, where 8 is a 1-form on P 
such that (LhV 8:::; 8 for ali h E H . If j: .ñ-+ C 00(P) is the linear map defined by 
j(.4) = 8(A(A)) for ali A E J'J , thcn j ([.4, BJ) = {j(.4), j(B)) for ali A, BE Jj. 

Lem ma Xj(A J = A(A) for ali A E .fj. 
Proof of t he Le mma T he flow transformations of ,\(A) are P e'"}, which leave thc 
canonical 1-form 8 invariant. Hence O = L>.¡A¡8 = d o i>.(A)(J + i >.¡A¡d8 = d(j(A)) -
i>.¡A¡n :::; ixJtAJO- iA(A¡ n . Hence X j(A) = ..\(A) far ali A E YJ since nis nondegenerate 
~TH • 

We show that j([A,BJ) = ¡j(A),j(B )) for ali A , B E Jj by computing 
!l(-l(A), A(B)) in two dilfcrcnt ways. On thc one hand !l(,\(.4) , A(B)) = 
!l(.\"JtAJ' X118,) = ¡j(A) , .i(B)) by the lemma. On the other hand !l(,\(.4), ,\(B)) = 
- d8(A(A), A(B)) =. - ,\(.4)(0(A(B))) + -1(8)(8(,\(A))) + 8([A(A), -l (B)J) = -
-l(A)(J (B))+A(B)(J(A))-0(,\ ([.4 , Bj)) = - XltA t(J (B ))+X Jto¡(J (.4))-J ([A , BJ) = 

- {j(BJ,j(.4)) + {.i(.4),j(B)) -j([.4,BJ) . 
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Compar;ng the two express;ons fo r !1(,\(A), ,\(8)) yields ¡j(A), i(B)) = 
- {j(B),i(A))+{i(A),i(B)}-i([A,B]), which showsthati([A, B]) = ¡j(A) , i(B)) 
for all A,8 E f). • 
The conscquences of j b eing a Lie a lgebra homomorphism 

Thc ability to find a Lie algebra homomorphism j : fJ --+ C 00 (P) such that 
,\{A)= XJ(A) for a li A E f) has powerful equivalent formulalions. 
Proposition E Lct H be a con nec:ted Lie group with Lie algebra .1). Let A be a 
Hamiltonian action of H on a Poisson manifold P, and let j : .1J --+ C00 (P) be a 
linear map such t hat A(A) = X j(Al for a ll A E .1). Lct J: P--+ .I) " be the momentum 

map given by J(.r)(A) = i(A)(x) for a li x E P and ali A E .1) . Then the following are 
cquivalent: 

l)j: f)--+ C00 (P) is a Lie algebra homomorphism. 
2)J: P--. S')" is a Poisson map relative to thc canon ical Poisson structure on f)". 
3)J: P--+ fJ " is an equivariant map; that is, for every h E H the following diagram 

commu tes: 

J 
p -- ---+ f) º 

1 1 
,\h 1 1 Adº(h) 

• • J p -- ---+ f)º 

Proof Note that fJ ~ C 00 (.IJ º ) by the d iscussion in example 3 of (3 .7). Rccall that. 
{A, 8}" = IA, B] for ali A, BE fJ by thc definition of the canonical Poisson structure 
(, }" on S)". lt follows that A o J = i(A) for all A E fJ the definitions of J and j 
llcnce {A oJ, B oJ) = {i(A), i(B)), and {.4 , B) º o J =[A, BjoJ = i([A,BJ) This 
pro ves 
Lem.ma The map j: fJ--+ C00 (P) is a Líe algebra homomorph ism ~ {AoJ, BoJ} = 
{A,B)ºoJforallA,BEf). 

\Ve pro\'e that 2) ~ 1). Suppose that J : P --+ f)º is a Poisson map. Since 
J) ~ C (f¡ º) it fo llows that {AoJ,BoJ) = {A ,B) º oJ for ali A, B E f), and by the 
lemma above we conclude that j is a Lie algebra homomorphism. 

Wc prow l) ::} 2}. Lct j: f)--+ C00 (P) be a Lie algebra homomorphism. Let 
f,g E C 00{fJ") and X E p be given . Let w = J (x) E fJº. Since f) is first arder 
dense in C 00 (fJ") we can find A, B E f) so that dj,., = dA._. and dg,., = dB,.,. Then 
d(/ o J), = df..., o dJz = dA,., o dJz = d(A o J)7 . We obtain 

(º ) d/, = dAw , dgw = dBw 
d(f o J), = d(A o J), , d(g o J), = d(B o J), 

Since j is a Lie algcbra homomorphis m, the lemma above togcther with (") and th e 
<hscu ion in (3.5) show that {foJ,goJ)(x) = {AoJ,BoJ)(x) = {A,B)'(w) = 
{f,g)º(w) = ({/, 9) 0 o J)(x). 

\\'e prove 3) => 1). Let J : P --+ fJ" be an equivariant map. Let x E P a nd 
A,B E l) be gi\'en. By hypothes;s Ad º(e'") o J(x)(B) = J (,\,.,x )(B) for ali t E IR. 
We may rewrite this equali ty as 
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(") J (x)(Ad(.-'A)(B) = Í(B){Á,,.x) loe ali t E IR. 

Note that t -¡. ,\,•Ax is t he integral curve of A(A) = X i(A) t hat starts at x . Recall 
that Ad(e-tA)(B ) = e-t.,.d.A(B) for ali t E IR.. Differentiating both sides of (•) at 
t = O we obtain Í([B, A])(x) = J(x)([B, AJ) = J(x)(- [A, BJ) = Á(A)(Í(B ))(x) = 
Xi(Al(Í(B))(x) = {Í(B),Í(A))(x) . (The thied equality comes from lhe diffeccntia· 
tion at t =O.). 

Proof of 1) =? 3). This proof is somewhat more difficult, but a proof may be faund 
in l/l/ R,p.402). Scc also [B,v.133] in the case t hat {,} arises from a symplectic st.ruc­
ture. This completes the proof of the Proposition. • 

3.llf R educed firs t integrals for H-invariant functions f: P --> IR 
We observed in Proposition A of the previous section that } (A) is a first integral 

for X ¡ if J: P -¡. lll is constant along the orbits of H . If j: 5) -¡. C00(P ) is a Lie 
algebra homomorphism, t hen Í(fJ) is a fin ite dimensional subalgebra of C00(P) rela­
tive to t he Poisson structure {, }. If i (A) is a Casimir function, then it is a relatively 
uninteresting first integral so we consider the space Í(fJ)/C::(P)nÍ(f1) of reduced first 
integrals. Note that C:(P) n Í(fJ) is an ideal of Í(fJ ) that. is contained in t he center of 
Í(fJ} since C:(P ) is the center of the Poisson algebra C00(P ). Hcnce i(fJ)/C:(P )ni(.I)) 
has a quotient Lie algebra structure. 
Proposition A The Lie algebra Í(fJ)/C:(P ) n i(fJ) is Lie algebra isomorphic to 
fJ/ ker ,\, where ,\ : fJ - > .I(P) is thc canonical anti-homomorphism. 
P r oof Since ,\(A) = X i(A) far ali A E fJ it fallows that A E ker ,\ ~ Í(A) E 

[(?) n i(fJ) . If we define <p ' fJ/ kec A _, Í(fJ)/[(P) n Í(fJ) by <p( A + ker A) = 
i(A.) + C:{P) n i (fJ) , then it is casy to check that l{J is well defined and is a Lic 
algebra isomorphism. • 

Functional independence of first integrals in j (Jj) 
Elements {/1 , /2, ... , /¡,:} in C00(P) are said to be functionally indepcndent if thcir 

differentials {(d/i)2 , (df2)2 , ... , (dh ):i } are linearly independent far all x E P. lf Pis a 
symplectic manifold, then it follows from the defin itions that {/1 , h , ... , /1c } are func­
tionally indepcndent in C00 (P) ~ the Hamiltonian vector fields {X1i , X¡,, ... , X¡~} 
are linearly independent in P. SE!i'· Lemma A in (3. 12). 
Propositio n B Let ,\ : H -Jo [) ff(P ) be a symplectic left action of a connected 
Lie group H on a symplectic manifold P . Suppose that there exists a linear map 
j' fJ-> C 00{P ) such thal XJ¡A¡ = A{A) loe ali A E fJ and i(¡A,B ]) = {i(A), i (B)) 
for all .4, BE f). Then 

I) There exist at most N = dim(fJ/ ker .\) functionally indepcndent elements oí 
i(fJ). 

2) lf lhe induced action X : Ti = H / ker ,\ -¡. Diff(P ) is almost free, t.hen there 
cxist N functionally indcpendent elemcnts of i(fJ) . 

R em a rk Thc main case of interest to us in this article is thc natural lcft actio11 of /-/ 
on T H by the diffcrcntiats of t he clcmcnts of H . This a.ction is a free action, and the 
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hypothcses of thc proposition are satisfied for the map j: fJ-+ C00 (TH) given by 
j(A) = 9().(A)). Hcnce we obtain N = dim fJ functionally independent first integraJs 
in i(f¡) . 
Proofof Proposition B 1) Let m > N and let {A1 ,A2,··;,.: Am} be any elements 

of f) . Choose constants {e¡ }, not ali zero, so that A= L e¡A, E ker,\. Then 
•=I 

dÍ(A ) = iAfAlíl = 0 since Xi(A) =,\(A). Therefore O= dÍ(A)z = ¿ c¡cli(A;):i: for 
•=I 

cvcry x E P, which shows that {i(A 1 ), ... , j(Am )} are funclionaJly dependent. 
2) Suppose that X: H = H/ker,\-+ Diff(P) is an almosl free action. By {3. llb) 

th is means lhat ker,\ = f),. = {A ES): ,\(A)(x) =O} Cor ali x E P. Equi valently, if 
,\(A) vanishes at one point of P t hen ,\(A) =O on P. Let N = dim(fJ/ ker ,\) and Jet 
{A 1, A2 , ... , AN) be clemcnts of fJ such that {.4 1 + ker ,\, A2 + ker ,\, ... , AN + ker ,\} is 
a ha.sis of fJ/ ker ,\ . 

\Ve assert that {Í(A 1 ), .•• , Í(AN)} are functionally independent. 
N N 

Suppose that O= ¿ c¡dÍ(A¡)z for some x E P. If A = L c,A, , then dj(A)z = O. 
i=I 

llcncc ,\(.4.)(x} = O since cÚ{A) = i..\(Al11 and 11 is nondegenerate. By t he discussion 
N 

above we conclude t hnt ,\{A) = O. Sincc A = ¿ e¡ A, E ker ,\ and {A 1 + ker ,\ , A2 + 
1=1 

kcr ,\, ... , AN + kcr ,\} is a basis of fJ/ ker ,\ it follows that c. =O for every i. • 

3.12 Complete integrability on a symplectic mani­
fold 

Two fonctions f ,g on a Poisson manifold Pare said to be in involution if {f, g} = O. 
lt follows that the corr~ponding Hamiltonian vector fields commute sin ce [X 1, X 9 J = 
- Xu.51 } =O. If X1 and X9 are linearly independent at sorne point x of P, then t he 
rcsult in (1.3) statcs t hat therc exists a coordinate system on a neighborhood U o( 

z such that X1 and X 9 are the first two coordinate vector fields. Continuing in t his 
vein, suppose t hat we can find functions /¡ , h, ... , h: on P such that {h fj} = O for 
1 :S: i,; :S: k. The Hamiltonian vector fields X1i 1 ... X 1• commute by thc argument 
nbovc. fJ the \•ector fields are linearly independcnt at some point x o( P , then the 
rcsult oí {l.3) says that thcre exists a coordinatc system on a neighborhood U of x 
such that .Y Ji, ... X 1• are the first k coordinate vector fie lds on U. 

\Ve now assume that P is a symplectic manifold of dimension 2n. T his is not 
rcally an additional condition since Ha mil ton ian vector fie lds on P are taugent to 
cach syrnpleclic leaf of P . The discussion above might lead one to conclude that 
there could be as many as 2n independeut functions in involution if one were lucky. 
ll ov.e\1!r, it turns ou t that thcrc are at most 11 = t dim P independent functions 
in involution on P. lf the maximum nurnber n is achieved, then one says that the 
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sympleclic struct ure on P is completely integrable. 

\Ve now give sorne detail to the verbal description above. 

P ro p osit ion Let P be a symplectic manifold of dimension 2n with symplectic 2-form 
O. Let {Pi.P2 , ... ,p.,} be functions such that {p1 ,p¡} = O for 1 S i,j $ n and the 
differentials {dp1 , d]J2 , ... , dp,.} are linearly independent at every point of P. Then for 
every point x of P there exists a neighborhood U o[ x and funct ions q, : U -+ JR, l S 
i S n, with the following propert ies: 

i>n = ~L dq¡ /\ dp¡ in u. 
•= I 

2)x = (q1 , p 1, q2 , J)2 , ... , q11 , p,.) is a coordinate system on U such that {p,, p¡ } =O 
for ali i,j and {q1, p¡ } = Ó;¡ . Moreover 

a) [x , .. x., ] = [x, .. x,;] =o for ali i, j . 

b) For I S i S n, Xp, = ~ and X q, =-/p.+ ¿ {q,1;, q¡} a:" 
k = I 

3) H H : U -t Ul is a function such that {H,p1 ) =O for 1 S i S n, thcn ~ = O 
for 1 S i S n. In particular, H = (j)(p1 ,p - 2, ... ,pn), where (j) is sorne function of n 
variables. 
Le mm a A The Hami!tonian vector fields { X p1 , ••• ,X P"} are linearly independent at 
e'"ery point of M . 

P roof Suppose t hat O = L a;X p ; (x) for sorne point x of P and some real numbcrs 

n '' ri 

(a , ). Then O= i(¿ a,X1,,(x))íl = ¿ a,ix,.(x )íl = ¿ a,(d,,).. Hence a, = O for 
i:'1 i = I •=I 

all i since t he differentials {dp1 ,df>2 , ... ,dp11 } are linearly indepcndcnt at x . • 

As we explained above, the Hamiltonian vector fields {X pi , .. . , Xp" } commutc 
since {p,, pJ} = O far 1 S i , j S 11. lt now follows from Lemma A and the result in 
(1.3) that for evcry point p of P there exists a coordinate system x = (x1 , x2 , .•• , x2n) 
in a neighborhood V of p such that Xp, = .,/;; in V for 1 Si S 11 

Lemma B Fix a point p of P and choose a coordinate system x = (x1 ,x2 , ••. ,x2., ) 

in a neighborhood V of p such that X P• = /;-: in V for 1 S i S r1. Lct q, = x , 
for 1 Si S n. T hen {Xp1 (¡/), ... , Xp,.{p1), Xq1 (p1), .•. ,Xq,.{¡/)} is a basis for Tp• P for 
cvery p1 E \!. 

P roof We bcgin by observing 
(")(p,, pj ) = O and (q,, p, } = ó,, for ali i , j . 

The first equations are t he hypothcscs and the second eq~ations follow .~ince q, = x, 

and Xp, = k. Let a, , b; be real numbers such that.O = ¿: o,Xp,{p)+ ¿ b,Xq, (J>) = 

11 " 

X¡+1 (p), wherc f = ¿ a,p, and g = ¿ b,q, Sinre X / +g(I') = O wc obtain 
i=• 
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" " 
O = {p, , / + g){p) = I;a;{p,,p;) + I;b; {p, ,q,) = -b, by( ' ). Similarly, O = 

i= I i= I 

" " 
{q, , f + g)(p) = I; a; {q, ,p;) + I;b; {q.,q; ) = a, by (' ) and the fac t that b; = O 

1: 1 j := I 

for aJI j. • 
Proof of t he Proposition Let V be the neighborhood of p constructed in Lemma 
O. Let q1 = z, fo r 1 $ i $ n. We prove t hat 1) holds in V . By the conclusion of 
Lcmma B it suffices to show tha t the equa tion in 1) holds for a li pai rs of vector fields 
ofthe fo rma) (Xp, , Xp; ) b) (X q;,Xp;) or e) (Xq, , Xq,). The verification in each of 
thcsc cases follows rout incly from (• ) in the proof or Lemma B and from the defini t ion 
of the Hrun iltonian vector fi elds Xp , and Xq, in terms of {, }. We omit the deta ils. 

2) Defi ne a map x: V --t Ill2" by x = (q1 ,p1, q2 , J>2 , .. . , qn ,Pn)· From 1) it follows 
thM íl" = c,,(dq1 A dp1 /\ dq2 A dJ>2 /\ .. . A dq11 A dp., ), where en is a constant that 
dcpends only on n. Since on is nonzero by the defi nition of symplectic 2-form it 
fo llows that dq1 Adp1 Arlq2 A dP2 A ... A dq,, Adp11 is nonzero in V , or equiva lent.ly, tha t 
r: is nonsingular in V. ff we replace V by a possibly smaller open neighborhood U of 
p1 then z is a diffeomorphism on U and hence a coordina te system on U. 

The asscrtion {p., v1 } = O for ali i , j is the hypothesis of the proposition, and the 
assertion {q,, p1 } = 61J was noted in (• ) of the proof of Lemma B. Hence (Xp; , Xp¡] = 
- Xr, .. ,,) =O, and [X q11 X p¡] = - X¡q,, p; } =O sincc X c = O for any constant c. 

To compute Xp, and Xq; we relabel the coord inates for convenience , say x2 ; = p; 
'2n 2n 8 . B 

and Z 21-1 = q, fo r l $ i $ n. T hen Xp, = L cL)xk,Xj } a:') 8xi.: = 
k=I J =< I 1 

'ln {) a . . ' 2n 2n 8q, a 2n a 
L l••.p,)Bx = 8' . Smul arly,,~ , . = I;tI;(x., x,}¡¡;-)¡¡;- = ¿¡x, ,q;) Bx. 
k::il .I; q, k ::: I J=< I 1 k k=: l k 

8 " 8 
= -8 + ¿ ¡q, ,q,)8 . 

p, k=I Qk 

3) LeL H : U --t Ill be a function such tha t {H,p, } = O for 1 $ i $ n . T hen 
g¡t = X,.( H ) = (H,p;) = O by 2). • 

4. Geometry of Lie groups with a left 
invariant metric 

For each g E G lct L1 and R9 denote t he diffeomorphisms of G given by L9 (h ) = gh 
and R•(h) = hg respectively fo r a ll Ji E G . Fix an inner product < , > on t he 
Lic algebra j) . Then thcrc is a uuique ex tension of <, >, a1so denoted <, >, to the 
tangenL spaces of H such that the left t ranslations { L9 : g E G ) are isometries of 
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{H, <, > }. Such a metric is called t he leít invariant metric determined by <, >. One 
defines the right invariant metric determined by <. > in tbe same way by using the 
right translations R9 : g E G}. In this article we consider only Lie groups with a leít 
invariant metric. 

4 .1 Optima! left invariant metrics on H 

Although we shall consider the geometry oí an arbitrary Jeft invariant metric on a 
connected Lie group H t here is an optima! left invariant metric on H in the case that 
H is simply connected. lf H is nilpotent in addition, then we can say even more. See 
(6.2cl) . 

Maxirnal compact subgroups of Aut(H ) 
Let. H be a simply connected Lie group with Lie a lgebra j). Let. T : Aut{H ) --+ 

Aut(.fJ) be the cont inuous homomorphism defined by T(tp) = (dcp)e : TeH = f.I--+ f.I. 
The homomorphism T is injective since H is connected, and T is surjective sincc H 
is simply connected. Hencc T is an isomorphism oí Lie groups. ln particular K is a 
maximal compact subgroup of Aut(H ) ~ K 1 = T (K ) is a maximal compact subgroup 
of Aut(f:J). 

Now !et <, > denote an inner product on fJ and also t he corresponding left invari­
ant metric on H . lf r.p E Aut( H ) and T (¡p) = (d<P)c is a linear isometry oí fJ , then 
r.p E / (H ), the isometry group oí H , sincc r.po Lh = L.p(h) or.p for ali h E H . Hence lhe 
isomorphism T: Aut(H) --+ Aut(fJ) maps K = Aut(H) n J(H ) isomorphically onto 
K' = Aut(fJ ) n O(S'J), where O(S'J) denotes the orthogonal group of {S'J, <, > }. Both 
/\ and K ' are compact Lic groups since K' is a closed subgroup of t he compact group 
O(fJ). 
P rop ositio n Let H be a simply connected Lie group. Then there exists a left 
invariant met ric <,>o on H such that K 0 = Aut(H ) n J(H, <,>o) is a maxi­
mal compact subgroup oí Aut(H ). U <, > is any left invariant metric on H and 
K = Aut(H )n l (H,<,>), thcn dim K ~ dim K 0 with equality <:::) K and r.pK 0 rp- 1 

have thc samc idcntity component for sorne r.p E Aut(H ). 
R em ark Although <,>o is not uniquely determined in the result above we reíer to 
<.>o as an optima] left metric on H for reasons that are evident from the statement 
of the proposition. 
Lemma Let. K be any compact subgroup of Aut(H). Then there exists a left invari­
ant metric <, > on H such that K <; Aut(H) n ! (H, <, > ). 
P roof o f the lemma Let K' = T(K) ~ Aut(S'J) <; GL(f)). Since /(' is a compact 
Lie group there exists an inner product <, > on S') such that K' ~ Aut(jj) n O(fJ). lt 
follows írom the discussion above that K ~ Aut(/I) n l (H , <, > ). • 
P roof o f t he proposit ion Let K 0 be a maximal compact subgroup oí Aut(H ). By 
lhc lcmma there cxists a left invariant. met.ric <,>o on H such that /( 0 ~ Aut(H) n 
l (H , <, > 0 ). Equality holds by the maximality of K0 since Aut.(H ) n / (f/ , <, >0 ) is a 
compact subgroup of Aut(H) by the discussion above. 

Now let <, > be any left invariant metric on H . and let K = Aut(H)n / (H, <, > ). 
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1( Kº is any maximal compact subgroup of Aut (H ) that contains K, then K • = 
rpK0ip- 1 for some tp E Aut(H) (íl], (Mal 2]). Hence dim K ~ dim K• = dimK0 . 

~ loroovcr , it is clcar that if equality holds t hen K and K º have the same identity 
componem . • 
4.2 Basic left invariant metric structure 

4.2a The Levi Civita connection of a left invariant metric 
Lct H be a connected Lie group with Lie algebra f.J . Let <, > denote an inner 

product 011 J) and also its extension to a left invariant metric on H. T he Levi Civita 
connect1on for a Iliemannian manifold takes a particula rly simple form in f,his case. 

Recall that the Levi Civ ita connection of a Riemannian manifold M can be de­
scribed as thc map \7 : X(M) x X(M) --+ X(M) that is uniquely determined by the 
fo llowing properties : 

l){X, l') --+ 'Vx Y is IR-bi linear. 
2)V¡xl' = /Vxl" for a li X , l" E l:(M) and ali f E c~(M). 

3)<;', /l ' = /Vx l" + X(f)Y for a li X, Y E l: (M ) and ali f E c~(M). 
•l)V,l' - V1· X = [X, l") for a li X, l" E l:(M) 
5)X < l ',Z >=< Vxl",Z > + < ~', VxZ > for ali X , Y, Z E .l'(M) 
lf H is a connected Lie group with a left invariant metric , then < X, Y > is a 

coustant íunction on H for any two left in variant vector fields X, Y on H ; t hat is, 
fo r any U\'O elements X, Y E f). In particular X < Y, Z >= O for a li X, Y, Z E f), 
nnd 5) now says that far each X E fJ thc map Y --t \lx Y is skew symmetric. These 
obscr\'at ions lead to a considerable simplification of the usual formula for \! x Y, which 
cnn be íound, for cxamplc, in [He, p.48]. We obtain 
Propositioa Let H be a connected Lie group with Lie algebra fJ , and Jet <, > be a 
lcft inva.riant. metric on H. lf X , Y E .1), then \lx Y E f.J and satisfies 

V x l' = H!X, Y) - (adX) 'Y - (adY)' X) 
whcrc (adX)1 denotes the transpose oí adX relative to < ,>. 

The R.iemannian curvature tensor on a Riemannian manifold M is given by the 
formula 

R(X . l ')Z = - V¡.u ¡Z + Vx(VvZ) - Vl'(V,, Z) for X , Y, Z E l:(M). 
lf U i! a connected Lie group with a left invar iant metric , then R(X, Y)Z E f) if 
X, l",l E fJ since \luV E fJ for a li U, V E .1) . 

Thc discussion abovc illustrates the princi pie that much of the geometry of a Lie 
group H with a left invariant metric can be compu ted ITom the algebr<Uc structure of 
thc Lie aJgebra f.J . 

4.2b Tbe tangent bundle TH as a Lie group 
Let H be a connccted Lic group with Lie a lgebra f.J = TrH . We may identify the 

tangem bundle T H wit.h H x S) by means of the diffeomorphism t hat sends (h, X) 
to (Ltt) . (X ) E TttH . Wc regard H x fJ as a product Lie group, where f.J is a simply 
connectfd abelian Lic group. In this manner T H becomes a Lie group. The Lie 
nlgebra o{ T H = H x .I} may be identified with fJ x ñ , and t he exponential map 
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expr11 : f) x SJ --t H x jj is defined by exprH(X , Y}= {e-", Y) for ali X , )" E f) , whcrc 
e : j) --t H is the exponential map of H . 

In the sequel we regard T H as t he Lie group H x f.I , and we consider t he stan­
dard left action >. of TH on itself given by >.(h.ZJ(h" , Z º ) = (hhº , Z + Z º) for ali 
(h, Z), (hº, Zº) E H x f). The restriction of this action ,\ to the subgroup H is also 
important since H x f) = P will soon be equipped with a symplectic 2-form n. The 
restriction ,\ : H --t Diff(f/ x jj) is clearly given by >. 11 (hº, Z º) = (hhº , Z º) for ali 
(h ",Z") E H X fJ. 

Each element (X, Y) of .fj x f) defi nes a left invariant vector field on H x f) whosc 
Aow transformations (X, Y)1 a re given by (X, Y)1(h, Z) = (he1X, Z + tY) for ali t. 
(Recall that every left invariant vector field on a Lie group has flow t.ransformations 
that are right translations by clements of the Líe group.) Since jj x jj is t hc Lie 
algebra of the product group H x fJ and f) is an abelian factor of H x f) we obtain 

l )(X , l' ) +(X', Y') =(X+ X ', Y+ Y') for ali X, X', l', Y' E J'¡. 

c(X, Y) = (cX,Y) = (X ,cl' ) for ali X, l' E fJ,cE IR. 
2)i(X , Y), (X', Y')) = ([X , X ') ,O) for ali X,l" E J'¡. 
3) Given (h,X) E H x f) and{ E T¡h.:q(H xf)) thereexist uniquevectors Y,Z E j) 

such that (Y, Z)(h, X) = <. 

4.2c T he connection m a p in TH 
We compute t he values of the connection map T< : TT H --t T H on thc teft 

invariant vector fields {(Z, z•): Z, z· E f) }. \Ve identify TH with H x jj as abovc. 
Proposit ion Let H be a connected Lie group with Lie algebra S) and a Jeft invariant 
metric <, >. Let \J denote the Levi Civita connection on H with corrcsponding 
connection map /( : TT JI --t T H. Let 7r : T H --t H be the base point projection 
map. Then 

rr.(Z, Z ' )(h,a) = (h,Z) for ali h E H and ali Z E J'¡. 
K ((Z, Z' )(h,a)) = (11, \Iza+ Z ' ) for ali (h,a) E TH and ali Z, Z ' E fJ 

Proof Thc proof of the assertion for 7r. is routine. For the proof of t he assert ion for 
K thc following clementary result is useful. We leaYe the proof as an exercise. 
Lemma Let fj(t) be a C 1 curve in a Riemannian manifold M, and \et {(t) be a 
C1 \·ector ficld on /3. Let cp be an isometry of M , and define {Jº (t) = cp(,8(t)) and 
{ " (t) = <¡).({(t.)). Then {'(O) = (<P- ' ). {"'(O), where {'(O) and {' '(O) denote the 
covariant deriva1,ivcs at t. = o of { and {º along Band o · . 

Let. Z, z· E fJ ancl (h, a) E H XfJ = T H be given. By definition (Z, Z º )(h, a) is the 
initial \'e\ocity of t --t (he1Z, o+ tZº ). Hcnce by definition l(((Z, z•)(h,o)) = {'(0), 
wherc {(t) = (o+ tZº)(hc1Z) . 

\\'e now apply t he lcmma above to fj(l) = he1Z and r.p = Lh- • · Then p • (t) = elZ 

and ("(t) =(o+ t Z ' )(c1z). We compute {"(t) = \ •·'<•>ª + Z'(ll'(t)) + tv8 .. 11)z· , 
and hcnce { • '(O)= (\7zo + Z º)(e), where e denotes the idcntity of H. The Icmma 
says <hat K((Z, Z')(h,o)) = L,.c'(O) = Lh"{\zo + Z' )(e) = (h, \Izo+ z·¡. 

4.2d The Sasaki metric on TH 
ThC' result abovc and t.hc dcfinition of the Sasaki metric in T Al for an arbitrary 
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Rlemruinian manifold M yield the following 
Proposilion Lct H be a connected Lie group with Lie algebra f) and a left invariant 
mNríc <, >. Lct \! denote the Levi Civita connection on H with corresponding 
connt..'Ction map K: TTH -t TH. Let <<,>> denote the Sasaki rnetric in TH 
deflncd by <.>. Then for ali Z, z· E f) 

<< {Z1.Zj){l1,o), (Z2 , Zi)(h,o) > >=< Z1, Z2 > + < \7 z10 + Zj, \7 z2a + Zi > 

4.3 The symplectic structure of TH = H x fJ 

Tht> leh invarin.nt inner product < , > on H induces a diffoomorphism between the 
cotangent bundle T U• and the tangent bundle TH . \Ve use this diffeomorphism to 
trruu1port the canonical 1-form O and the symplectic 2-fonn íl: = - dO from TH• to 
T 11 \\'e thrn study T H using both thc geometri c structure of T N with the Sasaki 
metrk <<.>> induced frorn < , > ancl the symplectic structure from TH•. 

\\'e fl r!l t identify T H with H x .S) and construct sorne canonical vector fields on 
T fl that will be useful. 

Basic properties 
U:ot /1 be a finite dimensional , connected real Lie group, and let fJ denote its Lie 

l\lgrbrn Let <,> be a positive defi nite inner product on fJ , and !et <,> also denote 
thr corresponding lcft invariant iimcr product on H. The inner product < , > defines 
1\ diffromorphism f : T fl -... Tfr givcn by /({)(u}=< u,{ > for { ,v E T1iH and 
h E /1 ~otethat f(Th H ) = T1,H· fora l! h E H . Let6 and íl: = - dO be thecanonical 
1-form and symple<:t ic 2-form 011 Tff• that were defined earlier in (2. 1). Lct O ancl 
íl - -d8 al5o denote thc pu ll backs to TH by / . lt is easy to check the fo llowing 
ll.5.'lt' rtions from the definitions : 
Proposition A 1) 6(€) =< rr. ({), u > for v E TH and {E T 11 (TH) , wherc 1T: T H -... 
JI iii thr ba..wpoint. projection map. 

2) The forms 8 and n = - d6 are H-invariant ; that is, (>i h)° O = O 
nnd (,\ ,.yO = O for ali h E f/. 

Nrxt, ••e evaluate 8 on thc \eft invariant vector fields {(Z, z •) : Z , z· E fJ} on 
Tll that v.'e defined in (4.2b). 
Proposilion B Let. (Z,Z• ) aud (u,u· ) be any left invariant vector fields on T H = 
fl x H. and let {n,p) be any point of H x fJ. Then 

n¡¡z.z·¡,(u.u·¡)(n,PJ = - < u,z· > + < u·,z > + < ¡z, u],p > 
Proor \\'t> nl"C'd two prcliminary rcsults whose proofs we leave as an exercise . 
Lcmma l18(Z. Zº)(n,/J) =< z, p >. 

2)(Z.Z º){8(U,U"))(n, P) =< u,z· > 
Proor oí Proposition B By the lern ma above and the formula far the exterior 
df'm'lh\eOf a 1-form (cf. (1. 1)) we obtain 
{l((Z.Z º).(L'.U"))(n,/i) = - dO((Z,Z"), (U, U"))(n,0) = -(Z, Z"){O(U,U ")}(n,/J) + 
(l'.I 0 ){8(Z,Z ")}(11 ,/J) +O(!(Z, Z"),(U,U")Jl(n./J) = - < u,z· > + < z,u· > 
+B!IZ.!'l O)(n.d) = - < u,z· > + < z, u· > + < ¡z.u¡ ,¡¡ >. • 



-164 Pa trid: Eber/ein 

4 .4 The Poisson structures on TH and fJ 

The manifold T H has a Poisson structure arising from thc symplectic 2-fonn O de­
fined by <, >. The Lic algebra fJ has a canonical Poisson structure dcterrnincd by 
<. > . \Ve now define a map G : T H --+ fJ that will turn out to intertwine these two 
Poisson st rut t.ures; more precisely, we show that G is an anti Poisson map. Although 
lhe Poisson st.ructurcs on TH and fJ depend on thc choice of <, >, the map G depcnds 
onl)· on H nnd Sj. 

4.4a T he Gauss map G : TH --; 5') 
\\'e define thc Gau~s rnap G: TH = H x fJ --+ f) by G{h, Z ) = Z for all Z E j). 

In view of the iclc~ we ha"e madc, the map G t.ranslates a vector in T,1 // 

bru."k to Tr JI = fJ by thc diffcrential map oí >.,. - I. In the case' t.hat H is thc nbclian 
group ID3 t.hc Ga11ss map is the same as the Gauss map used in thc classical study oí 
surfaces in nl.3. 

\\'e note 1.hat. G : 11 x j) --+ S) is a Lie group homomorphism since addition is thc 
group opcratiou in fJ. 

\\'e introduce somc defiuitions that will be useful in the proof that G is an anti 
Poisson map. 

4.4b /J-invariant functions on TH 
A function f : T N --+ lll wil\ be called H-im"1\riant if f is constant on ali //-orbit~ 

in T H = H x .I); that is, f (h, X ) = j (e, X ) for ali h E H and ali X E j). 
The H-invariant functions on T Ji may be identified wit.h Lhe funclions on h 

lf f . T H --+ Dl i!l an H-lnvariant function , t ben we may define j : j) --+ IR by 
/ (X ) = / (e, X), whcre e denotes t he identity in H . Conversely, if wc a.re given a 
funct ion J: f)--+ lll, then J arises from an H-invariant funct.ion f : TH _. IR given 
by f (h , X ) = f(X) foc ali (h, X) EH x f). Note that f = foG . 

4.4c H-invariant vector fie lds :r'(T H) on TH 
A C00 vector field Y on TH will be called ~ if (>.,.). l'0 {h',X') 

l º(hh' , X') for ali h,h' E H and ali X' E j). Equivalently, },. is H-invariant ~ )º 
is ,\11-related to ltself for ali h E H (cf. {1 .2)). We Jet l'(Tff) denote t hc collcction 
oí H-invaria.nt vector ficlds on TH. By {1.2)X'(TH) is closed under Lic hrackets. 

The next resu lt glves a useful characteriz.ation oí H-invariant vector fields on TH . 
Propositio n Thc foltowing assertions are equivalent for a vector field )' on Tll = 
H x f)o 

I)lº is H-invn.riant . 
2) l.í {) ·1 } ;1re t he ílow t ransformations oí }' on T H , t hcn Y' o ,\11 = >.,. o y·i for 

ali /1 E H and ali t E lll. 
3)l'(h , X )= (f, (X), f,(X ))(h, X ) foc e~ functions ¡,, ¡, : fJ-; f) . 

The right ha nd sidc oí 3) denotes thc ,-aJue of th ll'ít invariant vector lidd 
(/1(.\' ). h (X )) at (h,X); i.c., lhc init ial vclodty oí t --t {lic1fd Xl, X + th(X )). 
R cmerk Asscrtio11 3) snys that therc is a one-On<' rorte'Spondcnce bct.wcen H-i1wariant 
\"CClOr fielcls on T H and pairs of C funct1ons /1. /i fj --+ j). 
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Proor or tbe Proposition T hc cquivalcnce of thc first. t.wo assertions is routine, 
1\nd we omlt the dctails . Givcn a pair oí C00 functions Ji , h : fJ -+ f:I , the vcc­
"'' fi<ld l'(h,X) = (/1(X),j,(X))( h, X) is easily seen to be H-invariant. Con­
\'t'r!K'ly, let r be nn H-invn.riant vector ficld on TH . lf we are given X E .1), 

then by 3) oí {4.2b) abovc there exist unique clements /i{.'< )J,(X) of fJ such that 
)'(<, X) = (/1(X),j,(X))(e,X). Thc functions / 1(X ) and j,(X) defi ne an f/­
lnmrin.nt \"ector field on H x j) whose values on {e} x .1) are the same as Y. Since 
nn fl ·inmriML vector field is determined by its values on {e} x .1) , it. fo llows t hat 
\'(h,X) = (/1(X),j,(X))( /1 , X ) fo r ali (li,X) E H x l) . • 

4.4d The Lie algebra homomorphism G : X'(TH)--> X(Jj) 
lí l ' l5 an H-invariant. vector field on TH , t hen we may define a vector field 

l' 0 11 J) by ) '(X)= G. (Y(e,X )) . Note t.hat Y and f· are G-rclat.ed vector fields 
""" G. (l°(h, X)) = G. (A, . Y(e,X)) = (G o A1,) . Y(e, X)= (G) . Y(e,X) = i'(X) = 
!'(G(h, X)) for ali (h , X) E 11 x J). 

lí •'t •Tite }""(h, X )= (/1 (X ), h(X )}(h, X) far suitable C00 íunct.ions f 1, h : f)-+ 
J)N11113)abo"e, t.hen it iseasy to check that f'(X ) = (h(X))x E TxfJ far ali X E f.) . 

Conn!nrl)·, C\'Cry vector field Y on f) arises in this fashion from an H -invariant 
H'Ctor field )" on TH. To seo this , let f : f)-+ j) be the function such that f"(X) = 
f(X)x E T1 J) for ali X E J) . Then define l'(li. X)= (O, / (X))(h , X) for ali (h, X) E 
lf X n 

Dy (1 2) \to'e may s111nmari1.c the discussion above as follows : 
Propotition The map G : Y -+ l' is a surjective Lie algebra homomorphism of 
l'(Tff} onto J: (H). The kernel of G is the set of \"CCtor fields Y in J:'(TH) of thc 
form l'(h, X)::: (f(X),O)(h,X), where f : f) -+ j) is an arbitrary C00 function. 

4.4e Ham iltonian vector fields of H-invariant functions 
U/ : TH -+ R is an H-invariant function , then f defines a function f: fJ -+ IR 

by / (X) = /(e, X), whcre H x f) = T H . Convcrsely, wc observed above that every 
íunctaon J J)-+ R defines an H-invariruit function f : TH -+ IR by f (h,X) = 
/(X) f0r all (h, X) E JI x f) . The next result relates the Hamiltonian vector fields 
determmtd by / and j relative to t he Poisson struct.ures on T H and jj . 

Propoeitioo Let H be a connt.>c ted Lie group with Lic algebra f) anda Jeft invariant 
mctnc <.> Let f : T H -+ IR be an H-invariant function with companion function 
/ : J) ~ lt Let X 1 and X¡ denote the Hamiltonian vector fields defined by the 
PoiSM>O nruclure:.'I on T H and f) . Thcn 

(' ) X¡ (h,o) = (grad/(a),-X¡(o ))(li,o) ior ali (h,o) E H x J) . 

In pamcular, the vecwr fields X1 and -X¡ are G-related , where G: TH-+ 5) is t he 
Causs map 
Remark The meaning oí the right hand side of t he expression above needs sorne 
rxplanatton Givcn o E f) !et~.~ · be thosc elcments of j) such that grad j{a) = 
(.E T0 J) and X¡(o) ={~ E T0 f) . Then (grndf(o), -X¡(o))(h,o) is defined to be 
((. (")(h, a). 
Prooí h is casy to sec from thc definition of t he Gauss map that G. (Z, z • )(h, o) = 
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Z¿ E To f> for a li Z, z·, cr E Sj. The íact that. X 1 a nd - X I are G-rclnted now follows 
immedialely from (º ). 

\Ve prove (º ). We show first t hat X ¡ is an H-invariant vector field on T H. Wc 
note t.hat p ,,, )ºíl = íl far a l\ h E H , and (>..h)°df = dj since f is H -invariant . lt. 
follows t hat. X 1 is H-lnvariant since ix,n = df . 

By (4.4c) there exist funct ions /i ,h S) -.. S) such t.ha t X¡(h,o) = 
(/1(o). j,(a ))(h,o) foc all (h,a) E 11 x ñ = T/J . Ouc task is to show that foc 
ali o E Jl 

i)j,(0)0 = grndf{o) and ii)j, (0)0 = -X¡ (o). 
For ''ect.ors {, C wc compute (ix 1íl)(({, C )(li,o)) in two differenl ways a nd com­

pare the expressions. F'rnm the definition of X¡ wc compute (ix,íl)({e,{")(h ,o)) = 
df(({, (")(h,o)) = df((( ,O)(h, a)) + df((O,C )(h,a)) = dj ((O, (")(h, a )) = (dÍ)0 (C)0 

by the H - invariance of f a n<l t he definit.ions of t he vector fields ({, O) a nd (O,{º ) 
on T /J . On lite othe•· hand Cix, íl)(({, (" )(h,o)) = íl(X¡(h, a ),(( , ( º )(/"o)) = 
íl((/1(0),h{a) )(h,a), ((,{" )(h,o)) = - < f,(o},( > + < j, (o), C > + 
< o,IJ,(o), ( j > by (4.3). Comparing lhc two expcessions foc (ix,íl)(((, ( º )(1.,o)) 
yields 

(#)(dj)0 (C)0 = - < j,(a) ,( > + < f ,(a ), (" > + < a , [J, (a ),(J > 

Note that. t.he left ha nd sidc of ( #) docs not depcnd on €. T his shows 

a )(dj)0 (C ) =< f1(a),C > foc ali o, (" E fJ 
b) < a,[j , (a) ,( j > - < j,(a), ( >= O foc all o , ( E Jj 

Assert ion (1.) proves i ) above. Subst it uting i) into b) yields < h(o·), ~ >= 
< o , (gcadf{a) , (] >= - < X¡(a ), ( 0 >a by <) of (3.7). This ¡n oves ;;¡ above . 

• 
4.4f Poisson maps associated to T H 

Let H be a connected Lie group wit h Lie algebra SJ and \eft invariant. metric <, >. 
\\'e show t haL G: TH -¡. 5) is an anti Poisson map a nd J : T ll -¡. fJ · is a Poisson 
map with respect. Lo the ca nonical Po isson structure on 5)º a nd t.he Poisson st ruct.urcs 
on T H and S) defi ncd by <, >. Hcrc J denotes t he moment map of t hc H -acLion, 
which exists i11 t.his setting as we wi\l show. We then relate G a mi J . 

The Gauss map G : TH -> fJ 
P ropos ition A T he map C: T H -t fJ is a n anti Poisson map relat.ivc to t.hc Poisson 
truct urcs on T H and f) clefined by < .>. 

Proof LcL j ,g : be C00 foncLions, ancl let. f ,g : TH -t IR be t.he corresponding 
H-inva.riant. íunct.io11s defined in (4.4b}. l t. follows from tite H -inva riance off ancl !J 
that f = j o C nnd 9 = [¡o C . LcL {, } ~ a nd {. }Tu denote Lhe Poisson st ructurc.s 
dl'fined 0 11 S) allll T 11 by thc inncr product <, > \\"e rnust. show 
(º) ({f,g)o• G)(l.,n) = - ( {f,9 }r 11 )(h,a) foc ali (h,o) E H x Jl 
Oy Lhl' p roposition in (1l .4e) wc know t.ha t G. (.\º1 (h,o)) = -X1(o) for nll (11, o ) E 
11 x Jj. llcnrc (lf ,gJ o G)0 (h,a) = {j,¡j)0(o) = (X,(J))(n) = (X1)(n)(Í) = 
-G. (X1 (1"n))(Í) = -(X,(h,a))(f o G) = -{! •G,9)(1' , n ) = - {f,g)(h,a). • 
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The momentum map J : TH _, f)" 
The ncxl resull follows from Proposi tion D and the remark preceding it in (3.lle). 

Propoei tion B A momentum map J : T H -t .fJ exists and is a Poisson map relative 
to the PoWon structurcs on T H and .f) defined by <, >. 

Relntionship between J and G 
Propot iUoa C Lct H be a conncctcd Lic group, and \et G : T H -t .f) and J : T H -+ 
,,. denote the corresponding Gauss map and momentum map. Let 1t : T H -t H 
dtnote the base point. projection ma p. Then J({)(A) =< G ({), Ad(1t{) - 1 A> far all 
(E TH ond ali A E l'¡. 
Proof\\'e 1denlify T fl with H x .f) as in (4.2b). The projection map tt : TH = H x fJ 
now hM the form lf( n 1 ,8) = ri for a li (n 1 ,8) E H x f) . 

Lenuue Let (n 1 ,8) E fl x .f) nnd A E .f) . Lct ,\: .fJ-+ X(TH ) be the canonical a nti 
homomorphLSm. Then 

l )A( A)(n,d) = (Jid(u - 1)A,O)(n, P) in thc terminology of (4.2b). 
2)i(A)(n,d) =< d ,Ad(11 - 1 )A > 

Proor oí lhe of the lemma 
l) 0) definition A(A)(n11~) is thc initial vclocity of t -t ,\~ "'· (n ,tl ) = (e1An, ,8) = 

(nn 'tun.8) = (ne1 Ad!n- 1IA,,8) . 

2) We apply Proposition D of (3. 1 le ). By t hc statement. of that result , 1) a bovc 
ond 1hed•fim11on of 9 wc obtai n Í(A)(n, Pl = 9(,\ (.4)(n,P)) = B(( Ad(n - 1 )A, O)(n, P)) 

< (n,d),s , ((Ad(n - 1)A, O)(n, P)) >=< (n ,p), (.4d(u - 1).4)(n ) >=< p, Ad(n - 1)A > . 
• 

We "°"'complete thc proof of Proposit.ion B. Let { = (n,p) E H x fJ = TH an<l 
A E f) be givcn . T hcn J(()(A) = Í (A)(n ,P) =< P, Ad(n - ')A >= 
< G((I , M(•()- 1 A > by 2) of thc lcmma. • 

5. T he geodesic ft.ow in TH and 5) 

5.1 Geodesic flow in TM,M a Riemannian manifold 

We btgln by dcfining t.hc gcodesic Aow in two equiva1ent ways for an a rbitrary 
Rifnwuuan manifold . 
Oc.Hnition 1 Let Al be a complete R.iemannian manifold with Ricmannian metric 
<. and t.ange:nt bundle TM. Fa r cach v E TAf an d t E lll define 15 1(v) = 1 11 '( t), 
thr triool)' at time t of t hc unique geodcsic with init ial \·elocity v. 

TM- (ilCt thai. M is complete implies t.hat the goo<lesics of M a re dcfined on m.. 
H••nc.- e' 11 dcllned on Al fo r ali t e IR. Jt is casy to check that ©1 o 15" = ~~ o 151 = 
re"' for all t.I e IR . Wc define thc geodcsic vector field © to be t he vector fi eld on 
T .\t •bolo Ro..· tran.sfonnations are { 0 1 } . 
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D e flnition 2 Let. M be a complete Riemannian mllllifold with R.icmannian mctric 
<, > and tangent bundle TM. Let 8 and O = -d8 denote the canonical 1-form and 
symplectic 2-form defined on TM by<,>- Let E : TM -+ Ul be t.he nergy function 
defined by E(v) = 1 < v,v > far ali v E TM . Let. 0 = X s , the Hamiltonia.n vector 
field determined by E. Now let { 0 1 } denote t he flow of <?} . 

R emark lf <P is any isometry of H , t hen E ((¡p. u)) = E(v) for all v E TM . l-lencc if 
H is any connected subgroup oí I (M ), then E is constant along H -orbiLS in P = TM , 
where .l,(v) = (Li.).(v) fo•· ali h E ll and v E TM . lf .1 ' Jj -+ J:(T M) is thc anti 
homomorphism defined by the action of H . then it follows from Propositions A and 
D in (3. l Je) 1.hat j(A) = O(,\(A)) is a first integral for t.he gcoclesic ílow. 

\\'e now show that. U1ese two definitions of the geodcsic Aow are equivalenL. \Ve 
need LWO preliminary results . 
Lemma 1 L" O = rlE. 
PíOof By definition of thc Lie derivative LeO = ft lt=o {(0 1t8} . LeL {E T11(TM ) b 
gi\·en, and Jet Yc( t) deuote the .Jacobi vector veclOr along the geodcsic 1'v such t.haL 
l ((O) = d7r({) and l"{1(0) = /<({), where J< denotes t he connect.ion map (cj.(2.2a)). 
For an)' t E lll, 15'({) E T0 .,,(T M ), and we compute {(15')'8}({) = 8((15'). (0) = 
< 15' v, • . (15'). (0 >=< %' (!), Y<(t) > by P roposition 1.7 of IE5). Hencc L0 8({) = 
f.i•=• < 1 .. ' (1), Y<(t.) >=< v, !í'(O) >=< v, K ({) >. 

On the ot.hcr hand , write { = ~k=o, whcre Z(t ) is a curve in TA! with Z(O) =v. 
\\'e regard Z(t) as a vector field on the curve u(t ) = 11(Z(t)). Theu K ({) = Z'(O) by 
1he dcfin i1.ion of /(. l f E(t) = E(Z(t)) = l < Z(t ), Z(t) >. t hcn dE({) = E'(O) = 
< Z'(O), Z(O) >=< !(({) , u >= Lo8(0. • 
Le mma 2 8(15) = 2E. 
Proof \Ve note that. 11'.<B(v) = v for ali v E TM . Hcnce 8(~)(v) =< v, 1T. (!)(v) >= 
< V, v >= 2E(v). • 

\\'e now complete the proof t hat the two definitions of t he gcodesic ílow given nbovc 
are equivalent. From Lernma.s 1 and 2 and st.andard fact.s about t.he Lie derivative 
(cf.(1.1 )) we obtain dE = L0 8 = (do i 0 + i 0 o d)8 = d(8(15)) - i 0 íl = 2dE - i0 íl. 
This proves t.hat i"n = dE, and it. follows that 0 = X¡; . • 

5.2 Computation of the geodesic vector field Q; on 
TH 

\Ve use !.he proposit ion in ( 4Ae) far t.he computalion. Let E : T H --+ lll denote 
the 11-invariant encrgy function E(v) = 4 < v, v > and let E: f)-+ IR denote the 
restriclion of E to f) = T~H . lt is ca.sy to check that (grad E')(o ) ::::;; 0 0 for a.11 o E j); 

Lhat is, grad E is !.he position vector field in f) . Th! Hamiltonian \·cctor ficld X t is 
called thc gcodesic vector field in f) and is denoted 0 . 
Thc geodcsic vector flc ld 15 on j) 

Wc fi rst. rclntc t hc ílow t.ransformations of 0 in T H 1.0 thosc of 15 in j). 
P ro pos it io n A Lct ¡.¡ be a connectcd Lic gTo~p wath Lie algebrn j), nnd 1 t. <, > be 
a lefr 1n\11riant. mci.ric 0 11 H. Lct {e)' } n.nd {~1 } d('flot(> lhe Oow t rnnsfonnat.ions of 

.... 
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,ht goodesk \'t"ClO! fields ~ on T H ancl 8 on i) . Let C : T H --+ !) be the Gauss map. 
Then Go e - 1 = ~· oG for ali t E IR.. 
Proor Oy the proposition in (4.4e) applied to the energy functions E and E we con­
cludt 1ha1 !!! &nd - €l are G-rclatcd; that is, G.(lll ({)) = -€l(G({)) for all {E TH. 
The a.w:rt1on oí t.he proposition now follows immediately. • 

ii(o) = "70 0 

PropOfl ition B Lct H be a connectecl Lic group with Lie aJgebra !), ancl let < 1 > 
bt A left imwiant. metric on H . Thcn the geodcsic vector field l!i on .lj is givcn by 
<!!(•) = 1; • • . 

Proo r F1'om thc invrufant formu la for XE:(o) in cxample 4 of (3.7) we obtain 
< Xt(•),{0 >o= - < o, [(grad E)(o),{j >= - < o,[a ,{] > for all a,{ E Jj. 
~"rom propcrties of t.he Lcvi Civita conncction a.nd the discussion in (4.2a) we obtain 
- < o .fa.{j >= - <o, 'Voe - 'iJ(o >= - <o, V 0 { >+<o, V{o >=< 'Vo-a,{ > 
+i( <o.o>=< 'iJ0 0,{ >. We conclude that X t(a) = (1\70 0') 0 for ali a E!). • 

The geodesic vector fleld Ql on T H 

Propoe ition C Let. H be a counected Lic group with Lie aJgebra 5), and Jet <,> be 
a 1Mt 1m-ariant mct ric on H. Then the gcodesic vector field © on T H = H x .lj is 
K1n·n by 

l!!(h ,n) = (a,- 'J,a)(h,a) for ali (h, a ) E H x Jj 

111·hcrt tbe meaning oí t his notation is defined in (4.2b). 
Prooí Oy lbc Pro¡>OSition in (4.4e) and the focts that © = X 5 and (grad E)(a) = 0 0 

for ali o E 1) \\'e see t.hat "(h, a) =(a, - X ,e)(l1 , a ) for ali (h, o ) E H x !) . It remains 
onl) lO ~oo.. that. Xs(o) = (V0 cr) 0 for ali a E !) . This is t.he content of proposition 
A stn« e:::; X s. • 

5.3 First integrals for the geodesic flow in T H 

5.3a niversal flrst integrals for H-invariant functions 
Wt bfpn by rccalling the first integrals a.rising from the momentum map. In fact, 

~h('t(' att 6nt intcgrnls for any Hamiltonian vector fi eld X 1, where f : T H --+ IR is 
ln) ff·tb\'ariant function. 
Propoei tion A Lct H be a connected Lic group wit h Lie algebra f) , and let <, > 
hf a lrft in\WiMt. mctri c on H . Let >. be thc lcft action of H on T H given by 
\11 (t)-= · L,r(u) for ali v E TH , and !et >. : !) --+ J: (T H ) be thc corresponding anti 
homomorphl5m Then j 11 = 8(>. (.4 )) is a first integral for the geodesic ftow on TH. 
Proo r \\-r~'t"d enrlicr that 0 = X 6 , aud we observed t hat E is H-invariant. The 
rnult no.> foU09''S ftom Propositions A and D in (3. l lb). • 
Rern.ulc The functions j 11 = 8(>. (A)): TH -i m. a re not H-invariant first integrals 
111 l"O".! unlcss A lics in thc ccnter of j). In the next result wc use thc same notation 
M tn Propog.üon 1\ nnd wc iclcnt ify T H wit.h H x !) . 
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Proposition B Lct A E S'.> be givcn. Then 
l ) j,(h,<>) =< a,Ad(h- ')A > for ali (h,o) E H x S) . 

2) / A.(li'h , et} = /tt(h,Ad{/11- 1)0) for ali h,h' E H ando E .lj 
Proof Assertion 2) follows immcdiately Crom assertion 1). By definition / A(h,o) = 
O(A(A))(h,o) =<(h, <>),<.A(A) (h,a)>=< (h,o), (h,Ad(h - '}A)>=< o, Ad(h- ')A > 
by the Jeft invariancc of thc inner product. We use also the fnct that A{A)(h,a) is 
the initial vclocity of t -t (e111 h ,o) = (hh- 1e1Ah ,a) = (he1Ad(h- 1)A 1 a). • 

5.3b H-inva riant first integrals for t he geodesic Bow 

Equivalence with firs t integrals for the geodesic flow 15 in Jj 
Let f : T H = H x fJ--+ IR be an H-invariant func1ion , ancl Jet j: f) -t IR denote 

its restriction to .lj. Oy (4.4/) wc know that {/,E} = {i o G, É o G} = -{/.E} o G, 
where G T H -+ ñ dcnoLcs the Causs map and E : .lj -t IR denotes t hc r 
st riction of E to .lj . Thc function / is a first integral for thc gcoclcsic Oow in 
TH ~ {/, E} = O~ {/,E} =O. Hence finding H -invariant first integrals íor 
the geodesic ílow in TH is equi valcnt to the problem oí fi nd ing functions J: j) Dl 
such Lhat {i, E) = O. 

Examples of first integra ls for 15 
Proposit ion A A fun ction J: S'J -+ R satisfi es {f, E} =O(:::}< (grad f)(o), \7 0 0 >= 
O íor ali o E J'.I . 
Prooí The mcmli ug oí t.he expression < (grad f )(a ), \7 0 0 > is clefin e<l as in thc 
discussion of c>:amplc 4 o í (3.7). 

By the dcfinit ions ancl Proposition A oí (5. 2) w~ obtain {f, E }(o) =X t(o)(f) = 
(d/)0 .\'E(o) =< (grad f)(o),Xe(<>) >=< (grad / )(o ), \70 0 >. The rcsult follows . 

• 
Example 1 15 = O 

Thc simplcst situation in which to find fi rst intcgrals for X E is when t he cncrgy 
function É is Cn..;i mi r1 which occurs prccisely whcn \ 0 0 = O íor ali o E j) by th 
discus.sion in (5.2 ). This condltion is equivalcnt to requiri ng t hat. t.he inner product 
<, > be ad·i nvariru1t.; that is, ad X : j) -+ S'J is sk w symmetric fo r ali X E j) . Thc 
rqmvalencc oí these conclitions is casily vcrificd from the formula fo r 'iJx }"' in (4.2a) , 
and we lea.ve the clctails as an cxcrcisc. 

Examples in which <, > is ad-invariant include the ca.se t.hat j) is ab li an and 
more gcnerall y the CNJC t hat S'J is thc Lic algebra of a compact con nectcd Lic group 
11 In this case by avernging any inncr producl <, >" on .f'.> ovcr Ad(H ) one obt ains 
M mncr prod uct <, > thu.t is preservcd by Lhe clcm('nts oí :lrl( H ). Oy d iffcrentinting 
h(' idcnti ly Ad{e'"') = e11u l X at. t = O it íollo""'S that <. > 11o rtd· invariant. lf .f'.> has 

tri\"ial C('ntcr , theu onc may always choose <,>= - 0 , whcrr O is thc Killing form 
~1\·t>n by B(X, l') = t.rarc (C1d X o ad l' ) í r X , l ' m f.I . F'or tlw group f/ = 0(11 , Dl ) 
lh<' f\illmg íorm is 11 tonst.nnt multipl(' (d<'¡X'ndmg on n) of t lw natural trae<' form 

( \" . l ') ITl\Cl' .. .n·. 



Left invariant geometry of Lie groups 471 

Con,~y. onc can show that if j) admits an ad-imariant inncr product, then 
lhtftnJ.SLSA compact. conncctcd Lie group 11 with Lie algebra fJ [Mi, Corollary 21.6]. 

Exnmple 2 Polynomial flrst integrals 
11 J.j j) -+ IR are pol.)1nomial functions of degree m, n respectively, then 

{/. f} f) -+ ll is a polynomiul íunction of degree m + n - 1 by the local coor­
d1rwt aprt'Sálon íor {j,g} that appcars in t he discussion of example 4 of (3.7). 

mCt' polrnomiaJ functions are t hc simplcst smooth functions it makes scnsc to con­
~11lrr pol)nomiaJ fi rst integra.Is íor the geodesic Aow; t hat is, polynomial functions 
/ ~ ll such that {! ,E} = O. 

Red u et ion to t he homogeneous case 
Lit 1) b<_. ('Qu1ppOO with linear coord inates x = (I1, x2 , ... , Xn) arising from an 

nrtbonormaJ basis {E1 ,&i, ... , E,.} of j) a.nd its dual basis {.:z: 1 ,x2 , ••. , x,,} off) " Let 
/ /) -t 1\ lX' a ¡>alynomial fu nction of dcgrec 11 and write Í = e+ f 1 + .. . + Íi + ... + j,,, 
•h1·u· e '5 a const~t and cach / 1 is a homogeneous polynomial of degrec i , 1 $ f S n. 

11<'™"" {/ é'} = ¿{f,, É)i where {j, , É} is a homogeneous polynomial of degree ... 
1 +- 1 m~ each oí the tenns {Í¡, E} has a differcnt degree of homogcneity it follows 
that {/E} = O ~ {/¡, É} = O for each i, 1 :$: 1 :$: n. Thereforc , in look ing for 
pol)·nrxnia.I firu intcgrals j far the gcodesic Aow .\' E: it sufffices lo consider the ca.se 
thiu J t5 homogeneous. 

f<W gcnt'J'al use wc prove thc fo llowing 
Proposition B Lct j f) --t IR be any funclion. Then {Í, E} = O ~ 
< n (gr>d / (a), a] >= O fornll a E J) . 
Proor aott thc linear functions are first arder dense in C00 {ñ ) it suffices by remark 2) 
in (3.S) to pfO\-e lhi.s re.sult for a linear function Í = A'- : fJ --+ Ill, wherc # : fJ--+ fJ" 
111 l~ *>n>OrphLSm dcfined by the inner product <, >. In th is case grad Í{o) = A0 

r°' ali o. ao 1t suffices to pro ve thc ncxt rcsult. 

Linear 6rst integrals 
Propo&i tion C Lct J = A# : 5' --t IR be a linear function. Then {Í, E} = O ~ 
< n,¡.-4.n >=O for ali o E f) . 
Runark U A E 3, t hc ccntcr off) , thcn the criterion above is clearly satisfied , but we 
knmr from thf' d1.scussion in (3.9) t hat j is a Casimir íu nction in t his case. We shall 
"ff laan in (6.Sb) that if f) is a 2-step nilpotent Lie algebra, t hen every linear function 
/ • ..t• lhat L'I a fint. intcgrnl for X t must be a Casimi r function with A E 3. 
Proof of 1hc Pcopo•ilion If f = A• , then {j, E](a) =< (grad f)(a) , X a(a) >= 
< l \' n >= - < V' ..,A,o >= - < 'V A.o+ [o, A.J,o >= -íA < a,o > -

(o ... f n >= - < jo , Aj, o >=< [A ,o ], o >. The resul t. fo llow.s . • 

Quadratic first integrals 
Propoe_ilioo O Lct f (x ) =< S(x), x > be a homogeneous polynorni al of degree 
1. •""' 1) -+ f) is a symrnctric linear transformat ion. Then {Í, E} = O ~< 
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S(o), \ 0 0 >=O for a ll o E ij. 

R e marks l) It is casy to see that every homogeneous second a rder polynomial J : 
j) -t IR can be written f(x) =< S(x),:z: >as abo"e for a suitablc S. 

2) We sha\I sec Ja ter in (6.Bb) thaL ií f) is an almost nonsingula.r 2-step nilpot.ent 
Lie algebra, t hen f(x) =< S(x), x > is a first integral for the geodesic flow X E ~ 
5(3) <; 3 , 5(3') <; 3 ' and [5(A), Bj = [.4, 5(8)] for ali A , B E Y¡. Hcre 3 denotes thc 
center oí f) , which is always nontriviaJ ií j) is nilpotent, and 3.J.. denotes t he orthogonBl 
complement oí .l 
Proof o f Proposition D Sincc X t(o) = (V0 0)0 by the discussion in (5.2) it suffices 
to show that (grad f)(cr) = (25(0))0 for ali o E f.I. Wc lea.ve this staternent asan 
exercise. • 

5.4 C losed geodesics in f \ H 

\\·e describe somc general results about closed geodesics in a cosct manifold f \ H , 
where H is a connccted Lie group with a leít invariant metric and r is a discrete 
subgroup oí H that acts 0 11 fI by Jeít multiplications. ln section 6 we will obtain 
more specialized resu!ts for thc ca.se that H is a simply connccted. 2-step nilpotcnt 
Lie group and r is a lat,tice in H; that is, f \ I/ is compact. 

Basic d efinitions and notation 
D efinit io n A geodesic a(t ) in a IUemannian manifold /11 is said to be ~ ~ 
period w> O ií o(I + w) = o(t) for ali t E fil. 

Equivalcntly, a gcodcsic tr(l) is closed with period w ií o'(w) = o'(O). To check 
thc equivalence mercly observe that the geodcsics o"(t) = o(t + w) and o(t) have thC' 
same initial vclocity.;:;. o'(w) = o'(O). 
Notation \Ve let SIH denote thc unit tangent bundleof a Riemannian manifold M . 
D efinit io n Let. M be a complete Riemannian maniíold. A vector v E SM is said to 
be pcriodic wit.h period w> O ií e)'"'(v) = v, where {e)1 } denotes thc gcodcsic Aow in 
5.11. 

Let v be any vector in SM, and leL a(t ) b lhe unique goodesic with o'(O) =v. 
Then i1 follows immcdia tely from the definitions that vis a periodic vector with pcriod 
.....i >O.;:;. o(t) is a closed geodcsic with period w. 
O cfinition Let M be a complete lliemannian manifold . \Ve say t hat the closcd 
gf."Odcsics in Al are dense if thc periodic ' 'CCtors in S .\f are dense in S Al. 

ll is a problem oí classical intcrest to determine R.iernannian manifolds in which 
the clo.se<I gcodesici; are dense. Geomctrically this says thaL evcry goodesic o is a limil 
oí a sequence of closcd geodesics {un} · Oí course, ií '""" >o is thc smallest pcriod of 
""' thcn w11 -+ oo as n-+ oo if " is nota dosed geod ic. H this werc not t hc casf', 
then o would be closed with pcriod w· for any cluster ¡>0int w · of the s qucncc {wn ). 

lt is a lso n classlcal problcm to determine thc smR..11 t pcriods of a li clos<'d 
grod~ics in Al . Th!' collectin11 oí thC'S<' perio<ls, rount.00 with multiplicitics, is cal\ 1 
thC' ~ s cctrum of 1\I . In CMCS whC'rC 1t i~ not <"a5Y to compute thc IC'ngt li spec­
lrum it is also useful to ronsidl'r thr growth ral<' oí lhe funct1011 N · (0, ) --t In gh•f'n 
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b) N(O s tbe nmnbe:r of smallcst. periods w of dosed geodesics in Ji/ such that. w :5 t. 
U M W a rompact lticmannian manifold wit.h ncgative sectional curvature, then the 
growth ra.te of N(t) is prett.y well understood. In this arücle we shall be primarily 
lntMeitt'd m describing thc lcngt.h spectrum of a compact. 2-step nilmanifold r\N and 
al.lo tbt ma.rkOO length spcctrum of r \N. See (6.8e). 

Closed geodesics in r \H and translated geodesics in H 
PropCMJition A Let H be n connected Lic group with a left invariant metric, and 
ltt r be a diacreu~ subgroup of H . Let rr : H -t f \ H be the covering project.ion, 
whnt r a.cu by lcft mul t. iplicationa on fl. Lct o(t) be a geodesic o f f\H such that 
a(I + -·) =- o(t) far ali t E IR nnd some w > O. Let ¡(t) be a geodesic of H such 
thAl •h(I)} :::::: o(t) for a ll t E IR.. Then t here exists an element r.p of r such tha t 
>''l(I) = 1(1 +w) fo r ali t E lll. 

Con\'tt!K'))', lct. 7(t) ben gcodcsic of Ji such t hat r.p • ')'(t} : ')'(t + w) far ali t E lll, 
!IQO\f',.; >O nnd sorne clcmcnt. r.p of r. lf o(t) : 7r (-y( t)), then o(t + w) = o(t) Cor ali 
1 E 11 
n uua.rk \\'e &ay that a geodcsic ')'( t) of H is ~ by an element r.p of H if 
..; -'l( t) =- -,( r + w) íor all t. E Dl and sorne w > O. The number w is called a period of 
tht r~u .p. The rcsult abovc says t hat finding closed geodesics and their periods 
m f\/l is equivalcnt to finding geodcsics of fl that are translated by elements i.p of r 
o.nJ ímdmg the pcriods of thcsc clcments i.p. 

lo general this is n useful way to study t hc closed geodesics of r\H since t he 
p;r'Omttn of H as casicr to dcnl with than the gcometry of a quotient f\H . This is 
pittKUl.ul)' LrUc \\'hen H is sirnply connected and 2-step nilpotent since in t his ca.se 
lh" U. group exponcntial cxp : ')'? ~ N makes N diffeomorphic to the Euclidean 
,p;M:T?l 
Proof of Propoaition A T hc proof o f the second assertion is immediate1 so we prove 
nnl) lhr 6nt Let o(t) be a goodesic of f \ fl such that a(t +w) = o(t) far ali t -t lll 
and !QQt..; >O. Let 1(t) be a geodcsic of fl such t hat 1t(¡( t)) = a( t) far a li t E lR. 
Tbt> dtct groop of thc regular covcring 7r : H -+ r \ H consists of left multiplications 
by tlw dem<nu of r . Sincc •b(w)) = u(w) = u(O) = •(1(0)) t hcrc cxists a n elcment 
~"' r - that "'. 1(0) = 1(w). If , , (t) = 7(1 + w) and ')"¡ (t) = 'P. 1(t), then 
l1(0) = ...,(O) = 1(w) and •b;( t)) = u(t) for ; = 1, 2 and ali 1 E lll. lt follows t hat 
1i(r) - .,.,(1) for ali t si ncc o(t) has a unique li ft to N that begins at. thc point ')'(w) . 

Ttan lated geodesics in H and periodic vectors of {Ql'} in Jj 
Propoe:i tion B Let H be a conncct.ed Lie group with Lie algebra f) , and !et <, > be 
a lirft lD'VW'lt mctric on H . Lct 1(t) be a geodcsic of H such that r.p · (t) == 1(t + w) 
lo. .U 1 E R oome '{JE H and some w > O. Lct { = i(O) and let (0 = G(() E i'J, 
•brn•C TH-+ f) is thc Gauss map. Then Q)1o1(~0); ~º' where {81 ) is thc geoclesic 
ilow1Ql) 

Cao'~)'. supposc that ~1o1(~0 ) :::::: ~º fo r somc w > O and sorne~º E j). T hcn 
.,: '11\ f : .,¡1 +.J) for all t E IR, whcrc "Y is the goodcsic with ¡'(O):~º and i.p: -y(w). 
Proor Wr not~ that V'· 1(t) = -y(t + w) íor al i 1 E lll (::) dL..,(¡'(O)) :::::: -y'(w) <* 
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dL.,,({) = 0 '"'({), wherc {~1 } denotes the goodesic flow in T H , By Proposition A of 
(5.2) we know t hat G o (Bl = l!;- 1 o G for a.11 t. E Dl. Hence ~-""{o = ~-""G({) = 
G(0""{) = G(dDop ({)) = G({) = {0 • Applying (!)"" to the equMion 0 -'"'{o ={o proves 
the first assertion of the proposit ion. 

Now suppose t,hat ~"' ({0) = {0 for sorne w >O and sorne {0 E 5'.:1 . To prO\•C that. 
· ')'(t) = ')'(t.+w) for ali l. E lll, where "'r is the goodesic with ¡'(O) = { 0 and ¡p = ")'(w), 

it suffices by t.he discussion above to show that dl..,({0 ) = 0 ""({0 ). Both dL¡,p({0 ) and 
0-'{{0 ) Jie in the same tnngent space of H , and hencc to prove t hat thcy are equal it 
suffices to prove t.hat their images under the Gauss map G are equal. \Ve compuw 
G(dL,({,)) = G[<,) = (, ami G(<tl"({,)) = (ii-- o G)({,) = <!i-"({,) = (,. Th• 
proof of the proposition is complete. • 

D ensity of periodic vectors in T(r\H) and Ji 
A classical problem in Ricmannian goornetry is to look far Riemannian manifolds 

.\/ such that t.he gcodesic flow in the unit tangent bundle S/11 has a dense set oí pcri­
odic vectors. Typically the manifolds Al considercd are compact although sometimcs 
it is sufficicnt for AJ lo be noncompact with finite rnlume. lí /11 is compact, thcn SM 
is also compart., and in this compact situation thcre is an abundnnce of tools from 
differential gC'onwt.ry, dy1mmiral systems and ergodiC' theory to st udy thr p.l"OdC'JÜr 

RO\\ on SAJ. 

In the co1u.cxt oí t.hh; art,ide it is more natural to conslcler t he tangent bundle TM 
with its syniplrctlc structurc. However, we note> that v E T /11 is a periodic vcct r ~ r 
thc goodcsic flow in T M ~ the unit vector v/ ltil is a pcriodic vector ~ r t he g<..'Odcsir 
flow in SM . T herefore, if wc are interestecl in proving t hat SM conta ins a dcnSC' 
set oí periodic vectors for the gcodcsic flow, then it is equivalent to prove thnt TM 
comains a dense set of periodic vectors for the geodesic Aow. 

\\"e now consider t hc ca.se that /11 = f \ fl , where H is a conncctecl Lie group 
with a lcft i11variant metric ancl r is a discrcte subgroup of H that acts on /1 by lcft 
multiplicntions. 
Propos ition C Let /1 be 11 connectcd Lie group with a left inva.riant metric, aml let 
f be a discret.c subgroup of H . Ií the 1>criodic vec-tors far thc goodcsic flow in T(f \ H) 
ar<' dense in T( r \ 1-1) , thcn the periodic \' tors íor du.• gl'OdC'sic ílow in f.> are dense 
in J) 

Lcmma L<·t rr: JI -+ l~\N be the covering projec11on, and let G : T fl -+ J) be thc 
Gauss 1m1.p. Let. { be 1111 elemcnt oí T fl . Let ;'!' . ({) be a \'CCtor of pcriod w > O for 
thl' grodcsir flow iu T(r\H). Thcn G({) is a \"t"Ctor of pt>riod w far he goodcsic Aow 
ml) 

P roof o f t.h c le mma LcL ')'( t ) be thc goodesic of H such t hnt 1''(0) = {. Sinr<' "· (~) 
is tan cn1 to th..: closcd goodcsic 1t o 'Y with ¡>C"riod .., it íollows from Proµosiuon A 
that 1(1) = 1'(t + w) for somc r.p e r and ali t E Dl Proposition O now s11ys thnl 
G({} has period w for Lh(' goodcsic flow m J) • 

Proof o f Proposit. io n C l.cL X = {{E TJI - . {0 LS pcriod1c far thr gcodcsic flow 
m T(r\11)}. Tht.'SCI X is dcnsr in T I/ smn· 1" . (X ) l!I d('nM:' m T(í\J-1) by hypoLhr~'iiS 
fknce C(X ) is dcusc in f) sincr Gis ("Ontmuom and urJf'C'li\•r. Thl' Jcmrna snys lhal 
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O(X) con.sist.s of pcriodlc veators for the geodesic flow in f). • 
6. Geometry of 2-step n.ilpotent Lie groups 

In ihb ot«tion wc npply tibe results and methods described in Lhe earlier sect i0ns t0 
ccnntclOO 2-stcp nilpotcnt Lic groups wi t!h a left invariant metric. 

6.1 Definitions and basic examples 

6.la Deftnition A fi ni tc dimensional Lie a lgebra f) is 2-step nilpotent if f.J is 00t 
nbt•lian and lf.l,!f>1 .J'JJJ ={O}. A Lie group f1 is 2-step nilpotent if its Lie a lgebra f¡i 

L" Z. :«tp nilpotcnt. 
Clr.uly, a 2-stcp ni lpotcnt Lie ulgebra has u nontrivial center that c0ntai0s [.fiJ, .f!J]. 

IL ~ na1uml 10 study 2-step ni lpotent. Lie groups and Lie algebras . They a11e as ol0se 
11.1 po&:Siblr to being abelian , but. tille differences from Euclidean space a.re interest ing 
Md cba.llenging. l.n addition, they auise frequently in important areas, for examf.>le as 
tht htlto.tphcrcs of symmot11ic spaces of s~rict ly negath•e curvature. See for examf.>le , 
[Ell , pp. m -4,IBJ. 

In lh~ 5C<:'lion we will use tibe letiter 1)1 to denote a 2-step nilpotentl Lie a lgebra, 
ru1d N will denote Lhc eorresponding simply connected 2-step nilpotent Lie gr0up 
w1'h Ut al¡ebra IJl . 

6.lb Exponential and logarithm functions 
h _, known thnt ií Nis a simply connected nilpotent Lie group with Lie algebra 'Jt, 

~hfln exp IJl -+ N is a diffeomorphism, where exp denotes tbe Líe group exf.>0nentiia l 
map la tbts case we Jet log : N -+ 91 denote the inverse oí the ex.ponential function. 

lf ,\' is 2-sU!p nilpotent in addit.rion , then tihe mult iplication law in N can be 
np~ a.s íollows in terma of !lhe exponent ia l map. 

<XJl(X) cxp(l') = exp(X + Y + t [X, YJ) íor ali X , Y E !n. 
Frtim 1his rormuln one can quick·ly der·ive additiional formulas. Let X, Y be any ele­
lfl('nlS ol ?1 and write rp = exp(X) and 1/J = exp(Y). Then 

o) ,.-.·y>-1 = cxp(Y + [X, YJ). 
b) "')=<PY•Y'- • ~- 1 =exp~[X,YJ). 
e) y· commul.CS with iP ~ X commutes wit h Y. 
d) log(,,> ,;¡ = log <p + log .P + t [log <p, log .PI 

6.Jc Examples of 2-step nilpotent Lie algebras 
\\"~ bqm with somc imporbant examples of 2-step nilpotent Lie algebras and Lie 

gJllUJI& Titcre IU'(' ma.ny of tJhem, ancl one never has to check the J acobi identity! 
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Example 1 Free 2-st ep nilpotent Lie alg bras 
Let. k ~ 2 be an intcgcr. A 2-slep nilpotent Lie algebra 'll is said t.o be ~ on k 

generators if it adinits a generating set. {X1 , X1 , ... , X1c} with thc following propcrty : 
Let. ')l' be any 2-step nilpotent Lic a lgebra and !et { x; , X2, ... ,X~} be any subsct of C)l' 
with k e lements. Then t hern exists a unique Lie algebra homomorphism T : 'Jl -+ ')l' 

such that T(X,) = X/ for 1 $ i $ k. 
A simply connected 2-step nilpotent Lie group is said to be free on k gen rators 

if its Lie a lgebra ')1 is free on k gcnerators. 
lt follows easily from the defin ition tha t a free 2-step nilpotent. Lic a.lgcbra ')1 on 

k generators is unique up to isomorphism , and that C\•ery gcnerating set for ')1 ho.s 
at least k generat.ors. Moreover , if l)l' is a 2-step nilpotent Lic a lgcbra generatcd by 
a subset with J..~ clcrnents, then l)l' is a homomorphic image of 'Jt. lt follows thnt. if 
l)l' is any connec!.ed 2-step nilpotent Lie group whose Lic a lgcbra ')1' is gcncrated by 
k elements, then N' is a hotnomorphic image of a simply connectcd 2-stcp nilpot nt 
Lie group N whose Lic atgebra is free on k gencrators. 

The universa l mapping property of a free 2-step nilpotcnt. Lic a lgcbra 91 on k 
gcnerators is uscful. In principie, if onc undcrstands a particular gcomctric propeny 
thoroughly for !J?. t ben one has a tool to study that property on t.hc h momorphk 
images of IJl. 

l'vlod e l o f a 2-step nilpotent Lie a lgebra 91 t hat is free on k 
genera tors 

F'or any inwgcr k ,;::: 2 lcL l)l,. = lll" E9 A2(Dl") as a vector space, whcrc A2(Dlt ) 
denotes lhe sccond exterior pow r of IR" . Define a Lie brackC't opcrat.ion in ?l.1: by 

i(x, y),(L' , y')J = (0,LAx'). 
l t is casy to sce t hat 'J11c is 2-stcp nilpotent and that A2 (Dl'") is th centcr of IJl,t . 

Morco\ r, a.uy basis of IR.1: is a generating sel for 1)11 • To sce t hat 1)1,. i8 free on 
k generators foc any bu.sis {u1,ll'J , ... , u,.. ) for R" . Jf {X;,x2, ... 1Xt} is any subs<>t 
with k clem cnts i11 a 2-stcp nilpotent Lie aJgebra 'Jt', 1hcn Jet T: Dl" -+ '}1:1 be thc 
unique linear t ransforrnntion such that T(u,) = x: for ali i . Extend T L a linear map 

írom IJlt to ')l' by rcquiring that T (v, /\ uJ) = (x:,x;]', whcre ¡,]'denotes thc Líe 
brackct in IJl' . Wc lea ve it. to t.hc reader to check that T is a. wcll dcfincd Lie a lg bra 
homomorphism such t.hat. T(x /\y)= IT (x), T (y)J for ali x , y E Ult . 

L<>t N1c = Ul"' x i\ l (lll'1'). and define multiplicat1on in N by 
(L,y) • (r' , y') = (z + x' , y +y' + 4(• A x')) 

Clearly ' is simply councctcd, and it is casy to Stt t hat ,\ 1 (nl") is lh e ntcr of N . 
\\'e lcavc it to t bc rcilclcr to check that Nt is a group w1th unit el m nl (0, O} Md 
that ?1.1. i~ t h l~ic algcbrn oí N1c . 

Example 2 Heisenberg Lie a.lgebras 
In rt '""' 1. J.· ~ 1, \\'t ' construct a 2-stcp nilpou-nt L1r algl'bra with 1-climcnslonnl 

("'('lllcr as íollows. Let {I1 , y1 , r 1,J/1. , rt ,y ... :} bt' a ha.sis f m_R +I and d('finr n 
2-sh'p nil¡>01A•n1 slrurt.urc 0 11 Dl 1 l+1 by rcqmn nl{ tha.1 jr ,,Jl,J = -[y, , x,J _ .: for 
1 S 1 $ k ruid scLUng a li o thcr brnckcu of ba..o!,1 \'t'Ct.ont N1un.l to 7.cro. ft is ca.-Jy 
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'º chrck thM thls defines a 2-step nilpotent Lie algebra with 1-dimensional center 
tpanlll'd b)• :. This Lic algebra is called the Heisenberg Lie algebra of dimension 

2k+ 1 
h es nOt difficu lt to show that every 2-step nilpotent Lie aJgebra wit h 1- dimen­

iaooal ttnlcr nmst be isomorphi c to t he Heisenberg Lie aJgebra of dimension 2k + 1 
fe:. ~ k ~ l. lt is also ensy to check that the Heisenberg Lie aJgebra of dimension 
3 • • útt 2-stCJ> nilpotcnt Lie algebra on 2 generators. 

Exnmple 3 P-tuples of random skew symmetric matrices 
lli p ~ 2 nnd q ~ 2 be any integers. Let C 1 , ... , CP be any skew symmetric 

q • q nllltri~. Then wc mny define a 2-stcp nilpotent Lie a lgebra structure on 
?l ft• tb lflP M íollows. Let {v11 v2 , -~-· uq ) and { =1, =2 , •.. , zp) be any bases far Illq 

l\lld ftP re!J>(lCtivrly. Define [u¡ , VJ]::::: L C~z.k and require nv to lie in the center of 
k:= I 

?l \a-, t'Xtcnd thc bracket operation to be bilinear on m.•. 
U l)f ia tu1y 2-stcp nilpotent Lie a lgebra, then we may write IJl ::::: V © 3, where V 

bl .,..,. "ubepRC(' complementnry to the center 3- By the definition of a 2-step nilpo-
1m1 L...· algcbrn it fo llows t hat [V, V] ~ 3. lf we idemify V with mY and 3 with IIV 
, lbfn IJt l.! OllC OÍ 1 h e CXR.mpJes above fo r Suitab]e skew symmetric matrices C1, ... ,Gil. 

Example 4 Random subspaces of so(n, IR) 
\\ f' cj(-finc a 2·stcp ni\ poten t. Líe algebra !)1 with a preferred inner product <, >. 

Onto r.an ~· thal cvery 2-st.ep nilpotcnt Lie algebra IJl is isomorphic as a Lie a lgebra 
lt.> o( 1h~ cxamples. 

Fu: an mt<'g r 11 ~ 2, and an inncr producl <,> on R ". Let so(n, Ill) denote the 
LW aigrbfa of linear trnnsformations on Ul" t hat are skew symmetric relative to <, >. 
Orfuw.an mncr product <, > º 0 11 so(n, IR) by< X, Y > º = -trace XY. lt is routine to 
cbfi.ck llw <, >. is positive definite on so(n , R ) and that ad X : so(n, R) --+ so(n, IR) 
~ lhw symmetric relativo to <,> º. Indced, these two properties cha racterize <, > º 
1.1oiquel) up lO a C'Onstant mul tiple. 

\oa' k-t Ir be ony subspace of so(n, Ul) of dimension p, and Jet IJ1 = m." E0 W. 
[qwp ?1 W'1th thc in ner product induced from <, > and <, >º that makes m." and W 
onhogoDAI. We now defi ne a Líe bracket operation on IJl by requiring that W lie in 
tMctn1"" of?land Lhat < [X, Y] ,Z >º:::::< Z(X), )" > for ali X, Y in m." and ali Z in 
H' h "NIY to check t hat theceuter of'Jl = U EB W , where U::::: {X E IR": Z(X)::::: O 
r., .U Z E 11') 

f.xample 5 Special subspaces of so(n, IR) 
A &"Df'.Tic subspacc W of so(r~, IR) produces a generic 2-step nilpotent Lie a lgebra 

')t = ll• H' , onc without much interest o r importance. If we require more from 
n· lhm ?1 cxhibil.S niccr propcrtics. For example , if i.r ::::: so(n, IR), then 1)1 = m." EB 
tll(n ft b 1 frl't' 2-st p nilpotent Lie algebra on 11 generators. This is a consequence 
el tbr n.a.tura.J bomorphism beLwecn so(r1, R ) and A1(IR"). 

\ OJ>thrr unponant cxamplc nriscs when H" is a subalgebra oí so(n , IR). A good 
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way to 11nd subn.lgcbrns l:; 1,0 consider represe.ntRtions p: f/ -+ GL(\f) of n compncL 
Lic group f/ on R finit.e dimensional real \'CCt.or space \ 1• lf \ · is cquippcd wit.h a.n 
inncr produc1. <, > t.lrnt, is i11variant under the elements of p( H ), t.hen IV = cip(S) ) is 
n subalgcbrn of so(\f, <, > ). 

A subspacc W of so(n, Dl) is said to be n !JQ !::!.E!... syst.em if 
¡tr, ¡w, WJJ ~ W. Clearly any subalgebra H' of so(n , Dl) is a Lie t.riplc syst.cm, and it 
is not. hard to show t hat if W is a Lic triple system in so(n, ffi.), Lhcn W + [W, IV] is a 
subaJgebra of 50(11, TR). One can further describe the diffcrcncc beLwcen s uba.Jgcbrns 
of so(n, IR) frnd Lle triple syst.cms in so(n , m.) in geometric t.erms. LeL Lhe special or­
thogonal group SO(n, lll) be givcn a bi- invarianL Rfoma.nnian meLric, which is uniquc 
up t.o constant. mult.iples. T hcn the t.otally geodesic subma.nifolcls of SO(n , IR) t.hat. 
contain thc idcnt.it.y mat.rix are prccisely the setS exp(W ), whcrc W is a Lic t riple 
sys tem in so(n, Ill), und cxp: so(11,IR.)-+ SO(n, IR.) is t.he mat.rix cxponential 1nap. 
The tot.ally gcodesic subgroups of SO(n, IR) a rl' precisely Lhe sets exp(W), wherc W 
i n s ubalgrbra of .~o(n, Ill). 

Example 6 Representations of C lifford a lgebras and spaces of 
Heisenberg type 

llcprcsentaLions of cerLain algcbras produce important. examples oí Lie triple sys­
tcm~ in so(n, lll ). !f Cf(p} denotes Lhc real Clifford a.lgebra deLcrmined by nv wit h 
a fh:OO inncr prodm:t. <, >, thcn a linear map J : DV' -+ Eud (\f) defines a reprc-

ntntion of Lhc Clifford algcbra if ; (Z)1 = - IZ11 Id for ali Z E Ct(p). Uncl r t.his 
rondition there is a nnt.urnl cxtcnsion of j toan a.lgcbra hornomorphism from Ct(p) to 
End ( l '). T he clcmcuts of CC(v) tha.t are finitc products of clements oí unit lcngt.h in 
IR.P forma compact group ca lled Pin(p). lf one equips \ · wit.h a.n inner product <, > 
that is inva.riru1L uncler j(Pin(p)), t.hen Ir = j (ffiP) is a subspacc of so( V, <,>). Prom 
the condi1ion nbove that. defines a rcprescntalion of Ct(p) iL is not diHicult. to show 
that W is a Lic t.riplo syst.cm of so(V, <, > ). The t0tally geodesic subspacc cxp(W) 
of so( \ ") is in Lhis ca.'lc n sphcre of dimcnsion p. 

Thc rcprcs ntations of t.he Clifford algcbras Cl{p) are importa.nt. in scvernl con­
t xts. The corrcspondi11g 2-stcp nilpotenL Lie algebras ryJ = V E9 j(Dl") are thosc oí 
Hciscnbcrg ~· The~c are Lhc nicest possiblc 2-step nilpot.cnL Lic n.lgebras wíLh n 
cenler of fi.xcd dimcnsim1 ¡> ~ 2. T hc corrcsponding simply connectcd , meLric, 2-stcp 
nllpoLC.nL Lic groups N a re t he moclcl space:s for ali simply conncctcd , mcLric, 2-stcp 
ni.lpot<.'lll Li groupi; in much t hc sam way that thc ruemauninn symmct.ric spncc.s 
are thc modc:I spuccs for a ll Ricma.nnian manifold.s. 

The sysicmat.ic study of Lhc spaccs N of Hciscnberg t.yp was init.iatcd by A . 
Ka.plan 111 li\ 1,2). T h<.?y h1.wc also bcen uscd by E Dam k and F. Rirci in IDRJ to 
produre count.crcxu.mplcs Lo n long standing conjcc ure of Lichní'rowin. t lrnt C\'l"ry 
harmoniC' ll irnuurnlnn manifold must be n loca.lly symmr t ric Ricnrnunian mnniíolcl. 
Orunt'k ru1d Rirri showcd t.hnt l'nrh of t h<' L1c nlgrbrñ..~ '.TI ;:1.nsi11g from a r pr cnt.at.ion 
oí C l (p) has n n11t.urnl solw1bll' cxtc.nsion 5 = IR .;.'Jl thni is thc Lic alg brn r 1:1 sintply 
connec-1NI i.olvablr group S t hn is al~ n hnrrnomc ~P1'«' with no n¡>ositivc sC'Ct.io11nl 
cun1uurc. Thls co11l!Lruct.ion product'=I o. :1ymrneux 'PI'<'<" only wh n 1J ::; 1, 3 or ; . 
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bul tnmplÑ t.Xill ÍOr every positivc Ínteger p. 

•· 1u11brT míormatlon on the gcomcl ry of spaces of Heisenberg typc see [BTV]. 

E•nmpl• 7 paces tbat are Heisenberg like 
In• . . \'o( llcisenbcrg 1ypc we have thc vcry strong condition that. j(Z)2 = 
1 /Ji-. r\"('f)º z e 3 In pn.rt.icu lnr ev ry eigenvaJuc of j(Z) is ±i IZI. A space N 

llr.Jltd. f1 ... -nbtrg hkr i(thc cigcnvnlues of j(Z) dcpcnd o nly on IZI. The Heisenbcrg 
hit -ba' mwresting goomct.ric propcrtics. See for exa.mple [G A/2] for further 
WKU31UM aad othrr rrfrrrnct'S in thc litcra.ture. 

6.2 G ometry of a simply connected 2-step nilpo­
tcnt Lie group N 

Wr u. ra.tt hcw.• ouc mny study thc gcometry of N by computations in the Lie a l-
ptu tn •1th thr metrir <. > that determines tht' left invariant metric on N. 

6.2• The maps j(3) 
f, u1~ ,._ " plan !Kt.2] wc dccomposc !Jl into an onhogonal di rcct su m 1)1 = 

~, 3 •1~1· 3 dtnotrs thc ct.•11tcr of l)l and V ::::: J .1. . For cach Z E 3 wc define a 
•k" l)1DI ·1nr hnrM tmnsformution J(Z) : V -t V by j (Z)X ::::: (adXr(Z), whcrc 
(a.J \ ) · di 11014:'!1 lh trl\Jlsposc of nd X : !Jl -t 3 dctcrmincd by <, >. 
[qw~th. J(Z): V_.,. V ls t he unique linear map such thal < j(Z)X, Y >= 

<. \ t) Z for All X , l " E V and Z E 3 . l t is evidcm that; : 3 -t so( V) is a linear 
p. 

\lucb ul lhr ~romctry of N can be describcd by the maps j (Z). Sec [K l , 2] and 
[F.J b furthft drtails- We prcscnt onc cxample , which illustrates sorne of the chal­
lmlf ID .iud~m& lhc goomctry OÍ Lic groups wit.h a lcít invarianl mclric and 2-slep 
ntlpoc ~ poup- • ·1th a lcft iuwufaul mctric in particular. 

6.2b Rkci tensor 
11 V ur Rmnannlan 11umifolcl , t hcn thc rucci tensor is a symmetric, bilinear 

'r il Wlgt'nt 11pacc of Al dcfincd by lhc formula ruc(u, w) = trace(R,,w), 
•hnt R ... :1 =- R(: ,u)w Md R denotes thc cun-ature tensor o f M. 

Ltt H · a connecled Lic group with a lcít invariant mctric <, > a ris ing from 
u mmr prod11ct <. > on tite Lic algcbra j) . Thcn the Ricci tensor Ric , likc the 
na • trmor R. may be definccl by its vnlucs on leít invariant vector fi clds of 11 , 
n( th, b)· u . .s vf\.lur!'I in j) = T1 H . Hencc wc may rcgarcl thc Ricci tensor as 
~ IJ-.v bdml"IU map Jlic: f) X j) -t Ul giv ll by thC fommla abovc. 

U f'J 1'11 rulpotcm , thcu wc ca.u be more specific. See Proposition 2.5 oí [El] 
b • prl,)(¡( ul thr- next rt'Su lt. 

p,09C*tion lit N be n simply conncctcd , 2·stcp nilpotent Lic grou p with a left 
irl"Vt191 mrtnr <. >, ancl lct 1)1 denote thc Lic a.lgcbra o f N. Writc 1)1 = V E9 3 , 
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wherc 3 denotes Lho centor o f 1)1 and V = 3 .L denolcs t.he o rt.h gana! complement of 

3. Thcn 
1) RJc(X , Z ) = O fo•· ull X E V and ali Z E 3. 
2) F'or X, Y E V Ric(X, Y) =< r(X), Y > , where T : V-+ V is t he symmelric 

linear transformat.ion given by T = ~ L i(Z,)2 , where (Z1, .. , Zp} is any o rt.houormal 
i=I 

basis of 3. In part.icular T is negative definite on V. 
3) For z,z• E 3 Ric(z,z•) = - ~trace{j(Z)oj(Z • )). In pa rticular 
Ric(Z, Z) ,;::: O for a li Z E 3 wit h equality ~ j(Z) =O. 

R e mark The statement above says t.hat. t.he Ricci tensor is negativc definit on V, 
and posit ive semidefinite on 3. We shall see in the next result 1.hat t he llicci tensor 
is positi,,e definit.e on 3 as well if we re move t.he Euclidean de RJ1am íact.or from N 
This means that. thc Ricci tensor o í a left invariant. metric on N can never by posi­
tive semidefin it e or negative semidefinite. Comparison theorem techniques (c/ . [CEJ), 
which have played a central role in studying Riema nnian manifolds wit h sectional or 
Ricd curvatures of a fixed sign , cannot be used t.o stud)• the geomct.ry of 2-step nilpcr 
tent Lie groups N wit.h a lcft invariant metric. The geomet.ry of such groups is ru1 

im.eresting mixt.ure of phcnomena t hat occur in spaces of positive, negative and zcro 
sectional curvat.ure. 

6.2c E uclidean de Rharn factor 
The ncx t. result. is contained in Proposilion 2.7 of [El ] 

Proposit.ion Let. N be a sirnply connected, 2-step nilpotent Lie g roup wit.h a lcft ln· 
\-a.riant mctric <, >, and lct !Jl denote t.he Lic algebra of N. Let. E = {Z E 3 : j(Z) = O 
in V} a nd \el. tJ?• denote thc orthogonal complemem. of E in 1)1. Let N · = cxp(IJl ' ) 
and E= cxp(l") , where cxp : 1)1 -+ N is the Lie group exponen t.ial map. T hcn N' and 
E are 1.ou11ly gcodc8ic subma nifolds of N, N is isometric to t.he llicmanniru1 product 
s · X E i\llCI E is isomelric to t hc Euclidcan de R11am factor o f N . 

6.2d Isometry group of N 
Lel H bo a simply connected Lie group wiLh a Jeft invario..nt met.ric <, >, ru1d let 

/ (H) denote lhe isomct.ry group of {H,<,>}. JI ip is any isomctry of H, then s l 

h =\O(•) uncl 1/1 = Lh- ' o I"· Thcn clcady .;, E K = l(H ), = {I" E l {H) , !P(e) =e) 
and /(H ) = H · /( , whcrc wc idcntify H with the lefl. trnnslation subgroup H' = 
{L, ' lo E H} \:; l (H ). 

H H = N, n simply connected Lic group (not nccessarily 2-step), t.hen E. Wilson 
pro\-ed in !WiJ tha!, !( = Aut(N) n l (N) ; that is, every isome try of N t.hnt fixcs thr 
1d ntity of N is 1m nutomorphism of lhc Lic group N . lt follows immedintcly ín thb1 
e&..~ thAt N is 11 11orrnal subgroup o í l (N). 

Wl'obtnin 

Proposition A [WIJ LcL / ben simply conn(."Clt"d nilpotl'IU Lie group wi lh a lcít 
ln\'l\muit. m<•trk <,>. ruul lN K = t\ut(N)n / (.\ ) Thcn / (N) = l( · N = N · I< a nd 
\" = (l.., : 11 E N f is n uormn.1 ~ubgrou¡> of N 
R c m a rk J . Lnur<'t 111 [Ln 1. 3, 5J hl:\l compuu>d tbPgroup !( 111 &ame iu1port.mit spcclal 
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e 1nrhtcbn¡ thOllC in which thc Lle algcbra 1)1 is either of Heisenberg type or can be 
r.xPf'll""d a1 1t•ee, whcrc ~ ~ &o(n, IR) is t he Lie aJgebra of a compact subgroup G 
otSO 11. R) and N = ll" fB '-' hns t.hc brncket structu re defined in example 4 of (6.lc). 

Leíl invariant metrics with maximal symmetry 
PrCJpc.jt km B Let. N ben simply connected nil potent Lie group , and let K 0 be a 
umu1 rompac11ubgroup oí Aut.(N) . Then 

1 lbrrr- o-lita a lcít invnriant m Lric <, >g on N such that K 0 = Aut(N) n 
/( \ ,( >,). 

~ lf <.> IJ any len invnriant. mctric on N, t.hen dim / (N, <, >) ~ dim I(N, <, >0 ). 

U fq\li&bl)' holM, thcn K = Aut (N) n l (N, <. >) and rp K0r.p- 1 have the same identity 
e \ (or aomc r,p E Aut(N ). 
ProofThr proposillon in (11.l ) shows that there cxists a left invariant metric <,> 0 

•b.&a 1'.-. = Aut(N) n l (N, <, >0 ). Now let <. > be any left invariant metric 
\ ..00 ~·l 1..- - Aut(N) n l (N, <, > ). By the discussion in (4. l )K is a compact 

p¡bgs p o( Au1(N). Let. K0 • be a maxi mal compact subgroup or Aut(N) such that 
A~ A · Thrn K," = <pK,<p- 1 for sorne <p E Aut (N ) (~]. ~!al 2]). By Proposition 
' • .,, ba1"d1m / {N, <.>) = dim K + dim N ~ dim K,/ +dimN = dim K0 + dimN = 

1hm/1.\' < >.). Moreovcr, it. is clcar that ií di m / (/\', <. >) = dim l (N, <, >0), then 
A and 1'. · .,,k'0 r,p mu!tt hnvc thc samc idcntity component. • 

6.3 onsingular 2-step nilpotent Lie algebras 

Vl 'R • 2- l<'p nilpot.cnt. Lic algcbra . \Ve say that 1)1 is nonsingular ií adX : 1)1 -+ 3 
'" for a.JI X E IJ1 - 3. lt is an casy exercise lo show : 

Pf'OpOl.ition A l.A:!t IJt be a 2-stcp nil potcnl Lie algebra. Then the following properties ..... 
'"' • oonM ngula.r 
1 F« ~ inncr product <, > on '.TI and every nonzero element Z oí 3 the linear 

IDlp J ZI" nonslngulnr. 
l) fcw am mncr product <, > on 1)1 and C\•ery nonzero element Z oí 3 the linear 

-e> J Z • noru:ingulnr. 

COO<ijoint act ion description 
\\ .. cu abo define lhc nonsingularity or 1)1 in terms oí the coadjoint action of IJ1 

·' dul t:pace in• . Rctall írom cxamplc 2 oí ( 1.4) that íor every X E 91 we obtain 
au--.1on ad º X : 'JIº-! 'JIº giv n by ad º X(w)( l') = -w(IX, Y]) for ali Y E 'JI . 
r,. - E 'JIº define 'Jlw = {X E 'J1 : ad º X (w) =O) . 

"· Lbt foJlowing uscfol facts whosc prooís are straight.forward . 
• 2 3 for 1111 w E 'JIº . 
b) • = '11<> .i: O 011 j'Jl , ~l] 
\\. h'latt 1hc coudjoint. action to the behavior of the maps j(3) defincd by 

l:l a... produn on ')1 , Fix 1\1\ inncr product <. > on 1)1 and let T : IJI• -+ 1)1 be the 
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1S0mor¡>hism such t hnt. < T(w), e >= w(e ) íor &ll iJ E IJl• n.nd nJI e E 'J1. For w E '.TI' 
let Z~, deno te 1 he 3-componont o í T(w). From the definili ns o nc then obtains 

e) Le1 X E V und w E 'JI* be gi,·en. Then X E 1.ll (::)>X E kcr j(Z..,). 
,\ an immcdiatc corollary o f e) W't' obtrun 
d} Len w E o/lº. T hc11 l)l.., = 3 ~ j(Z_,) is nonslngula.r on V. 
One a lso has Lho following rcsult whosc proof i left as nn excrcisc. 

Pro pos it ion B LcL ')1bea2-sLep nilpotcm Lie algcbra. Thcn Lhc following propcrtics 
ace equivalenL : 

t) adX: l)l--> 3 is surjectivc if X E IJl - 3. 
2) 1)1.., = 3 if w is not. idcntically 7..ero on 3 . 

6.4 Almost nonsingular 2-step ni lpotent Lie a lg -
bras 

Lct 'J1 be a 2-sLcp nilpotent Lie algcbra. We sa.y that IJl is al!.u2filc nonsingular if 
IJl. = 3 íor saine 11onzcro w E 91· . Thc next result is a nalogous to t he P ro1>06itio11 in 
(6.3), nncl ns befare, wc lca\'C thc p roof as a n excrcise. 
Proposit.io n l.Rt l)l be 1\ 2-sLep nilpOlcnt Lie aJgcbra. Thcn Lhc following pro¡>1m!cs 
art' rquival ni : 

t)l)l is a lmost 11011si 11gular. 
2) F r C\'Cry iuner procluct <, > on 'J1 thcre cxasis a nonz ·ro lcmcnt Z of 3 such 

dm1 j(Z) ~1si11gular o u V ;; 3.i.. 
3) Fo r ~ inncr product <. > on IJt thcrc exists a nooz ro clcm nt Z of 3 such 

thal J(Z) is 11011s i11g11lsr 0 11 V = 3.i.. 

o ro llnry Lct o/l hf' 1.m 11.lmosl no nsingulnr 2·!)tep nilpot nt Li n.lgcbra. Th n 
1) Thcre exis ts 1l dense o p n sub· t O of 3 ~ud1 1haL j(Z) is nonsingula r for n.11 Z 

mO. 
2) Thcrc cxis ts n clcusc o pen subset o· of IJt " such thaL l)l.., = 3 for ali in o·. 

Proof 1) O nr can show Lhal {Z E 3 : dCLJ{Z) =O} is thc set o f cornmon zcros of 
.l hmcr ~C't of polynomial c<111alions in any set of linear coordinatc va riables for 91 
lt follows from d) i11 (6.3} t hat if l)l is almost nonsingulnr, th n {Z 3 : J(Z) is 
ln\'Crtible) is a dense open sub.set O of 3. 

2) Tlus íollows from 1) ruld d) in (6.3). 

6 .5 Rank of a 2-step nilpotent Lie a lgebra 

To defint' 1 he rnuk of n 2-slc¡> nil¡>0lcnt L1 algtbra ~-e u Lhc 1101 ntion and dlscu:>s1on 
ol thc> roncljo1 nt act. ion in (6 .3). 
O Onic.ion Lct '.)1 bt' lt 2-íUrp mlpolent Lic aJgcbn \\'e define 

rank{IJl) = l -t mln(dim(l)l.,.,/ 3 ) w ?l º } 
Thfo d1:K"11N11011 nho"c 11lu.lws that 1f 'J1 1 nonsmgular or n.lm~t nonslnguliu, Llwn 
, .. ('ll)= l. 
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for .u nAmpl<" of rs.nk 2 considcr nn irreducible represent.ation oí t he compact 3· 
~u,. group /1 = SU(2) 0 11 an odd dimcnsionnJ reaJ \"e<:lOr spacc V .. (There 
b oer á, \" íor l'\'t'ry odd lntegcr.) ldcntify \ ' with R" and choose an inner 
prod 1 < • m\1UiM1 undcr SU(2); that is, fl = 5U(2} is a subgroup of SO(n , IR). 
nwa ne• "'twi.lgrbra of 10(11, ll), and lJ1 = lll" ED f.I becomes a 2·step nilpotcnt Lie 
¡tbr1 .,Lb an mnrr 1>roduct <. > by t hc process dcscribed above in cxample 5 of 

r..11.") Oar can lhow that S) is thc ccntcr oflJl , and j(Z) has a l·dimensionaJ kernel 
b pd. z a.n J amct lht> dimm1sion oí V= IR" is odd. Hence ra.nk(IJl) ::;;: 2 for a li of 
.,.,. ..... pi.. 

'• di Allf'ntlon hM Leen paid to 2·stc¡> nilPotent Lic algcbras of rank ~ 2. 

6.6 The Hamiltonian foliation and the symplectic 
leav in '.l1 

11'1 bt 8 2·!ltp nilpotcnt Líe aJgcbra with an inner product <, >, and let 
" fqlllpptd •·11h lhC' Poisson structurc dcfined by <, > in cxample 4 of (3.7). 
By lbr dlttw n of thnt rx1.unplc t he Hamiltonian foliation 1i in IJ1 is given by 
't ~ • ((od{V(...t) { e ?'t). nncl thc symplcclic Jca\"es in IJl have the form L(A) ::;;: 
1 t 111' t 11 t: N}, whcrc (acl{)1 nnd Ad(n)' denote the me.trie trausposc oí ad 
f " - ~d(n) 'JI -. 'JI rcspcctively. 
Prupo.1oon A LA'l .A =X+ Z E IJ1, ""'here X e V= 3.L. and Z e 3. T hen 

1 1í 1 J(Zl(V) = {j(Z)(l' ) : l' E V), whe<e J(Z) : V --+ V is the skew 
'!' drfinod In (6.211). 

LA) ~ + ll(A) = {A+ j(Z)(Y) : l ' E V) 
R•...,.k h k.lio- from thls proposition that ií A e V, thcn L{A) ={A). Morcover, 
11 J Z) zrro wh('nt'vcr Z is nonzero, thc.n V= {A e 9l: L(A)::;;: {A)). One 

1 t!i.At JI Z) 11 uonzcro whcncver Z is nonzero <::> IJl cannot be writtcn as 
• amuhial Ur algrbra cliroct sum ?11 E9 cit. , wherc 2l is abelian. In practice one 

nidurr to thls <'8.'Jt' that ?'t hl\S no abelian factor ~- Hcncc, in t his case 
\ «1' a nirt c:hnmctcrization oí V= 3J. in terms of the Poisson structurc 

1 l • "drfinod b¡ <.>. 
r,oo, o( 1 j That is 1\11 llllhll'Cliatc consequence oí th(' next result 
1~.._ 1) ><i(ZJ' ~O for ali z E ) . 

l l '»•O íor ali X, l' e V. 
31 \ 'l J(Z)X for ali X E V and ali Z E ) . 

Pruot o/ 1 lw l~mlNI 

1 11 Z · l ancl (,('e !TI Me givcn, then < (odZ)'((J.e >=<e [Z.tJ >= o . 
..... \ l t V Md (E !TI be given. Then < (odX)'I' < >=< Y [X 'J >= O 

·- \(j(J . , • , , 

J lA't \" E \' Z E 3 nnd { E IJl be gh-cn. \ \ "rite { = X' + Z', wherc X' E V 
<J f: ( Tbrn < (odX)'Z,( >=< Z,{X,(J >=< Z,{X,X'J >=< j(Z)X,X' >= 
r > bj U.. drHnltion oí J(Z). • 
''"' l) 1'1 '1 E N be glvcn Thcn 11 = cxp({) for a unique elcment ~ E IJl sincc 
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exp : 91 -+ N is u dlffeomorphl.sm by (6. lb). IL follows thnL Ad(n) = Ad( xp({)} = 
e•d(() = Id + nd{ sincc (at~)• =O for ali k ~ 2. Hc:nce L(.t1) = {Ad(n)'(A) : n E 
N) =A+ {(ad{)'(A) ' {E 'l'l} = A + 1/(A). • 

Casimir functions in t h e almost nou ingular ase 
Propos iLion B Lct CJ1 be nn a.lmosl nonsingular 2-step nilpot.ent. Lic algcbrn. l..cl 
<, > be rul inner product on !Jt, nnd Jet {,} be thc Poisson slruct.urc on 'JI d Lermlncd 
by <, >. Let. j : C)1 - > IR be a C Casimir function , nncl let g : 3 -+ m be thc 
restrict.ion o í j to 3 <; !Jt. Thcn i = g o ;r3, where r.3 : IJl -+ 3 denotes orlhogonal 
projection. 
Remark This result is thc converse (in the aJmost nonsingula r 2-stcp nilpot.cnt en.se) 
of a rcsult proved for au arbitrary metric Lie algebra {JJ, <,> }in thc discussion oí 
e.-,:amplc 1 o í (3.9). 
Proor o í Lhe proposit.ion Let A = X + Z E IJ1 be gi"en. By t hc corollnry in (6.4) 
thc.re exisls a sequcnce {Zn} <; 3 such t hat Zn -+ Z a.s n -+ oo and j(Z,, ): V-+ V 
is nonsingula r for cvery n. Dy Proposition A thc symplectic lt'!af t hrough Z., is givcn 
by L(Z.,) = Z,. + j(Z11 )V = Z,, +V for e"ery n. lf A,, = X+ Zn, t hcn An -+ A 
a.s n ~ 00 ancl A., E L(Z,. ) íor cvcry n. Since thc Casimir function J : 1)1 -+ Dl 
is constant, on syrnplectic lca,•cs it fo llows that j (An) = f (Z,,) for cvcry n . H ncc 
f(A) = .,1;_:11 j(A.,) = E:~ f(Z., ) = i(Z) = g(Z) = (g o •3)(A). • 

6. 7 Lattices in simply connected 2-step nilpotent 
Lie groups 

6. 7a Defioition A discrclc subgroup r oí a simply connect.ed nilpot. nt Lic group 
,"!\· is said to be a ~ if t hc quoticnt manifold r N is compacL. 

\\"e re<:¡uiro t lrnt r nct by tcft trnnslations on N so t hnt r will be n group of 
isomcLri o f N with rcspoct, to any lcft imwiant inncr product. Al t.his point w-c 
requirc only thnt N be nilpo t nt, not ncccssarily 2- tep nilpotcnt. Thc quoLicnt spacc 
f\1\° will bt'! callccl a compact 11ilrnanifold. 

h is nl ways dcsirnblc to work with compact manifolds if possiblc, but in fact lnt.­
uccs in n simply co1111cctcd nilpolcnl Líe group usually do nol cxist . \Ve will be morr 
precise on 1 his point shortly in thc en.se or 2-step nilpotent l..ic groups. 

6. 7b The crit erion of Ma11cev 
. fal 'cc" in IM1ll I] founcl ll ne<:cssary nnd suffio l!nl condition for a simply conne<:t.cd 

nilpot.ent Lic group N LO 11dmit a lntlicc f . 
Propositio n l..cL N be n simply connccu?d nilpot.c.'":nl L1c group wit h Lic n lgcbrn 1)1. 

Thcn N ndmii.s [1 l llLt \r{' r (:) ~h n.· cx.ist.s 3 ~UI q¡ = {~1 . 6, ... ,{n } for 1)1 wilh 

ratt0111tl .¡1ruC"l t1r<' co11st n11LS; 1hnt i . [{, ,{,j = ~C'".~{• , whcr<' thc constanLS { ,~) 

rut- rnt1o n1tl numbNt1. 
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,- th&l ~ = Q - span('B ) defines n rat jonaj st rncture on 'Jt ; t ha t is, 1)1«l is 

• Lit 1 O\'f'f Q Md d im~ 91~ = dimR ')l. . 

\tal en &llo pf'0\1'<1 a corrcspondcncc bctwecn rat1onal structures on 1)1 and com­
JD1111b'• I) dM9e1 oí lnt tlccs on N. 1'wo lattices í and r· on N are said to be 
1111imri1&1Jllll ¡( r n r· is 1\ finitc iudcx subgroup or both r and r ·. 
PrtJpou l'°n Lt1- N be! a simply connccted nilpotent Lie group with Lie a lgebra 1)1 . 

tJ u r b • latt1rt in N, 1hcn 1)111¡ = (Q - span( log r} is a rational structure on en. 
21 U r nd r· $Ct lau iccs In N, then (Q - spa n(logr} = Q - span(log r •) $:> r 

aiid r ,,., nitnnitmurnbl<' 
31 U9 .•A.U~ ba!i.s of 1)1 with rntlonal stru turc constants and .C = 'll. - span(l.B ), 

tlln 1 Jb«rouP 1n N grncrntcd by cxp(.C) is a lauice r . 

6.7c Tb spncc 'l12(/> , q) of 2-step nilpotent Lie algebras 
Ci • th• ('t'll1('(' t1on of ali 2-stcp nilpotcnt Lie algebra.s 91 of d ime nsion n ~ 3 

•tlh a ~: \f"f of clum,·nslon p 2: l. lf p = 1, t hen 1)1 is isomorphic to one of the 
«i LM-alJ,rbrM M wc obscrved a bovc in Exam plc 2 of (6. l c). The case p = 2 

11 atio tpftlAl and for a fi xcd intcger n 2: 4 a generic 2-step nilpotent Lie algebra 1)1 

cf "" 1u1h 2:·dim nsionnl crntcr is un iq ue up to isomorphism. 

\\• -.dn thr rMC whcrc p '2: 3. 
O..BA1lton ?1 1(p,q} = {2:-iit<'p nllpotcnt Lie algcbras l}1 such that di m 1)1 = p + í/ , 1)1 

U. ttllltt 3 of d111ll'nsion 11 nnd [IJI, IJI] = 3} . 
f« ('OD\Tf\1<'n('(' wr define D = h(q - 1). Thc condilion [91, l)l j = 3 implies 

~' ~ O tli t.uls omiu cd) nnd hcncc q ?: 3 since p ~ 3. l t is t herefo re no loss of 
l to con'1tkr thí' structurc of Lhc space IJl2{p, q} , where 3 $ p $ D and q ;::: 3. 

O..,. bu 1hc- followi ng sLrncturc rcsult who.5e proof may be found in [E4J. Recall 
tMI C p.p•f) drnotet thc compact connectcd Gras.smann manifold of p-d imensional 

"IV'+t 
Pr 1loo lA-t p, q be inti,•gcrs with 3 $ q a nd 3 :S p :S D = ~ q (q - 1). Then 

i\.P.tJ b • MllOOth m1Ulifold oí dimcnsion pq + pD that fibers over G(p,p + q). 
11,...,... 

IJ TW 6brattan Z: C)l 2 (J>, q)-+ G(JJ,p+ q) is the map that. sends a n element 1)1 of 
1 ,.., «> 1tl rtni.er 3 In G(v,v+ q) . 
• Tbt lM'J F is the set oí clements e= (C1,C2, ... , CP) E so(q, Ill)P such t hat 

• 1 {C') = {O) antl 
b) (te' C1 .• C') are llnca rly indcpendent. in .so(q, R ). 
lW lbft F LS •dense open subsct of .so(q, IR.)P. 

1\.r le Onr.... 9i't' are glvcn thc fibcr bu ndle structure of 912 (p,q) the dimension of 
1 ,,. , ) 1mmOOiatcly. Note thnt 2b) is only possible since ¡> ~ D = ~ q (q - 1 ) = 

' '111 
t• fjl(alp C = CL(IJ+ </, nl) acts on IJl2(p, q) in a natural way, and t he orbits of G 

1:• 1br ..._,.f'h1.1m dl\.&'leS oí clcmcnts in IJl2(J>, q). Hence the space of isomorphism 
9 ,.,(p.q) may be hlcntificd with the orbit space l)l2 (p,q)/G and given t he 

'lJft¡I(~· 

Pl.W.. \\ 'bAt can onc say about the topology of 1}12(p, q)/G? In part icular, what 
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un onc !my nbout th íunclnm ntal grou1> oí 'Jl,(p, q)/G? 

6. 7d The scarcity of rational Lie a lgebras in ~12 (µ, r¡) 
Cn.11 n '2-st.cp nilpotcnt Lic 11lgcbra IJl lillJ.QJl.fY. ií it admits u bnsis 'll with ratlonal 

~1n1c1 u~ constunts. Sincc t.hcrc are onl)' countably many choices f rat.ionnl st.ruc1 urc 
constAJU.s {C~ } it, follows Lhnt Lhe rationl\l clemcnu of 1Jl2 (11,q) consis1. oí thc union 
of coun1ably mnny orbits of G = GL(p + q, Dl). H the dimension of cvcry G-orb11. in 
l)l1(p, q) is smnllcr Llum the dimension of IJ12(p, q), th n we conclude t lrn1. thc rationnl 
clements of i)12(p,q) form a set oí mca.surc zero in 9'11(11, q). 

For a givcn intcgcr fJ ~ 3 there cxists a ¡>esiuve inwgcr fJo = q0(J1) such thal 1í 
q ~ q0 , t.hen the dimemlion of 1)11 (p, q) is grca1.er 1han tite dimcnsion of any G-orbit 
in l)11 (p, q) . \Ve out.linc t.hc proof and re.fer die rcadcr to [E;Jj for dctails. 

On may show thnt Lhe dimension ofaG-orbi1. in IJ11 (p, q) is nt mosq 12+ pq+q2- l. 
T he dirncnsion of !Jl2 (p,q) is pq + pD. The condition p2 + pq + q2 - 1 < pq + pD is 
cquhialent to t.he coudition (") q2 (l - !P} + q(~p) + (v2 - 1) < O. For fixcd p ~ 3 
lhe condi1.ion (•) is satisfied for sufficiently largc q since 1 - tP $ -!· \VhC'lhc·r 
one ob1ains Lhe srnallest vnlue of q0 from the smallest value oí q0 thnt Sali fles (" ) is 
unknown to me. 

6. 7e Spaces N tha t admit lattices 
By thC' J\ lal'ccv crii.crion wc mny identify the ~imply conne ted 2-sLcp nilpotcnL LtC' 

grou1>S 1hat nd111il latticcs with Lhe clemcnts of?l2(p, q) thnL admit rnlionn.I structur . 
By the argumen1. abovc, rnost clemcnts oflJl2 (p,q) do not admil. rntionnl struct.ur , 
bUl ther are definitcly large clrwes of clemcnts of ?l1 (p, q) that do. Thesl' eJerncntS 
, which form 11 111111 set of 1)12 (p,q) in general. are tllC' rally intcrcsling oncs. IL Id a.n 
int.e:restmg problcrn to find critcria. guaranteemg tha1 an elc111c111. 1)1 of1)12 (¡1, q) rulnut 
a ra.1onal slruct11rc. Oucc we bave found one rational struct ure on an clcmcnt IJ1 of 
l)l::(p.q) wc Clm Lhcn Lry tO describe the Space OÍ ali rauona.1 struclurcs on 'J1. 

F'or thc momcn1. wc r-·mnrk only that.. l)l admus a rationru strucwre if il. nn!ICS 
from a Lil' triple !iyslcrn 11' in .to{n, Dl) a.s dc:srnbed m Exnmplc 5 of (6. l c). S · IEJJ 
íor dC'tails. As notcd cnrlier thc Líe triplC' sy~te:m exrunplcs includ ali exru1q>IC"S oí 
Ht•1<;<:nbrrg typc: nnd n.11 l'XU.mplcs nrising from firut.e duncnslonnl r ni rcprescntnt.1011." 
o( rom¡>nrt tir groups. Scc nbo IC D). 
P roblc.m \\lhat. mu you say nbou1. lhc spncc oí rauona.l slru 1.ur on a '2·stcp nilpe>­
ll"nl Lit• algrbrn t.hot nrlilc.!I fr m o L1c tnpl sy tcm W in .to(n, IR)? 

6 . 7f Riemaonian submers ion s tructure o f ompact 2-step nil­
mani folds with a l ft invar iant m etri 

L<-1 N br n '2·SLCP nilpolcnt LI(' group thal Mirmts a lolLLCC r . rr wc 1 t. r BCI. by 
kil tran!olnti IHI 011 N ' thC'n r ncui by 1.sonu•tn n-1a.il\-C l.O nny lcft. írwariru1L mctnc 
<. > on N . 1'hC' loít lnvnrin.nt mC'Lric ,> on • d~end.s LO n R..iemn.nnia.n metnc 
oo f\N 1uul lh<' proje<:tio11 11 N f\N bttoml"C a llicrnru111iru1 covcnng mnp. Oy 
11bu...,.. of ln.ngunge Wt' r('frr lo tht' mr1 tlt on .\ •"--' 11 h 1n\'n.riru11 

Thr 1!01nt•try group f ( f \t\') docs not oct u º' ly on r \ N. In fnc1 th<' 1dentlty 
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~l. r\N) Isa torus of dlmcnsion p ::: dim 3 , wbere 3 is thc cenLer ofl)'I:. The 
art.u of /.,I ("\,\ ') llf fltu , lOLnlly geodcsic ¡Hori that are the fibers of a Riemannian 
Mlba:tr1IDD muo a flM torus. ti.forc prcciscly we have the following resulL which is 

~~~ol!EIJ 
p1.,pc-.1tiiPo LM r 00 " latticc in a sirnply connectcd, 2-step nilpotent Lie group 
.¡u. • lrft bwa11Ant mctrlc. Lct ?1 be thc Lie a lgebra of ' , and write !J1 = V $ 3 
411 ti 6 .. ) Lrt ~\' ?1 -+ V denote thc orthogonal pr0jection onto V, and !et 

T1 • \ •• lagr) Tlwn 
o T1 • 1 flat toru'I of dimcnsion q, wherc q = dim V. 
2) Tktt l'XL'l" A Rirmnnnian submcrsiou 11' • r\N -+ Ta whosc fibers are the 

or ol /.,1 r \'), ali ofwhlrh nrr lsometrlr to a single flat lOrus TF. 
nw 1 1 abm-r Nlifl' llll\t r\N Is a principn1 torus bundle ovcr To whose fibers 

.,. 1~· f'Odt 1c and isomcl rlr to T¡.·. 

6. Geod ic flow in a compact 2-step nilmanifold 
wit h a 1 ft invariant metric 

8. formuln for the geodesic flow in T.V and 'JI 
l1 \ • mpl)• conne<:tcd 2-stcp nilpotent Lie group .... rith a left invariant metric 

< r-c l'.t1bC'1lw Llr nlgcbrn of N. Wc idemify TN with N x !J1 as in (4.2b) 
t* * '!1•omorphism (11 ,A)-+ cll11 (A) for n EN and A E !J1 = 1~N. We write 
111•~• ) m(62a). 

nir"' ft~· { !01 } in T N has a simple description. Note that the ílow maps 
~ ~' •11h 1h m11.ps {d/~ 11 : 11 EN}. F'tom Proposition 3.2 of [El ] we obtain ... "" 
P•090'•tJOD Ltt ( (n,A) E TN. Lct ¡<(t) denote the gcodesic of N with iniLial 
ttb' ( aod •Tit(' A =X+ Z, where X E V and Z E 3. Thcn <51(n,A) = 
(l( 1 1'14." .\' + Z) for nll t E Ul. 

" 

\ t 1d\llt<' ron8l'<j11u11cc of thc rcsult above and P roposition A of (5.2) we 
• hnpuon of thc goodcsic f\ow mnps ~· in 1)1:. 

· 1 1""' "' bt thc flow mnps of t hc gcodcsic '-ector field ~ in !J?. Then 
.\ • Z ¡ ~ t ''"'X+ Z for nll X E V,Z E 3 and 1 E IR. 

" " t rrsuh Abovo to dl.>scribc t hc zero locus of the geodcsic vector field ~ 

c.. l L'1 e bt thqcodcsic vector ficld in 91. Th n ~(O = O if ( E V n 3 . lf 
111• lhtnVU 3 = (¡n1: \Í\({)=0). 
Ptool Tim a.n immrdlotc conscqucncc of Corollary l and Proposition A of (6.3) 
"""• .. e'({) = ( for nll t E Dl. • 

6. b Fir<I integrals for the geodesic flow 

Th< c~nical 3-vnlued flrst integral 
y TN-+ 3 by op(n, X + Z) = Z for n E N. X E V and Z E 3. 
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lt is clenr fro111 1.ho prcv\ou.s ¡>roposhion Lhnl ¡ · n 3 . ,•aluccl firsl integ ral íor thc 
geodcsic ílow {Qf) in TN . This first lnt.egro.l hns n simple reh1Lionship LO Lhe fim 
intcgrnls proclucccl by thc momcntum map J : T N -+ 91º . 

F irst integrals in TN froin t be m om entum m a p J : TN -t ')1º 

\ \'e rccaJl some result.s of (5.3) in this special case whcrc f.l = IJl , n 2-step nilpoU!lll 
Lir nlgebra. By t.hc d iscussion in (3.1 l e) the momcn~um map J : T N -+ 91" is 
cq11ivalc111, 1.0 t.hc map .J : !)1 -+ C00(T 1\') gi,·cn by J (.4) = O(>.(A)), whcre O L~ 
thc cauoilica l 1-form o n TN,>.(A) E l'. (T ) is t.hc vector ficld o n T N whosc f109o 
Lrnnsíormations are f-'~ ,,. L and >.,. = d Ln for all n E N. Prom (5.3a) wc hnvc> th1 
formula 

j (;I)(,. , 8) =< 8, !ld(n- 1)A > for a li (n , 8 ) EN x ~l = TN 
Thc funcLiou j(A) is N -invarianl on TN <:::=- Acl(n)A = A far n.ll n E N (:::) ti E 3. lf 
A E 3, Lhcn we obt.a i11 immedia tely : 
P ro pos i t.io n LeL tp : T N -t 3 be t he canonical 3· \'alued first integral for t.he gcod1?:1.1c 
ílow {(?}' } iu TN . Thcu < tp(~). A >= i(A)(~) for a li A E 3 nnd s1.il ~E T N. 

First int egra ls for t he geodesic flow in 'Jl . 
\Ve observccl iu (5.3b) t hnt the first intcgraJs j : l_ll -+ tn for the gcodcsic ílow 0 1 

m C)l are in 0 11c•-0 11i' t:OtTf'Spondenc<" with lhe 1\' - mvnrinnt fi rst intcgrnls f : T N -+ ll 
íor tllC' gcodc."k flow ~' in T N Thc <"Orrcspondcncl." is givcn by thc reln1.io11 / (11 , A) -
/(A) fo1· 1111 (11,11) E N X ')1 = TN. 

WC' disrus:1 soinc poly11ominl first intcgrals for t he gcodcsic flow (©'} in 'Jl lhlll 
.tl't' p1lrlicul11r t.o t.hc 2-:1tcp nilpotent case. By the discussion in (5 . .'.lb) n C00 fu11r l1on 
f : l_ll lll is 11 first i11tcgral for the geodcsic flow {8 1 } i 11 l)l (::) {Í, E) = O, whcr~ 
E IJl lll is Lhc c 11CrS)' functi~n glvcn by E'{..t) = j < A, A > for nll A E 91. \\'e 
also obscn •cd in (5.Jb) Lhat if f : l)l -+ IR is a po\ynomia.l funct ion, th n wc mny 
reduce to t hc cu.sr t.hnl f is homogcneous ora gi\'en dcgrcc. 

Linear fi rst integra ls 
P ropositío n Lot iJl be n 2-slcp nilpolcnt Lic alg brn wiLh an inncr product <, >. 
and lc1 11 : i)l - t C)l• be thc canoní a l isomorphtSm gi \'<:11 by A*(D) =< A, IJ > for 
A.8 ~l . Lct f = ..t • ' !ll -t IR. Then 

1) 1/, E) = O (::) A E ) , thc ccnle:r of iJI 
2) lf 1/. E ) = O, 1,hcn f is n Cnsinur funcuon 

P roof r 1) Oy Pr posit io11 of (5.Jb) wc kn°"· thnt. {/,E} = o<=>< O, IA ,o J >=o 
f t n.11 o - 1)1 . lf A ) , t hcn clellJ'ly {f. E} = O. Conv rscly, supposc that {/, t) =O 
Md wniC' A = X +z for X E V and Z E 3 L.ct o = X '+ Z' be an arbitrary clcmenl o( 

?l . wher<' X ' - V tmd Z' E 3 Thcn O=< o .(A,o ) >= .\' '+Z',j.\' + Z, X '+ Z'J >= 
< z·.1x .x ·1 /( WC!!Cl Z' = JX, X 'J, thm 11 followa t lu.H IX. X'I =o for l\ll X' V 
lltrm• X - Vn ) .::: (O}. nnd wrrondudrlhal .4 = Z 3 Th1s proves !}. 
Proof o í 2) Th l::i Is 1u1 li1111u.•dmt.,• C'On~umtt e f 1) ... nd the d1sru...sio11 in xamplt' 1 
of (J 9) i;l11<'1· f clt' lll'nd.14 onl)' 0 11 lh<' ct"ntcr 3 
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Q~ral ic polynomials in t he almost nonsingular case 
\\ ·.•idn nt"Xt thc homogcncous polynomials of degree 2. Any such polynomial 
, / ?1 11 CAn be cxprcssc<l"" fW =< S((),( >. where S : ry'l -+ ry'l 

, bNr map 1ha1 l3 symmctric rclativc to <. >. By lhe discussion in (5.3b) t.he 
~ ., a 6111 int<'grn.l for thc gcodesic How l?i1 in lJt <=> 

< S{;I), \7 ,A >= O for ali A E ry'l . 

1..« 1 E ami •nle A = X+ Z , whcre X E V and Z E 3 . Ftom {2.2) of jEI] it 
•W• \ • . 1 - - 1{Z)X. 

i. c.t. ... t.hat 1)11 n1most non~ingular we obtain a nice characterization of the 
• IUW'.&r mAps S : l)l -t ')1 Lhnt satisfy (" ) abo\-e. 
Propm1lton Ltt ?l be nn almost nonsingular 2-stcp nilpotent Lic a lgebra. Let S : 
,. • !R ~ a •1mmrtrk llncnr transformntion and define j : IJl -t IR by f({) ::;::; 
( · ( ,( > foc i.11 l E C)l 'fhcn f Is n first integral for the geodesic ftow 01 in IJ1 {::::> 

llS 1· I' Md (3) f; 3 . 
• ~ commul" wlth J(Z) for a ll Z E J. 

R1...,-U 
l lt « ) lo ...,1hotl ) nnd2) nrc e<1uivalenttol ) and2)':[S(A),B]=[A,S(B)J 

1m 1 B e ?1 
l Ln ."i l'.'1 -t C)1 b<' n 11ynu11ctric linear map such lhat S(V) <; V and S(3) <; 3. 

"'nlt' a ·1+ , , whcrrS1 : S on Va.nd 51 E Oon 3; 52 := Oon Vancl S2 ::; Son 3, 
r / 11 .., ~"'"by/(() =< S({) , ( >. thcn f = / 1 + /,, where f, =< S 1 (~), ( > 

j 1 •< .~({), { >. Dy the disrussion in examplc 1 of (3.9) j.2 is a Casimir function, 
htDtt J a firtl integral for { ~1 } <:) j 1 is a first integral for { <!}1}. 

ftom lhr Pfop<Wlltlon nboYe 1111(1 the discussion of the previous parabrraph we now 
tt.Ol'hadr 1( 'l'l u; an !ÚfllOSt nonslngular 2·step nilpotent Lie algebra, tben t he poly· 

in1~ral!I for 0 1 thnt are homogeneous or degree 2 are in one.one corre· 
1pmdrsl nodulo CMimir functions, to symmetric linear maps S : V ~ V such that 

tt •1tb J(Z) for nll Z E J. 
rond11Jon 2) h1 thc proposition implies that ;(3) must leave invariant 

«tn.5pacea oí S rc:itrictcd to V. 
Ptool of th~ Proposition Lct S : C)1 -t ')1 be a symmetric linear transformation 

/ ?1-+ 11 by/(() = < S((),( > for ali (E ?1. By the discussion above we 
• lmtt ali such mnps S with thc property lhatO =< S(X +Z),j(Z)(X) >= 

t) J Z)(X) > + < S(Z),j(Z)(X) > for ali X E V and Z E 3. 
tllllmt fuii1 th&t this cquntíon holds for some symmetric linear map S. The first 

llM nght ha.nd sido is linear in Z while thc second term is quadratic in Z. 
~ btü tttnu must vanlsh identically and we havc 

• O•< (.\'),J(Z)(X) > for ali X E V and Z E 3. 
b O < (Z),J(Z)(X ) > for ali X E V and Z E 3 . 

Ddar. i. 'tt t V bv Sv : irv o S. wherc ;ry denotes orthogonal projection onto V. 
l~ uct..ci o( v to V is symmctric on V sincc S is symmet.ric on 1)1:. We may 

h$lbc'l" b)· S\1 In tht• stntc111ent.s oí 1) nnd 2) abo\·e sincc j(Z)X E V for a ll 
OudZ O 
J t. •• a>ncludt• lhnL < Sv1( Z)X, X > :O íor ali X E V and Z E 3 since 



,. V V i11 symmet rlc. f'rorn a ) •'1!' &190 rondud<' thnt < j(Z) v(X ), .X >= O for 
¡Ji X E rmd Z e 3 Hinco J(Z} V-+ V i.5 1.kt'w !it)'mml'lri . llenct' wl' obt.ain 

(') O ~< {SvJ(Z)-j(Z)Sv}(X ), X > íor nll X E V nnd Z E 3 
Ho\\ \'er, vi(Z) - j(Z)Sv is 5)•mmctric on V for nll Z E 3 siucc j(Z) is skew 
"rmmc1rlc nncl Sv is syrnm trie. Thc cquntion (') implíes limL cvcry cigcnvnluc or 
S,·J(Z) - j(Z)Sv is zoro for nll Z E'°"· W concJude 

Sv com mutcs wilh j(Z) for aJI Z E 3 

So rar wc lrnvc not. uscd t.hc hypothcs.is 1hnt. ?l is almost. nonsingulnr, but. w now 
lL.-.C 1 his hypot.hcsis t.o drnw conclusions from b) nbovc, wherc S is rcplnced by Sv. 
Ir 1.11 is nlrnos1. 11011si11gulnr, then by th<' corollnry in (GA) t.hcre exisLs ti dcnS<' o¡>cn 
... uh.sel O of 3 such t.lrn t. j (Z) is nonsingular for a.JI Z in O. Conclit.ion b) nbO\'C now 
1mplies 1,Jrnt. Sv(Z) = O far all Z E O. Sincc O is dense in 3 and S is continuous il 
follows t hnt. Sv = O 0 11 3 or equivaJenlly that. S(3) ~ .l Sincc S is sym111ct.ric and 
V= 3J. it, follows t.lrn!, S(V) ~V. Hcncc S = Sv on V 11nd (") says t.hnt. S comrnutc:s 
wilh j(Z) for ull Z. 

\\'e havc vcrlflcd t.hnt. if Í(~) =< S((),~ > is a first. integral for thc gcod ir 
Ro\\' on 'Jl, Llwn S 1n11sL sa t.isfy thc t.wo conditions or 1 he proposi tion. Conv rM"ly. 
if 1hcsc t.wo condit.ions are satisficd, thcn it is immeclio.tely clear t.hnt. b) holds. lt 
rcmruns only t.o verify t ha t a} holds as well. Ch· n X e V ancl Z E 3 wc com­
pul.c < S(X) , j (Z ).\' >=< .. \:',SJ(Z)X > sinet!' Sis symmet.ric. On t.h ot.hcr hru1d 
< (X ), J(Z)X >= - < j (Z)S{X), X >= - < X ,SJ(Z)X >sine j(Z) isskcw sym· 
ml'tric and S com11111t,c8 with j(Z). It follows lhBl < S(X),j(Z)X >= O for llll X E V 
.lnd Z E 3 , whif'h provc8 t lrnt. n) holds and completes t hc proof of t.hc proposit.ion, • 

Po ly no mia l fi rst int egrals of Butle r 

L. Bu t. ter in 1 Ou 3] cxhibilcd l he following polrnomiaJ fi rst inu~grals for t hc gcod ·1c 
Row m 4)1, 

P roposit.io n (L. Outlcr) for cnch int.egcr 1 \\Jth 1 S 1 S ~ d im V el fino /, : ?l -t IR 
by /,(X+ Z) = X,j(Z):i' X > for ttll X E V and Z E 3. T hcn each / , is a fir11'l 
mu•g:raJ for 1 h1· ~('{ldc11ic flow in ?l. 

~Ot(' 1 Jm1 t'llC'h J, liJ n polynomi,tl funct1on o f dr·gn.'t' 21 + 2 m 1 he vm iublcs of 
.\Jly hni·a1 rootdítwll· 11ystL·111 for '1 To :-.t'\" -.h) t'ad1 /, is n first. i111egrnl wc rin1t 

l '-"n1.' 1hn1 1{Z) l'011 1111ul~ with <'Jl l'l for all 1 and c•1CZI is nn ort.hogonnl lin· 
rAr tr.utbÍ01 m 111lo n oí V íor nll t "lllC'l' J (Z) •Lw !-lynmwtric. íl l"Ca \I fro111 (6.8o) 
lhJJ~ thl• Sl."tl<k ak flow { l!l't 011 ?11-" g1wn b~ e'(.\"+ Z) ::: c - 11( Zl x + z. Mcnrr 
(J, o (!)'}( .\' t Z) I ' !JIZIX.J(Z),' l' IJl ;rl X >=< c- •1tz1x,,.- •J(Zl1(Z),'.\' >.:. 

,. J(ZP' X .; / ,(X + Z) for ali y v. z E 3 IU'ld , E m lt follow!'I Lhnl 1·nch /1 
1 a fu'fl mtrgml ~ r i!)1 i11 ')l • 
nemark 1 ht• ílnH 1i1t{'gtnl!'I ..., iJl \n gr1wrAf b<- (unn1Dnally indt~pendl•lll ÍOr 11 &('lll'f"IC 
2 ... 1,..11 111lr>Otl'nl l_,I(• f1li:,1•bm l In th<" ca~· of a _2. t•p n1lllfllC'nt L1,.. nl~rbrn f ll l'lin~n· 
borla 1\Jlr .... .. c1htnln 1lw '11111pk t"tlm "H>n /,( \ ~ Z ) ( 1 }' IXJ1 !ZI ' for :111 X V 

""'" z. 3 
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Oib r 6r<I integrals . 
t 11, 't' conalder arbit rnry cont inuous íunctions f : J1 -+ IR that depend 

\ ftJIDponrnt of rach vector in CJ1 :;: V e 3; that is, f(X + Z) :;: g(X) for 
uauoUI func1lon 9 '. V -t Dl. (This is not unrea.sonable since the íunctions 

/ " M 1ba1 dr¡M"nd only on Lhc 3-componcnLS oí each \'l?Cl-0~ are ~asimir í~nct ions 
ti,..,. , liDfl in ntunple 1 oí (J.9)). Evidcnlly such a funct1on /is a first mtegral 
o1 tU 1 Row m ?l e> g Is constnnt on ali cun-es t --+ e ' J(Z) X for ali X E V 

Al z . J LN fJ denote thc Lic subalgcbra oí so{V) that is generated by 
J • UP' Z E 3) , rutel IN H denote thc connected Lie s~bgroup oí SO(V) 
•"- Ot rbra L'I J) . lí g is constant on ali curves t -+ e 'J (ZJ X, then g must 

an IJI orb1t1 111 V oí 11 , the closure in SO(V) of Ji . To see this !et 
H • I ( SO(l'l j(.,,X) = ~(X) íor all X E V} . Then H' is a closed subgroup of 
O(\i • .._ Ur IJ~rbrl\ contni ns 1(3)}. 

rcewnr1,, lf O V Iíl Is u continuous íunction that is constant on orbits of fl a' thn dr.\11~ g 1.1 ronsinnt on ali cu rves t -+ e•JIZI X for X E V and Z E 3. 
r,,. 1m 1n1<"gtw ¡ ?1 nl or this type we ha\-c reducect the prob lem, in a 

to tht ptobkm oí computing ,S) , H and thc orbiLS of il in V once we are given 
/Íl t .. (ftl<"l'IC '2-it:h'I> nilpotcnt Lic algcbra !)1 = V 9 3, the subalgebra f) of so( V) 
O'IWl''lltd t" J JI '" Jo(V) itsclf. In this cnse il = SO(V), which acts transitively 

....... ol \ ' lknrc thr íunr Lions !J : V-+ IR that are constant on orbits of 
11 •SO l1 .ur tht lunr1lons of thc form g(X ) = / (I X I), whcre / : (0 1 oo) -t IR is 

funrtion. 

6 < Dton•ily of closed geodesics in r\N, a necessary condition 
l.tt r a lArn ITI N, and lct lt: N --t r \N be the CO\'eri ng project.ion. We saw 

lo 3. 4 t.l ( t: T r Is n vector surh that tr , ({) has period w > O relative to the 
.,.,._ {e1 } in T(f \N), thcn C(~) has period w >O relative to the geodesic 

) 1'11 Wr now t akc a d os r look nt what it mea.ns íor a vector A E 1)1 to 
rÑll\"t l() {01} if !)1 Is a 2-s tcp nilpotent Lie aJgebra. 

R ular '~tors in 2-step nil potent metric Lie algebras 
1.1\ 7: 1 l- 14'11 nll¡>otcnt Lic nlgcbra with an inner product <, >, and decompose 

'R lito e ·~ DflA1 dir('('t sum !J1 :;: V E9 3 as in (6.2a), where 3 denotes the center 
f tadl rl1 ml'nt Z oí 3 t hc transíormation j(Z)2 is symmet.ric a nd negative 

r IUlit't J(Z) Is 11kew symmetric. Wc may decompose V into an orthogonal 
• lf ·~ lr1 ID ... tD "'"'' wher(' lr0 is thc kernel oí j(Z),j(Z)2 :;: - OPd 

• 1 S 1 < ,. and f- 0?, ... , -oi } are thc distinct nonz.ero eigcnvalues of j(Z) 2 . 

L«I '• dcoo4,. 1bt mllXimum valuc of N a.s Z rangcs O\'er ali nonzero vectors of 3, 
1 k • {Z E 3 j{Z)2 hns N0 uonzcro cigcnva.lues). One can show that 30 is a 
~· M ()( 3 , Scc for cxnmplc [CM 2, Proposition 1. 19) . 

iution of Regular vectors 
r t..t. 4 ' &a' Nnnrnt oí !J1 nnd writc A = X + Z, ""'here X E V and Z E 3. 

" 4 toatd to br rcgulnr 1í Z bclongs to 30 aud X has a nonzero compo-



Patndt Eberlem 

n ni in (•nch t"llb!ip i1Cu w¡, 1 5 1 5 N •• rclftl l\'t: lO tht.> docomposltlon BbO\'C' º 'V into 
«"lg,·nitpnr-cs of j(Z)'J. Clr nrly thc sc:t oí rqultu \ 'l'ClOnt oí lJl i4 n dense op n subsCl 
of t;n :.cmt(' 3n Is n denso pen subsf!t oí 3. 

R e Ollan t vectors of 3 
A nou1.cr vc(·1or Z of 3 ls said to be~ 1( thc l · pnr nmctc.r group (e1JfZI) In 

SO(V) pnsscs t.hro11gl1 t.hc id ntity of SO(V} at somc J>OSil i,•c time w . IL is noL d ifficult 
to 'ihow t h111 Z is rcsom111t ~ t hc ratio o í any LWO nonzero cígcnvn..lucs of j (Z) i$ B 

rationnl numbcr. Nolf• tlmt thc rntio of any t wo nonzero cigcnvnlu of ; (Z) mU!'t 
bf, a rMJ uumbcr since t.hc eigcn\1\Jues of n skcw symmctric lincnr mop n.rc 1>ur l.> 
ima.gina ry. 

lí Z is 11 1·csou1111t, vector oí 3 , then clearly cZ is n.J:;o n resonllnt vcclo r of 3 . 

Regular perioclic vectors of {IB' } in 'TI 

Propos ition [.,cL l)1bo11 2·stcp nilpo tcnt Lie aJgcbra wilh ru1 inncr product <, >. l..c!t 
A = X + Z be ar1 elo111 ut o f 1)1 Lhnt is regular a.nd periodic rchu.ive LO th good 1c 
How { '51 ) in 3. Thcn Z is n rcson/UlL vecLOr in 3-
Prooí l..t•t V = \olí11 ED W1 EP ... ID HIN. be th onhogonal dir L sum decom¡>OtU LLOn 
of V inLo rige11spnces of j (Z)' 1hat wns describcd ubovc. Dy h)•pothC8iS .X hn.s ll 
nonuro compo1wn1 X 1 in cach ig nspn e 11 ·, íor 1 $ r $ N.,. lucr ;(Z), = - O? l d 
on H'., 1 $ i 5 N0 , \1, is rouLlm.! 10 sh w 

r)l 1JI ZI = 1·0.'1(10,) l !i + ( i /O,).m1(t81)j(Z) on r.ach 111, . 
By hypothcsis (!)w(A) = A for somc posit h·c. numbcr w, n.rtel by t hl' cor llnry In (6. } 
thi.s m nns t hllt. c wJfZ') X = X , Sincc j(Z) l ª'~ irwnri;Ull cnch subspacc IV, 11 foil°"~ 
thl\l ,,-'JIZ) do s 1\lso. li 'ncc e..;JIZl X, = X , for 1 $ r $ N.,. E:nth compon nt X, l.t 
nonr,('ro slncc A = X + Z Is r guhu , Bnd 11 íollo-~ írom (") thnt wO, = 27rN,, whcr~ 
S, ls tu1 int egi..:r for 1 $ i 5 N". l t íollows th¡:u 8,/8, is rntional íor 1 $ i ,J _ N". 
Th nmnbers {O;/O¡, l $ i ,j $ N") n.rc th rnl1os oí 1hc nonzcro i •c:nvlllues of 1(Z). 
ood h nr-c hy t he dh11.:ussion nbov wc conclude thlll Z is r · nant. • 

Thl· 11cxt fC.'l llh. l\'l\.'i nrs l pro\ ~I in IMa.s, Th n.:m ·IJ using the nrgumcnt of lhC 
rro¡>0sillon nho \PC, 1\lth ugh non!ling\llamy L5 par! of t he hy1>0thcsls in thl)l r uh , 
ll lt no1 nreded In t.ho proor. 

o rolln._ry Lct N be o 8lm1, ly ronnt.'Ck.'CI, 2-!lcp nilpatcnt Líe grou¡> with Lle nlgcbrn 
9l 1md n ll•f1 lnvnrlnut mctrlc <,>. Lct r be!' a la111r.e ín N . lf thc 1> riodk vcctora 
( 1 th gt'Odesk llow ln 7'(r \ ') rir dcn5C m T{ N}1 thrn thc r nanL vcctors of 3 
atr drn in 3. 
Proor lf 1 h<· pl: rlodi "<'ClOrs for tht' geodCSK" Ro-• { 0'} 1n T (f \N) are den~ In 
T( N ), t h1•11 hy Propo~11t\on of (S4) thc- periodir ,. tor.1 for tht• gooclt,:8lr ílo•' 
(0') 111 1 111(' dt·r111c In ?1 Thr 't('I of rqullu' '"''' of ?111'! dl'n!'(' nnd open in 1)1, 
and hrnr•• 1 hr1 r 1:1 11 <kn~· •t e>f rrgull\1' ,. '°' in ?l 1hnt ruc pcriodlr for { ©1 ) , El\r.h 
f -~ul.-u 111·rludlr \'el°lor 1-c rt nnnl by th,. ~~h 1t .thuw, nml thc proof i1' nn• 
nJomrk1 • 
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t;.la1:upl wit h a dense set of resonant vectors 
.. .. l tht corollwy abov lt is natural to look for cxamples of 2·step nilpotent 

Liir • tlh mnl'r ¡>rod uct.s <, > such that the resonam. vectors in 3 form a 
_..... ~ ol 3 \\'t will rcstrict our remarks to cxamples of lhe form 1)1 = IR n ED W, 
.iwn u • .ubtpact or 11>{11, il), and IJl hns the inner product and 2~step nilpotent 
dnr1 .Jr6~ 1n cnmple 4 oí (6 .lc). We omit the proofs of t he assertions below. 

R«- ftom uiunple 4 of (6 . le) that thc center of 'Jt = IR" e W is given by 
) • t 11 • ""'• t : (X e l!l" ' Z(X) : o for ali z e Ir) . 
t:.1 plir t ((Ot-CJ) LA.-t dlm W = A: , wherc k ~ rank.5o(n , JR.). Then there exists 
• .... ..pm irut...·t O o! C(k , .to(ri, Dl)) , thc Grassmann manifold of k·dimensional 

al ' (l(n, ll.), such thnt if W e O, then the resonant vectors of 3 are dense 

•) 
n. rAD.k ctl 1 Lle a.lgcbrn j) Is thc dimensional of a ma.ximal abelian subspace of 

n a "'""· R} = J wher 11 = 2j or 2j + l. 
¡;, p" '2 ~ H' bt' the subnlg brn of a compaCl connected subgroup G of the 
1 a.1 on.i group 50(11, lll), n.ucl suppose that G has no fixed points in m.n . 
f\ra W mul&nt \t'fLOríl nrc dc11sc in 3 = tv far IJl = R n EB W . 

U U • U(2, ll) nnd Ul'* is Irreducible relath·e to \r , then 3 = W and every 
""'1.0f (lf 3 l111 re:sonnut. lf clim W ~ 2, then \r = SU(2, IR) is the only Lie 

.. tu t;tl • rompacl 11ubgroup of 50(11, Ul) in which ali vectors of 3 a.re resona.nt. 
('-&mplor 3 LoM ?1 be n 2-atcp uilpotcm Lie algcbra of Heisenbcrg type. Then every 

'"'º'" of J ls resonnnt . In particular j(Z)2 = - IZl:z Id , so t he ratio of any 
1 11CG1no r iKt•miJues of j(Z) is 1 or - 1. 

Rtt.a bTitn rxamplc 6 of (6. lc) thnt evcry Lie algebra 1)1 of Heisenberg type ma.y 
•nua IJl = ll 11 ro W, whcrc H' = j(DV) and j : Ct(p) -+ End(JR.11 ) is a 
~al of thr Cllfford 11. lgcbrn. 
R1 RKall thftl. 1\ 2-stcp ni lpotcnt Lie algebra 1)1 with an inner product <, > is 

IObr lkunibtrg Uke if tho cigcnvalucsof j{Z) depend only on IZ[. It fo llows that 
ftürt aontA..1'0 vl'Ctore of 3 are rcsontu1L or none of t hcm are since cZ is resonant 
1' l ~ fCQD.U\t for any nonzuro numbcr c. 

t. lluu. Are 1-lolaonbcrg likc nrc plcntiful (d. IC f\•I 2]). 

5. O.,nsi ty of closed geodesics in r\N, sufficient conditions 
\\ l-t ~ffiCTnt conditlons in the ordcr of historical appcarance. 

Reouh of Eberlein, Mast, Lee-Park and DeMeyer 
P'f don A ({E l , Proposl tion 5.6J) Lct N be a simply connected 2·step nilpotent 

[ · · • 1th a lcfl invnrlant mctr\c such that thc Lie algebra C)1 is of Heisenberg 
'' n.. 1bf. cloled geo<lcslcs nr dense in f \N far any lattice subgroup r of N. 

\\~ .,, 1.be.1 Lhc uCCL'SSnry condition of a dense set of resonant vectors in 3 is 
nampJ(' J nbO\'t;' if IJl hM Heiscnberg type. 

Ptop..oon O (I Mn..,, Throrcm 3J) Let N be a imply connected 2·step nilpotent 
W • 1Lh a Jrft mvnrlruil mctnc such that thc Lie algebra IJl is nonsingu lar and 
~ o \ttlN In 3 is rrsonMl. Thcn thc closed geodesics are dense in r\N 
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( 1 l\UY lntt lc-t• sulJKl'Oup r of N 
Propo~it.ion {ILP, T hl'o rcm 3 31) Lct N ben . imply ronn<.'C't t'<I ~SU'J> nllpOU!llt Li 
Kf'OUP wi1h n lcft. lnv11rln11t mctrk ~od1 t hnl th<> L1r a.lg1.'l>rn ?1 is nlmost n nsingl1lo.r 
M d 3 c(lnrnms 11 dense :iot of rcsonn.nt \"C'Ctors. The:n thc d oscd gcod csics are dcnM' 
rn r\N for nny lnt.1.ic su bg roup r of N. 

L. Oc/\ lcycr was t.hc firs t. to show lh nt thc rondit ion o f nhnos t. no nslng ularity Is 
no t a ncccssnry co ndit.ion for thc density of do.sed goodcsics. 
Pro p osit.io n D ([DcM , Main Thcorem)) Let. IR" be nn irred ucible S'U(2, JJl} modolr. 
\\ h<.>rc 11 is a ny o dd inlcgcr ~ S. Lct CJl === m. "$ U(2, IR) be g iv n t hc inner prodoct 
<. > nnd 1hc 2-st.cp 11ilp0Lcnt Lic algcbra structure defincd iu c.xmnple •I f (G. le}. lf 
{N. < , > } is t.hc corrcspond ing simply connectcd, 2-step nil¡rntent Lie group wilh lr ft 
invariam mct.ric, thcn t.hc closcd goodt>Sics a.re den.MI in r \N for nny lntticc subgroup 
r or N . 

The fon t hat. 11 ili un odd intrger meruts that lhr skcw symmrlrk mn¡> ;(Z) 
ll" -+ U1 11 has 11 uont. ri vinl kernel for C\·cry ,.CC'tor Z E SU(2, fil). For C\'Cry odd 
int(>gt?r ,. ~ 3, lll" hns t.hc.: s tructurc óf nn irreducible StL(2, rrt) module (d . /Dt>~l i} . 
lf n === 3 wc m uy 1nkc Ul 3 = SU(2, Ul) ru1d thc Lir n.lgcbrn st.ructure of U{2, IR) 
maJ<es líl.3 an SU (2, rrt) module. ln th is 1mportan1 spccin.l cM the t.<?Chnlc¡uc of proof 
oí (DP:O.lj el es not. work , ttnd 1t is still unknown if Proposit i n O ho lds h rt• 

for CJ1 = IA11© S'U(2, lll) l'\'Cry \'('('to r in 3 = S'U(2, Dl) is r~nn.111 . lf 11 is M 
l'\1·11 mtcgcr, 1lw11 lt. is cnsy to S<'<' t hnt IJl = IR".:. SU.(2, lll ) is a no11singulnr 2·Slt'P 
mlpa1C.·nt Lic 111 •cbrn. llcucC' in 1h1s ca.se o nc may appl)• the rcsult. o f {f\ lnsJ or \LPJ 
Prob lcm Thr Lit• nl¡;obrfl..i CJ1 === Dl"e> SU(2, ll.) o f {OcMJ all lu:w rank 2 in lhc :wn 
or (6 .5). Con 1w fi nd nit.crin for n m trie 2-~tcp nilpo1cnt. Li nlgcb rn {IJl , . >} o f 
rnnk k ~ 2 such t.hllL if r is nny lntt icc in thc COm?Spond ing shnply connL'Ct N.11 2-st('p 
111lpown1 Lil' t)l'Oup N with lcft inmrillllt ml'tric <, > , t.hen the c!OSN:I gcod les m 
f \ N nrc d <•mm ? 

6. e Leng t h spectru m and maxim J I leng tb spectrum l sospe -
trality 

,\ d ll..':<..,IC'fll problr m of gromt'tr)' 11nd ru1nl) u to 1 ry lO r O\''C.r ru1 oper11lor on n 
p.tc1• X , 111> w n snlLnblr not ion o f cqui\-n.ICnCt', frCJm tht> ~prctrum oí it.s t'igcnvulucs 

f"ot txn1111>h·, 11 itl'lf ndjolnt llnrM opNnto r on a lin1t~ dimrmüonn.I real inn<'r produrt 
Jt.:\C'I' \ ' 1is ro111p ]t'l('ly dctcrrninltd by 1 r1gf'm1\lu up to ronjuga.Lion by nn clcmrnt. of 
1~ 01 t hogo nol g1 oup of X . lf M I~ n R.icmann1M mamfold n.nd .'( Is n suit.tthlt' spnce oí 
func 1to1Ut or d HT1·1t•11llnl form~ l"qUIJ>J><"(I w1th "fk\1ural inncr pruduct., lht'n lhl' Lnplo.ct 
cynu or ll on X \11 1wlf ndjo l11t In tlu• con1,.,.-1 1.hc- prob lf'm hn.s brt'n his ton crd l • 
tQ íin1I rt111dlt lous unck•r whu;h .H i..' 'ktt nmnord up '"' 1M>mf'tr1• b)' llw t'i~rnvnlm 
cJ ihi·rt• IH 1111 l'norinouii; l1l•TMt1rt• on t hL .. • LJbJf rl , ami wr m nkr no llt.Lempl to 

mrruu111• " lwn•. Jf ¡\ ( l'l l\ COITlpM'"I mlmamfolcf N, th(•fl e Con..lon B.nd E. Wlbon 
,. ...¡ 1 hnt t 111• !i)Jlln• o f roinp.¡u:t 111lm rm1íokb 1l'1lh 1 hr !\110\t' l..nplnr(' tiJJ('('l r um ll'i 

U 1 C'"' f1111r 1iun!'I, 1110dulu 1' m,. n r 1-qu1\;Jr1 • a• nota "lng ll' ¡>0int hui ¡ ... n mrt• 
tinJ1~ rh11w11~ln1111l dn11hl1• t" • t 11r.u·1 · rk trrm1n--d In 11,, iJmrr.t umrr cmto rnuip hi'llllA 

\ l o r "p1 • 'f' l ~·111M1·111r1H of ltw1r rrtuh ~l • um-S SoflG\\if\\'r 11hrtll rr rnrn 
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to.._.__. al ~t lu ncr nuLOmorphism shorLly. 
\ fld p!'oblMn In lllcmnnnlau geomcLf}' is to find conditions under which a 

Rl t R.iitrnMnlan manifold Al is dotcrmined up to isomet.ry by the lengths 0f 
• thlld ~· .,,,hh lhc mult.ipllcit.ics of chcsc lengtbs being counted suitably. 

111lki!t!lt'1hr Ro-• uru1sfornmt.ions (~'} of thc geodesic flow play t.he role of the 
l1¡1 A. 1.ht- prriodlc ventors plny the role or t.he eigenfunctions of 6 and the 
~11: iw. al tbr- dow.od grodcslc.s plny t.he role of t.he spectrurn of ó.. The set of lengths 
¡ * ot;I it'Od lcr oí M Is cnllcd Lhe lengU1 spect rum (wir.hout multiplicities) of 

1 
Jliat' " t"C"h'llluns bNwccu th Lnplnce spectrum and the length spectrum ( cf. 

1\ f'OC}I, bul in grncrnl LhCflC cnnnot be wriLten down in closed form except in 
1 ,.,. Cl..._.,.... f'(lll' com1>nct surfuccs with Gaussian cunature K = - 1, or more gener· 
-. M (UUIJ'*"I lornll ' synunctrlc spnces of rank 1 and negative sectional curvaturie, 
lt u.vt f(Jrmuln glvc.'i un cx pliclL relation bctween the length spectirum and 
¡¡, ¡o«1rum (fOoGJ , [GnJ , JMcl< J). In thc case of compact 2-step nilmanifolds 

'~ • ~ .\"hu 1-diml!nsionnl cenlcr, an explicit relation is given in [Pe]. 

f'r bomotopy classes of closed curves 
"" U "11) oomplct. Ricmo.1111inn manifold . and \et C(A/) denotie tibe set of free 

oí c:lo.<tcd curves In M . A free homotopy class C is called trivial if 
111, contitru1t c:urvcs. For cvcry free homolOpy class C E C(M) !et t(C) 

n1tllll of nll closcd goodcsics that belong to C. lf M has nonpositive 
.Lf\'alln1", llwn f(C) is u single posit.ive number for each nont rivial C E 
"'M· in g<.'ncrnl t.ho set t(C) mny comain more t.han one real number, 

11•a.. "'""ª 1nfinlltly nurny. Wo shall sce Lhnl fo r a compact. 2·step nilmanifold r\N 
'"~ 111 / C'} com.t.1n1 n largctit olement and a smallest element, and these elements 

D 1 ~" dilfrtt<nt un lcss ~he Lio algcbrn IJl is uonsingular and the closed curves 
brlon.g to th1· ccntor of rr1 (f\ N). Moreover, the largest element has a 
t lnnnuh1 in torms of log f ~ 'Jl. See Propositions A and D below for 

tu)' CO\'t1rlng 8pl\CC Lhcory t.here is a bijection bet.ween C(M) and the 
in tbr fundnmcntnl group tr 1(M}. Hence ií M1 and M2 are comple~e 

DW1Uold8 wlth isomorphic fundamental groups, then any isomorphism 
( \/,)Induces n bijcction T. : C(M1}-+ C(A/1). 

h and marked lengtb spectrum 
l.11 V • inm1w 1 Rlomnnulnn mnniíold . For each posit.ivc number w !et. n(w) 

11"-J af froc• hon1otopy das.ses oí closcd cun:es in M L-hat contain a 
ol lrngt h w. Thc numbcr n(w), thc multiplicit.y oí w, is always finite 
~ of M . 
H , n(w)) : n(w) '#-O}. The set .C(J\! ) is caJled t.be length spectrum 

l"pllcltloo). 
\11 a11d M2 be compncl Rienmnninn manifolcls wit.h isomorphic funda· 

\\'" say Lhnt. Al 1 and M2 hn\'C thc same marked length spectrum if 



thrr f! ·iJl!UI nn \f40mOrphl6m T i:c1(M1) s 1(.\f1 ) uch tlu)l l (T. (C)} = f (C) íor 1\.11 
C C(M¡), wlw1C' '/'. : C{M1) C(.\/1) tS ll1<'" b1}tttlo11 1nduccd by T . leru-ly n.nr 
1--a""O rompncL Rh.•111n1111hu1 mMlrolds •"'>lh lhr M\llU~ rnMkrd kngth spec1 ruin luwc th 
'-Nn ]f11g1 h llPt'<"I 1111'11. 

Lcngth sp ctrum in com pa t __ lep ni lmanifolds 
Let N bl· n sirnply comioctcd, 2-A"tie¡> nilpote n1 Lle group with n lc.ft. h.wnrlnm m trie 

<. >, rllld ll'I. r bC' n lnt.1,ii;c In t By thc d1.scwrsion in (5..1) t.hc lc.ngl11s oí thc clOISC'd 
J\l"Od~k.s in r\N llrO pre. isc.ly the posit i\'t? numbcrs w sud1 thnt. VJ • 'Y{t) = 1{t + w) 
for somc lfJ r uuct nll t e IR The ne.XL Lwo resuh.s, whlch are Propos1tion ·1.S nnd 
u.~ rorollnt y In ¡g1]. glvo useíul mformation about th~ pc.riocls w o í thc clc.mcnu lfJ 

N 
PropodiLio u A L L N be n aimply connected. 2-sl p nilpotc11L Lle group wilh LI 
111 brn CJ1, 1111d lct. <, > be n 1 n 1m1ll"1o.nt me.trie o n N . Let. VJ b nny c.lcmc.11L oí N 
M d wriH· V'= oxp(l/ • + Z"), wh re \ .• E V n.nd z· E J. Lct Z .. be thc com¡>011(!nl 

OÍ z· on hog nnl LO [ll " ,~11 and Jet w • = (11"-I' +IZ""J1}' / ' . Lct7(I) ben unl"pc<d 
g'N>d le oí N iJuch t.hr1t 1fJ • "f(l ) = ')'(1 + w) ÍOf aJI t E Bl. Thcn 

1) Jl'"I ~ .., _ ..,· . 
2) w = w· <=> t.hf' followlng cond1Lions hold 

11) 1'(1) = n · cxp(;,-W · + z··¡¡ for ali 1 e IR, wh co" = 7(0). 

b) z·· = z· + Jl'",(I, • •hore ( = log n 

3) w = Jl'"l <> Z" = 0 0>1(l )= n cxp( {h) i rnll f E Dl. 
orollnry O l.Á.11 N be n simply connccted, 2 ·Sl.('I) nilpotcnt Lic group with L1 

al1tt"brn 1, nnd lct , > ben. lc.fl inmriMt m tnc on N . Let. rp be rmy c.lcmc.nt oí N 
thn1 docs 1101, lle in th cent r of , n.nd "•me = cx1>(\I º + z · ), wh re. O t- · e V 
M d z• ~ 3. J\88111111! thnt 2 º li in w·, ?lj. Th n 

l) i.p hr1., n uulqu pcrlod tJ = w·¡. 
2) Le1 1{t) be i1 mii t :ipccd gcodcsic m ' 'lli' llh -,(O)= n = cxp{O, whcrc ~ ?1 

Thon 'I' . 1 (1) = 1(1 + w) fo r <\11 ' E 11 ., IC 1 . , = z· •uid 7 (1) = " . xp( ~) for nll 
1 11 
ftf'..mnrh 1) Dy Proposition A oí {63) t be corolln.ry i.\pplics to nny no nc ouaJ 
1 m 111 rp í N ií IJ1 Is uon~lnguhu. 

2) Thl' proposlt.lon nbovc ru1d i~ corolll:U)• g'i \ mformnt 1011 nbout t he lnrgC'lt Md 
'mtLllcst pc•riods o í nn clcrnc.nt of N . Thcrt is abo M c.x1>11dt but mort• 01nplicatcd 
f muln fo1 n.11 of t.h pcrlods of V'· Scc Thco rc m 1 ·I f [Gl\l 2j. 

P riods o í central 1 m ut.s oí jV 
lí ¡p i.!1 nn clc.mc11l in th rentcr of ,V , ' hm 1htt- gt«leslr..s trnMh\lcd by V' nnd lh<! 

p4>nllilil u f .p hnvl· rnnrk('dly d1fff'r\'.IH bfha\•tor llu.n th~ of thc no nC'cnt rlll •l •mc111.a 
,.¡ '11 

Tiir nut IWO l{'!'lllll !'I Ar(' rr J)O'lllOnA ·I !) and .. J 1 r JEIJ. 
Protlo11i1icm ' I A.' l 1 IH· 1\ 'unply c:"Pnno"C""\nl 2- -i~p nill)Jn ,·nt Ll1• s10up with Lw 

rd•i,'l IJl , nd l1•l , > br" lrft lll\Ml-Ult '"" Mi .\' V ·t .,> lw 1111v elt•mr nl of 
\ thott lk 111 lht• lt'lll('r o f ,\ 1 n '' , - bf ...rb:lll<t.t) :u1d IN l br :in)• uml !'IJ>t.'fd 
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¡-:i•'ril I \ .udl 1h1u 1'(0) = n l\ncl 'Y(w) = '{J · 11 for some positive number w. Then 
, 1,. ¡ r .. .i11e 01 . f; aUCiO O 1.l'1 N ben slmply conncctcd, 2-step ollpotent Lie group with Lie 

1 • .,,. .uid IM <.>be n lcft invl\rinnt metric on N. Let. = exp(Z) be a central 
":ro .. ltl af \ •uch tluu j(Z) ~ O for somc Z E J. Then there exists a positive integer 
\ , ~ • ..- tw .i lt'Mt t.wo diatinct pcriods fo r ali integers n ~ N. 
R• U \' h-8 no Euclidcnn de Rhrun factor, then j(Z} #- O far every nonzero 

ol)b (62<). 

M """'I lcugth spectrum and marked ma.ximal length spec-
ltum 

9 f>1~han A llbo\'C cnch nonid nti ty elemcnt ip oí / · has a unique maximaJ 
p,.1 , .. • _ ' ( ), wh08C formula ie given in the staterncnt of the propositiion. Now 
11!~ r br .. , lAHk'fo in N, nnd lot rp be a nonidcntity element off. The correspon-
1,m,... w....rn frtt homOlOJ>Y CIMHC8 OÍ closcd curves in f \ and conjugacy olasses 
111r. 1': 1ff'\i\' ) .oo.. .. thnt w"(rp) ia the lnrgest length of a closed geodesic in the free 
li r• ria..~ o( d<W<I curvl?l! dotorminc<l by Lhe conjugacy cla.ss of r.p. For each free 
li t'l\t., C c:M dOMKI curves in r \N we leL l "{C) denote t.he largest length of a 
t ll~o'I lf' In e 

f ~ ada PG-tll\1.' mu nbnr w· lot r1'(w' } denote Lhe number of free homotopy classes 
t ··h ..... ~ e~ '"''"' ln r \N lh nt contnin a longest do.5cd geodesic of length w'. 

b t · NJ • !(w',n"(wº) : n" (wº ) 1 O). The seL l'.º (f\N) is called lhe 
~-~ of r\N (with mul tiplicities). 

1r1 f 1 IUt' lnttlccs ln slmply connccted, 2·step nilpotcnt Lie groups N 1 and 
ln'"lf'iMt mctrlcs, thcn we sny thnL r 1 \N1 and r 2\N2 have the same 

PlmAI '"" lh incctrum if thcrc cxists nn isomorphism T : f 1 -t f2 such 
tll .'-' r . l1f (• or ni\ C E C( r 1 \N1). Here T. denotes the bijection be-
1111··r•t r, , .,) IUlcl C( r ,\N2), whorc IVC rccall that r ; is isomorphic to 7r¡(f;\N;) 
~'~ 1 1 2 

1 1nn r automorphisms of Gordon-Wilson 
and E. WllBOn In IGW] introd uccd thc importanL concept of an almost 
hWn oí Cl shnply co1111 cctcd nilpotent Lie group N. We say that an 

HD ,· N -. N Is ~ if for cach element n of N there exists an 
u(n) oí N euch t.hnt rp( n) = or10 - 1. Thc usual inner aut0monphisms 

• . a COtl8tnnt functiou on N. 
Alld WUAOn ~howud ~hnt th scL ..t/ (N) of almost inner automorphisms 

• a W.- 1ubgrou¡> of Aut. (N) that in general is strict.ly larger than the 
't au1omorphh11ns. Thc Lic nlgcbra of A l { ) consist.s of thc a\most inner 

~ of "JI ..,hert• 1)1 donOlé! lhe Lic algebra of N. A derivation D : 1)1 -+ 1)1 is 
,j Q 1•vr1v 1•lcm1'11l .r. E ')l thcrc cx ists an clement {(x) E 91 such that 

1 ' nr N:¡uivnk·n~ly, thnt D{.r.) E ad z{IJl ) fo r ali x E !)l . The element 
fJ br 1q 1lnrt'CI by ffr} + Z(J) , whcre Z{L) is any element in tbe center 

.. ?1 r~lJI bl' chOSt'n so llll.\l {is conlinuous on 3 .1 - {O}, Lhen D is said 



11R 

1.0 b1• QÍ ('()lll l l\ll{:)IU~ typf' 
Ir N "Gi2.111rp 111lpOll'flL nnd .,: U An alm 1 inn1·r nutoinnq1hl.'lm oí N, thcn th~ 

dUfr11•111lnl rll(J (; A111('Jt) c1m be- •1'1tl(·n d.¡;= Id+ O, whnt• O il'I fUI nlmOSL 1nrwr 
df'rl\"nlltm or 1)1. One 1Utya lhttl ~l .. of rontinUOU.'11 typt:' IÍ D b of C'Qlll lnuou~ l)•pc. 

lf r' 11' n ln11 kr 111 N. thf'n an 8u1omorph1!'>m .y /\' N 1l'i C"nll<"C.I C-nlm08t more 
f fo1 l'\'l'f)' '}'E r t,hort• t'Xi!'lt.~ an drmt:nl o= o(')) ~11d1 th.tt ip(')) = a')o-1 for "1J 

( r T lw ÑC'L Alr(N) oí C-ahnQll.t inncr outomorphl 1118 \1¡ n.lso n l..ie subgron¡> oí 
Aut(N) 1hn1 In go11rrnl Is largcr than thc group oí lnn<'r n11u:u11orphíSm!'l o f N 
Th('Or C'm B (! , \\/] , [Cord '21) U-t X lK' n sim¡>IY <' nn('('tc>d, nilpotcnt Lit• group 
\\llh ,\ lt'ÍI l11vnl'i11111 11wtrir ~l r })('a lottict~ in I ru1d ICL V' ben r -n.hnoM lnnl't 
~111.CUllflrph~Slll o í N. T ht•n r\X And .,,{r)\S h;\\"(' thc IJl).111(.' Ln¡>lnrt· S(Jf'ttrum on 

íunrt 1u11K 11ncl p-fo1 ma, 1 $ p S dun N 
Tlll' 11111111foltlK 1'\N 1111d y(r)\N lU't? l..'lplnn.· i1>0!!11cc1rnl 011 fu1u·1io111i ru1d fornh 

1f.;. ifi .1 r.11lrnos1 lrmcr nutomorphi!--111 oí.\", bu1 tht•y are not iw111l'tric: unh'\.,, '-' 
.m imll'r nuto11101phl~m. $('(' Thcon•m S.S o( (G \\') for a 111on· complcu.• sU\U'm~nt 

Rigidity o f m ark d m ax irnal lengtb spe t rum 
lA•t N bf· 11 slmply ronnt'Ch'<I, nilpotent L1r group w1Lh a lcfl lnwirio.nt mc•trir, <U1d 

lt 1 1 lw rt 1111 Lk1· 111 N. lí ...; 1s n 1 .. Nmo 1 mnrr nutomorphi1m1 of N, tlll'n lt 1~ c.L .. )' 
lQ '-l"'I' 111111 1 ht' l)l' l IOdli or ') nrc thl: ~u· O\.i! th<> l><'riorl1' of V'h-) ror ('V(:'ry..., E r h 
lnllow1< 111111 r\ ' nud ¡p(f)\S how tlu: '-d.llll.' mnrkrd l11ng1h i;pC'Ctrum ;uid mnrkcd 
m11.:mn11! lt•11g1h !lp1•rtnnn. Lm 1\ ' Md .v· \)(" ~unply co11111..><:tcd Lic grou¡>S w1th kh 
inwulimt m<•lrics 1u1d 1111p¡)()&(' thul thcn: c.xnu n g·roup iM>m rphuun V': N r\ ' 
1ha1 1K lllim m1 Íli 111r try. Thrn il follo\a.·'S tbat f\N a.nd ip(f)\N• nlt>O hnv<• thc MUTI• 

murkC'd k·ng1 h ttpí•1·Lrum tmd nmrkt'd max1maJ h.-ng:th SJll'f"Lrum. Convcrsdy, 1! •• 

I• lrltl 0\l l :il'h11~'11t) 'l·Slt'J> compl\rl nihnamíold.o. f\N lllld r·\N" 1 lhC'n t.hC!)C nrc thr 
onl~· twu w11y:1 tlrnt t hl' mark('d nuuinuU lr.ngth pl'f'Lru1n CM be !h(I anmc. Morr 
jlrf'('IH'ly, Wt' how Lh(' followmg r ull, which is Tlll-orc1n 5.20 <JÍ IE IJ. 
1 h o r c 111 F' Lt.IL r. r· be lnllLC:CS lll !Stmply ronnt'('ll'd, 2·Slt.'I) nil¡>Ol·t' lll. Lir group 
•·uh lrfl invnrl/\n! lt\Clriti!. ASSU111l' LlllU f .\! and f "\,V• h!Wl' Lht.• SIUllC UJOJ'~l'CI 
tniU:mllll lt-1111.rh i<pt'('ll Ulll, o.nd IN V r _, r · bt• /Ul ii;0111orphl.Nlll Lhnt lndllt't'!'i thL 
moukmf\ Thj·n ~11:.. {"11 o i.·1)1r. wlwrr 1,.. i:. a Í·1t.lmo.'fl ln11('r nutomorphism ( ,\· 
,,mt 1''1 1'1 n1111111u1110rphiJ1111 ar V onto ,v · lh<11 L"' ,'\.J!ofl rrn ii.o11wtry. In pnrt1culnr r \.\ 
·'l11il 1 "\N" hrt\'t' tlw !lnnw rnru-k('(I h·n~th ¡l4irtn1111 1u1d dw 111um• N¡>•'t'lr111n tif thr 
1 .1pl.1rm11 011 íunrrlon!l nud dlfkrtnllnl fonns 
n °·m1:&rk Tlw lt'imh 11bon• M~. tlMt 111 ~ ll'-1 1)w nmrkf'(l maxiinnl lt•ngLh fllX"f' 
\fnm ck1t•1111l11t•!! 11ot only lht· mu.rhd li·nglb f>t"'"\rurn hut ill~ t lw Lnplncc ! p("("ttl) 
on funrunn!I and dlfít·n•nthU form, f1rot~lton \ o..3y"' t hBL thP mnxirn:d length ~1wc· 
1•um uf r \N rr111 bt• romputt"<l from lu,t r b) • 'Jmplr 1-xpl1r11 formultl lt iM lnterl'!'lt1n~ 
lo •\.."'k lf l lW l.11¡1ln(•4• ~Pf'('Ul\ o f f\,V on ÍUOCI •fu and fonn., ('fin n.1~ 80111C.hOW bf 
t 111¡1ult'fl 1•xpllt\1ly from I~ f 
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le 1 r , probl 111 of g odesic conjugacy 
¡,,e Al 1 \(1 bt JlJt·mNinitLn mnniíolds with geodesic ftows { !.?)~} and { !.?)~} on 

·- andlttl .\f¡D.nd SA/1 . Onesnysthat M1and.\f1 are Ck geodesically 
~ ... o 1 IUI lntrger, if thcre exists ne• homeomorphism f: SM¡ -+ 

1 tM& /te~ "~º / for ali t E lll. lf k ~ l , then this condition is equivalent 
.., o:edilim /. if\1) e,, whcrl' ~ . and l.?)1 denote lhe goodesic vector fields on 

_)/ '11 
JJ1 and \11 muin luwr thC' same dimension n if they are geodesically 
U ri ) 3. thrn 1t is not hnrd to sec that the C" geodesic conjugacy 

1 JI • ·J.t1 t: lut<1 1\11 l'tómMphi!;m T between the íundamental groups of M1 

11 ..S T. (( \11) 1 C{AIJ) prr~rrves thc marked lcngth spectrum. 

11 &!I nllb. qw!!llon lo nsk if tllC' gcodesir ftow determines the isometry type 
manifold. Morr prrci11r\y, ií M1 l\Jld M1 a.re ruemannian manifolds 

.,..( • afü ronjugntr, then must A/1 and Al, be isomet.ric? The answer 
..-..a b no in ~rnrrnl , but. l:i yes 111 some important special cases that include 

Jla abd .U, art• rompnct. surfaccs 1ovith nonpo5ili\-C Gaussian curvature and 

JI U, l1f' romplll't mnnifolds of arbitrar)' d imension a nd nonpositive 
<W'>lulT r&nk M1 ~ 2 •nd k = O (!CEKJ). 

J.11 il 1 ootnPAfl, IOGnlly synunctric spRce with negati\'e sectional curvature, 
1 nw11fohl wlth ncgaLivc scctional cur\'at.ure and k 2 1 ([BCG 1, 21). 

rf thr R,OOdt~lc ro1\jugacy problem in thecase t ha t both M1 and M2 

' 1'11 mlm1U1líold11 of dirncn!ion 11 2 3. As we noted above if there exists 
lJU~fM1· / · SM1 -+ SM,, then M 1 and A/1 have the same marked 

and m pa,rticulnr thr samc marked maximaJ length spectrum. In view 
,. -1Jh for mo.rkrd nHlXimal lcngth spcctra,Theorcm F oí (6.Se), we may 
e • th11t thrn• <'Xh!t .. 'I n simply connccted, 2-stcp nilpotent Lie group N 

lln.a ni mt·trit, a laitlct> r in N anda f -almost inner automorphism r.p 
111 r\N nnd M, = op(r )\ 

Lb.M U1 and M1 atC' isomC!lric is equivalent to showing that the f-almost 
.,· Bbo\'C is nctunlly nn inncr automorphism. By Theorem 2.12 of 

• dlt ' orph~m tp mu$l be nn almost inne.r automorphism of continuous 
,. ·~ 111 lht dlAC'u~lon of (6. ). Almost inne.r automorphismsof continuous 

"1! 1111( aon..-r f\utomorphi~m'I are rnre for a 2-step nilpot.ent Lie a lgebra. In 
1 t for n grncrlc 2-st p nilpote.nt Lie algcbra. See [GoM 2] for a ... 

1 additional rond111011 that thc gcodcsic conjugacy f : SM1 -+ SM2 
rJ" • ·mpll'Ctíc d1 fTcomorphism f : T M1 -+ T A/2 , thcn M1 and M2 

· iC\ISI for • proof 
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au s map for submani folds o f a c.onn cted Li gr-oup 
Lrt /( b(' 11 C:Ollllt'Ct ('d Lir gtoup •'1lh l..i algl'brn J), IUld 1 l e : T /1 = JI )( S) J) 

lM• tlw Gnu~ nrnp. l:Or nn ilu~cr k •·nh l _ k S n ::r dim // Jet G(k,J')) dl'nOlf" 
th rt.t.SSlll/11111 nrnnlfold or k-d1mcn..1"otonn.J &ub.ttpn~ of J). )( s is n k-diml'nalonal 
ubmnnlíold of // , t.hon Y.'1! lllDJ d<'fin a G:tu.ss mnp G , G(k, J)) by G(.r) = 

G(T, ) = {G(u) : u e 7',S ~ TH}. W abuse 1101tuion 1tlighlly by mmtg thl' kucr 
e Md thC' 1111111(' Gnmlil llll\P lO denote al<WJ thb e>:"lt:nsion of Lh(' originn.I nu UU\p 
~OI(' thoL e : T,. lf = {Ji} X 11 LS M i.somorphl.sm for ench " E /1 :;O thnl C(T.,S) b. 
k~dimf'IHllOlllll 8Ubilp1\CC OÍS) for C:\"Cr)' Z E 

lf /1 - n1", rcg1\rclcd ns n -.1mply connec1ed ab lian Li<' group, thcn thls Ca.lUI 
mnp l.s jn8t 1,ha slnudurd Gnuss map uSC?d m cl ic.al d\U rentlo.J gcomctry LO o:tud) 
~bm 11\íolds oí Euclíd an spn.cc In thi.! more ncral cont.cxt thc tnLSs mep 
e G(J• , J".l) ahould nlso be u.scíul for StUd)'ing 1hc OOlllCLry of ir nny d1okt 
of kf1 hwnrin.11L 11101.rlc <, > on /1 I n fBCt, comparlng thc gco111cLry of for diffcrttn 
d\okrs of <, lt1 nn lmcresting problem for a. gfr n co1111 tcd Lic group N Tbb 
pr<>bl m Is non xlsLOul in th cnsc thot /1 = ll." smcc ali lcft. iuvnrlanL 111 tria <. > 
m 1 lus cl\M' nrc llftt and lsom u1c t.0 cach other 

Th im ag of geocl s ic une! r th Gauss ma p 
111 1h\11 orl lrl(I wt• l'Ousidcr onl) the CAM' thaA is n t.otnlly gt..'Od ic ~111b11uuufold 

of /J n.ud /1 :;o N, n sl n1ply onntocuxl, 2·st~p nilpotl'nL Llr group with n lr ft in\'nnam 
m lnC' <, . f'lril t wc cons.idcr th :se that u: 1--0uncnalonnl; thBL is, i& n geodcu<' 
., (o.b) - • N . Wrl~ 1'(0) - (n, ..1 ) = dl .. (A) for A E ')1, 1md ""rite A = ,.'(+ Z. 
••h tl' X V fl11r\ Z • 3 ns in (6.2.n) In t.hi.s cast' T, = 'Y'(t) i r t E (o,b) (lnd by th 
¡nop()Sitl n 111 (6.8r1) G( ) is thc cun·c in 91 givcn by 0(-r'(r)) = c1J(Z1 X Nolc th31 
~th 1 C : ,'(k, .1)) h1 n nslnguln.r or C 11 a>nbt.nllt. 111n.p nnd j(Z)X = O. In lbt­
lnH{"r cn,-.c -y(t) = 11 · Xl)(t..t), Lhc 1 fl Lran:iliu.c o! tt l ~pr1rf\nuH r subgroup oí 1 b) 
thc- goodcslc cq11n1lons of / ns found. r r cx.a.mple, in PropO::iiLion 3.5 of [ l~ IJ . Equh·· 
1tkn1ly, if lii 11 g1:odc.sl · or • thcn c1Lhc:r C(S) lS a nom1l ngulnr cun·c in ?1 r G( 
UI po1111 11nd S lg t.hc lcfl lrn.n!llnt(' oí n lotally g«>dcsic l ·dimc.nsionaJ 1H1bgroup of N 

Th imag or tola ll g od ic submaDi íolds und r t h Gauss 
mnp 

11 1 11' n 110 11si11g 11llU' '2·JH~> 111l¡>0tmt 1,..,.. al,gl'brl'l, thcn thc- CnUfi.íl 111n.p exhihiLt 
'•nuhu b hrwl r far lOUtll)• gtodesk otub1muu.foldtt of N wiLh dlm nslon k ~ 2 CIE'llJ 
\\rilo 1101 k•~ow lf non.ainguhuity LJ a n~ hnlOthcsút or me:rcly n convcniencc fOf 
1l-11 ¡nooftt 111 [E'lj. Wt no~" that 1f S ts a -dunrru.1ontJ t.n.lly g('()(IC3ic submruufold 

f 3 ~urlldt•tm 81}0 t' /{ I\" ' tlwn thf' c.l.L tnap e s C(k, Dl") Í.'1 n COl14lnnl 
m.1p 

ihr 1wx1 1 ~o íi"!llUll" lUr Th rrm 1 1.00 (,"'.( tt>I~· S G nf IE2j 
l'Jro110 11lclo 11 J\ 1...t•t (\.t... a ~mrh f"Of1""""1rd .. ·•1'1J ml¡)Ot,·m l .1•• gtnu1> oí chmcn 

'"" '.1 ~hfl"i1' 1 Jt. nlar~ra CJl l iuJ.ai l...-1 hr ,J ld1 1t1\rnlnn1 mt·t-nr 
lfl ,. nml h·I S hr " tolo\ll~ rod~ RI nld ,\ - of rhtnrmltJll J, 2 l.A"~ 
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, Ctl "ll dmolt thr Grrnss mnp. Thcn cither Gis oo:isingular al.every po~nt 
• , • mntUU1 t nll\JJ nud Sis nn open subset oí Ln(N ), where n 1s any pomt 

,\ a lOCAlly goodcsic subgroup oí N . 
p, 11 ..,0 a 1,.1'! ,\' be" slm¡)ly con nected, 2-step nilpolcnt Lie group oí dimension 

J • .... t.,..- iJ~l·brn ?l l11 11011 11lngulnr. Let <, > be a left invariant metric on N 
~ kt • • tot~lh goode!!lc submnniíold oí N o! dimension k > dim 3, where 3 is 
... nlll-rf -al fil Tbrn 11 nn opr n subsct of Ln(N), whcre n is a ny point oí S and 
\ a kA ,- ,~~lt 1ubgroup oí N. 

rr~tion D lf\)'11 Lhat if thc dimcnsion of a to1aJly geodesic submanifold 
d \ u ~fr)Ol'f'lll) lft.rg<' In t hr nonslngular ca.se. then S must be an open sub­

"'' d• kit uanJ111t oí ri tOtnlly gcodesic subgroup oí N. IL would be interesting 
IO .NMt tnon· n.IJout thc Onu!JS imagcs G(S) when dim S ~ dim 3. Can 0nc! 

p1rt..- d rip1\on M 110.tlsfnctory as iu t he l-dimensional case that S is a 

i. xtensions by IR and 
spaces of negative curvature 

7 1 Th criterion of Heintze 

~HliJ) and O.V. Alcksccvski (!AJ) werc lhe first. t.o st.udy systemalically 
n a( i11 1rnply conncctcd homogcneous space oí strict. ly negative sectional 
\\, d1'11C'UJ111 tlw mcLhod of H int1.c, which is closest to our own discussion. 

lf»JlfOM'h ••l\!J gouornlizcd by R . .<\7.cncou and E. Wilson in [AW 1, 2] to the 
1 "" d 111~· mnnt't\NI homogcnoous spaces with nonpositive sectional curvature. 

• •• -.n thl'll (Wt•ry shnply conncctcd homogeneous space M oí nonposit-ive 
•r '*" nu .iuu· hu n !!hnply trnnsltivc salvable group S oí isometries. Hence M 

<'el M " *'lvnblo Lle group S "'ith an appropri ate left invariant metric. 
... h • rom1 r ar ¡\I ruul lct r : s _, ¡\/ be the diffeomorphism given by 

1 J • ' '- ali 1 E S. lf S Is givl'n t ite metric <, >, that makes x : S ~ M an 
mirtn lhnl 11 P t""--"Y to M'C thnt <, > .1 is n left invariant mctric on S. 
~la "ft•J) dt·dwd nrccssnry nnd sufficent conditions fo r a salvable Lie alge-

lr S t tn nrr product <, > such thnt thc corresponding simply connected 
lw 1tb kft lrl\'ttrlant 111ct rlc <, > has strictly negativc sccLional curvaturc. 
t ·· ,. JI, ) LA:-1 5 br n soh'llblc Lic algcbrn, and let S denote thc si mply con-

L1,. grou¡) "''i th Llr Ngcbrn S. Thcn the following are equivalent : 

1 "" lnnrr produrt <. > such llmt S with the lefL invariant metric 
\r o,(>(' t\onnl tut\'t\ lUrt 

' folknl.· 111g pro~rt\C! . 
• " IS . .G' J hM ccxUmens1011 l in 5 . 



h) .O ndudu n ch1r\ tlon D ~uc;b thna tM 1 1 rkLl n or D lO 91 hM elgt'J1,'1\.luti 
v.ilth p0tilt.h1c1 re 1 po.r1;t 

n~rnnrk 1r .o lt1 n 11olvnblc Lh• l\11t a. 1twn 1t roinmut.nt-0r subn.lgcbrn CJl =¡s. 5 J 
Alw1tyM nllJ>Ol('nt. 

7.2 Example 

R.i monnian sy1t1m t ri paces o f o gathre e t io na l urvnt.ur 
1.R1 M hr n i1.l111ply conm_'Ctcd Rkmannirui . ymmc1 rk liJ>fl<'C wlth 11011J>O.'llth·r 

1 nal cun ·nt.urc 11rnt hM no Eud1dcan de Rluun foc t r. Th(ln e = l.,{M ) 14' " 
W'1111l1Ull¡ll~ 1 .. lc sroup f\nd odnul;! M '"'Mll\\1\ d('('Omposillo11 e = /( A t 1 whe:rt K 
"'mui11Hll romp11l't. l'.l llbgroup oí G, A IJ M abclln.n 1mbgroup nnd N la A nil¡>Ot.cnl 
uh 1ou¡> (rf. [llC1l. Clrn¡)lcr VII). lf S = AX. thcn i.a n sol"nbh.' aubgroup thot flCl.11, 

•1mply 1rnnsl1h1oly 011 1\/ , H 5 Md 91 nrc th'-' Li<!' o.Jgcbrrui or nnd , th n 91 • 
IS. SJ 

Thc g1 up A Is 1.d\111 L"n!!l nn.I o 1hc ~ion&I C'urvn111re of M Is s1rictly ne nth't' 
In tlus r.N&C' 91 = \ 5 , .S J 1:1 n 'l·.St~p mlpot...-nl L1c algcbro oí 1-lcí.o;enbcrg typc, mod· 
ulo m111ti 1llyi11~ Lhf." mctrk o.n ¡\f b n J>O'l1t1n: cunSti.Ult. lf ;10 is n uni1 wcto r ín 5 

hosonnl 1 'JI nud lf O = M A0 , th n O b tt. dcrivntion s uc.h thnt D = 2c/d on 
3 :ind V = r Id on V = :;.1. ror IOllH' ncmzcro roru,;UU\\ r. llcplnclng A., by - A 1f 

n 'l. lr)' W(' m t1y n&Jumc ~hnt e l.!J ¡>O!lt1\ U tb onginnl mctrit on M id nu1lt1pht'd 
b, n !!Uh nbll' po.'111.hoc cons tMl, thc.n \\-C mn. umc th111 r = 1 $(.'(' 111 i} for d('t1Jl.t 

3·st p arno t solv m ani fo lds 
W now work bnckward.lf w11h thr f truClutc N.~ult of ll1•l nt 1..l• nnd th rcutru 

abo\ to guldc uil. LcL ?l be o 2~n p nflpotcnt L1 nJgcbrn with M ínnl'r produn 
<. >. Md ddlnc n durivnti n D n ?l b)· D = Id on V = 3J. nnd D = 2 Jd on ?1 
J..4.1 5 - Dl lJJ ?l n.ud dulinc n brAdret opcrntaon t.J on 5 such thnt lld ( t ,O) - 10 for 
ali t E Dl &mi [, J ngrcc.'I on 9l with th bradcr-1 of ?l. lt la •a.sy tO r heck thnt. G u 
O "nbl1:1 n.nd j .G , .!i J = CJl. Now lc.t. S be g1'-en lh~ mn('r product. <, > · t111ch thM 1\ 
Md?lnr o rlh g nnl.<,>- = < , >on?lMd ( t . O) h 1 ngth l Ll!t bcthr1lmpl) 
connt'Ct('(I Li<1 gro11p wlt h LI a.lgc.brn 5 o.nd 1 ' <, > · N.10 dl' llOt.C 1he corrcs¡>0nd1ng 
k it m\•tu"ln.ut. nwt.rlc o n S Wc cnll { , <,> ª)a J.. Loep arn t. M>lvmrutifold. 

uefJ:tion 1 Unclrr whot. cond1l10mon (?t, <. >} dot-1 thr J.sl<'P Cnrnot. bOlvml)J'llíuld 
{S.<,>") hn''º 11cgMlvc 50Cl lon"1 CUl'"\1\lUU" "' 

Quc~Llon 1 ndur wh(ll conditlons on {?t.< > ) b: 1.rht 3-ll'l.(·¡> Cru-not bOlv1111U11fOld 
{ , ·} 11 llkmnr111\nn dymmctn KJ>O)C"C wilh OC' '" srct.lonn.I C:Ul'"\'hl\lrt• ? 

A J)lU'lln.l f\Ultwt•r lO l.ht• finu. quf"'(tlon u. gt\T"tl by thr nrxl reiult , which is 
p, )()fl1titm J 10 oí !EII j. 
P rop oslLlon A Lc.•t { , <. ·} \>(' n J. '("P -.\mOI lvmf\Jllr Id For C'J\Ch Z J, 
, 1: ~ r rntn r IJl, ltit J(Z) V t V be lhr •.U-. 1-. mmrttlr lintru m p f ( 211) . Ut 
1111 """' {IJ(Z)Xi X .Z 3and 11' • Z{ 1) t..-1Kd•nnU'1hr lonlll 

CW"'\';.tu1r oí{S , ,, · ) Thl'n 

l ) lf " 1 '" K •. <h•n llJI _ 2 \! """,., (J(J:).I'¡ 2 IZffXf loo 
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"""'" z E j •nd X E V"' 1(Z)' X ; - 4 IZI' X . 
r. 1 J 1 &od llJll S 2, 1he<• -•I S K S - 1. 
¡ ...... JJ..MblUIU"y. 

1 11 <l.lhm K S- 1. 
U . J'l. 1hM1 K ~ -•1 . . 

••l"f '° lhr 6('('0nd qul'Slion is gi\'en by the next result, wh1ch 1s 
111 rftlJ'Cllluon 3 oí lllelJ. The condition (•) belov.• is called the J2 condition 

&Del lhr Dt"Xl rt'flult \'i Bl50 a diffcrenl íormulation of Theorem 1.1 of 

tioa o LC1 (S.<.> ' } b<' n 3-str¡> Carnot soh•man1íold with strictly negat.ive 
.....,w.- '"'h th•< J(Z)' ; _,qz¡' Id for ali Z E J. Then {S, <,>•) is 

'PI" e:> foi {'\lt'ry 110 111ero \'cttor X oí V and every orthonormal basis 

z.1o13 ..... , 
, \ , •pM(J(Z,)X, .... J(Z,)X ) whenc»er r # •. 1 S r, s S p . 

. ·RJcci space 
l l)u,,. _,ld F. !Urd prO\'cd the following imPorlant result 

V< fS .• >·J br n J.stcp Camot solvmanifold such that j(Z)2 

1 /4baDZej lhrn 
1 1"'MUOll run'ftlurc /\'OÍ {S, <.>º} is nonpositi\·e. 
r t < ·1 .. twmonk llk mauni:m manifold. 

1 r ¡\lh llbo\•(I glvc:i nn infimtc íamily oí counterexamples to a canjee­
n fltJ thnt l'V(lry hnrmonic R.i mannian manifold must be a Jocally 
~ IDTV, pp.11-121 íor \'l\fious equi"alent definitions of a harmonic 

1fa&d Thr ro11dlt1011 oí being harmonic implies that an infinite se-
CWT.trhuf rondltlonfi hotel (the Ledgcr condition.s) and the first of these 

'' hf1n.R El1111tcln. The u111 o( these conditions is called n-stein, for 
.at1' ~t M cxrrclsfl for lhc read r 

1 Tbt m~ t/'f1011" fartar of 11 that occuf'! in the Statements of Proposition B 
e • hhfmlLlir.ntlon thnt Is ncccssary for the metric Oll { S, <, >º} to be 

Jd h•wr nvoldl'tl thia renonnalizat1on of the definition of Heisenberg 
tn thl" dl•íl11\tlon oí J..step Camot solvmanifold that D = Vd on 
ldon j 

lb .. "-1'1> ml¡>Otrnt L1e algebrn.s {'Jl, <. >} of Heisenberg type arise from 
llV'...,m..t..., ol 1i.- Chlrord lllgcbra Cl(p),p ~ 1, and 1he centcr 3 of m in this 

1 P The 3-llll'¡> Cntnot sol,•man1íold {S, <, >º} corresponding to 
~1'' Ci(p) la a 1ynm\Nnc space only when p = 1, 3 or 7. In ali other 

...,__ manifold (S.<,>•) b nonsymmetric. 
• J lf i < ~ · } lJ n 11011.!lymmrtrir Damek-Ricci example, then the sectional 
, d{ < > )ulllwl.\yflttr~ansome2-plane. Hencea Damek-Ricciexample • :.w '"lrit ~ d1(' atttaonal ctin'lltun.> is strictly negative. See !Do] and 



xampl s oí L uk rt 
hn nn lu11'gC'r 11 ~ 2 lt•t 18 br A :tomUJrJmplt t1b.'1,A1·br.1 of ,o(n, Dl) 11ud1 l hnL fl• 

... 1m-durlbh1 1tA (\ 1 ~modul l-' ~l ')l - ll" e" bt• t lll' 2>'1ll'P nll1>0H'nt LI\' 3Jg<'br41 
w.1th 111m•r prochit•! <. > thnt •"'-· d1·tlnrd 111 r..ioun11l1• 1 of (6 lc) . Lc1 { , <. >•) 
lw tlw 3-Hl (.•p Crm101 solvmn.mrold con."1ruc1td from ~ ¡•;, <. >} o.bow 1l l.! o.n 
int4 t\"!'ltlug ques1.lon LO nsk wtu·n 1hr C'\IS'\111u1tof {1)1, <.>)U. m•gn1ivt•nr no11po-1t1\r 

(..._·ukl'rl obrnhwd n 1 nrLlnl nn 11wr m fL<-1 m llw c.k't4.' lh t !;?) 1~ hn1,h· Lll' a.IJ,•·bra 
lfownw, t. ... uk11rL uscd 11 dilkn'l\l normo.hauon of thr lnnf'r produrt on .to(n. IH 
~111h1· rommm·1lu11 o f o:cnmplt 1 of {6.lC'); nAmtly. onr drfüw-. z.z· > (1/·ht 
11. ['(1 zz· fru nll Z, z· E "º{u, 11\) h should nol l>t· .. urprl.-ilnK 1hnt thl:'\ nor111nhMhOh 

11 f thl' i111wr producl 011 ""(u, lt) L" n.t rh(Jl('n thu1 lill' 3-!Ut•p C'nrnol tlOl\'nuuuf 
( . _ • ) will lw 1m 8l11sh•m mnmfold ,_ 't' rroJ>tNtlon 3 21A of 11'111 for íurth..., 
d11nfü1 

)11 lht• 1wx1 rc•t11d1 w1• U~l' tht· not...111on oí Pro1>0,1li n A 
TbC"orc·111 O (I LciJ) L1•l { . <. >.) bt· a l-!1l(1> Camal !!Oh•mnnifold w1lh Lit• nlRrhf• 
s "llrh lhlll j!i . !i J:... 1JI - Rl" ~- "'h•rr e U&"' 'll11J>l1• Ll1• l'!Ubnlgrbrn ar ,11(11.ll 
-uid Dl 11 IM 1111 h 1r•rl11r\hll' ~. modult· Tlwn 

1) lf hna ~rrtltmul curnuun· n.· :5 O. lh n 1hrn l!Jl12 $ 
2) Tht'H' llt t' /l t mO!n 9 c•xrunpl 1)1 - ll." · " wht1l' IUU1 $ In tht" r10.. ... ~flc1uklm 

,, f t'OlllJlh'x tilm¡>lt· l .. l1• nlgt'l>ra.:i tlH."'W' a>rrt'!'JlOl'ld to t lw follov.•ing en..~ 
11) t'l 1 h\Kh•'il !. wc·lghl.:I W¡, 2...i1 , l...:1. ·l..:a 
b) ~J hls lw!lt w~·lgl1 t~ w1,w, 
t') l.!.~ hlghl't{l wcighL W1 (~nMdard n"pf .-nl..tl10n) 
d) i.!>7 high~l WOll)hl!J W1, 'l...J1 
Wr 11 hll t hn.L tlH1L In 1.tu.1 el 1fic~H1an tht lw it.IKd111L" '3 1, 1)1 , and l.!.2 ("c)tFf"" pond 

10 SU(2), SU(J ) 1mtl Sp (·I) tt~ll\'('l 1\d) Tlt• L>" .tlg1·bm IOJ i~ onl' o í llw CJCrt¡mona.I 
L11 it.lg1•hnL'J, 

In 1)dcHt1011 10 th(' n~oh abo\·c Lt·uknt i'.tbo hQ'llot-d ilml 1lw at.-cllo11 1 c\lr\-~turr 
of 1la• fh111 lhn•t• 1•xn.111pl~ oí ft) an• lncd. ni ,:¡;.111\·1'. Tlw "Ctlon,\I corw1um-.. ol 
1h1 ÍOlnlh t•x11111 ph• c:i í 1t) nn· nonpor.1h\c· . bu1 th• ,.. f'Xll'I 2-plruwa v.11h 71·ro 1'fl1DnAI 
cv1v.Hutt'. 1t hrui nnt )'•'L l><'l•n d1·h·tm11wd 1f th• q:a111pl1~ o( h), r) ,J.ml d) llrluAlh 
h11,c• 11unpai11t.lw M'fllou 1 rurv,1H1h· 11 T'f, U uk1·rt' '°m1m11·r rakuhu\011..\ of 
1Jit "4."Cliomll r ur\'1\lmt• on rnndom :!-p)41)11 tull.1-'.• t Lhnt 1lw .,. 1ionttl run.1hlfl' ti 

"11rn1111J.."ltlw 111 f'/\."-'1. b), r) ruid dl 

omplcs o f Jwasnwo t.y p 
1~1 '11 h1• 11 2-~t••p 11ilpott•n1 L11· l\J~rhfa -.1h NI mn1 r J1tod11c1 < . .>, ruul k1 D lX' 

ri• rl'·.111n11 m1 ':l1 ~hlll I'! l\ tll\l' tfrhrul,. st'IDDI·• lt1r hn1-.1t u¡wt111Qt. '1lll'1·.xamplr 
1 41 <•CI 111111 \ll 1111' d1•h1tll1on of 4 J lrp C~ w.J\1tl'"111lfold 1, f'l,...:&fi)' 1111' lfl(:llMI Jtf1tn 

kbi. • 'wrun11l1• n( lhl!! l\JM' \\r rwnr. munk Lb.u d.finnion l.n 5 • ll •· ?11tnd drÍíll<"' 
111 tNI, 1 n¡trtl\tlou 1.1 nn S .:uC"h th"t ~ f OJ • tO lor Ali 1 ll Mil j,J f\Am ou ?l 
•1th 1J,.· hindi."! oí IJI \ r.un 11 lA (' h• cbtv1 ih"'t S _. "'°'\,1hJ,.. 1t111I l.G, S \ IJ1 

1.1 a lw ftl\1'11 thr 111nrt JlfOO:li1r\ • .urh thl'll 11 Mlrl ?l · '" orlhOfCD'IAl 

<. • .~ .. nn '11 nu•I (1.0) bu J..1111b 1 ''". lw th• 1mrl~· mntt•'('t•'fl 1 ¡,. ftJOtJf' 
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a t .M trt <. >º nl!k> dcnote the correspondin.g left invariant metric on 
f ~ ( )") 11 J ·lllt'!) 801Vmllllifold OÍ Jwasawa l~'J>C with algebraiC rank l. 

.Ut. a a.amply COllllC'Cled solvnblc Lie group S with a left invariant 
... Wd Id hr of ' "-'MllWR typc lf 

rt l)lJ. ¡~ nbellnn, where IJ1 =¡s. S J. 

m the left invariant 
groups 

lf'1 hng topkll lu tlw gromclt.) of Lie groups with a left invariant 
" ba 001 dl"<:'u!\~'d m thi3 amele Sorne of thcsc thnt are closely 

'M.'ts ~ ~ "''ll ª."°V{' rncludt' Gclfand prurs, commutative spaces, d 'Atri 
•rnmi·tnf SIJl\Cl11. For dcfimt1ons, results and references to the 

lo¡,lr. M'f jL,1 1, 2, Jj. F'or ttsulu 011 lhc Laplacc spectrum of 
r' ¡ce¡, IGorn ¡ .. ,, and lhe refercnces citecl in thcse papers. 

11 •1:!amogrrirotu R1r-monr11011 sparu o/ negattve cunmture , Math. 
1 '~). 93 117 • Enghsh translo1ion Math USSR - Sb. 25, (1975), 
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J, 1Tnn11. Am c• 1 Mnt.h S« 21$, (19i6 323-362 
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S¡mnK1•r,n~·r li11 , 19% 
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(Ci1kltj \1 ('ov,Hnp: \ 11 Dnol•· , \ t\C11aroi Nid l' R1rd. lf IJlp< qroup• of\.4 
l~·tJ•rflnJ 1frnm1pi111h-m.1 \1h 1.uh. ~; t(t'Jl), l 11 

q J h1 .. ·p.,.r nn<t O t.1 1n C.··; ~u '"' 7"1....:tfT"Oi 111 U1n11a'1n1c:m Grom rt 
'\,.1111 ll nlhrnrl \ m.ur1•l.un. ll'Ji$ ~-- --



IA'ft lm1'tlM1 sco11w1 ry of Lie groups 507 

l C i r Ebrrlrin iuul B. Klcincr. Co 11jugac11 and ngidity /or nonpositively 
..,.., ,.. •. ~,u. o/ hog/o<' roux , Tupology 35, ( 1996) , 2;J-286. 

,d f Cm"nlt•Af, Rcpruenlations o/ Nilpolcnl Lie Groups and Their 
~ rorf I. Dw•C Thcory and Eramplu, Cambridge University Press, 

'19!10 

,,. Prwolf' co111 mu111catio11 

, O L l>tGugto. Lt-ngth 1parl n.m1 /or compact lOCtJJly symmetric spaces o/ 
.,,..,~ M1'4'º'"' nrn11lufT , Ann. Sc.i. Écolc Norm. Sup. 10, {1977)1 133-152. 

L OdJnn. Cflucd qrotlo 1c.t 111 compact mlmam/olcl.s • Manuscripta Math. 

ll,' 310 

thr cun'fl lu re o/ certam cxlcn.t101u o/ H-h¡pe groups , Proc. Amer. 
m. (1997), 573 578. 

d'aaAI .tnd V Gull lomiu, 7'he J}>ectrum o/ pos1t111e elliptic operntors and 
"""""' W o.~tkn 111 r.t, lnvcnt . Mnth. 29. (1975), 39-79. 

l d 1" Rlrcl, A c/11.1" o/ 11ort-s11mmetn c hannonic Riemannian spaces 
"••h Soc. 27, (1092), 130-142. 

Cromrlf"JI o/ J2-.tt11p 111 l110tent gro ups totlh a left invariant metric , 
''""'· Su11. 27, (100•1), 611-660. 

Cf ·' 'fJ t1/ B·1l (l}1 11 Upoicnt gro ups unth a left invariant metric, JI , 
r , 'l••h So<:., J•1J, (190<1), 80&-8'18. 

~rt'11an tubmrr.mm.t and lalticu in 2·.ttep mlpotent Líe grnups , Com· 
"' • \.oilr u Mld Ccom. Vol 11 (3), (2003), •14 1-488. 

n., ~.DdWi .tpocc o/ '2 -atcp m'l110te11t l 1e algebnu o/ t•~ (p q) Contemp. m 11003¡, J1. n. ,,_ · · 

'·1' u·~ ,. '"'u 0 goodr• ic flow oj Ano.1ou twc, I 9, J . Diff. Geom., 8, (1973) 1 

1'1.r lt>npth 1pcclnm1 o/ .torne co mpact mam/olds o/ negative curva­
C"""' 12. (19n), ·103-424. 



!Cotd 2) ~ . 7'/1r l11µlacr 'Jl«hll f'n".\ fht" kngth 'Jk"'l'.lfU o/ R1rmonmon r110'1I 

r/ofrl." . 111 onllncnr Probk-tnli m C mdf) \ Utiod by O. Dt>Turclc, Contrmp 
~tnth. 51. Á11wr. MMh SOC .• Pf'0\'1den~. 198.6, GJ .. l;O. 

!Gorn 1J R. 10rt11·t, 61¡u1uolcnu o/ qua.r1•rq"ular n--prr.srntoflons of two and thrcc-~lcp 
nrlpolrnl /,,1c grv 11¡nt, J . f\mt1 Anal) . 119. (199·1), 121 - lJ; 

JGorn 2} -, 'l'lit' l1mgth 1$p«.lrum ond rtpfl",~nfohon t11rO'l/ Qll (WQ ond thrn--11.tp 
ml11ottmt /,,i1· gro1111.t, omemp. ~lnth ITJ. (199·1), 133- ISS. 

jGorn 3J -, Tlii• mnrkc.d lcugth ~pcrirum 1 (. thf' IA1¡Jlncr .J¡Kctnn11 011 /Qnn~ o 
Rirm1m11i1n1 11i/1111111i/oldlf, Comnumt ~huh li('lvrt. 71, {1900), 29i-329 

{Corn I] -, ;t 11r.w w n.'ftructron o/ uaspttlro/ Rtrmnnr11trn mlmoni/ald~ u·1tlt r.t 

omvlr.,. Mkh. Mni.h. J ·13, { 1900), 159-1 

fCoM IJ . Gordo11 tu1d • M::io. CamparnoN of IAplncr: spcctro. kngth .'fJ)t'f"tm ,,,,J 
_qrorlrs1r fluw.~ uf somc R1rmonmon nslma.mfold.s , /\ lnth R1 '1'! L..·11 l. ( l!nl . 

Gn-G8 . 

JCof\J 2J -, Or·odt•31r ro111ugar1r' o/ tu.-.O .. lr'p nilman1/old.i , ~hch ~h11h J IS 
(1008) , ·15 1-•I l. 

jGC) C. Gordon n11cl n. Corncl, Spt:c1rnl gromctry 1111 111/1110111/old.J. 'T't1•11dii 111 \lwth· 
,•mn1k.s, Dirkhli11$'r, OOl:!i ton, 199i. 23-19 

!Gl<M] D. romoll, W, Klingcnb<'rg Md \\' ~IC)'l'f, R1cmartrHcbr Gc0mctoc !{!1 

~. l,,crt..ure Notl'! m M th ., ' ""01 SS. 1>ring1•1 • \'t•rhlf;, lldch•lb\·tK, 1008 

jG\l IJ R. rOrllN l.md :-01 MMt , l<119th mv1tmi :m9 ge0tl1'$l f'--' onrl l.hr lr119lh 1/KT fr'Cll"T 

nf /l1r111mm11m two·.•kp m/mon1/otd.J J Gtonl Anrtl 13, (2003), 107- 1-13 

1C\1 '2] , '1'11r lrn9ll1 .tpcrln1111 aj R 1,.Mrm•mrr1 tv·o·~'lc11 n1lrno111/old3 , Ann Sn 
1·111 l;A-oll'. Nonu Sup 33 (2000), 1 1 l09 

'C\lS) C Cnrdon, Y Mnn ruul O. SchUth, S1rmr·lrrr1r ngul1IJ1 o/ 9c0tlr~1r jlo11.J '" 
fu•n· ~lrp 111/11111111/0/d~ , \ nn Sc1 l-A-olic ·llfm S11p JO. (19':);), ll i rH 

'CW} F Wllnou 1111d ' 1Utdon, /vJ•¡ t~sJ J,.'.vrrnttf1 rnu n/ romport .HJli·mo.111/ald\ 
J nur c;t'O•n . rn. {In n, 2 11 .JS6 

u .... h) J ll1·lwr, N n11n111tpo<l homot¡rm·a~ f.1.-._•trrn •¡xir<• Jn,1·111 ~l.ilh 13.J 
( I~ ), 2i!J J~2 

U<i) 1 111·!11111•, On hnm09rm .,, 1>1.in1/t/IU.1 e/ ~·'flªlnr run.1111rr ~l.1th t\nn 211 
(1~7 1 ), 13 .11 



509 

°" >''"" 'VP<-' of 1opolog1rol groupJ , Annals of :i.. lath . 50, (1949), 

R..,.ruirtl'luu1 nilmaru/olcú attach('d to Cl1fford modules , Geom. Ded· 
11 fl. 11. 127 136 

°""''lo/ grouJIJ o/ lltutnbtry lWt . Bull. London Math. Soc., 

'll"Ot1J mlmrrn1/old3 attachtd to rqn-e.ttnlahons of compact Lie 
P" )lnth OO. (1009) , 2 ; .309 

JIMti,J lf. fVJlf' gnw11t tmd 1vr11rr1rtnr • l1kt R1cmannum spaces , Diff. 
,, 11'!" 10, (1009) , 121-113 

'•hmlt, ,,.,fortll'r h1m1ogrnroUJ ttructurtJ on 2-s tep nilpotent Lie 
,,..... Rn l n \1&1 AtK1'ntl n1t •ll , (1998), 1~23 

f. E:inJlr111 mdnr' unt.h nonpo.OhL>c .rtthor1a/ curvature on exten­

,..., o/ "'"'"""'Y ll/P(' • c .. m º"''""ª 66, (1 997), 187-202. 

\ Rr fT1rrllation<1 cmd Non¡x:mha:clv Cureed Solumani/olds, Ph.D. 
l'nt\T'f'i t\· of North Mollna. at Chapel Hill , 1998. 

"-'" ~-, lmrr /orm11lri GJ oppl1nl to compoct Ricmann surfa ces, 
ood lpp \lalh 1:.. ( 1971). 2'11>-271 



~10 

lMl 1) .1 M1h1or. 11"'11atuv o/ t~¡r 1"1u1rn.onl tmrno on /.1r group' , J\d\'tmn.~ m 
M• 1h 21 , ( 1076) , '19:).3'19 

/M1 2) J Mllu r, Mor8c Thcory Annab f~l•.l.h ludf , ' 1 61. Prlnc:'.t'tOf\ nwtnit) 
P1t·!'l.ll, r i1nc1·1011, 11163 

fM I~] J , Mllrr1den 11nd T Roou, lntrocluch un to M od1m11(.r nnd Svmm<try ~ 
1-::.rlltltm , Sprl ngcr, Ne., Y0rk , 1999 

jM ] ll. Myl1r1:1 1111d N, Ll n.rod, Th-<" groap o/ u om(lnr-.J o/ o R1c111nnn1on mnni/t>U 
, A1mnltt uf Mnih .. 110 . ( 19J9), 1~116 

!OJ f> h•('r,, Appli'c11tior1J <>/ Lsc Croup~ to DiQcrcntir.Jl 8q11nf101u. ~nd t:d1000, 
Jldngt•r, 1003. 

!f'tt] e 1"111.c:11Htl11 , Grmlr11C flou. Bukbl\U)l"J" BosLOn , 1909. 

JP(') 11 f'1·~re , Uuc jorm ulr de Po •"1lOn pour lu 1-on c'fi'.J dr J/r1~rnbc-rg , Oukt' Mt1lh 
J n , ( I004J, 10-05. 

n1 illr hm, lfr11l1ril •'IJllt rrprcu nl11f1a no oml L 1f' al9r bnH o/ /fr~rnkry 11/Pf' J 
1Andn11 ~ lnth . Sur. W. fl ), ·I 62 

\I • p\vnk , il tll/1prrhc-n.m Y /nlrvdt1<l1on to D•Q('rrnflol Crom{"t7. \'fll l. r ubo 
U111h en J'(·rl~h , Uf'rkcley. 1979 

\\ .1J I· \V111nl'r , f o1mtlot1on .. • o/ 0 1Qcrrnl10 1( Manifold~, ¡m ng1·r, New Ynrlc, 1 

\\"i] ~. \VilbOll , /,10molf'JI group.J on hom09t ~ru mlmnmfoldt , Gm111 Ol'<ll w. 12 
{19 2), 337-346. 

WoJ .J \\'olf, Cm,mturr 111 mlpot.<'nl l..1c lf'O'Wf"' , Proc J\mcr ~tl:llh Soc. 15, (1!)16.4), 
2il·27·1. 


