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ADSTRACT 
T lus as ao expanded vcrsiou oí thc lccturcs t lmt 1 detivcred to tbc Ocpa.Ttmcut 

of Purc Ma.thcmatics at. t hc Unlvcrsity of Calcutta 111 die per1od 2i January 6 
F'cbrunry 1998 1 am most gratcful to that Univcrsity for inviung me to be 1tS Jtani 
and Asutoeb Canguh Vi.s1ting P rofcssor for 1998; to Profcssor '-hh1r Chaluoborty, 
llcad ofita Dtpanmcot of Purc Mathcmatics, for gcncrating so much i.oterest iu 
my vi:ut IUld íor bi.s many kinducsscs to me during my memorable stay in his 
r ity; nnd to tbc gradua.le st uclcnts iu his Ocpnrtmcnt, for makmg me so ,.,-elcomc 
(lnd for ! h0W1o.g such cotlmsinsm for my subjcct mRttcr 

1 A fixed- point t heorem 

Thc main th('ml" oí lhese l1?Ct.urcs is a rcvolution in mnthematics. one that wns startcd 
by L.E .J . Orouwl:r 1 l 1966) in 1907 nnd looked doomed to failure unlil a d ramatic 
iuUJrvcnlion b) Erren Bi~hop sixty ycnrs later. 1 first SCL the scene by describing 
Orouwcr's mOl!it famous result, ironically one in cla.ssical topolog)• and definitely not1 

l\L INt.SL ns it stan~. a pa.rl oí Orouwcr 's rcvolution. 
Cousldcr1 1\ clOll'd d isc 8 {tha.t is, one t.ha.t contains it.s bounding circle) in t he 

1 Jn l ho fi111t PM' ol 1bf!M! kclu1"9 1 1hnll iry lo be. M informa.1 Alld matht'.mal9c&lly undcm n.nd lng 
u pOMl!Jlf', 11mC1t DC" all ~ o( t hf' 1111dlf!nce 1ue t ra.lnl'ld m&lht'.muic.ians The mlllhoml\licn.I 
tont('nt 1u1d p&e.lf ol tbP krc1un:t1 wlll lncrr.Me whcn - ttart to d18CWM vandff!S oí con1lruclivc 
mallwmMla In mon 1dn~ dt'U.il 
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plnnc. To cach point. x of B lct t;he re be assigned a unique corresponding ¡>oint u o# 
O. Wc mny picture this assib'11ment. by t.he line segmcnt zi drawn írom r LO 1'· and 
thmk of .r ns being mov(>d to .t.he posillion y . Not.ice that , although a gi\fcll r hl\.S 11 

unic¡uc torn':)ponding y, t.he same y may correspond to differcnt. choices of r. Abo, 
thc.rc. i nothing to forbid t.he sit.uatlion whcre y = x; when t.hat occurs, wc cnll za 
flxcd point of tbe assignment.. 

We makc onc additiona l requirement.: namely, that points which start. closc to­
gc.th r c.nd up dose tioget.her. Mat hernaticians describe this requirement by saying 
thnt the a.ssignment r , Lo give it. its proper mathematical name, t hc mopping -il 
continuous According to Brouwer's fixed- point theore m , such a mapplng !L.~ 

wc ha\'C described aJways has at. lcast one fixed point in 8 j2Sj. 
lt mny surpnsc you to learn t.hnt this t heorem has many applica.Lions within mnth· 

cnmliC!. For cxample, it is used, iu one íorm or anothe r, by mathema.tical oconomist 
lO pro"e lhnt . under rea.sonable condit ions, ru1 economy has an equilibrimn- 11 stntt' 
111 wh1ch supply and demnnd are balanced and hence producers and consume!'! IU'C 

imt1sficd lndced, Brouwer 's fixed- point theorcm is equivalent, mathematically, U> thc 
CXislence of such an equi librlum. Thus iL would secm beneficiaJ- maybc, in thc light 
of "''Orld- wide economic dlfflcu lties, advisable-to seek sorne met hod oí computlng 
thc p0:5ition of a fi:ted- point oí our mapping on B. 

Ahhough lherc are elemenl.ary proofs o í t his t heorcm, nene of them is eruy to 
understa.nd without a substantiu! mat hemaLical background , and t he shorlcsL prooú 
rcqmre sorne quile hcavy mathematical artillery. One fen.Lure of ali thesc proofs i& thAI 
thcy do not providc the meaos of comput ing the fixed points.2 What. thcy oclUall)' 
do (Nthough this limiLat.ion is henvily d isguiscd) is to preve Lhat it is imposslblc thtu 
there not be a fixed point; in othcr words, they preve the statement 

11ot 11ot(there cxists n fixcd point). 

Htrc. at lnst, we rcad1 thc d istinction in menning Lhat formed the basis of Brou"''Cl''t 
rt\'Olution: th dislinct.ion bc!.ween 

• idcalis1ic c.xistcncc, whcrc wc preve the impossibility of thc non xistcnceof 
thc ob.J«t in qucstion (in the roregoing case, n fixcd po int) and concludc that 
the obj«t docs exist nfter nll , a nd 

• cons t ruct ivc ex isLcncc, wherc in arder to prove that. our object cxists, • t' 

must Pl"O\'ide a mct hod for fiuding it. 

W1th th publica1ion oí his doctora l t.hesis l27J in Amsterdam, in 1907, Brou1l'!I 
bcgMl a mathemat1cal cnreer la.rgcly dcvoLc<l to his philosophy of intuitionism, In 
•h1ch rnathemaucs is rcgn.rclcd as n free crention o í die human mind, a.nd thc ob­
J«t.5 ntl"ntal eonstnicts of maLhcmatics come into cxistencc preciscly whcn tht) 

1-n.. ._. cil Se.uf (61J a.wl Ol hcnl would !lt..'C'1l lO conlrndicl thi3 u :.11.cmml ; but whai 5cltf 
...._ dofw. ti to lho- "'°""' 10 com¡rntc n11 n1)proitimnlc llxcd polul, a poml z t.ha1 11 de. 10 IM 
COl'""'pondin¡:,. ~ ui nn gu:i.rnnl1.11.1 lh:H nn npproitim:i.te fi11ed po1nt . ~'Cr am.Jl 1hl:! dllft'ft'NC 
""•'l"''ll z aod J'. b <lo!.e t'nounh 10 1111 uoct fixed poim to 11ollow 11• 10 UR thoe ~proxlmation •1111 
tmpuQlt) 



Consuucoivit.y in i\1laLl1 emot.ics 21 1 

nrc c·o11st1ru cLad . AcLuaUy, on i,hc nch•ico of his doctoral supcn·isor Kone\\-eg, Brouwer 
took u fow )'Cllrs' lenvc fro111 Lh expos it,ion of intuiLionis rn , to estnbli.sh a fo rm idab le 
r pu!Jut.ion in t.raditiona l-or ns we now cn ll it , c loss icn l- mm hemalics. thereby cm­
!Hlrl11g thnt. his inr.uitionisLic views would guin sorn e res pecL, cvcu ií. as history shows, 
t.hcy wern not widcly accepLed. lt wns during 1that. leave Lhat Brouwcr pro,-ed, a mong 
ot,hor important rcsuh.s, his fixed- point thcorem.3 

2 Intuitionistic Logic 

Por Di-ouwer, rMt.hematics took precedence over logic. In arder to describe Lhe logic 
1111ed by Vhc lnLuitionist matlhemnt.icia u- n logic diffc ren t. from the dassical logic 
nornwlly ll!:ICd in nmthemat.ics- it. was necc:ssary fir s t. to analyse the mat.hemat,icul 
proccsses of Lhe mind , from whi ch a na!ysis t he logic co uld be extracted. In 1930, 
Orouwer 's mosl famous pupil , Arend JfoyLing (1898- 1980) , publis hed a seL of fo rm a l 
nx lorn s which so clearly charncterisc t.he logic used by the in t.u itionist t hat they ha ve 
becomc universnlly known as che axioms for intuitionist ic logic IJ9J. The.se axioms 
cnptmre t.he in tui t ion is t.ic, o r cons tructive, interpretat.ions of t he various connectives 

V{ or ) , A ( and ), => ( implies ),~ ( not) 

and qunntifiers 

3( t here exist.s ), '1( for a ll/each ) 

which we now outlinc: 

• P V Q : eithcr we bave a proof of Por elsc we have a proof o f Q. 

• P A Q : we have bot.h a proof of P anda proof of Q. 

• P => Q : by means of an a lgori t bm- t hat. is, a fi ni t.e, computat.ional proce­
dure- we can conve rt. any proof of P into a proof o f Q.'<1 

• -.P : uss umi ng P, we can deri ve u contradi ct ion (s11cl1 as O = 1 ); equivalen!:ly, 
wc Clm prove (P =- (O= 1)). 

• 3:r. P( !r. ) : wc hn\·e an algori t.hm whi ch compu tes nn object :z:: and demonst.rutes 
Lhnt. P(x) holds. 

• 'l/x E A P(x ) : w'C ha' -c an nJgorit1h111 whit:h, app lied toan object x and n prooí 
1.luH x E A , demonstrnt.es thn t, P(z ) holds. 

3For fo11o l nn~l11g t\CCOun~ ol Drou~-cr's lifo nn cl work iicc. IJJ, GSj. 
~ Thls !11 Lcrprcl1Hlon of 1mpliclt ion , whtlll more nnlurn.I t hnn 1ho cl"'"IQJ onc or m et.crl nl lm· 

p liclltio n in wh ld1 (P.=- Q ) 11 C!C¡Uh..Jcnt lo (-.P V Q), luu 11 01 complc1dy sa.t isfied ali resoarchurs 
u~i ng co11 11 trucli11c log¡c. Sbonl)' bdorc he dk'ti, Bht hop comrnun lcat«i to me h is dQs;.t.d.sf11e1ion wilh 
lho t11 ni11 lnrd ron:HruCÜ\"e in1c:rpr"t:t.a1.Jon oí lmpl lcntlon. Un fortun(l lely, he left nothing moro t hn11 
\'fl T)' rud lmOll l lH}' t kc.ICha of h.a fdCM ÍQr it.11 irnpr0\10111Cllt , 
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In intuitionistic logic, even far a decida.ble prope.rty P (n ) o( natural numbeq,, 
thc property 

'In P(n) V ~vn P(n) 

nccd not hold; so, in t.urn, t he law of ex cluded oliddle (LEM) 

Pv~P 

hUls. As a resuh, many classicul results cannot. be proved conslructivc.ly, since thcy 
would imply LE. 1 or sorne other manifcstly nonconstruct.ive principie. 

To illu.5ua1e this point., consider Lhc following simple stat.ement, the limit.cd prln· 
c ip le of ou.uüsc.ieuce (LPO ): 

Va E {0, 1}" (a = O Va 1' O), 

wher n = (ao,o1 , a~, . . . ), N = {O, l, 2, .. } is t he set of nat.uraJ numbers, {0, I) ll 
die set or ali bine.ry sequences, and 

n = O <=> Vn (a11 = O}, 
n ::j:. O <=> 311 (011 = 1). 

In 9-"0rd.s, LPO taleS that. for each binary sequencc {0 11 ) 1 either 0n =O foro.JI 11 orcht 
there cxists n such 1ha 1. a,, = 1. Of course, bhis is a trivialiLy from t.he viO\\'POlnl ol 
cla.ss.1cal logic; but i1.s int.uit.ionist.ic interpretation is not so simple.. Tha.t int.e.rpr l8ÜOD 
&lya that lhcre is an algorithm which, applied to any binary sequence a, cithcr \~ 
thn' ali thc terms of t.hc sequence are O or clsc computes the index of a t.erm t'qual 
to 1 . . ·\ nyonc familiar wit.h computen; ought. t.o be highly sccpticaJ about such an 
a.lgomhm, sincc in t he case a = O iL would normally necd to LCSt ali t.he lnfioltdy 
mnn1 temuº" in ord r to come up wich thc corrcct. decision. 

ln classical recursion tlwory- llhe classical vcrsion of comput.ability thoory, ah 

•·hic.h ali computat.ions o.re pcrformcd by Turing machinCS-9.1! can provc. thiu t.bti 
ttcu1$1-.: inlcrpn:?t.ation of LPO is foJsc, sincc it. would cnta.il thc decidi\billty of lbi­
hah.1ng problem; soo !19J, pages 52- 53. (Thcrc is a point worth noting hcre: lhe d»­
sical lll\tlhdit)• of lhc rccursivc intcrprctat.ion o ( LPO is not. a mauer of logic, sinct 11 
CM ~ demonstn.'cd c' •cn with clu.ssical logic.) 

Far thcs!: fC<),S(KUl alano, wc may focl ju!ltified in noL acccpting LPO, or any dn..wcal 
propoeut0n tha& 1ncuitionisLically implie.s LPO, as n vnJid principie of inluitlon~ 
m;uhcnuuia Bue ~-e hrwc 1rno11hcr ren..son for not doing so: it can be sho.,,•n Lhat lho' 
att modcb oí Hey ting arit.bmctic- Pcru10 ariLhmetic with intuitionisLlc logic ui 

which LPO l.!- false; so LPO canuot. be derived in Hcyting arilhmctit; scc fl9, 3-1~ 
intt: L.PO is a spccial case of Lhc lnw of cxcludcd middlc, we an fon::ed, in tum, lO 

''.i«l lhe lauer írom int.uiLionist.ic mnthcmatics. A similar infonnaJ anll.lyail ICMll ut 

to n:JC'C1 both tht clnssicnl rule 
..,..,p ~ p 

th.u rnrnu lhe bMis of proof- by- cout radict.ion, and thc lc.s.scr 1.imit.cd prindpfo º' 
om.ni.ac_i~n (LLPO) , 
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/~r cacli binary scqut:nce o witJ1 al most onc lenn eq11al to l , e1lhe:r ª"" = 
O for ali 11 or el.se 01 11+ 1 = O for 11 /l 11 , 

whidi Is CMily sec.n to ben conseq ucncc oí LPO . 
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Thc c.xclusion oí such principlet1 from int;u it ionist.ic mn thcmatics has serious conse­
qucnccs for mat hcmaticaJ prncticc. For oxnmple, we cannot. hope to pro \'C int.uition~ 

lilt.icnlly t.ho simple sU\tcment. 

Vx E DI (x = 0 V x ;-' 0) , 

whcrc R d uotcs thc set. oí real numbors, and x # O mcans thal we can compute a 
rntlomd num bor stdclly bct.wcen O and x (which is noL the srune, construct.ively, as 
prov iug tlmt. .., (:t = O)). To seo t.his, cousider any binary scquencc a , an d use it to 
d íluc tho bi nnry C."1;pru1sion of a rea l nurnber 

~ 

x= L.:; a .. r". 
11 = 0 

lí x = O, Lhon n = O. lí z ':f O, we can compute a positive integer N such that 
r > 2- N¡ by tcsting thc tcrrns o1 , ••• 1n.N, we can decide whether or not. t.here exists 
11 such Lhat "" = l. Thus t he above st:at.ement. about. real numbers implies LPO nnd 
is tihcrcfor csscntially nonconstruct.ive.li A similar argu mcnt., using the real number 

L.:;C - l)"a,. r ", 
u ::O 

shows t hu.t. Lhc statc.menL 
Vz E lit (x ;;;i: O V :r. ~ O) 

lmplie8 LLPO and is Ll1crefore esscntially nonco11sLructi\1 • 

Tite fo llowing elc.menLary cla.ssical st.a!.emcnLs o.Isa Lurn out. to be nonconstrucr.ivc. 

• Ench rcnl num ber z is eit.hcr rationnl or irrat.ionnl (in Lhc sense that. x f:. r for 
cnch raLional numbc.r r). Tu sce this, considcr 

~ 

• = L.:;(1 - a.,) / n! 
n= O 

whcro a is ru1y incrcasing binary sequencc. 

• Ench r •al numbcr :r hes a binnry expansion. otc Llmt Lhe standard inter· 
val- lmlving argument. for 'co11 s1.ruct.i ng' bi nary e.'<pansions does not. work, sincc 
wc Cl\im ot n~ly decide, fo r a givcn number z bct.ween O an d 1, whether 
:r. ~ ! or .r. ~ ~ In fac1, thc cxistonce oí binary x¡nu1sions is equivalen t. to 
1, LPO. 

• V:r. 1 11 E IR (.z:.v =O=> (z: = O V y = O)) . This el arly hes implicatioos for t,ho t.he· 
ory of integral dornN.ns! 

3ThlN iN not 10 aurpf •bnt )VU cons!dcr t.hc 1>robll!m oí undcr/fo•, which c&n ausc a oom i>ulcr 
10 rcgl~ t u r 11 ~ 1111111 . nomc:ro r111mbn .u O 
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3 Fundamental principies of int ui t ionism 

1 would now like briefly 1,0 describe, in tu rn , thc t.hrce mnin modem \'l'lricll~ of 
co1l!Jtrucm-e mathema tics- t.hat. is, maLhemat.ics in which only conslructh cxisicntt 
Md no' 1dealislic existen ce, i!! u sed . 

1 ha\''C' a.lready introduccd 1.he íirst of t.hese, intuitionistic mntbcmntia (JNT) 
whlch. you •'ID reca.11, is bnscd on Brouwor 's intuilionistic philosophy of tnl\lb~nAlaa 
1\5 a Íf('(' crcaiion of 1he human mincl. h1 t. rospcclion led Brouwcr not only to hll 
mfonnal explanation of t.hc logical procc¡¡ses used in intuilionislic mo1h matir., b\u 
nlao to ndopt cerum noncl assical prin cipies. The first of thcse, the prin lplc of 
contínuou.s choi e, has t.wo p11r Ls: 

• E\"t'f}' function from NN (!.he setº of scqucnces of na tura.J numbers} to N u. 
continuous reln th•c t.o t.hc metric p defined on N!'I by 

p (u, b) = ;,,r ¡2- " , \fk ~ " (a , = b, )). 

ThU! if / is n. funcliou from NN to N, t.hen 

\<n E llr' 3n EN \lb EN" (\fk ~ n (a, = b>) => (/(n) = / (b))). 

• lf P e ..,. x N, and fo r cnch u E NN Lhcre cxists n E N such Lhnl {ft , n) e P, 1hc:D 
there exist.s 3 continu ous ch oice function I : NN --t N such th&t (o, / (a)) e p 
foraJJ n eN". 

h folkr-"S from lhis 1>rinciple t hat cvery funct.ion from a nonempty1 compltttt 
$CJ)Mable mt?t.ric spacc int.o a mct.ric 8pa.ce is continuous , and hcnoe thAt M )' llnt» 
mnppmg o í a separable Banach spnce into a norrncd spacc i.!: boundod (IJ9J, PI("' 

109 11 0) . We can a1so provc t hat LLPO , and thcrcforc LPO, b fal9t. To t.hls m:I. 
suppose that LLPO holds, a nd define P e NN ns follows. Gi\•Cn n E~. define b E ti' 
bJ tllrtg 

lí rt 11 :/: O and VA: < n (a.- = O) 

01,hcrwi11e. 

LLPO nt.sun'$ 1.ha1 it h r b~ ,, = O fo r ali 11 o r b:i:n+l = O íor all n 1.A.!t (a,0) E P 11 
lhr íomwr ca.w. and (.o . 1) E Pin 1,hc laLLcr. For en.ch i EN define 11' EN.., by 

{ 
1 ¡r; =" 

u;. = 
o i f i :/: 11 . 

B) lb.· pnnopt.· cJ ronti1111oui1 choice, t.hcrc cxisls n contin uous íuncdon 1 N" -4 ~ 
•u<h 1ho1 (•/(al) e P for nll n EN". Si ne (n",O}' P and (•".,, !) ~ P," 

""' b t " J 1_.pl1U1a1lo11 lf r cour ti 1Jrou .. 'tr'1 .. -or k in 1unu ol M<! .a..or,, r.abfir 1~ 
... ' Pl'1'.lrd ' 

1..._.. 111 li(1 ... 11 llO ll tll llpLy , 1 lll Cl\11 lhal ... ,. (.All coru.UU(l . ~ ctl s. tlw1lllal~ 
"•• ' ..._, in l111bhad . llol ng ln hnbltcd b a 1uongcr prt>Pn'' ~ -(S • t ) 
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1.i lmt / (n:¡¡) = 1 ru1d / (n' 1+1) = O. BuL t hc saqu ncc (a' ),"'0 com-erges to O in 1.he 

inot.ric 0 11 N'". so / i! 110 1. conLinuous ni. O. Thi.s coni.rnd iction sho"' 1hnt LLPO is 

fal so. 
\.\fc:i ne ·d :iOlllC more dcfini t ions in ordcr to fo rmul oi.c Orou"-cr' second imporu1n1. 

p1'111 cl pJC' . li'or u.ny SCl X Jet X " dcmo1.c Llic SOL OÍ nll finitc (possibly c:mpty) scq ucnces 
[u )( . We sny th ot n subseL S of N" is 

• clotnclmb le tf far cnch :e E N" either :r. ES o r x ~ S; 

• 11 fon if it is closcd undc.r rcstriction- Lhnt is, (xo , . .. . zt- ) E S whcnever 
(.to .... ,:1: 11 ) E S n.nd - 1 ~ A· < n. (T he cnse k = - 1 torrcsponds to the 
ompty rcst.riclion of :c.) 

T h set 2· is n fnn , caJlcd the complete binnry fon. which ca.Jl be represented in 
t ho o bvlou:i 1Yny as o trcc, from which Lhe name ' fan' was dcrivcd .. 1\ paih in 11 fon u 
iH 11 Hequencc :J , finite or infi nite, such Lha!: ench restrictiion o f s is in a. Wc say i.hat 
n pnl1h 1; is b lockcd by n subset B of q if sorne rest riction of s belongs t.o B; if no 
rcsLrl oLion o f s is in B we say t hat. s misses B. A subsct B of a fan a is called a bar 
for ff if cuch tnfinite path of o is blocked by B; a bnr B is a unifo r m bar if thcre 
exiHL!i n such t.h a t each pnth of lcngth n is b!ocked by B. 

The fo l!owi ng principie, Brouwer's fon theorem,8 is of major importance in INT: 

Every de. tachable bar o/ o /an is t1 unifonn bar. 

U11 der tba hypothescs of t he pri ncip ie of cont im1oui:i choice, t.hc fan d 1corcm is equ iv­
nlont t.o the intui t íonist ic unifor m con t inuity t hcorem, 

Evvq¡ nwl- ualucd / unct io11 on a com¡Jflct i11 t1mml in R ¡_, tmi/orm/y con­
/.inuo1u, 

n rcsn lr. so pntently at odds with clussicul miulysis ns Lo s uggest to sorne mathemati­
ians Lhat intult.ionis m is false. T hc apparent absurdity o f the intuitfonistic uniform 

conLi11uity t.hcorem is , ho\\'Cvcr, illusory, ns is suggestcd by t.he following more carefu l 
rc-stnt.cmc11 t of it : 

Evcry i11tuitiom.sl.i.call11 define1l f1mct.io11 frnm a11 i11t.uitio111.d 1c a>mpact tn ­
/, crval to tl1 e Ütl111J:1onut.ic reo/ /inc is1 iii tuitionisHcolfy, uni/ormly contin-

lu fue!., t.horc is n stron.g Cl\SC for Slly ing thuL, cxccp t nt. ceruUn 1 \"Cls of formn.lism 
INT 1\11d c;l 11S!ÚCnl mathemntics (CLASS) are in ompnrnblc , nnd thnl ¡,is not possib l ~ 
1.0 copL111·u fully the pirlt nnd mcanlng of int.uitio nislic s tnt mcuts, such as o ur rc­
f r11111l11tocl intiuitloms'.ic uniíorm ont.inuitiy t hcorcm , within n clnssicnl íramcwork. 

8Tlir c11).611lr.AI contno,-~\'t ol •he fM theoriJm In K 6 n ig'• Lamnu•: lf. for uch n , 1.herb cx iall! 
11 ¡)Mh oí lcngch n In o 1b.J,1 mQ!lllllll fJ , thon t hc rc c;clSl'5 1u1 lnlinhc p11U1 th1u mbisift o. Jt ¡~ nu 
cxcrehtu lo tihow th lH tbor f..n thdw't:m cnl lllle l1PO. 
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lt Í! rrur 'º .say lhnL 1.h nLtcmpts to just.ify Brouwer1s fan lheorc.m from an iDIU· 

h ionlst ic r ta.ndpoint. hnve not boon nltogothcr successful. Brouwer himsclf mftdt such 
l\J1 ouempt, bn.scd on anothcr. principle- 'bar induclion'-whose justification 9CC!ml 
cqually clll!i~. 

For more dc1a.ils about. INT, sce [ 19, J2, 341 67}. An extremely rea.dable, if $0~ 
wluu outdnied, introduct.ion to intuitionism is givcn by Aeyting in (~OJ . 

4 Recur i e constructive mathematics 

Th ~nd oí lhe main variet.ics of modern coustructh1ism is thc recursiva con· 
l!l ru ti vc mothcmntics (RUSS) initia te<l by MarkO\• in Lhc hue 1940'!1 n.nd t ub­
&equ ncly dc\'clopcd by him 1111d his fo llowors, primarily in the former So\!iet. nlon~ 
nnd In particular in Leningrocl {now St Petersburg) and Moscow' f•t6J. ln thld ''lri· 
cty tht.' objecu are defined by mea.ns of GOdel- numberings, a.nd the proccdurai Art 

NI recursi\-e; the main distinction bct.wecn RUSS a.nd Lhe dassícaJ recul'th NUl.l)'SiS 

d \'elof)4.'d alter. in 1936, thc work of 'I\iring, Church, nnd oLhCJ3 clari6ed t.he nn1un­
of computabl proc:csses1 is t.h1u. t.hc logic used in RUSS is inluitionistic. Thus RtJ 
tnt\)' be d&ribcd as rt'Cursivc rnnLhemat.ics wit.h inLuiLionis t.ic logic. 

Onr obstacJc faccd by 1 he 1nathemuticin11 ntlcmpLing LO come LO grips wit.h nu 
is lhnt, expressOO m thc languagc of recursion t.heory, iL is nol easiJy rea.dable; lndetd, 
on o~mg B page: o f Kushner 's cxccllcut. lccturcs l·iSJ, one might be forgh n for 
wondenn.g •·hethl!r thiJ is o.nnlysis or logic. Fortunatcly1 we can get. 10 Lhc hca.rt ol 
R by an axiomnt.ic nppronch, duc to Fred füchman l.52J, which 1 now ouLllne. 

RecaU lhnl a pa.rtiaJ func t ion f : X~ Y is n funclion from a s ubsct of X CA.llt'd 
the donuu.n of / , and writ.Lcn dom(/) , into Y ; t hnL / (x) is d e6ned if z E dom(/), 
Md uudefined if x '/..dom{/); und thnt / is tota l if dom(/) ::: X. Expcrlc:nac witb 
r~ hoorr lcads u.s to t.hc following nx iom nbout. computable pardal functiocf¡, 

CPF: Thcrc u an tmumt:mtior1 o/ tJ1c 3ct o/ ali parlial /unchcns from 
N lo N lhol h11t e co1mt,ablc riomairM. 

NCKt &ha!. far wt. a M!I, S is countnble if there cx.ists a íunction from a dcLIChablt 
subet1 ol N onlo S. The mpt.y scL is countablc; nnd n nonempL)' .et i.¡ a>unt.r.blco U 
Nld oaly 1f 1t is &be rM.ge of n funct.ion with doma.in N. 

In lbc rawunder of tihis scct.1011 , und whcrevcr w di.'JCl.W RUSS in Uu:!M: lccc.uns. 
•e ha.U A.aifUm.t. tha• 

lfJ01 1fJl 1C/>J, .. 

"' • lixl'd t'llu1™"rntJ,i:.n of t.hc SOL of computable pnnía..I funclions úom N to N, Nad 
th>t 

Do1 D1, D2, . 

---;:.,:-:-,-.,-, .. - ... - m .. -, ... -,,.-,,-,..-,\1-,1,,,,.,. ""'' ""'' """ "" «•m •RUSS" 'º""'''' ""_.. 
üel'af tbo. \tu ,.. odiool, 11 "''"" l llgKCll tcd thlll .. SOY". migh1 be " mott<lflPOPI~ ~ 

\\'t '"" t~ bl!~n1 polhlc..J dcvtiJ01m1cn11 hl\\"e ,,Uld.\Jcd 1hc ..--.o1oiu c!bmol< 
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\iJ a fb: 1 cnum rl\l.\on of the corrcspondin g domnins. IL cnn ca.sily be s.hovm t hnt. fo r 
l'neh /11 Lh ro xlsts a scquc.ncc {Dui (n)) ,...,0 of fi nite subs ts oí N such duu Dm(O) C 
0..,( 1) e· ·· ond 

dom(\O ... ) = u o, .. (u). 
u• O 

lnd<.• d , lf w Lh lnk of lf>m M Lhc J)n.rt.in\ f1111cLio11 compu lCd by thc mth Turing mnch iu u 
In filome ITcct.hic cnumc_ratlon of thc set of 'l\ 1ri 11 g nrnchincs (sce, far example, [ 13]}, 
th<l n wc cnu t11k Dm(n) lo be lhc set of bhoso J.: E N such t hal the Turing machinc 
t•o111¡mt f'li tp.,. (k) in 11 + 1 st.cps. Fbr conveniouce wo tnkc D,., (11 ) = ií n <O. 

1'hc fo llowi ng is perhnps Lhc fu ndnment.nl resu\t in RUSS. 

Propot1 it.ion 1 For cach tolnl funct. ion g : N - • (O, 1} t.here exists m E N s uch t.lrn t. 
9( 111 ) = O lf nnd only if m(m) is undefl ncd. 

1\11 lt 11111ccll n1,c conscqucncc of this is t.haL t.hen:! is no Lotal fun ction g : N-t {O, 1) 
.such t,hnt. for rm:.h m. g(m) = l if nnc\ only i í IPm(m} is dcfi ned ; th is is the ex·pression 
wlt.hin rwss of t hc undcddabilit.y of t.bo hnlLiog problem (cf. l!JJ, Cha pter -1 ). 

Pl'OposiLio11 1 is \'Cr)' ca.sy lo pro,•c usi11 g CP li' . Chien g, we see t ha l 

g- 1(0)= U (r¡ - ' (O)n {O, l , .. ,n )) 
n :oO 

\!4 rouu1,nblo. Now choose m sud 1 1.h 11L tp,,. Is u p11rt. lnl funcLion wilh domain y- 1 (O); 
thcu <Pm(t11 ) is dcfincd if a.nd only if f/( tn) = O. • 

Wc c11 11 now provc lluu b~th LPO u11 d LLPO nrc fo.lsc wilhin RüSS. For cxample1 

w 11111! 11g LPO, l t A : {O, 1} -t {O, l} be such t.lmt A(u) = 1 ií ª" = 1 íor some n, 
1md ,\(n) = O lf n., = O íor a.JI n. Defi ne u Lotn.1funct.ion11 : N-t {O, l }.w such t lrnL 
¡1(111 ),,. = l if and only H m E D,n(k), nnd lot !J = ¡1 o,\. Thcn g(m) = l ií and only if 
ip 111 (111 ) is clofincd. This ronLro.dlct.s thc íundni uontal rcsult, Proposl lion l. Thc prooí 
llmL LLPO is false In R ·ss can be fo und on ¡mgcs 53- 5'1 or II9J. 

Anot.her conscqucncc oí CPF is Lhat Brouwc.r's princ.iplc of continuous choice is 
false. Por, by CPF, íor ca.ch a e NN t.hcrc cxisLs 11 such thnL n = 'Pn· Lct 

P = { (n, u) E N" x N' n = '°" ) . 

lf th crc Is 11 cOnli nuous íunction f : NN N such li1nt (n, f (n.)) E P for each 
u E NN, thcn onch nonzcro n suffk.ien1 ly clruie to O sntis fics /{n) = f (O) and thercfore 
o = tp¡ (o) = O. Thls is clearly false. 

\V hnt rn11 wc imy a.bout ronti nuiLy in RUSS't B •íorc answcri ng this qucstion, ¡ 
must. suy somolihing nbout Markov's Principie (MP ): 

\la E {O, l] " (~ (n = O)=> o ,¡ O). 

In word:i : far cnch bi nnl)' -!il'IQUL'.llCC (o n) , ií il is lmpossiblc thnt ª" = O for ali 11 , t.hen 
thcrr cx lli t.S 11 such 'hat o., = 1 T his pri 11 cip\ cmbodics thc not ion oí nn unbounded 
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an:h gnTn 1ha1 a #- O, 10 find 11 such thnL an = 1, \\ simply l.CSI thf' ttnaa 
o0 ,o1• m tum, bcin.g gurirnnt.eccl by Markov's Principie Lhat " •ill \'Oltu.U, , 
nhhough w do no1 know in uclvonco whcn, find n U?nn equaJ lO l. Fbr i.hls """­
\1 13' \•tc""t'd wnh ca.mion by most prnc1iitioncrs oí R SS and is rcjl'C'l«I out.right b,­
mOtJt othl'r constructi\' mnt hcmnticinns.10 

\\'nh lhl' ( ;<;CnLial) hclp of MP, wc cnn preve Ce.ilin 1s t.bcorcm (119), Che.pi" 
J)o 

Et:cry /lsndJon from IR: t.o IR j3 contiuuou.s. 

A"' " 'Uh th(' tnlUHtonistic uniform coutinuity t hcorcm, " hn"e lO be ~ul aboui 
our intcrpr U\Uon of thiJi s1.11tcrncnt; othorwisc, it will ílp¡>car to contradin rJ r.&! 
rnathrmnoa. Thr ful! int.crprotntion snys t hnt very rccursh-ely defint'd íuncdon 
from th(' n.!CWSI\"' real linc to thc rccursive rcul linc is rccursh-el)' con1i11uo11&; from 

cln..u¡cnJ H~t this t.h rcm is ncccptnblc, os it. does n o1 53)' anythÍl\8 Abou1 
funcl1ons defined abo on 1.l1c nonrccursivc renl numbcrs. 

Th clnssical umform conLinuiLy Lhcorcm, however, does not hold in nu ' 1n 
wh1ch thrr~ exi5 a cont.inuous function / : [O, 1 J -+ R t hat. i.5 nOt uniíormly l'On• 

tlnuous Th<> eoostructlon oí such a íunctio n , which l shall nol describe, dt))n1cb 
on 1\ ÍamOUJ resuh. p cckc r 's t h oor c m (611¡, showing thal thc monotone S<.lqUentf 
prinaple ol c~cal ana.Jysis docs no t hold in R USS: 

Theort'.m "l Thcrc en.rl.s on incrc1ui119 .Jt!l/t1C11cc ( r 11 ) o/ rat1onal numbcN 1n tht! Con 
lor c:1 

C= {I>.,J-" oVn (c,, E (0,2) )} 
11• ! 

Vz E R 36 > O 3N E N Vn ;¡, N (lx - ' ./ ;¡, 6) . 

In Ofhrr llVn!I. allho"gh tho .Jcquc.11cc ( r .. ) i.t mcn:osmg and lwl•ndol a.bolll':, 11 u 
u-cn1aclf9 6ioa.nrkd a.aoo11 jrum nny f¡i11tm {n:cur:mie) real numbcr, idr.ma 1U (lftWtOll 
linu1 L.f o ncrnn-c111r.111:ic n:nl n1m1bcr. 

l 'llhall fñum to pf'O\'C! pccker's t hcorcm in Scction 9, once 1 '"'' dUlC'lUollt'ld our ~ 
V1lf1<'i) ol C'On$1tunJ\'I! m1u hcrnn1.lc.<1. 

oa t ruct ive mathem atics 

Tlk fin.Al \1Uw-t) tha1 1•'AJlt. 10 t,nlk nbou~. nnd thc onc t lull wUI occupr mor-1 ti tbr 
r 1 ol t lirfhu u BiJJhop's com:1truc livc mnthernnl ia ( BI R}, •hk:h fi~ 
appr..u....t m En~u Otlihop's grouncl brc11king monogmph Foundal•aru o/ Corutn..r 
h& ... An •u (.a In thiu book, which wM born af1c:r n rcmMbbl) sbof't P"'f1od al 

' \lf' 
·lf llt 

• • 1., 8ro1U•TI·• lht'OI\' of tlir crutl"I ubt«I , 11.Mlf" mMt'Ol~-1 "~" 
"'••Nni.111:"'[3·11 
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gt•8 t1Hlon, OlthoP dl.ld05Cd. by t.horoughgoing oustructh·e mcruu but wi' hou1 rcsort.­
luB lo l'lllhw Drot1• r '• princl1>ICS or Lite ío rmnlis m of rccursh-e runc:uon thoory, n vnst 
pnu . rnmn oí mol hcm11i1ics. covc.rlng olcmonLnry re:n.J nnd complex a.nalfsi.s, 111 t rie und 
uonued ll¡>l\C(.'!, ab.\t.rl\Ct mensure anti lntcgrl\li 11 , ihc Spt>et rnl l.hoor)• of sclfocljoinL 
01wrnLOnJ 011 n flllben 111>ncc, linar mcnsur nnd dunlÍl)' 011 locally compscL groups, 
nud IJ n..nnch nlacbms. ,\ 1 11 sLrok . Oíshop's work gnvc thc li l O Hdbe:r1' dlsin issa l 
oí coustru tl vt mnth mnt.lcs in thc words 

Tukrng thl! pnno¡>lr or cxcluded midd lo fr om tite 1nnthtm1ntioan would be !hf' 

i;tuw·, 11ay, M ¡1""°1bi11g th tnlcscopo LO Lhu :L'Jt ronomcr or 'º 1h..- boxer 1 he 

u11t' or hl$ fu.a.:t f41). 

Ob1 lto¡>1s npprond1 t.o rnnt.hc.nrntilcs hns ano grcnl nd\-nntnge O\"Cr INT and 11.USS: 
hlH rc:111lls nnd proof: nr \in.lid, nmf,{ILis mu La r1di.f, in cl n.ssical m:uh ma1ics, JNT, 
ll S, lmd ni! ren.sormblc modols of cornputnblc mnthcmntics- ruch as, for cx11 111p lc, 
Woihrnuch's TTE l71J. Ev ry pro f ofo t.hcorom T in DI H isalso(or, in 1h rccursivc 
sott. iug, c1u1 rou1mcly be 1.rn.11sll.\tod inLo) n proor of T in ead1 or L'iT, R.USS, und 

LA '. Thus DI 11 cru1 be r g11rdod ns Lhc common construclh-e core of t hcsc 01.hcr 
vnrloLlcs f nu.\th nmtks 1 nnd cach of INT , RUSS, nnd ' LA as a modcl of BISH. 

T his hM ímponant conscqmmcc:1 In pro.et.ice. For cxrunple, smcc 

Evo r¡¡ /u11cl1on from IO, l] to IR is 1mifor111ly contin uou.s 

holds In thc modcl JNT, \\ cnnnot di 1:1provo it in 01 H. On th olher hand, 

'J'l1 orc c:n.Jl.s o oon ttr1u o11..t 111am1i119 o/ [O , tJ i'nto R lhot 1J not un rformly 
co ntinuow 

holds lt1 thc modcl R ·ss, so wc cunnot provc thc uniform con1inuh;y 1.hcorcm in 
BISH. (Sine unirorm, rathcr t.ho.n polnLwiso, continuity sccms 10 be ""hat. is nccclcd 
for 111 !l t cornputaiions wlth fu11 ct ion:1 011 n compn t. inl.C.rval. BLshop free:ly usos un l­
form conth111ity h)•poLIH.'$C9 thnt hold nuto111 nticnlly in 1 'T nnd C LA .) For 1m0Lh r 
cxomplo, thc :statcment.s 

E1w q¡ Gompoel .Kubscl of IR i..t Lobc3911a 111 co3 umhlc. 

llJl(I 

'l'li t:. re erA.tt°-!l oompacl. 1rnb3at o/ IR tl111t dua not hoL"C l.cbuguc out.ar 
Hff(A,'ltll'C 

hoh.l lii L ~\ aod R , res1>cc1.ivoly (íor thc lnuer see pn¡t 6--6 of IJ9J); :10 ncitihcr 
of 1,hom cnu b prO\'UI or dl.sprO\!Cd wi tihin 0 1 H. 

T hc foundnooo.s of DI H nr clos t thosc oí INT.11 lndec.-d. Oishop snys from 
thc outsut thM 

11 Dl11 hop'e pit11u1 ... nu.s h.\T ltoccn dOller 10 ttuu oí 1.n ln1uh tonU1 th.ua --.Id "-JJr>e11. r from mo.11 
or hl11 wrl ~ l ng:1 1tt 1 360 of ILIJ 
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Thr pnmlU')' conccrn of mothomut.ics is number, and t.his mu.ns tbe J>OSill\"tl 

1ntqll."t$- Wc focl nbom numbor tho wny KMll fclt aboul Sp.M:t'. Thc poalll\'C 

1ntqen and t.bcir llfilllun~tic nro prcsuppOM?d by Lhc v ry naturc oí our 1ntcl· 
hgeatt and, v.-e IU'C tomptcid to bclicvo, by thc \"CJ'")' nature of lntcllrgenc:e In 
gcn!Cf'.U Thc d ,·cloprncut oí tho poi;itivc íntegC!nl fro m thc primith'f: conatpt 
of tht- UDJI , thc conccpt oí ncijoiniug n unit, aud 1hc pro«ss of ma1hcmftllca.I 
1nduct10n CIU'Tics compl(ll,Q co11victio11 . In t hc words of Kroncc:ktt, thc 1>01dln't 

ml~e"S •"eir crcutcd by Cod. ([1IJ, pagc 2) 

Ouilding on the- <t;('t oí positivo in!.cgcrs, using intuiLionistic logic and n primhn't, 
un~J)«ified COJ1ccp1 of 'algorithm', Bishop systcmaticaJly im.roduces mnthcmnlla 11 
highN and highl!f 1 \'CIS of nbst.roctiiou. To do so, he al.so nccds not.iona of '5Ct ' Md 
' íunction ' For him , t:1. set S is givon by Lwo picces oí data: 

t> n propcr&y 1Jia1 nnblcs mombcrs oí Sto be constructcd using objcct.S Lhot "'"'t 
already becn construct.ccl (note this la.sL phrnsc, which rules out lhc posslbllhy 
oí 1mprt:?Chcati\'c clcfi nitlons 1md thcrcforc oí Russcll- Lype paradox~). ru1d 

C> M cqui\ale.ncc rela tion =s of cqunlily12 bctwccn mcmbers oí S. 

Thr u.~ oí equhalcncc rclat.iom; rnther Lhan intcnsionaJ equalíty- id ntity of doscr1p­
t1on 15 common, but oíte11 goes uunoticcd, in classicaJ mathe.malics. For ~runpl , 
Wt' cnll the rn¡ional numbcrs 1/2 and 3/G cqual, cv n Lhough, strictly spcaklng, the,• 
arr tq\11\~Cm and no1 intcmslounlly idcntical 

In more ad\1t.nced work- cvon, ns wc sita.JI scc, on Lhe re.al lino w frcqm!ntl)' 
n«"f'd a <C('t lo be cquippcd with 1ut in equnHt y rclntion # dcscribing whnt lt mcaru 
for t•;o elem~1.s of S to be uncqunl , or dis tinct. uch n rclation must. Mtltfy lhr 
Collow.1ng h•·'O pro1xm ics: 

:i; i- !/ => -.(x = y) ' 
X Í' y "" y Í' X. 

Onr !l'Uch mequafüy rcln1.io11 iii dcfincd by sctting x # v if aod only lf .., (r = w}. 
but. M Markg,,•'s Prin lplo suggciits, t.his incqua lit.y is normaJJy too wcak for pmcucal 
pu.,,...,. 

Xot<' ihat M • "C shnll scc In.ter, t.hc cqunlity and incquality relations 011 the rtaJ 
hne R are no1 dl'cidnblc; but whcn rcstrictccl to Lhc set Q oí ralioruU numberl, thr)' 
nit doodnblt> 

'aturall)'. Bt5hop rC!f.¡uires íunctions to be gh·cn by algorithms and w re1>p«1 

rqul\luy ThU! a íun e.io n f from n set A to n set 8 is an aJgorit.hm th11t, applled to 
AA~ drmr:nt o of A, produces 1111 olcmcnL f {c1) oí 8 , such that / 15 cxtc~iom:tl! 1Í 
(1 :c. o' in A, hcn / (o) = /{l1') ¡11 B. lf A nnd B IHl\'C inequahty reh1-tion11 thcn •1: 
m.-.y n_oquir / to be s t.rong ly cxtcnsion u_I, in lhc scnse tha& 1{ / (o) -F / (o') 1n O, 
th1·n o X o' m . ..\ 
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W\th lh~C tkJ-finihONI 1'11 hnnd , W Cl\ll now prO\'C Lhc resuh OÍ Coodmnn a nd 

~lyhlll" 1371: 

T lll'or(ll 11 3 Thc o.nom o/ rJio1cr 1mp/u:,, tl1 e law o/ c:zcludtd maddlt" 

P ruuí. Ct·t P tM• M.)' corunruc li\'t'\y m('ttnlngíul stntcm<'ut , nnd ddi.nl" th !<N, A 10 
rn111th1t ur llu• t~'O rlrm<'n l .~ O nnd l. togcti.h r wit h llu.• rqun.ht) relauon rouch t.hnt. 

O=..- l ií nncl nly if P holcl "I 

( W1• rould llfl.\t' dt•fim-d ..t m more lnsitleol wrms ns r1 set of t.'qUi\1'll•':fl~cl !<.Cl'S undor 
1 hr N111l \'11ll111 e r hmon 

O - 1 lf nnd a nly i f P holds, 

lrnl ll 16 m<m' in k~1>i11g with Oishap's npp ronch to procecd 85 a-e ha\-C dona.} L •t. 8 
b1• t.h1..• 1101 (O , l } •·ith 1hc . IMdnrd i;qunllty, n11d lct 

s = {(0,0),(1, 1)) e ..i x a. 
wlw11· t lw 11t1uaht) on ls tll•ri"od in thc 11sunl wny from th06C' on ..t and 8 : 

(.r • .11) =s (I',y') if htld only lf :r = 1 r' tmd /1 =u J/ 

1111poi1e l.hM thtr<" l":X.L!lt.!I o íunc1io11 f : A - > O tiuch thnt (.;r, /(z)) E for ttll r E A. 
lf / (0) a 1 or / ( 1) =O. t h•n O =A 1, " '" I houoc P hold!; H /(O)= Oand /(1) = 1, 
lh1•11 -.(O ="' 1 ). s:wd hl'nre P i" fn lsC'. T lms w (' hn\'C dtri\·td P V -·P. • 

On png~ 9 or ¡c11. Bishop rc.mnrk8 1,lrnt 

!,h rudom OÍ chok~ ... l.s llOL ll rcu.J imurcc OÍ 1101\COl\!'lntt:ltVil)' ID clussi­
Cl\ l mnthc.mnuc:s. A choice fu 11 ct.ion o:dst:i in constructl\~ mathcmn1,ics, 
bct nu:1c a choice 1.1 1mp/1cd by Uw uory 111 c:a11111g o/ c:ri.tlcnc.c. 

ll ow do wt• 1J<¡t11Ut> lh.1.S •rilh Lh c íor goi11g Goodmnn M)•hill thoorcm"' h is iruo 1hnL 
Ir 10 l'f1d1 c' lt• m<'nl i ola !'IC't A lht'r<' con·cspo nds nn okm 1u JI of a ~·f. 8 ~uch tlmt Lhc 
prap<•rty P{.r.u) hokb, lhtn il is lmpllcd by tht- llll'nnlng or cxisu.~nCl:' in const.ruct,ivc 
1111\\ lwmndc~ tho.l t1"-re LS 1\ finite rout.h1c íor computmg an nppropna.~ "JI E 8 from 11 
¡th'l'll .r E A; hOW'l'\TI, tha.s romput 111.\011 umy d('pcnd not only on tht> ''Bluo n but nlao 
on tlw lnfornu)t.lon lha.t f'hQ11i·.1 thnt. r1 bclon~ to th(' set A. Thc rompu1.111ion of thc 
\'f'lh1c• 111 lJ ur 1\ Íu.nctlOll / A 8 wou ld dopcnd onh on 11. n.nd not on t11t' proof 1.hn1. 
t1 lwlang11 ~o . \ lfuncoon.'fo ru r.xl>t'nslm111l). So l)1!<hO¡>'~ rt'mruk •~ conl'ci if he odmi i.s 
Íllt1C'llom1 1~•hOl'Lt~ ,afu• dt'J)('nd!l an hoth u 1md r1 prooí •hril tJ E . ..\, but t.s not corrcct 
1f, M m(').11~ rniuuu,·ow prn.nhlonrrs do, h(' only ndmit.s cxtt'11:<>1ona.I functiom;. 

u!:il11cv ~hl' a~1lu1.., t Probkm ';? on ¡1A11c MI of ("I "*' .n argumt"nt ~'tt}' snnslu 10 thlll oí lhc 
tluodm tm Myhllt ~. 11 •• '"""•m•blc 10 1111Mttsl 1hiu ll~hop mil,) hit\-.i btt1I .,, .. ~ ... oí 1t111h rl'llu lt 
Whl' ll ht• IJU Üllahnl • ~ 
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Thr t\XW'llm o í choice will hold const.ruct.iv ly if the set A is one for whld1 no axn­
puuu1on L. .. n('C('SSMy 10 dcr nons t. rn t.o t.hnt a n clcm nt bclongs to h , Bishop cJ\ll,. C\ach 
IWl!'I t uic :re t:S. ~ l os t cons1.r11c t.. ivists would rcgnrd thc et N+ oí posith· lnl<'gt 
n ba,.~k !'.('l. a b('Ji(>f thn t is rcfl cct.cd in t hc n epi.anee of 1hc p rincipie of ounulblti 
c.hoicc 

lf 10 each po~ilh•c int.cger n t.h re corre5ponds an elcment "oí a sel A !\Ut'h 
that P (n,y), thcn t.hcrc is ll fuu ction / : N+ -+ A such lhnt P{ri , / (n)) 
íor('a.chneN+. 

In fnct , ma.n~· cons1rnctivc proofs use t.hc st.rongcr 1>rin c ip le o f dcpendc nL ch oice!: 

Ir o E A. and 1.0 cnch :r. E A 1.herc corrcsponds y e A such 1he.1 P(r ,11), 
1hrn tho't' cxlsu1 11 fuuction f N+ -+ .-1 sud1 tluu. / (1) = o nnd 
P(/(n), / (n + 1)) for c" ch n EN+. 

Time ~ groa.·mg e\•idencc t hat umny nppli cations oí cvc.n thcse wca..ker chok1:1 pnnct· 
pi~ can b(' 1n"Olded in DISll (scc, for axamplc , 12•1, 25, 26, 561). 

6 mod ern view of BISH 

In 1ht-IMI re .. yC?ANi Ftcd H.ichm nn has ndvocat.cd t.hc \•icw,1" ha.sed on his cxprrfon(r' 
a.." a pmcuuoner of constructivc mnt hcmaLics íor more lhM a quru-t.cr oí n C(!nlUf). 
thl\1 ll!.!hop's m1nhe:rnot.ics is simply mnthc.mntics with intuitjonisLic logic j63, ~J . 
On lh onP hand , the origi nal cons t.rucLi vist.s' dcsi rc íor n.Jgorithmic int.erpretAbilll) 
fortt"I us lO ~ in1uilion lst ic logic; 0 11 thc o thc.r, t hc cxclush'C use of intuitloruMlc klp: 

nu to resuh, mC\•it.n bly, lu nrgumcuLs Lhnt are cntircl • a.lgorithmic in dutrncto I• 
thu Si.•hop'. '<tl('CJ'C I s till on t hc point. of bcing blnbbcd ' ([·I), epigraph)· 

l!JOndrmu: rnafhom ntic.• i.~ cquiualc11t to mali1cmat1c.s thoJ WCI on/11 mlu · 
1l1onuhc log1 c:~ 

lf th~ L• th·· CMll" n.ml nll 1ho cv idcn oí our construcl1' mathc111nlll;1d ¡mwt•1 

11U.l " tMt 11 l5 thcn w (' cnn ('/lrry out our mathcmalid using intui 1 lonl~11r ~ 
on :m)· n• nahl) d(>l\nl'd mntihc11rnti cnl objects, not jus i somt' clw o( 'C011'.'l1ructnr 
ob,."''' C"ONt.-ur-11,·r 11111thc111otics bcconws n mnllcr oí epi.stemology, nulwt thAn 
on1 Hm. ' t, thli; doc¡¡ not prccludc thc on1ologicnl pmsibíhty 1hnt. M llrou•,,... 
m.Aun.-.nrd. ma1h~mn1 knl ohjccts 11rc m<: nlnl construc1s 

I oJopr R1l'lim nn ·11 111rwvoi11/. far tli e rcrnmndcr o/ lh~ paprr, trlur.h •t 

-=rtll< ·t r111trr l11 u11 //1111 tlu:• fnm1 cwork o/ BISH e.ict:pl ••'inYo 11 u r.lrorlr 
~1.,Jnf r>unn.Jr 

dlll.lt 1•¡11"fl1tur<'t l l11 !0] 
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Fttim lhf\l \'i •·rouu, LA . RU , nnd INT cru1 cnch be r'gardl'd BISM plus 
Mllllf' nthUtlomll JHUttipll-:4. In Cl..AS , t lw princl¡>lr \" dti;< In•· o( ~clUdl•d rniddlc, 
11tltlt-d lP th•• l11tu11to11btk logic or 0 1 11. 111 llUS • il is Llw ft..'Ciom CPF dulrn.ct,crisi ug 
r.t111tpu~nbh • pu.rdal h111ctlD118 fro111 N Lo N. To obtnin INT. •"'f' add to BIS ll Lhc 
l'rlurl¡>lt• e'l r conunuou.'i choloo nnd t hl· fau thc.'Oru111 . 

Wt• abmín nh(•rnndw luíonnnc lon nbout Lhc 131 H INT a.nd BlSH CL1\SS hor­
d11r lhw~ Crtun ~bl" íollov.•ing rt-su lt oí J ulhm nnd Richmnn Cl·12J; St.>t: alm page..; 127 128 
nf llDJ) ." 

T ltou rum d Ld e k f.hr /tw con.s1$lill9 oj 1111 fi111tr scqutll« m (-1. 1} ' lf 8 IS n 
1it'tarl1ablf' />nr o/ C. 1Ju:11 lhcl"f' CJ:l61.3 r1 non11('9ntwr 11111/onnl!I c.onlut'lll1t1'i fm1cl.i<m f 
tm jO. 1 J .tuch lhal 

• /(.r) >O /or oU r 1/ ánd 011 /y 1/ IJ •S n bur Jor C: 

• lnf f >O 1/ and onlu 1/ B '" n ur1l/or111 bar' f or C. 

Cu1111fir3d¡¡, 1/ f •.s o no1111cgatwc uni/ormly co"t i11uau.r mopp1119 on (O. lj, tJrtm 011.J r'C 
cr•~ I.• (1 dolacho61"' ubscl B o/ e .rnt.isf11i119 thC.ft! t 1110 ca11á1l1oru 

A11 immf·<linl<" coro111U)• of 1his 1,hconm1 is 11 clnrific:ation of 1ht> "1.alus oí tho fo u 
1.hcor •111 . 

oro lln.ry 6 ThC' Jollowmg .t t.11/.0111 1.:11/,.1 fll 'tl cr1111 unle11l w1lh111 OISI/ 

B11rr'JJ tl11iocha '" bar aj e IS 11 u11i/ or111 bor. 

- 811crv uru/o-nnly canhn11ou_, r111111 o/ [0 1 q m'o thc. po.i1i1t:c rcol lmt! hn."I ¡!(Jsiliuu 
uifi11111m •• 

On Llw tJtht•t hnnd, il cnn be: showu ulmL, undcr CPF, there existlS .i. el 111clrnblc 
hn r fo r C' t l H.\~ J.:! DOI. umform (pngC \ 12 Of [1 9\), W(,' hR\ 

oro ll nry 6 1/ CPF' holds, t11en t.l11Jrt c.ci.tb a 11111/onnlv c:onlmwa~ mopving f oj 
¡o, I ] mto Uir po•11"' r ff'n1 lmc ~ 11 r./i tlwt inf f =O. 

\\Ir· ro11dudl1 h om 1¡,,...~ t•'O co1ollorlts !luu, within BI H."'"" can pr0\1!' nc.iLhM tihc 
¡nt1po1'li r.io11 

l~11tl'J1 uM/ormltJ n1nhnuo1u, 110.,1Lwt: 11oluctf /unchon tm ¡o. 1) has po.sil111r 

111fimum 

"'Surh a·~ull" c tl'~ ueon1 1llm llo11.1 10 th~ ru"(T'dt: 1nafAu:rh•hu ol mp!l!On 1111d u1hun1 

! G~l.,. ho 1111p 4'nd \ i.I ~ • &iO•fonnl)' tontlnuo11 11 rr"I ,;a)u«! runctH>n on .- com~1 mctnr llJJllCCl: 11lw~11 
Nd~l. 1dt h011,h t ti."' ..._, DM bti 111t.Jt1t"tl. In DIS ll 
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nor tU nt>galtan lf wc ndd thnt (clnssically tnae) proposition to Bl H as M uiom. 
thtn • art' hnJJ •·ay to INT, it only boing neccssa.r")1 to add tite principl of contlnuou.. 
t.hoict' to go thl" • •holc wny. 

Thl3; comph!1c my introdl1ct.io11 to t.he foundations of constructh m1uJ1cm1uio 
m«' 1 am nwue conccrne<l, in th se lecLurcs and profes.tjonally, wilh the practiCW' 

nuh r tha.n Utl" fornutlism, of const.rucl,ivc mnth mntics, 1 shall sny nothing filiout 
í un&I "> h.·nu lor BISH ot.hcr t.hnn to point you tO\\'lU'd.s !\tyhill's intuluonblir ZF 
l •91 a.nd co truC1i"e sc1 1J1 ry !50]; f\iln.rtin Uif's theory oí l)'J>CS [47), whlch ha. 
httd ruch rut mftu<"ncc on t.ho 'prooís ns progrruns' nctivity of SC\'CrÑ compuLrr M1l"lll't 
"~··· rch !!"'""' ((31), [38)); nnd othar 'ystcnlS or Friedman {36), Fofcnnru1 f35J, Md 
Orul& 111¡ TI.e .1.a.ndn.rd roforc1ico far a forinal dcvclopmcntor INT is l·HJ. Ex lli·m 
gt•nt•ral n:frrcnccs for thc formal íoundu.Lions of BISH , R , and INT n.re l2J Md 
f67j. 

7 Th 1 lin 

l'p to lhLS .ti"&"· I hnw r i rrccl Lo Lhc r ni numbers nnd lhcir COl15tnJcLi\'c propt·rtl 
•nhnu actuall)· giving 11 prcrlsc dcfü1 ition of whnt it means, oonstrucli,'t'I)', to bto a 
u·ft.I numbrr Thr nm hu.s cornc to 901 rnnt.lcrs right. 
D~ mtroduccd 1hc ron! mnnbcra ns Cauch)• scquenccs or rationaJg with tughl) 

pttlfk C'On\ nn- rat.es. Ot.h rs h1w us 1 O :dekind's approach 10 co1111trucun.g 
rr.U.' 1 l. Md thM'l" il\ rven 1111 a:<iornat.ic clcv loprn nt. l l ·lj. 1 pre.fer ht'N? LO inuodurt 
.u, mtuval .Ulthm(·\ ic dc\'Clopmont, of thc real numbcr!, based on one found in 11 

r ""' by ,\ boro h flj. 
Dy a real nurubc.r wc 111cru1 n uoncmpt.y subsct. x or (2 x Q ud1 thnL for "11 

t'lf'nxni., (q.q') and (r, r') oí x , 

.. q < <(. 

C> Wcktr.c!d tnl~rvBls [r¡,r¡'] o.nd (r,r'J (int.cn'tlls in Q) intenec1, end 

C> íot ~ pmhh·c rntionnl e Lhorc cxlslS (q, q') in x such lhat q' - q <c. 

Tbr! undt-rl) 1n¡ Ínl ultíon hcrc is t.hnt. t.h cJ mcm.s oí x o.tt Lhe nuJonal endpotnt.I 
f'°"-"d m'ttYah, wlt.h onc point., nnmcly x, common to ali lhosc ini.cr\'n.U An) 

f.Jil numbr:r q gwc.~ rl11c Lo n cnn nico.l real numbcr 

"= {{q,q}) 

•Hb •hM'h &bo- onginnl ratí rllll q is Id nLifil'd. 
T• rt'..J nwnhtt X ru1cl y 11rc 

• .-q11•l. "'""'" X y, if for oll {q, q' ) E X and rul {r.r') E y, "" ÍnlA!fVNt fq.</) 
rid·,.r1 m1~t. 

• unequ.a.I (01 dí.slinc t.) , wr1Ltc11 xt.y,1( the:rc cxm (q.q') E x and (r,r') ( >' 
h lh"• h~ int>t:rWl\!1 ¡q, q'J nnd jr, r 'J do no1. intcrs«t 
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lt I" lmtMt hnmrdln1t> 1h t t 1'R l lt1fi0t'I thc clC'ftnlng proptf'tt ol an int'quolh.y 
11·1 1lcm l.«1t' th"C 1hr.J tqun.Jhy 111 nn oquh'flll'n reln.don lt ln'iAI 1hn1 il Is 
11 • U1~xlH• rrnd ,.ymn"' uic, *> cm ly 1rn.nl'llh1lty hn., lo b<' hnndl<'<I Lt-t. x = y Md y == z , 
hntl 1H11111()111· thnt fot' nt• (q~q') Ex 1111d (r ,r') E 7. Wl' hn' ¡q.q'Jnl,..r'J = 0. Wc 
mhy h1111m111· w1lhou1 of gr1wrn..llty d1 l q' < r Lel e ~ lht- JKbl'Í\'t in.ti nnl 
1111111hrr r 11'. a.nd e (#,.t1) E y 11ur.h Lhnt 11' tt <e Tll<'lt W tnl("f\'n.I [.1,.•' ] 
nu111t11 h111•rJt•n •lh {q, q'J nml ¡,., r'J Thltt lt1 nli. .. urd l!'inrt• y= x and y= z . T lms 

~(lq,q'I n I•. ·"I = 0l 
Sl11n• \\1· 11n• \.\nrtung .,·1th in1rr"n.IM in Q, w1· 1·1111 tum thi!! round 10 
oí 111,•lln l•·•'I,"' follow 

1rur1 n point 

t.1•111 11111 7 Lrt l ,J 6w- rla.,rd boundr<l 111t11r11nls 1r1 Q surh that ~(tnJ = B) . 1'11c11 
ll•rff' r.rut• r E Q •ur.Ji that re 1 n J. 

r' roo r. l .t•I 1 (n,b} 1tnd J !r.rij lf b < r-, 1hl'11 I n J - ;i, a c:on1radk1 io11 . 
ll1•11rt• r- • b. Lle•·•·""" n ' d lf " - t1 , 1.he11 I e J. lf a ' e, 1hen L"lll:w:r b < d ond 
1 ht·rc·fort• b e f n J. or rJ:i d ' b nnd 1 htircforc d E I n J. • 

'l'nk1•11 wllh thr t'quAl1l) Md in1'<1u111\ ty wc hn\'C dcfincd abcJ,. ·• lhP coll tlon of 
r1•11l numbt•r11 fornu • ·t 1ht• reu l línc IR:. 

1-4'1 x, y b«• rr.tl numbt:rs. \\'t• s11y t.lml. x i1:1 grcn l r lhnn y . Md 1ha1 y Is losH 
lim11 , lf liwrt• f"Xl!l (q.q") E X nnd {1\1'1) E y SU h lhnl q > r'; \\' lhcn l\'f'itC X > y 

or, 1't'¡ulvnll'ntl¡-.} < x On 1h 01 hcr h11 nd, wc Sl\y thnl x 1.s gT oler than or cciuol 
Lo y , 111ul th nt y u 1 t h nn or c q u n l to x, lf for nll (q,q') E x and &11 {r, r') e y 
wt• )mV(• q' ~ r, "'"' 1hen •mU' x ~ y r, cciulvtll "nLly, y ' x Clca.rl,y, x ~ x ru1d x -;. x 
(1 h 1 I•, ~( x > x)). 

Tlw fo llowlng propcrt.1es of t.ho iucquollt.y rclnLions on R \Vt: rcla1.n-cly e11.sy Lo 
t~lflb!h1 h : 

x = y x ;¡, y A y ¡, x, 
X f. y "' X > y V X < )' , 

x > y => y~ x. 
x~y => y .. x , 
x > y X .. y . 

111 1·oi111cc1.lo11 wilh lht- nd IMt. of 1..h s , 110Lc t.hnt the sUlU:!me1u 

lmpll{'!! r.. l n.rkov·~ Pnnaplr Tu M.'(' t.hls , ll1l (a,.) be an incrt"MlQK banary sec¡ucucc 
(n0 ) t111d1 thn.t -.'t/n (a,. =O), And dt'fi uc /l r ol number by 

(1) 

Tlwn .., (O ~ x) f0t ú O ;a: q 1 llJI (q, r¡' ) E x, l h<-n º" =O fer ali n, a cont radiclion . 
lfOw1•wr, lf x 0. lbt'.u4llnt-r ist.!l(t/ , Q1 ) E XltUC'h l11t\I q > Q; whente {q, q') = (!, ~) 
for nn (un lqur) n h &hM o,, 1 - o,._ 1 • 
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Here is the t ransit ivity of inequality, stated without proof: 

(x > y~z=>x>z)A(x~y>z=>x>z) (2) 

The classical law of trichotomy, 

Vx E IR (x ~ O => x > O V x = O) , 

implies LPO. For, given an increasing binary sequence (a n) , and defining the real 
number x as at (1), we routinely check that x ~ O; that if x = O, then ª" = O for ali 
n: and that if x > O, then there exists n such t ha t a 11 ;:: l. Even t he weaker form of 
trichotomy, 

Vx E IR (x ~ O V x :::;; O), 

is nonconstructive, as it implies LLPO. To prove this, given a binary sequence (a11 ) 

at rnost one terrn equal to 1, define a real number by 

If x ;a: O, then it is impossible t ha t a11 = 1 for an odd n, so a ,. = O for ali odd n. 
Likewise, if x ~ O, then a,, = O for ali even n . 

Before you despair entirely, let me give you a surprisingly powerful constructive 
substitute for t hese two inadmissible versions of trichotomy. This result shows thal, 
while exact splits of the rea l line cannot be carried out constructively, overlapping 
splits can. 

Proposition 8 If a > b , then for all x either a > x or x > b. 

Proof. T here exist (q , q') E a and (r, r 1) E b such that r 1 < q. Given a real number 
x , we can fi nd (s, s') E x such tha t s' - s < q- r'. lf s' < q, then x < a; if s' ~ q, 
then r' < s and so b < x. 1 

For convenience, !et 's dispose here of a coup!e of simple results. 

Lemma 9 1/ (q,q') E x, then q :;;;;: x :;;;;: q' . 

Proo f. Rational a rithmetic shows tha t for each (r, r') E x , since [r , r '] meets [q,q'J, 
we ha.ve r ' ;:: q and q' ? r. 1 

Lernma 10 For· each real number x tl1ere cxist rational numbers q, q' such that q < 
X< q' . 

P roof. Let (r, r ') be any element of x. By Lemma 9, r :::;; x :::;; r ' . Choosing q,q' in 
Q with q < r ~ r' < q' , wc sec from (2) t ha t q < x < q' . 1 

Let S be a set of rr.a l numbers. We say that a real number b is an upper bound 
of/ for S if s ~ b for ali s E S; and that b is t he (perforce unique) Jeast upper 
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bound of S if it is an upper bound fo r S and far each x < b there exists s E S such 
that x < s. In the latter event we also call b t he supremum of S and we denote it 
by sup S. 

To see t hat the classical least- upper- bound principie implies the law of excluded 
midd le, \et P be a11y constructively meaningfu l proposition and define 

S = {x E 11! ' x = 0 V (x = 1 A P)}. 

This set is nonempty (it contains O) and bounded above by 1. Suppose it has a least 
uppcr bound b . By Proposition 8, either b > O or b < 1 . In the flrst case, by the 
dcfi nition of 'supremum ', there exists s E S with s > O; whence s must equal 1, so 
l E S and thercfore P holds. On the other hand, if b < l , then l ~ S and so ..,p 
hotds. 

We define a set S of real numbers to be a rder locat ed if far aJI rational numbers 
a, b with a < b, either x :( b far ali x in S or elsc there exists x E S with a < x. This 
definition enablcs us to state the cons t r uct ive least - upper- bound principie, 
which is also known as the Ded ekind ( order) com p leteness of t!t. 

T heorem 11 Let S be a nonempty set of real numbers that is both bounded above 
rmd orde1· located. Then th e least upper bound of S exists. 

P roof. Let B be the set of upper bounds for S, and define 

( = {(q,q') E Q x Q' 3s ES 3b E B (q ( s ( b ( q' ) ). 

Taken with Lemma 9 and (2) , t he hypotheses ensure that € is nonempty. If (q, q') 
and {r, r') belong to~ ' t hen there exist s 1, s2 E S and b 1, b 2 E B such that q :(si :( 
b 1 :( q' and r :( s2 :( b 2 :( r 1• Then s 1 :( b 2 , so q :( b 2 :( r' ; similarly, r :( q' . 
Rational arithmetic shows that there exists a rational uumber in jq, q') n Ir, r'J. To 
complet.e thc proof that { is a real number, we show that far each rational € > O 
t.here ex ists (q ,q') E { with q' - q <e. To th is end , fix (a,a') in f U a= a' , t hen 
there is nothing to prove; so we may assume that a < a'. Construct rational numbers 
a0 =a< a 1 < a2 < · · < ª" = a' such that a; - a; - i < e/2 for 1 :( i :( n . Since Sis 
order located, cither a2 E B or else a1 < s far some element s of S. In the first case, 
(a0 ,a2 ) E~ and a2 - ao <€. In the second 1 either a3 E B and therefore (a1,a3) E ( 
and ci3 - a 1 <E; or else a2 < s far sorne element s of X. Carrying on in this way, since 
""E B wecan besureoffinding k < n- 1 such that (ak,ak+2) E { and ak+2- ak < E. 
Thus { is indeed a real numbcr. 

To show that {is an upper bound far S, consider any (q,q') in~ and any sin 
S. Tbere exists b E B such that q :( b :( q1• For any (r,r') in s we have r :( s, by 
Lemma 9, and therefore r :( b; whence r ~ q1• It follows that s :( ~. 

Final\y, if x < {, then we can find (q , q' ) E~ and (r,r') Ex such that q > r 1 • It 
fo llows from Lemma 9 that x :( r' < q. By definition of ~. t here exists s E S with 
q :( s ¡ whence x < s , by (2). This completes the proof that {is the least upper bound 
~& • 
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Let S be a set of real numbers. We say that a real number b is a lower bound 
of/for S if b ~ s far ali s E S; and that b is the (perforce unique} greatest lower 
bound of S if it is a lower b_ound for S and for each x > b there exists s E S such 
that x > s. In t he latter event we also call b the infimum of S and we denote it by 
inf S. 

In a rder to establish a greatest lower bound principie analogous to Theorem 11, 
we define the negative of a real number x to be 

- x = {(q,q') E() X()> (-q',- q) Ex) , 

where, for a rationaJ number q, the expression - q denotes the negative defined in the 
usual way. 

Coro llary 12 Let S be a nonempty set o/ mal numbers that is bounded below and 
satisfies the property: /or all m tional 1mmbers a, b with a < b, either a is a lower 
botmd for S or- else there exists s E S with s < b. Then the greatest lower bound o/ S 
exists. 

Proof. Apply Theorem 11 to the set 

T=(- s.sES}, 

(which is nonempty and bounded above) to construct its supremum b. Then - b is 
the infimum of S. 

The absolute value of the real number x is the set of rational pairs of the form 

(min (JqJ, Jq'I), max ( JqJ , Jq'J) ) (3) 

with (q ,q' ) in X , where in (3) the absolute values are taken in Q. 

Lemma 13 For each real number x there exists a positive integer n such that lxJ < n. 

Proof. Pick (q,q1) in x , choose a posit ive integer n such that ma.x {lql, jq'f} < n, 
and apply Lemma 9 and (2). 1 

Lenima 14 For each real numberx there exist a positive integer N such thatmax {lql, lq')} 
< N for ali (q,q1) E x with q' - q < l. 

Proof. Pick nas in Lemma 13, and set N = n +l. lf (q,q1 ) E x and q' - q < 1, 
t hen 

min (JqJ, Jq'J ) <;; JxJ <;; max JqJ, Jq'J 

by Lemma 9, and 
O,;; max {JqJ, Jq'I) - min (Jql, lq'I} < l. 

Hencc 
max {lqJ , Jq'J} < !xi+ 1 < N, 
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a.s required . • 
Wc now introduce t he arithmetic operations on real numbers. Given real num­

bcrs x and y , we nccd to find thc appropriate ways of combining t he rational pairs 
(rcprcsent ing intervals) that constitute t he real number x with those that constit ute 
y , iu a rder to crea te the rational pairs t hat represen t. x o y , where o stands fa r any 
of t hc operations +, -, x, -;- . \Ve begin with t he easy definitions of + and -, far t he 
momcnt lcaving asidc the more complicated ones far x and -;-. 

Wc define the s u m x + y and difference x - y of the real numbers x, y to be, 
rcspcctively, 

x + y = {{s,s') : 3(q, q')Ex3(r,r')E y (s = q +r/\s'=q'+r' )}, 

x - y = {(s, s'): 3 (q, q') E x 3 (r , 1·') E y (s = q - r /\ s' = q' - r')}. 

Lct's verify, far example, that x+y is a real numbcr. Let (q 1 , q;) E x, and (r 1 , r\) E y . 
Ccrtainly, q, +r, ~ q;+r/. Moreovcr, given a positivc rat.ional number e, we can arrange 
that q; - q1 < c/2 and r; - r¡ < c/2, so (<11 + r;) - (q1 + r 1) <c. l t remains , t.hen, 
to show that ifalso(q2 , q~) E x and (r2 ,1·~) E y , t hen the intervals [q;+ r;, q;+r:J 
(i = 1,2) in Q intersect. This is easy: there exist. rational numbers ~.17 such t hat 
q; ~ ~ < q: aud r, ~ 11 ~ r: (i = 1, 2); whence 

Thus x +y is a real number. 
Sincc, as is routincly verified, x - y = x + (- y) , we adopt the normal convent.ion 

of writing - x instead of - x. 
We next define the product x x y , usually denoted by xy , to be t.he set of all 

rational pairs {s, s') such that t here exist (q, q') Ex and (r, r' ) E y with 

s = min{qr,qr',q'r, q'r' }, s' = ma.'( {qr,qr' , q'r, q'r' } 

Certain ly, s ~ s'. Compute a posit.ive integer N such that. if (q,q') E x and q' -
q < 1, t.hen max {lql , lq'I} < N, and such that if (r , r1) E y and r 1 - r < 1, t hen 
ma.x { lrl , (r'I} < N. Given a rationaJ e with O< é < 1, we can arrange t.hat q' - q < 
c/2N aud r' - r < E/ 2N; then 

,' - s < (q' - q) max {lrl, lr'I) + (r' - r) max {lql, lq'I) < € . 

For ·i = 1, 2 let (q,,q;) E x , (r;, r;) E y , and 

Pick { in [q¡,qi) n {q2, q2J and 1¡ in [r1 , r;J n !r2, r2 ]; it. is easy to verify that fr¡ E 
[s1,s'iJn[s2 ,slJ. 

When dealing with division, we consider t.wo real numbers x , y with y .¡. O. Let 's 
lllustrat.e the definition wi th the case y > O. To const.rnct a rational pair {s, s') in t.he 
q uo lient x/ y , we first pick (q,q1 ) Ex and (r,r') E y such that r > O. 1f q ~O, we 
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set s = q/r' , s' = q'/r; if q < © < q', we sets= q/r, s' == q'/r; and if q' ~O, weset 
s = q' f'r, s' = q/r'. Pairs (s, s1) constructed according t0 these rules, and only such 
pairs, belong to x/y. We omit the detai.led argument sh0wing that x/ y is indeed a 
real number. · 

As classically, we say that a seql.ience (xn)~=l 0f real numbers converges t.o a 
real number x00, called the limit 0f the sec;¡uence, if 

Ve > O 3N 't/n ;;::: N (/xoo - Xn 1 < e"). 

We t.hen write 

x,,--+ x00 asn--+oo 

º' 

T he uniqueness of the limit, and the basic aigebraic proper.t ies of sequences of real 
numbers, will be assumed without proof, since the flr00ÍS are virtually tihe same as 
~heir classical counterparts. 

By a Cauchy sequence 0f real numbers we mean a sequence (x11 ) such that 

Ye>03NYm,n ;>N (lx.,. - x" l <e) 

Every convergent sequence 0f real numbers is a Cauchy sequence; the converse 
statement is the so-called (Cauchy) cample te ness of IR. 

Theorem 15 Every Cauchy sequence o/ real n'Umbers converges to a real number. 

Proof. Let (x ,..):: 1 be a Ca11chy sequence of real numbers, and, using the principie 
of countable choice, compute a ftmction k ..,... nk from N+ to N+ such that 

Again using councabie choice, construct a sequence ((q1;,q~)):1 such thaL 

Set 

Then for ali n ~ nt , 

(4) 

lt follows that for ali j ~ k, 
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Sincc r~ ~ r.1; < 2- H • -+ O as k-+ oo, we conclude that 

X 00 = {(r.1;, rí.) : k ;;i: l} 

i11 a real number. From (4) we have x,1 E [r.1;, rí.] for all n ;;i: ti1i:. It follows that 

'Vk 'r:/n ;;i: 1l.1; (lx,. - x 00 I ~ rí. - r¡, < 2 - k+l) 

Hence x,. -+ x00 as ri -+ oo. 

231 

• 
For the rcmaincler of thcse lectures we sha\\ clrop the use of boldface type to denote 

real oumbcrs; it has scrved its purpose to signa\ a distiuction between a rational 
nurnbcr and a real munber- a set of special pairs of rational numbers. We shall also 
assume, without furthcr comment, basic properties of real numbers- for example, 
x 2 ;;i: O for all real x - that can easily be cleduced from the foregoing results. Note, 
howevcr , that although 

Vx E ll! (x2 =O=> x = O) 

and 
Vx , y E ll! ( (x ;ó O A xy = O) => y = O) , 

t he statement 
Vx,yE ll! (xy=O=>x=OVy=O) 

implics LLPO. 
The complex p lane C consists of a ll complex numbers-ordered pairs (x , y) 

of real numbers- with addition and multiplication defined by 

(x ,y)+(x' ,y') = (x+x',y+y'), 

(x ,y )x(x' , y1) :;;; (xx' - yy1,xy' +x1y) , 

and cquality and inequality defined by 

(x,y):;;;(x 1 ,y1 ) ~ x=x1 /\y:;;;y', 
(x,y);ó(x', y') <> x;óx'Vy;óy'. 

Wc cmbed lll as a subset of C in the usual way, by identifying the real number x with 
thc complex number (x,O). The pair i :;;; (O, 1) then has the special property that 
i2 = - 1; and every complex number z:;;; (x,y) can be written in the form x+ iy , with 
rea l part Re = = x and imaginary part lm z :;;; y. We shaH assume basic properties 
of C as t hcy are needed. The same goes for the Euclidean spaces IR" and C", which 
are now clefi ned in lhe standard ways . 

Construct ive proofs of typical applications of the comp\eteness of IR usually pose no 
problcrns. F'or example, if (a11 ) and (bu) are sequences of real numbers such that O< 
o,, ~ b,, for each n , and if L~= l b,, converges , then L~=I a,, converges (comparison 
test). For, given e> O, since the partial sums of a convergent series fo rm a Cauchy 
scqucnce, we can find N such that 

k 

O< L b.,<< 
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whenever k > j ~ N. For a li such j, k we then have O < L~=i a; <e. So the partial 
sums of L:n=I On form a Cauchy sequence, which converges by the completeness of 
IR. A panicular case of t his occurs when bn = r" for sorne fixed r with lrl < 1 ; in 

t hat case, L::'=i b" is a geometric series, and L:=i ª" converges to a sum at most 
r/(1 - r). 

\\'e shall see in thc ncxt scction how completeness is used in constructive malhc­
matics to pro\·e propositions that are immediate classical consequences of omnisciencc 
principies. 

8 A pplications of the completeness of IR 

For a first application of thc completeness of l!f: consider the classical intcrmediatc 
value t heorem: 

Jf J : [O, IJ -+ IR is conlinuous and / (0)/ (1) < O, then there exists ~ 
strictly between O and 1 su.ch tliat JU)= O. 

To see that this theorcm is nonconstructive as it stands, let (an)~=O be a binary 
scquence with at most one t.erm equat to 1, Jet 

a = I: <- 1)"2- "a., 
n=O 

and define a continuous (actually, uniformly continuous) f : !O, l j-+ IR such that 

j (O) = - ! , j ( l ) = 1,f {t) = a = f m, 
and /is linear on each of the intervals (O, kJ, [j, j], (j, l ]. Suppose that / ({)=O. 
Then either ~ > k or { < j . In the first case we have -. (a > O) and therefore a ~ O; 
in the second, -. (a < O) and so a~ O. T hus t he classical intermediate valuc theorem 
implies LLPO. 

There are two standard elemcntary ways of proceeding from the hypotheses to the 
conclusion of the classical intermediate value t heorem. In t he first of t hcse we define 

( = sup (x E ¡o, ! ] : j (x) <O) 

and use the continuity off at { to show that /(f.) ~ O and /({) ~ O; this argument 
íails constructively at the dcfinition of { as a supremum. T he second way is an 
interval halving argument which at first sight looks constructive-indeed, it is the 
basis Cor a numerica1 method of root- finding; but this, too, is nonconstructivc, sincc 
it dcpends on the law of trichotomy 

~x E Ill (x > O V x = O V x <O) .• 

which is equi\'alent to LPO. F'ortunately, there is a constructive intermediate valuc 
throrem; in fact, there are severa! which are classically equi"alent to t he cla.ssical 
intermcdiate valu thcorem but are constructively distinct. Here are two of thcm 
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Theo1·e1'n 16 Let f : ¡o, lJ-+ IR be conlinuous and such that /{0)/(1) <O. Then jor 
eacli E >O tlte1·e exists x E (O, 1) such that l/(x)I <e. 

Theore m 17 Let f : [O, l] -+ IR be continuous and locally nonzero, in the sense 
l.hat 

Vx E (0, ! ) Ve> O 3x' (lx - x' I <e A /(x' ) f O) 

lf 1.tso / (0)/(1) < ! , th en there exists í E (O, 1) such that / (í) =O. 

Thc proofs of i.hese theorems use an approximate interval- halving argument, which 
1 i!lust.rntc by proving Theorem 17. Setting a1 =O and b1 = 1, and assuming without 
!oss of gcncrali ty that /(O) < O and /(1) > O, we choose x' E (~, ~} such tbat 
f(x') =I O. rf / (x'} <O, wc put 02 = x' and b2 = l ; if / (x') > O, we put a2 = a 1 and 
b2 = x'. Carrying on in th is way, we construct a sequence ([a0 ,bn])~=l of compact 
subintcrva ls of !O, 1) such tha.t 

• / (o,.) <O ª"d f(b,.) > O. 

Then (n 11 ) is a Cauchy sequence, whose Iimit ~ exists by T heorem 15. It is easy to 
show that /(~) =O. • 

Thc intennediate value t heorem illustrates a common phenomenon in constructive 
mathematics , in which one classical theorem may split into severa! constructive ones, 
each of which is classically equ ivalent to the original . 

Another application of the completeness of IR is rather more amusing, a.nd demon­
strat.es that a classically t.rivial result may requ ire sorne ingenuity to establish within 
DISH Consider, far any real number a, the linear subset 

IRa= {ax" E lll } 

of IR. If a= O, then IR:a = {O}; whereas if a =I O, t hen IR.a ;:::; IR. In either case, IRa is 
bot.h finitc- dimensional and closed in IR. What happens if we do not know whether 
a = Oora-:f;O? 

Proposition 18 The fo llowing are equivalent statements. 

• IR.a is finit e- dm1ensiona l. 

• a = O 01· a =I O. 

• IR.a i3 closed in i.11:. 



234 Douglas S. Bridges 

Proof. We have already observed that the second statement implies both the fim 
and lhe third. If llia is finite-dimensional, t hen either its dimension is O, in which case 
a =O, or else its dimension is l; in the latter case t here exists ~ such that a~ = 1, and 
therefore a #- O. Hence the ffrst statement implies the second. It remains to prO\'e 

that the third implies the second. To this end, assume that IR:a is closed in IR, and, 
using dependent choice, construcl a decreasing binary sequence (A,1 )~= 1 such that 

!.,. = 1 => lal < l /n' , 
!.n =O => lal > l /(n + 1)2 . 

This construction is possible since eit her l /n2 > fa/ or (al > l /(n + 1)2. The com­
pleteness of IR ensures that the series L:~= l ,\11a converges by comparison with thc 
known con\'ergent series ¿~=l 1/n2. Since !Ro. is a closed subset of IR, the sum oflhe 
series E n=! Ana has the form {a for some ~E IR. Choose N > l~I, and consider >.,.... 
lf ,\N = O, then a # O and we are fi nished; so we may assume that ,\N = l. Suppose 
t here exists m ;¡: N such that Am+ i = l - >.,,, . Then ,\1 = ,.\2 = · · = >.m = 1, and 
,\ .1: = O for ali k > m; so 

(a = L !.,,a= L !.,,a= ma 
n=I 

and therefore { = m .. (Note that as .\m+ 1 =O, )al> l /(m + 2)2 and we can divide b)• 
a.) This is absurd, as m;:: N > ]{ j . We conclude that if ,.\N = l for our special choice 
of N, then ,\"' = 1 for a li m ;:: N and hence for ali m ; it follows that [aj < 1/ m2 for 
ali m , and therefore that a = O. Thus, by t he carefut construction of a series whose 
convergence depends on thc completeness of IR, and an equally careful estimation 
using its sum, we have been able to show that if IRa is closed, then either a = O or 
a#~ • 

Since spaces of the type IR:a do not occur very often in advanced analysis, Propo­
silion 18 may seem rather insignificant. But our result about llla suggested, and is a 
special case of, t he more genera l theorem, 

A Banach spacc with a compact generati11g set is finite· dimensional, 

whose original constructive proof required severa] applications of completeness similar 
to. and in one case genera lising, t he one we ha ve just used (see [58J, or pages 41-4<1 of 
l19J; far a newer, alternat,ive proof see [22)). In turn , t.his t heorem enables us to prove 
lhat if the range of a compact linear mapping between normed spaces is complete, 
thcn that range is fi nite- dimensional, a result whose standard classical proof depends 
on a nonconstructi\'C vcrsion of t hc Open i\fappíng Theorcm from functional a.nalysis 
(see Theorem 4. IS of [60), and Chapter 2of119]). 

Thcrc are many shuations whcre an application of completeness, and the con· 
strur tion of some auxi liary binary sequcnce (.\,.),similar to lhe one used in thc prooí 
of Proposition 18 has criabled 1.hc constructive mathematician to circunwent omni­
srience principies. The completeuess usually has to be added to the hypoth of 
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what would otherwise be a triv ial classicaJ t.he0rem. In our discussion of lita, although 
tJhe completeness of !R is used to establish the convergence of tbe series L:,,, 1 >.,,a, we 
really need !Ra to be complete in orcler to ensure lihat the series converges t0 a sum 
Uhat belongs to !Ra; the required completeness is implicit ly contained in the hy¡;i0thesis 
t hat IRci is a closed subset of IR. 

Among tJhe intercsting constructive llheorems whose proofs use such applicati0ns 
of com pletencss are llhe following: 

• lf f Í.!I a 11om1cgatiue Lcbcsg1ie integrable function that is positive thm1ighout a 
set o/ positive measure, then J f > © ( [8) Chapter 6, (4.13); see also Secti0n 11© 
below). 

• A line(Jr mapping To/ a 1101mcd svaee X onto a Banach space is well-behaved, 
171 the sense tlrnt if x E X and x -:¡!:. y for cach clemcnl o/ the kernel o/ T, then 
Tx 1' O [18). 

• Let F be a finit e- dimensional s1ibspace o/ a real normed space X, and let a E X 
have at most one best appr0ximation in F, in the following sense: if x, x ' 
m·e distinct elements o/ F, then 

max ('IJa - xll, lla - x' ll J > p(a, F) = inf {lla - Yl l o y E F}. 

Then there exists a u.nique element b E F such that lla - bll = p(a, F) [11]. 

As a footnote to Proposition 18, !et me add Fred Richman 's alterna ti ve, clrnice- foee 
p1100f <:>f trhe final implication. Assume tRat IR.a is ciosed in IR. For each E > O we have 
ei!ther JfiiT < E or else lal > ©; in tibe latter case, 

.jjOj = ± ,'.;::; E ll!a. 
vial 

Since E > O is arbitrary, we now see t hat Jfñj" E Tifcl = lita and hence that there exists 
1· such Uhat jfaf = ra. Choosing a f.l0S i-tive integer N > r, we have either jaj > ©ar 
lal < 1/ N 2 . In the latter case, if a -:¡!:. ©, t hen 

¡¡::¡ lal lrl lal = lrnl = v l"I = .jjOj > N lal , 

so 11·1 > N, a cont.radiction; whence a= O. 

9 Specker's Theorem 

111 tlhis ¡mrt of t.he lecturcs I shall present Richman 's proof of Specker 's t heorem (page 
2J 8). This requires sorne definitions and a ver y useful lemma, whosc proof, originating 
wit,h Bishop (!4J, page 177, Lemma 7), seems to be the first instance of t he use of an 
auxiliary binary sequence (,\,,) such as !Jhat in tibe proof of Proposi t ion 18 above. 
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A set S is called finitely enumerable if there exist n E N and a mapping f of 
{ 1, 2, ... , n} onlo S; if the mapping f is one-one, then S is said to be flnite. The 
empty set is finite, since it. corresponds to t he case n = O of t.he defini t.ion. If every 
finitcly enumerable set is fin ite, then LPO holds. 

Now let ( X ,p) be a metric space, and S a subset. of X . We say t.hat S is 

• located (in X } if t.he distance 

p(x, S) = inf {p(x , s) 's E S} 

exists for each x E X; 

• totally bounded if for each e > O there exists a finite subset F of S, called a 
fiuit ely enumera ble e-approxima tion to S, such that 

Vs ES 3x E F (p(s, x) <e) ; 

• compact if it is both totally bounded and complete. 

The statement. 

E11en; nonempty (inhabited) subsct o/ IR is located 

entails LPO. Forifa E lll and IRa is locat.ed , t hen either p(1,1Ra) > Oor else p{ l , IRa) < 
l. In the first case we have .., (c1 #- O) and so a = O; in the second, choosing ~ such 
that l l - a~J < 1, we sec that a~ #- O and hence that a #:- O. 

We ha\·e already observed that not every nonernpty bounded subset of IR has a 
supremum. However, t hings improve dramatically if we replace 'bounded' by 'totally 
bounded'. 

Prop ositio n 19 Euery non em¡>ty total/y bounded subset oj !!l has a supremum and 
an mfimum. 

Proof. Let S be a nonempty t.ot.ally bounded subset of lit We first consider t.he ca.se 
wh re S = {z1, • •. , x,,} is finitely enumerable. Given real numbers a ,{J with a < {J, 
we apply Proposition 8 11 times to prove that either X k < fJ for each k or else thcrc 
exbt.s j such that zJ > a. lt follows from T heorem 11 that. supS exist.s. 

Xow consider the genera! case. Agaiu Jet o:,/3 be real numbers with a< /J, but 
this time write é = ~ (/3 - o ) and construct a finitely enumerable é- approximation 
{r1 , •• • In) to S. B}~ the first part of t he proof 

ú ::= sup {x 1 , • •• ,x,,) 

cxi.sts By Proposit ion 8, cither (J > a or u < o +é. In t he first case t.here exists j such 
that rJ > o. ln the se<:ond, cousider any x E S. Choosing j such that lx - x;I < é, 

V.'C' have 
x ~ xJ + lx - x;I < u + é <o + 2é = {J. 
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So in this ·case, f3 is an upper bound far S. It follows from Theorem 11 that supS 
cx ists. Simila r a rguments show t hat inf S exists. • 

lt. ia relatively straight.forward to preve !lhat a uniformly continuous funct ion be­
tween metrric space maps totally bou nded sets onto totally bounded sets. Thus if 
f ; X - ) IR is uniformly continuous and X is tot;ally bounded, then, by Proposit;i0n 
1.9, 

and 

bouh exist. 

inf f = inf f( x) 
:z:EX 

sup f = sup f( x) 
•EX 

Proposition 20 A totally bo1mded s1tbset o/ a metric space is located. 

P roof. Let. S be a tota.lly bounded subset of a metric space X , and !et a E X. TheH 
the mapping x ...... p(a,x) is uniformly contlinu0us on S, so, by Proposition 19, p(a, S) a- • 

Wby do we define compactness as we d0, ratlher than in the tradit ional classica l 
wuys'! lL is easy to see t.hat the sequentlial c0mr>actness of the closed interval [O , 1 j 
implies LPO . On the et.her hand , whereas the Heine--iBorel- Lebesgue tiheorem holcls 
in INT ([67], page 305, 3.5), it is false in RUSS ([19] , page 60) , so it cannot be preved 
in BlSH. 

We are now able t.o deal wi th Bishop's lemma, refer.red to above. 

Lemma 21 Let S be a nonempty complete located subset o/ a metric space X. For 
ec1ch a E X tliere exists b E S such that i/ p(a, b~ > O, then p(a , S) >O. 

Proof. Construct an increasing ·bina.ry seq1:1ence (,\n)~:=.I such that 

,\,, = O => p(a, S) < l/n, 
,\,, = l => p(a, S) > 1/ (n + 1). 

lf ,\ 1 = 1, choosc s E S and set Su = s for ali n. If ,\n =O, choose Sn E S such tbat 
p(a, s 11 ) < l/11 . If >.n = 1 - ,\,._ 1 , put s1.: = s,,_ 1 for ali k ~ n. Then (sn) is a Cauchy 
sequence in S; in fact, 

p(sm,sn) ~ * (m ¿ n) 

Since S is complete, (sn) converges t0 a limit b in S; letting m -t oo in the last 
disp lay, we see that 

p(b,s,,) ~ ~ (n )' 1). 

Now supposc t.hat p(a ,b) >O, and choese a p0sitive integer N such t hat p(a, b) > 3/N. 
If ,\N = O, then p(a , sN) < l /N and so 

p(a,b) ~ p(a,sN) + p(sN,b) < j:¡ + f¡ = -k, 
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a contradictioo. Hence >.N = 1 and therefore p(a, S) >O. 

1ote t hat t.his lemma is a classical triviality: far, classica!Jy, we may take b = a if 
a E S, and b as any element Úf S if a ~ S. 

Before pro\•ing Specker's Theorem, !et us remind ourselves of sorne basic íacts 
about the Cantor set 

Lemma 22 I/ a afl(l b tire two nmnbers in C that differ in U1 eir mth temary digitJ, 
then Ja - bj ;:J: 3- m_ 

Proof. Write 

a= L a.,/3'', b = L bn/3", 

where On , bn E {O, 2) for each n , and a 111 f:. bm- Let k be the smallest value of j such 
that a,¡. b,; then k ~ m, ªi = bi (1 ~ j ~ k - 1) , and la1< - b.1.-I = 2. Hence 

la - bl = /ra, - bk) 3-> + f (a., - b.,) 3- •/ 
11""-k+I 

00 

;;. I•• - b,¡3- ' - L I• .. - b.,fr" 
n = k + l 

;¡, 2.3- ' - L 2T" 
" = k+ L 

Using this lemma, we can easily show that C is closed in IR and t herefore complete. 
On thc other hand, far each positive integer N the set 

{ t c .. r ": e,, E {0, 2} for l ~ 11 ~ N} 
n = I 

is n finite 3- 1' ·- approximat ion to C; so e is totally bounded and hcncc compacL. 

\\'e now gh·c the 
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Proof o í Specker's Theorem. Assuming CPF, and using the notation of Section 
4, define rational numbers r 11 E {O, l) as follows: 

whcre 

{ 
2 if m E Dm(n) and 'i'm(m) =O 

Sri{m.) = 
O otherwise. 

Pirst consider any real number x in the Cantor set. There exists m such that 'Pm is 
a total partial mapping of N into {O, 2} and 

x = I: 'i'm(n)3- ". 
n= I 

Since fP m(m) is defined, there exists N ~ m such that if m E Dm(N) , then 

'i'm (m) = 2 - s.,(m) (n;, N). 

Thus , fo r ali n ~ N , the elements X and Tn of e differ in the mth ternary place. It 
fo llows from Lemma 22 that 

Now considcr any real number x. By Bishop's lemma, there exists b E C such that 
if x -f. b, then p(x , C) > O. By the first part of t his proof, there exist ó' > O and N 
such that 

lb - r., I ;, ó' (n;, N). 

Either lx - bl < 6' /2 or x ¡. b. In tibe first case, for all n ~ N we ha ve 

lx - r.,I;, lb - r.,I - lx - bl > %· 
In the second ca.se. 

lx -r., I ;, p(x,C) >O 

for ali n .. So in eilher case, the sequence (r11 ) is eventually bounded away from x. • 

lt is a simple matter to extend Specker's Theorem to makc (rri ) a strictly increasing 
sequence of rational numbers in {O, 1). With such a scquence we can produce recursive 
r.ounterexample.s to certain classical propositions. Here are sorne. 

For each positive integer n, Jet J11 be a closed subinterval of {O, 1) centred at r,0 

such that 11111 < 1/ n, and such that /,,, and J,. are disjoint when m ¡. n. Define a 
cont inuous function fn : ¡o, 1]--+ !R0+ such that /,. (x) =O for x outside J,. , f,, (rn) = 1, 
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and /,.is linearon each balf of ! ,, . Then / = I:~=I f 11 is a continuous mapping on 
[O, J j Lhat is not. uniforrnly continuous. 

For a second example, d~fine a continuous function g,. : [O, l ] --+ R such that 
g,. (x) = l if :z: is outside f ,11 g,,(r,.) = 1 - n-1 , and 9n is linearon each half of 1 .... 
Then g = Ln=I g,, is a continuous, positive- valued function on [O, lj whose infimum 
is O. (As we not.ed in Section 4, under CPF there exists a uni/orm/y continuous, 
posit.ive-va.lued mapping whose infimum on [O, 1) is O.) 

10 Sorne recent developments 

1 would now like to sketch for you sorne aspects of constructive mathematics that 
have been developed since the publication of Bishop's book [4]. 

10.0.1 Ring theory 

lt is high time that. I addressed constructive problems in algebra. Whereas, in classical 
algebrn, the splitting field a.ssociated with a given polynomial is unique up Lo isomor· 
phism, in lhe consLructive approach Lhe uniqueness of splitting fields for polynomials 
0\1er countable discrete fields is equivalent to LLPO. Nevertheless, such a spliu ing 
fi Id does exist (!48], page 152). 

Classically, a ring is (!efL) Noetherian if each of its lefL ideals is finitely gcner­
ated; constructively, evcn t.he field Z2 fails to satisfy t his definit ion! lndeed, givcn a 
symactically correct stat.ement P, consider the ideal I of Z2 generated by Lhe set 

{n ' n = O V (n = !A P)) 

·ate t hat for t his set. t.o be constructively fin ite we must be able to tell how mnny 
disLinct elements it has. Suppose 1 is generated by a finite set F. If F has a single 
c.lement, the.n I = {O) and .,p; whereas if F contains two elements, then 1 E F ancl 
P. 

lt might be suspectcd tha t. , sincc we cannot prove constructivel3• that. Z2 is Nocth11-
rian in the usual sense, t.here will be no const.ructive version oí t.he Hilbert Ba.sis The­
ore.111. This suspicion is doubtless reinforced by recollection of the furore t hat arosc 
after Hilbert.'s original, highly nonconstructive proof of that. t.heorem, about which 
Lhe i1wa.riant.- t.heorist Gordan commented, 

Das ist. nicht. Mathcmatik; das isl Thcologie. 

But Lhe rea1 const.ruct.ive problem lies with t.he definit.ion oí Noetherian. Mines cL al. 
{-1 J define a ring R to be Noetherian if for each ascending chain 

J 1 eh e J3 e 

oí fümcly gcncrated left. ideals in R t.here exlsts n such t.hat. ln = J 11+ 1 · This definition 
of :-.iocthcrian is classica\ly equivalent to t he standard classicaJ one, is satisficd by 
thc ring Z1 . and leads to t.he following construct.ive ''ersion of t.he HilberL Basis 
Thcorem: 
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!/ nis a cal1 ercn t Noetlierian ring, t/ien so 1s R[x] ([ 19], pages 91 - 97) , 

whcrc, ru; usual, RlxJ is the ring of polynomials over R. (Regardjng coherence, suffice 
it to s11y t hat it is a property Lha t holds automatica lly for a Noetherian ring in c\assical 
111 fl l.l1cr na.tics.) 

T hc Mil bcrt Dasis Theorern illustrates the point that many- if not most- c\assica! 
rl.'su!ts ca n be re-cast, somctimes with additional hypothesis that. are triviall y satisfied 
in c\f\.'!.sicnl mathematics, into forms that are const.ructively provable; moreover, !,hose 
forms a re often, ami ideally, equivalent to the origina l classical theorem with classical 
logic. 

Far add itional results on ring theory, see !15, 48]. 

10.0.2 The ex is t en ce of adjoints 

Ju co11strnctive mathenrntics, as t.h e fol!owing Brouwerian example shows, we have 
no guarantcc that a (bounded linear} operator on a Hil bert space H will have an 
ndjoi ut . Let (e11 )n=I be t he standard orthonormal basis of t he separable complex 
Hilbcrt space 12. Given a bina ry sequence (a,.) ~= l with at most one term equal to 1, 
defi no a rnapping A : f2 -+ /2 by setting 

(5) 

To see that th is is a good definit.ion, let E:> O and choose N such t hat l(x,e11 )I < é 

fo1· al i n ~ N ¡ then, since 0 11 = 1 far at most one n, we have 

M 

2: la,, (x , e,,)I ,:; < (M > N). 
n= N+1 

Heucc t.he partial sums of the series z::::=1 la 11 (x, e,,) I forma Cauchy sequence in IR, 
so Lhc series L:~=t On {z,e,,) converges absolutely in C, and A is well defined. It is 
ca .. 'ly to show that A is a bounded linear mapping of (1 into itsel f. Suppose that its 
ndjoint A" exists. Either llA 'eill >O or else llA' eill < l. In the first case, choosing 
N such t hat (e 1, Ae,v) = {.4' e1, eN) 'f. O, we have aN = l ; in t he second case we have 
a., = O far ali 11 Thus if evcry opcrator on (J. has an adjoint , then LPO holds. 

At this point you are probably asking, "Wbat. is the problem, constructively, with 
thc dru;skal method of obtni ning A· y for any A E !3( H ) and y E H: namely, apply the 
Hif's-1, llcprcscntation Theorcm to the bounded linear fonct iona l x ._. (Ax, y) ?" . In 
arder t,o app\y the Riesz Representation Thcorem constructively to a linear functional 
f on f:/ , wc neetl lo know t hat f is not just bounded but has a norm , in t he sense 
t,hat 

sup (l/(x)I ' x E H , llxll ~ l} 

cx ists ([8], page -H 9, (2.3)); sincc the classical least upper bound principie does not 
hold consLructi,·e.ly, we mR)' not be able to find t.he supremum in question. However , 
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t.hc classical proof of t.he existence of A •y will work for us if we know that 

sup {l(Ax,y)I 'y EH, llvll.:; l} 

exists for each y E H. This observation leads to the following result. 

Proposition 23 A bounded linear operator A on a Hilberl space has cm adjoint 1/ 
anti only if P.4 has an tLdjoint for eac/1 1- dimensional projection P 011 H. 

Proof. Since ·only if' is trivia l, we consider only 'if'. Suppose that PA has an adjoint 
for each !-dimensional projection P. Let e> O be a bound for A, Jet y be any clcmcnt 
of H, and let a, b be real numbers with O~ a< b. Either lfylf < b/c, in which case wc 
ha ve 

l(Ax,y)I.; llAxll llvll.:; b 

whenever Jl:z:/I ~ 1, or else y 1:- O. fn the latter case, with P the projection of ll on 
the !- dimensional subspace Cy, we see that 

sup l(Ax,y)I = sup f(x,(PA)" y)f = ff(PA)" Yff 
lf;r ll~ ! ll:i=ll~l 

exists. lt follows from the construc;tive Jeast.- upper- bound principie t.hat sup11~11, 1 l(AI ,p}I 
exists, and therefore tlwt the linear fuuctional x ..... (Ax, y) has a norm, far ali y E H. 
Thus the Riesz RepresentaLion Theorem can be used to produce A · y as in thc stan· 
dard classical proof. 1 

Therc are more intercst.ing conditions that ensure t.he existence of A·. Wc stntc 
two of them wit.hout prooí. 

ProposiLion 24 A bounded operator A on a Hilbert space H has an adjoint i/ and 
only 1/ th.c image, under A, o/ the unit ball fr¡ H is located [57]. 

In a rder to state the second, we introduce t he weak-operator topology on 
t he seL 6 (H ) of bounded linear operators on t he Hitbert space H : namely, thc 
wcakcst topology with respect to which t he mappings T - (Tx , y) are conlinuous 
nL O for all :t, y E H. Classically, t.he unit hall 8 1 (H), consisting of those elcments oí 
6 (H ) t hat ha"e bound 1, is weak- operator compact (143], page 306); moreover, íor 
each .-1 e B(H ) the mapping T ........ AT of (B(H), rw) to (I3(H ), rw) is weak-opera1or 
continuous, and thereforc weak- operator uniformly continuous17 on l31(f/) (to prO\'C 
lhe weak-operator cont.inuity of this mapping, simply use t he identity 

(ATx ,y) = (Tx,Aºy) , 

whose \-.Jidily depends on the existence of A·). Constructively, 8 1(H ) is totally 
bounded '16J, bui may not be complete po¡. Also- this is left asan exercise-defining 
A a.sal (5), \\-C can show that the T..,- continuity of the mapping T - AT at O implies 
LPO In ''iew of al! this, t he fol!owing criterion, established in fl 7J, for the existencc 
of an adjoint should produce li11tl<' surprise. 

1 ~Tht" "l'Ü-opcni101 topo logy, hciiug local ly COU\'l!X, has a natural a.ssociated uniform s1ruc1u1c> 
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Proposition 26 Let H be a Hilbert space, let A E B(H), and let j,,, be the linear 
mavvin9 T- AT o/ (Bi(H),'Tw) into (B(H),Tw) Then the following are equivalent 
conditio1u. 

• f A i3 continuow at O. 

•/A i3 uni/ormJy continuous on (IB1(H),'Tw). 

• /11 maps totally bounded subsets o/ (IB1(H),rw) to totaily bounded subsets o/ 
(B(H),rw)· 

• A litis an adjoint. 

10.0.3 Integration tbeory 

The original development of constructi·ve integration theory in 14] was somewhat 
clumsy, and wa.s superseded by a very elegant one, due to Bishop and his student 
Henry Cheng, publishcd in [7] and, in a more refi.ned form, in Chapter 6 of [8]. 1 
would like to sket.ch the final form of tihat theory here, referring you to [8] for the 
justiiílcation of results statcd here without ~rnof. 

We begin witb a nonempty set X ca.r:rying au inequality relatiou 'f. that sabisfies 
tiwo extra propcrties: 

I> cotransitivity: x 'f. y=> Vz E X (x 'f. z V z 'f. y); 

I> tightness: .., (:t 'f. y) => x =y. 

Wc also requirc 

• a set L of strongly cxtensional functions- the integrable functions- from X 
into R. that contains the mapping x - 1 (identified with tbe constant 1) and is 
closcd under the pointwise operations of addition and multiplication-by-scalars 
(so L is a vector space under t:hese operations); 

• a linear mapping l : L -+ l!l, called 1Jhe integral, satisfying the following axioms. 

11 lf (/,.)~0 is a sequence of nonnegative elements of L such t.hat E~=l I(Jn) 
converges to a sum less t:han J(/0), tben tbere exists x E X such that 
¿::,,_1 /n(z) converges and is less than /o(x). 

12 Therc exist.s cp E L such tbat l(cp) = l. 
13 l (min {!, n )) --> /(/) and I (min {lfl. n- 1}) -->O as n --> oo. 

Thc triple (X, l , 1)-or, looscly, X itself- is then called an integration space. 
The most importaot cxample of an intcgration space occurs wben X is a locally 

compact metric space (tbat is, one in which every bounded set. is contained in a 
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compact set.)¡18 L is the set C(X) of ali uniformly continuous mappings of X lnto R 
t hat vanish on the metric complem ent 

- !< = {x E X' p(x,K) >O} 

of some compact set !(; and I is a p os it ive measure on X - t hat is, a mapping of 
X into R such that if f E C(X) and J ?: O, then I(f) ?: O. The proof that these data 
do define an integration space is notan easy one (see [8}, pages 220-221). 

The first problem of integration theory is to extend the integral to the largcst 
possible class of funct ions on X. To thi:; end, we say that a partial function f: X_. R 
is integrable if there exists a scquence (!11 )~= 1 in L, called a representation of / , 
sucb t.hat. 

• L~=\ I (l/nD converges in lll, and 

• / (x) = L~=1 J,.(x) whenever L::=i 1/n(x)I converges. 

lt. can theu be shown that the integral of f , defined by 

~ 

I(f) = L J(f,,), 

is independent. of the representat.ion Un) of f in L; and t.hat, denoting t.hc set of ali 
integrable functions on X by L 1 (X) or simply L 1, we obtain an integration spacc 
(X, L 1 , /) . This process of extcnding the integral cannot be continued to enlargc thc 
class L 1 : if (/0)~= 1 is a sequence in L1 such that ¿~= 1 / (1/,.1) converges, t.hc.n 
E:..1 Ín is also in Li . 

By a full set wc mean a subset of X t hat contains the domain of sorne function 
in L 1• lt turns out that a subset F is full if and only if it contains the intersection 
of t.hc domains of countably many integrable functions, and t.hat the intersection of 
a scquencc of ful\ set.s is therefore full. 

The equalit.y relation on L 1 is defined by setting / = g if and only if I (lf - gl) = O. 
lt. then turns out t hat f = gin L1 if and only if f (x) = g(x) on a fu ll set. 

Thc Lebcsgue integral occurs as t he special case where X = IR and the original 
Integral, from whicl1 the extended one is constructed, is the R..iemann integral on 
C(R). 

Cla.ssically, the important sets in integration theory are the complements of sets of 
mea.surc O. To accommodate successfully the rat.her negative not.ion of complemcnt, 
Oishop introduced t he idea of a complemented se t , which is a pair A = (A 1, Aº) 
of ubselS of X su ch that x -:/: y for a ll x E A 1 and y E Aº. The cbaractcristic 
function oí this (complcmcnted) set is the mapping XA : A 1 U Aº --t R dcfined by 

{ 
1 if x E A1 

XA(x) = 
0 if x E Aº. 

11Nolt: lh•t lhil dcfini lion oí locally compacl is more res1ric1ive than tht: clasalcal onc. 
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Opcrnt.ions on complemented set.a are defined usi ng t.he corresponding operat ions on 
t.hc characterist.ic func lions: 

XAvB ma.xfa'.A.Xe }, 

XAAB min {XA.XB } ' 

X•-B XA {! - xa), 

with corrcsponding d finitions fo r v~= I A., a.nd Ar:=! A n when (An) is a sequence 
of complcmentcd sets. A complement.ed set A is said to be integrable if XA is an 
iut grnblc funct ion¡ in which case A 1 U Aº is a ful l set, and the m easure of A is 
dofinccl to be 

µ( A)= l (X A) 

Among the useful properties of integrable sets are the fo llowing. 

P rop osition 26 let A be a11 integrable set. !/µ (A )> O, then .4 1 is nonempty. !/ 
¡i (A)= O, th e11 Aº is a fu ll set. 

Proor. Supposc fir.it that µ( A ) > O. Using axiom 12, choose I{) such t.hat / (v;) = 1, 
nnd fo r each pos itive integer 11 Jet / ., = Ov;. T hen 

00 00 

L / (!") = L OJ(<p) =o< l (XA)· 
n= I n=l 

By a.xiom 11 , therc cxists x such that XA(x) > O. T heu XA(x) = 1 and x E A1. 
Now suppose that. µ( A ) =O. T hen 

00 00 

LI (nx A) = L:nµ (A ) =O, 

so E~ ... 1 1tXA is in L 1• Thc domain D of this function is t.herefore a foil subset of 
A1 U Aº. Out O cannol contain any point of A 1 , since t he series L:~=l n diverges; 
hence D e Aº a.nd therefore Aº is a full set . • 

P ropo1:1itio n 27 Lel (A n)11 ., 1 be a sequen ce o/ integrable set.s such that Al e A~ e 
AA e ... ' wh ere A n = ( A~ , A~). Then vr:=I An is integrable if and only if l = 
lim ,, ~ I' (A") ""'"· on which caseµ (V:;"= , A,, )= 1 ([8J, page 234 , (3.9)). 

Thc con:itruction oí a rich supply of integrab le funct. ions is a very diffi cult one and 
is sol ved by a speciaJ thcory of profiles, introduced in [7] ; the technica1 det.ails of this 
const.ruct ion are íound in !BJ (Chapt.er 6, Section 11). T he main result. is t.he following 
fu11d111r1c111al theorem. 

T h o rc m 28 Lei (X , L1, /) be cm intcgrntion space, and f an integrable fun ction. 
Tl1c11 for nll but countably mnny r > O, the complementcd sets 
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<md 

are int egrable and h<rne t.he same m easure. Call s1i cl1 uolues o/ r admiaa ible. Th en 
Jo,. cac11 admissible r nnd each E > O, there exists ó > O suc/1 that 

Iµ ((! > r] ) - µ ((! > r 'IJI < < 

wl1 eneuer r' >O 1.s admissible nnd 11' - r'I < ó. 

As a final ill ustrat ion of the comple Lencss technique t.hat we used in ea.rlier scclions, 
lcl me now pro\·e the fo llowiug resul t.. 

Propositio n 29 !/ j is n nomtcgative integmble jimction 0 11 X lliat is posil11Je 01 rougl1· 
out trn 111 tcgrnble set o/ ¡10sili11e mel1s1tre, tl1e11 J(/ ) >O. 

Proof. Lct A be an ini,egrable se t of posiLi ve mensure on whi ch f is evcrywhcre 
posili\•c. Replaci ng f by f xA, we may assume Lh a t A = {x E IR: f (x) > O} Using 
T hcorem 2 . choose a sequencc ( 1· 11 )~= 1 of admissible vaJues fo r j that dccrcascs 
strictly to O, and fo r each 11. set 

A., = (! ;, r] . 

Since / {/) ~ rnµ (A,, ) , it. will suffice to flnd n such Lhat ¡1 (A n) > O. To t.his cnd, 
cons truct an increasin g bina ry sequence (>.,i) such t hat 

>.., = O => µ(A 11 )< n - 1 , 

.\,. = 1 => ¡;(A,. )> (n + 1) - 1 

We ma~· ns.sume that. ,\ 1 =O. If ,\ 11 =O, seL B 11 = A,, ¡ if ,\n = l -,\ 0 _ , , set B¡, = An- 1 
íor ali k ~ n. Then 

B~ e B~ e B~ e (6) 

nnd 

O,;; /' (B,.,) - µ (B.,) ,;; f, (m ;, n). 

So (11 (B n)),.= 1 is a Ca uchy, and ~hercfore convergent, sequence o í real numbcrs. lt 
íollow from (6) and Proposit ion 27 that 

B = V B., 

I !'> rut int<'grablesct wit h rncn.surc cqual to lim ,, ...., 00 11 (B n). Eithcr µ (B ) > O or 1• {B) < 
11 (A ) In thc ñrst case wc ca 11 lind n > 1 such t ha t ¡.1 (B n) > n - 1 • lí ,\ 11 = O, then 
J• (Bn) = 1•(An) < n- 1 , n ron1.racli t:t io11 ; so,\,, = l. In thc case ¡J (B} < ¡1 ( A ) wr 

hln-t.• 11 (A - O)> O. so 1hcrc cxists a point ~ E (A - 8 ) 1 ; thcn / (f.)> O and ( E 11' 
Ch~· n J)OSiln't' 1111 cgcr N such 1.hat / (() > 1/ N ; 1.hcn { E A ~. lí ,\N = O, 1hrn 
.·1\ - Ot C 8 1• !'!O (E 8 1 , a c-o11 t radic1.io11 ; it fo tlows LhaL ÁN = L • 
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Note that thc last proposit ion is a triv ial consequence of Markov's Principie. For 
if / (/) = O, th n, since f ~ O, wc have f (x) = O on a ful! set , which contradi cts the 
hypOl.IH'!i<'S of Proposition 29; hcnce., (! (/} = O) and tberefore, by Markov's Principie, 
1(/ ) > 0. 

t t l1i nk wc ha,·c seen cnough of i111 cgration theory to give a tasle oí its constructive 
dr vi• lopml'nl . Suflire it , th<'n , to say th at, thcrc are construct lve analogues oí standard 
thC'orcrns of dassiral integration thcory, such as t he domina ted con,·ergence t heorem, 
P.gorov's thoorcm, nnd F\1bini 's t hcorcm. The full dcveloprnent is found in Chapter 
G of j J; the Rndon4 Nikod)· m rhcorcm and the theory of the Lp spaces is found in 
C' hapter 8 of tha t book. 

10.0A T he Riemann mapping theo re m 

7'.·ly urx t cxa rn pl of construct ive analysis is the improved , defin ith·e ,·ersion of the 
R.ic 11101111 1napping theorem duC! 1.0 Ilishop and Cheng. lll 

ller nll t hl' classical Riemann mapping thcorem: 

lf U is a 1woper, open, anti simply connect.ed subset o/ the complex plane 
e, t/1e11 01ere ex1sls ar1 (m(l{ytic equivalcnce o/ u witli tl1 e open tm it, disc 
D: tliat is, a one·one (lnalytic map¡iing f o/ D onto U with analytic in­
vem (!59J, Thoo<em 14 .8). 

lu ordcr t provid motiva tion for the hypot.heses of the const ructive Ri emann 
111 11pping thcorcm, 1 shaJ I gh•c the details of a Brouwerian countere.xample to the 
dnssicnl thcorcm. Gi\"Cll a bi nary sequencc (nn ), define u= u~= I Sn, where 

• ., = D if On = O, and 

• S., is thc open disc wit h centre O and radios 2 if a 11 = 1. 

T hcn U is open and simply connected , and is clcarly a proper subset of C. Supposc 
tlmt /is 1m analytic equivalcnce of U with D; we may assume t hat /(0) = O. Either 
l/'(0)1 > 1 oo· Jf' (D)I < 2. In the fi cst case, choosing ,. E (O , 1) such that l / c < l/'(0)1 
nud thcn usiug standard cstima tes, wc obta in 

sup{ l/ (z) J' Jzl = o·) > l. 

ll em.:c thcrc cxists : such that 1:1 ; r and 1/(.:)1 > l. In turn , t he.re ex ists n such 
t hat / (z) E 5,., so 0 11 ; l. 

In t hc case l/' (O)I < 2, considcr any posit lve intcger k. lf O.t = 1, t hen U is the 
opr n disr with C('lltre O and racl ius 2. !t. Lhen fo llows from t he ma.ximal dcrivativc 
p1·01wrty of thc Riemann mapping ([59], pages 273 275) wh ich holds constructively 
providcd tha t thc mapping / exisls- t lmt. \/' (O)I = 2. This contradiction implics ~hat 
ll A = O. llctH'l', in this case, a 11 :: O fa r all 11. 

lfl Th11 pnpll r (30J in t11·hKh t h1s work o n t hu llicmann mapprng thoorern firs l appea red contains 
mnny t•rro rs: 11 corrtett<d 1rr.1.cmc-nl o f thc LIH .. 'Orl!m i3 fou nd in t hc final section of C haptc r 5 o f [8] . 
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Thus the classical form of the Riemann mapping theorem entails LPO. How, if at 
ali, can we recover from this situation? 

To answe r t.his, consider the following pathological features of our Brouwerian 
countere."'l'.ample: 

• \Ve cannot pin down ti-he boundary of the domain U. 

• For each poim, .:: E U we cannot tell t he minimum d istance we need to travcl 
from ;: in a rder f,o reach the outside of U; equiva.lent ly, we cannot compute thc 
rad ius of the Ja.rgest ball centred on z and lying inside U. 

Pcrhaps if we were to add hypotheses tha t ensurc that ncit her o f t hese pathologics 
can occur, we would be able to recover a constructivcly vaHd form of t he R.iemruu1 
rnapping t heorem. To this end, Bishop and Cheng introduced t he following notion of 
approximate border far a proper bounded 2º open subset U of C. 

U?l .:o be any point- which we refer to a.s a distingu.ished point-Qf U, and let 
E > O. A.o t-borde r of U relative to z0 is a finitely enumerable subsct B of the 
complemenl of U, 

-U= {z E C : Vu E U (z ;é u)} , 

such t ha t if 7 is a path in C with left endpoint .::0, and ¡ keeps at least E away from 
O, then 1" lies in U. For example, if the posit ive integer N is sufficiently largc1 then 
Lhc points 

( ') (k.;) x 1: = l + 2 exp ¡;¡ (k = I, 2, .. . ,2N) 

form an e- border of the clise D relative to O, since the union of the open discs wid1 
centres z1: and rad.ius E contnins the annulus {.:: : l - ¡ < lzJ < 1} 

We say lhat. U is m appable if 

E> it is simply connected and 

E> there exists .::o E U such that for each E > O there is an E-border of U rclati\'1! 
to .:o. 

(le. can be s:l10...,•n that any point of U will t iten serve a.s Lhe dis tinguished point..) Thus 
a mnppable S(!t is one whosc border is approximatcd arbitrarily closely by finitcly 
enumerable subsets of the complernent. 

Tuming to Lhe second pathological feature of our Brouwerian counterexa.mple, wc 
sny t hnt U ha.s the mro::imul cxteut property if thcre is a function p from U inio 
the posltl\""C real line such t hat for cach .:: E U, 

• the dasc w11h centre z and radius p(z) lies in U a nd 

• any d isc Q,1ilh ccn!.rc.: and radius greater than p(z) intersects -U. 

\\"(' are no•· able to sLnte ~he constructive R..iemnnn rnepping theorem . 

:O,,.'" gi:-nc-r:M (.Me, in whlch U may or may nol be boundcd, ls handled in Chapler 5 oí !BJ. 
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'l'hcorcm 30 The followmg an: cquivalcnt co nditions ori a proper, open, and simply 
co1mected ;rnbjel u o/ e : 

• U lla !I the ma.nmal utent property. 

• U .., crnalvhcally eqmvalent to D. 

F'or t hc long, difficult. proof ancl other material on complex analysis 1 rcfer you 
to Chnptcr 5 oí 1 J. Note nlso thc foscinating elcmentary construcLi,·e proof of t.he 
Jordan curv thcorcm in l3J. 

10 .0.!S Apartness s pnces 

Lct rn givc, as a flnnl exa.mple of modern constructi ve mathematics, an introduction 
to a vcry rcccnt developmc.nt: the thcory of apartness spaccs. 

At t hc start of Chap ter 3 oí [4], Errett Bishop stated t hat 

Very liule i.! ldt of gc.aern.l topology aft cr that vchiclc oí classkal matbematics 
h/\.'I bet"n ta.ken apan 1UJd rcassc.mblcd constructivcly. With sorne regret, p lus 
11 ](U"gc meuure oí rclicf, wc sce this flamboyant engine collapse to constructi vc 
!!lic. 

To be fo..l r , 1 should point out that Bishop la.ter amended his views on constructive 
gc.nc.ral topology: in a Jet.ter to me (dated 14 April 1975) he wrote 

Thc problem of finding a su itable constructive framework for general 
topology is important and elusivc . 

He cvcn produccd an unpublished manuscript containing an unusual , but ultimately 
11ot sat isfactory, d \-elopmcnt of topology ba..sed on a hierarchy of increa.singly com­
plltoLcd type5 of space 16) (sec also [5], pages 28- 29). However, it is reasonab le to 
suggcst that his original vicws on topology led people to believe that constructive 
topology, other than intuitionistic topology [66, 70] , was a non-starter. 

At thc beginrung of 2000, my then doctoral student, Lumini~a Ví\.l, and 1 resur­
rC'ctcd nn idea thal t had flrst exp lored , unsuccessfully, sorne twe.nty- fü-e years earlier: 
nn ruciomntic lreatment of spaces with a relation of apartness bet"-een su bsets, which 
rorrcspond, und<"r class:ical logic, to the proximity spaces discussed in [29, 51]. This 
l \1110, Lwo heads definit.ely proved bettcr than one, for we mana.ged to find a set of 
n.xioms from which Lhe lheory Aowcd vory naturally. For simplicity oí exposition, 1 
shal l d(•scribc 8 reslritlcd \'Crsion of thc t heory, clealing with aparlness between points 
r1.11d 11 ubset11 ora space 

Le!. X be a M't ._,-¡lh a binary rcla tion '!- of inequality thal is nontrivial in the sense 
l1111t t h re exist z ,11 in X v.•ilh x #y. A subsct S of X has t wo natural complementa ry 
subscts: 
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C> Lhe logical complement 

~S= {x EXo\fyES ~(x=y)) ; 

C> the cornplement 
-S = (x E X' \fy E 5 (x f y)). 

Wc are im.erested in a set X chat carries a nontrivial inequality :¡:. and a rclntion 
npnrt{z, 5) bctween points x and subsets S of X . lf apart(:c, S}, then wc sny thal 
thc point z is npart. from ~he set S. For convenience we int roduce thc npart.nCM 
compleme nt. 

- S = {x E X' apact(x , S) ) 

of S; and, "·hen A is also a subset of X, we write 

A -S = An-S. 

\Ve assume t.hat the following axioms are satisfied. 

Al xfy"'- apart(x ,{y)) 

f\.2 apnrt(z , ..t) => x ~ A 

AJ a part(x, A U 8) o; apw·t(x, A) A apart(x, B) 

A•I z E - ..t e - B => apart(:c, B) 

A5 apart (x, .4) => \fy E X (x f y V apart(y, A)) 

\Ve thcn cal! X an npartneas space , and thc data defining the relat.ions # a.nd 
npru-L Lhe npartoess structure on X . It readily follows from thc axioms that for 
cachA c X , 

-A e- A e ~A . (7) 

We say that the point x E X is near t he set A e X , and we write near(.z, A.) , if 

VS (x E -5 => 3y E A - 5) . 

H X is an apart.ness spacc, and y· is a subset of X upon which thc induccd 
incquafüy is nontrivinl , l1hcn t hcre is a na tural apart.ness structure induced 011 )'by 
thal on X Taken wit.h t ha t st1·ucture , Y is called an apartness subspoce oí X. 

In thc corrcsponcl\ng classical dcvelopmcnt. [29], nearness is ta.ken as thc primiti\'C 
no, ion and apart ness is deflned as the negation of nearness. It is ea.sy to scc, using th 
classicaJ axioms far ncarncss, that our defini t.ion of nearness is classically cquivnl nl 

to 1hc ncgat1on of apart ncss; bu!,, ns wc provc in a momcnt , this equivalence docs 1101 
hold COllSlrncti"ely. 

Our canonical examplc of 1.1 11 apnrt ness spnce is a mctric space (X , p) , in which 
lhc incquality and apartncss are defincd by 

X F Y o> p(x , y) > 0 
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nnd 
npart(z, A) <> 3, > OVy E A (p(x, y) ;> ' ). 

lt IM rout.inc to '"(':dfy axioms ¡\ 1 AS in this case. We cal! this apartness structure t he 
111c tric npartnc.ss structure corrcsponding lo the mctric p, and "-e refer to X as a 
111c tric npaolnc.ss sp ncc. The 11.po.rtness complcmcnt 

- S = {LE X : 3r > OVy ES (p(z,y);. ' ) ) 

111 !IH•n nlso rnllrd th<' m ctric complc mcnt oí Sin X . 
A111011g 1ht• l'll'mr ntnry de<luttio11s wc cv.n makc from the nxioms are thc following. 

-. (ucor(.r, A) /\ op11r t.(.i:, A)) 

npnrt.(.r ,0) 

ncoo(.i:, A) => 3u E A 

r E A=> near (z, A) 

- A C - A 

( llJ>Ort(r, A)/\ 8 e ..t) => 11part(x, 8) 

(ucor(r , A) /\ A C D)=> ncur(x, B) 

(11c11r(.1:, A) /\ opart(.c, D)) => near (x, A - 8). 

Another <'xamplc of an apartncss struct ure occurs when (X , r ) is a T1 topological 
spntc.i 1 Ir .r E X and A e X, we define 

npnrt(x, A) <> 3U ET (x E U C ~4) 

ancl thcn mlroducc near (x, A) as abovc. The relation apart suisfies A 1, since we 
1u t· ru;sumlng that X is a T1 spacc, and it clcarly satisfies a.""<ioms A2 A4; but to make 
X into an apartness space we also uccd to postulatc axiom AS. \Ve then ca\I t.his 
apnnnr~s stnirture on X thc to¡>ological a partuess s tructure corresponding to r. 

A sub.~·t of an apartncss spacC' X is said to be nearly open ií there exists a 
ínmily (..1, )., 1 sud1 that = U,0 - A, . Thc nearly open selS íoom a topology t he 
np111·tn('ss topology o n X for which thc apartncss complements forma basis. Ev-
1·1·y nMrly op-·n f.(;t in a 1opologicnl apa1tncss ~pace is open. 

\Vr !In\- thtu a topologirnl a¡mrt.m•ss spnce X is topologically cons istent if cv­
t•iy opt•n . u--·t , - is nearly open. An CXl.llnplc communicated to us privately by 
J t'rnmy lruk s~>s that wc crumot preve tha t e,·ery topological apartness space is 
topologicnJI, rot:ws1 nt. lfowcvcr, thcrc is a natural condition , one t hat always holds 

11 Th11.\ !.. ft:lf all J' , , E X woth .r 't-11 thurc exilll U, \~E n1uch that z E U and 11 r{._ U, and y E V 
llnd z '- \ ' 



252 Douglas S. Bridges 

classically, that ensures topological consistency: an apartness space X is said to be 
locally decomposable if 

VxEXVSCX (xE _:S=>3T (xE-TAVyE X (yE-S V yET))). (8) 

It is easy to show that. metric spaces are locaU.y decomposable and hence topologically 
consisten t . 

We say t.hat a subset S of an apartness space X is nearly closed if 

Vx E X (near(x, S) => x ES) . 

Both X and 0 are nearly closed. The intersection of any family of nearly closed sets 
is nearly closed, but C\•en in Lll: we cannot expect a construct ive proof that the union 
of two nearly closed sets is nearly closed (!69J, Section 6). If S is a nearly open subset 
of an apartness space X , t hen its logical complement equals it.s complcment and is 
nearly closed. 

There are at. least t hree natural types of continuity for funct.ions between apartness 
spaces. We say that. a mapping f : X ~ Y between apartness spaces is 

111" nearly contiouous if 

Vx E X VA C X (near(x , A) => near(f (x), / (A))); 

111" (aparlness) cootiouous if 

Vx E X VA e X ( apart (f(x), /(A)) => apart (x, A)); 

111" topologicaUy cootiouous if ¡ - 1(S) is nearly open in X for each oearly open 
Se Y. 

The following conditions are equivalent on a mapping J : X -t Y between apart.­
ness spaces. 

(i) / is nearly continuous. 

(ii) F'or each nearly closed subset T of Y, ¡ - 1(T) is nearly close<l. 

(iii) F'or each subscL S of X, /(5 ) C / (S), where t he closures are relative to t he 
aparLness topologies on X , Y respectively. 

Por mapping?i beL\lo'CCII metric spaces 1 apartness cont.inuity is equivalenL to the usual 
not.ion of c-15 continuity. 

Apartness conLinuity is a natural extension of the notion of strong ext.ensionality. 
In fo.et, strong exi.ens ionality holds even for nearly continuous funclions. To see this, 
Jet / : X -t l' be ncarly continuous and Jet x, y E X be such t hat / (x) "#/(y). Define 

A = {z E X : z = x V (z = y Ax # y)) . 
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Note thal x E .4 .. To show that near(y , A), consider any U C X such that y E -U; 
by axiom AS, eilhcr x .¡.y nnd thcrcfore (by t he definition of A) y E A - U; or else 
x E - U and so :z: E A -U. Using the near continui ty of / , we obt.ain near (/(y), /(A)). 
S;ncc f (x ) # / (y) and t hecefore (by ax ;om Al ) / (y) E - {f(x)}, ;, follows that there 
ex lsts: E A such t hat / (:)E - {/(x) ) ; whence /( : ) # f (x), by (7). Then ~ (z = x) , 
so wc must hnvc z = y and :r. # y, as requi red. 

A topological ly conti nuous mapping bet.ween npartness spaces is both continuous 
nncl ncarly continuous¡ so C\1Cry topological ly cont inuous mapping between apartness 
1:1paces is strongly ext.ensional. Every continuous rn appiag from an apartness space 
into a locaJly decomposa ble npartness space is topologicallr continuous and hence 
ncarly continuous. However , nearness conti nui ty, a lt hough classical ly cquivalent to 
apartness conlinuity, is a constructivcly weaker notion. 

At this point 1 shnll stop, leav ing the interested reader to pursue t he notion of 
apartness, including t he more interesting set- set version, through t he succession of 

"ª""' [69, 62, 21, 20, 68J. 
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