
[JUJlIOO o Mathematical Joumal 
Vol. 6, IV"- l , {159- 186). March 2004. 

An Expository Discussion on Singular 
Inequality Problems and Equilibrium 

Models in Economics 1 2 

D. Goeleven 
lnsl1tm de Rcchcrchc en Mathématiques et Informatique Appliquées, 

Univcrsité de La Réunion 
Sn.i nt.-Dcnis, lle de La Réunion , France 

ABSTRACT 
Thc ium of th1s papcr is to providc a mathcmaucaJ approa.ch ncccssa.ry for 

undcrnandmg Md thorough analysis oí somc precise pnces equilibrium models 
m t'COnom1as 

1 Introduction 

l t is now •"Cll-known that the theory of complementarity systems has wide-ranging 
npplications mcluding problems of optimiz.ation and equi li brium for various economic 
models 

One of the mociel that appea.rs gcneraJ ly in the applications consists in finding 

X E IRZ (!.!) 

such that 
Mx + q E IRZ (1.2) 

1md 

xT(Mx + q) =O, (1.3) 

1 Kt., wont. ComplcmcnU.ri ly 11y11lcm11. variMional inequ alilies. cocoerch-e malriccs. prices cqui· 
tlbrmm mockla 1n KOnOmla. 
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where q E IRN (N E N) is a given vector and M E ll"' "'""" denotes a real matrix or 
order N . 

It has been proved that Pro!:>lem (1. 1)-(1.3) constitut.es a suitable sctting in which 
severa! standard economic models can be framed. For example, if /1.1/ denotes an 
excess supply matrix and x a vector price, then a solution to problem (l.IH l.3) 
corresponds to a free-disposal competitive equilibrium and the relation ( 1.3) means 
that the Walras law holds. Equilibrium problems in noncooperat ive N-persons games 
and Lindahl equilibrium models, invariant capital stock models ha.ve also been studied 
t hrough t he complementarity system (1.1)-(1.3) 14], [16] . These applications havc 
originated t.he st.udies of complementarity systems for various classes oí matrices. 
In par t icular , t.he problem consisting t.o find general condüions on the matrix M 
ensuring the solvability for each q E IRN of the system (1.1)-(I.3) has seen a strong 
development. 

One says t hat Mis a Q-matr ix if problem {l. 1)-(I.3) has at least one solution for 
each q E JRN . Note that it is ea.sy to check t hat any Q-matrix satisfies the property 

kec MT n IR~ = {O). (1.4) 

Indeed, let z E ker MT n IR':,. If for each q there exists u{q) satisfying (1.2) then we 
may write 

O<; (Mu(q) + q¡T z 

since z ~O. On the other hand z E ker .MT and thus (M u(q))T z = u(q).M1'z = O, 
so that 

Ü ~ q T Z. 

This last relat.ion can be obtained for any q E IR.N and thus necessarily z = O. Severa! 
classes of mat rices have been in t his sense considered in t he mathematicaJ literaturc. 
F'or example, it is well-known that strict ly copositive matrices and P -matrices are Q 
matrices. i\lost of the fundamental results known in t he tbeory of finite-d imensiona.l 
liuear complementarity problems are rela ted to the t hcory of Q-matrices. 

However, as we will see in this papcr, t he formula tion of sorne concrete cquilibrium 
models in economics lea<l to t hc stu<ly of complementa rity problems involving singular 
matrices M that do not satisfy t hc property (l.4). On thc other hand, t he vector q 
in\'olved in the modcls considercd satisfies some propc.rt ics t ha t should be cxploited 
toget her with those of the matrix M in ordcr to obtain suitablc rcsults. 

ln this papcr , wc discuss such cquilibrium modcls and we show t ha t t he panoply 
of mathematical tools rcccntly dcveloped in [6J by Gocle\'cn, tavroula.kis, Salmon 
and Panagiotopoulos can be used in order to provide appropriate thcorcticnl and 
numerical results. 

The rcsults in /6) have bccn devcloped so as to s tudy a general cla.ss of inequal­
ity problems in\"olvi ng cococrcive matrices. A J)OSSlbly singular matrix M is called 
cococ.rch·e provided t hnt thcrc cxists <J > O such that 

xTMx ~ ux7MT/o.'fx , 'l/x E ll.'"' 

i'\otc tha t recc111 )'Cars hnvc sccn an arisc of inlcrcst in COC'O<'rcivc matrices /2J, l3J, 
IGJ. ¡1JJ.11sJ. 
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In thl.s expository pa.¡>er, we wil l show tha.t inequality problems involving cocoer­
clv ma trices are of particular interest in economics. ~fore precisely1 our aim is to 
providc a mathematical approach necessary for understandlng and thorough ana lysis 
of some precise ¡>rices cquilibrium modela. We shalJ concentrate our mathematical 
discusslon on tbe applicat.ion so t.hnt variational inequafüies theory can be seen as a 
whole . 

We note dmt wc have rcstricted this paper on sorne aspects of Varia.tional ln­
C'C1ualitics Thoory. The theory has now been t.he subject of many works and can be 
cxtcru1h-ely applied in a variety of Economics, Mechanics and Engineering fields. Var­
lous ospcct.!1 oí Varintional Inequa!it.ics, Theory and Applications are discussed in t he 
rcccnl books IIJ , IS] , 17] and [8]. 

2 Preliminaries 

Thc complemcntarity model (1.1)-(1.3) is closely \inked to sorne other formulations 
thnl l\l't> Ujlln.lly used as suit.ablc in termediate step for thc mathemat.ical treatment of 
the former formu lation. 

In IR"' ~\' E .IV\{O} ), one denotes by" ::;" t he ordering defined by the closed convex 
cone n.._ , Lhat. is 

x::;y~y - xER~ 

or equivnle.ntly 
x.Sy~x¡ _sy¡,ViE{l , ... , ). 

The infi num vector A{x, y} and the supremum vecLOr V{:r, y} are defined through the 
formula.e 

ll {x,y ); = min{x1,y;) (i E (1, .. ,N)) 

nnd 
v{x,y) ; = mru<{x;,y,) (i E {I , .. , N) ). 

sing ihese notations, the problem ( l . l )-( 1.3) is equiva.le.nt. to t he non linear eque.tion 

ll(x , Mx+q) = D. 

lndcOO, leutng r., 11 b two vectors in IR"' , it. is ea.ay to check that 

ií nnd only ií 

lf (2 2) is sa1isficd <hen 

11{x,y) =O 

X ~ il{x, y) = 0, 

y~ 11 (x, y] =O 

(2.1) 

(2.2) 

(2.3) 
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and moreove.r , if x 1 > O (resp. y; > O) t he n necessarily y, =O (resp. x¡ = O) since 
A{x ,y}, = min{:t;, y¡} and X; 1 y¡ 2: O. l t results t.hat. xTy =O. Reciprocally, (2.3) 
yields t he rela t.ions 

x; > 0 =>y; = 0 (i E (l , .. , N]) , 

y;> O=>x;= O (;E (l , .. ,N)), 

from whicb we deduce t.ha.t 
A(x,y} =O. 

Another important. equivalent formulaLion of Problem (Ll )-(1.3) consists in finding 
X E m~· sudt that. 

(2.ol) 

!J1deed, let .t be a solu tion of Problem ( l.1}-(1.3). Then for t1 E Dl~', ( l.2) yie\ds 

sing now ( 1.3) we see t.hat. 

(Mx + qf(" - x ) <'. O. 

T hi:. together wit.h ( 1.l ) entnils ~hat. x sa lves Problem (2.4). Reciprocally, let. x be 
a solut.ion of P roblem (2.'1 ) a nd let. ,, E mz be gh•cn. Sett.ing ti = X + li in (2.11), 

we obtain (.Mx + q)Th ;::: O. T his lust. relat.ion holds far any 11 E mz. It, result.s 
that .\l:r + q ~ O a nd (M x + q)'l' x ;::: O. Le t.t.ing now u = O in (Vl) , we scc thal 
(.\l:r + q)T z ~O and thui; (Mx + qf ,.x = O. Bot.h condit.ions ( 1.1}·(1.3) hold ant. thc 
conclusion follows. 

P robl m (2.4) is called a "va riational inequa li t.y problem" and it defines by iL­
sclí a field oí resenrch in which various theorei.ical and numerical results havc becn 
dC\'C.!Oped. 

Thc following rcsult is a parLicular case of a general t heorem st.at.ed in [6J. lt. will 
be the kcy of our furt.her mnL11cmatical analysis. 
T hco re m 2.1. Let /11/ be a nonzero cocoercive mat.rix with modulus o> O, i.c. 

(2.5) 

lf 
<{tu > O, Vtu E kcr M n ~z\{O}. (2.6) 

the.n problcm (2A) has a t. lc.:<L<;L onc solut ion . ~forCO\"l?f , if O < o < 2o t.hcn t.hc 
scqucncc {z"}nElt\I dclined by Lhc algorit.hm 

xº E lflN, 

Jk+ • = v {O,x" -o(Mx" +q)} 

COR\"Crgc:s 10 n sn\111 ion of Prohlr rn (2..1 ). 
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Th(' inequllllty (2.S) can also be writlen as follows 

zrM• ?: ullMzll'.Vz e ll", 

where U. \I denoLes 1.bc euclidcan norm in IRN . lt. rcsults that the matrix Mis posit.ive 
Sl'middinite Md 

ker M = {x E g¡N ,.r Mx = 0) . 

Th(• clnss o! cocoercivc mnt.rice.s hns been the subject. o! SC\"e:ral recent works [3] , [6]. 
J.~or cxamplr. any nonzero symmc1.ric and posit.i\'e semidefinite mat.rix is cocoercivc 
w1th modulU' o =11 Al 11- 1• whcrc 

11 M 11 = max ./X, 
.\E111(MT M ) 

wilh sp(MT.\I) dcnoting t.hc spcctrum of thc maLrix AfTM. 
lí M BJld .\11 are nonz.cro positivc scmideAnite then Al is cocoercive with modulus 

o ! 11 M + MT 11-1 . General condltions cnsuring 1.hat a normal positive semideAnite 
mawx i. C'OC'Oercive are also givcn in [21 and l6J. 

lí the matnx M is symmctric thcn Problcm (2.4) i.s also equivalent to the optimal 
progrrun 

Rcnm.rk 2.1. i) Ir Problcm (2.4) has a solution thcn 

qT w ~ O,Vw E kcr A/T n n~. 

lndN'd. lht>rt> cxists I E TRZ such thnt 

(Mx + q¡'"(v - x )?: O, \lv E 11~ 

(2.7) 

Lrt w E ker .\lrnn~ be fixcd. Sctting v = x+ w, wt> gel (!ifz+q)T w ~ O. Moreover 
(M.r )r u: rTMTw = O and thus qTw ~ O. 

h) h r ults from remark i) thnt ií 1\/ is a posiuve semidefinite mnt.rix thcn for 
Problcm (2 1) to have a solution, it. is 11cct'SSnry that 

q'"w ~ O, \l'w E k r M n nz. 
lndfül. 1( M is pos1l i\'C scmid Anit.e then k r M = ker MT. 

3 A Iatbematical Analysis of Prices Equilibrium 
Problems in Economics: A Symmetric Case. 

Eqmhbnum prires of an cconom\c model involving R good X and two countrics can 
hr dt>'.'l('nbfd b~· ihc equilibrium rclat.ions 

(3.1) 
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Y2.s(P2) = Y2.o(P2), (3.2) 

where Yi.D , Yi.S and p; denote respectively the quant.ity demanded, quantit.y supplied 
and price of good X in c0untry i (i = 1, 2). 

T he following discussi0n C0uld be st.raightforwardly generalized to an economic 
model involving N countries (N E .bV\ {O}). Here we prefer to choose N = 2 in arder 
to avoid an overloading 0f notati0us. 

We suppose t.hat the rela.tionships that describe the variables Yi,D and y;,s (i = 
1, 2) are linear. More precisely, we write 

Y;,o =a¡ - b¡p; ; i = 1, 2 

Yi,S = C¡ + d;p;; i = 1, 2 

where 
a; > c;, b; > 0,d; > O; i = 1, 2. 

The equilibrium prices can be here simply computed by t.he formulae 

and 

_ O¡ - C¡ 

p¡ = b¡ + d1 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.1) 

ate that in many circumstances, the behavior of nonlincar models can be approxi· 
ma ted by the behavior of a linear model like t he one given in (3.1) and (3.2) . Taylor's 
series are usuaJly used t.o linearize economic models. \Ve have indeed 

Yi,D(p;) ~ y;,oÚ};) + Y~.D(fi¡)(p¡ - fi¡); i = 1, 2, (3.8) 

and 
Y1.s(P1) ""Y1.s(P1) + Y;,5(p¡)(p¡ - p¡); i = 1, 2, (3.9) 

pro,•ided t.hat. y1,o and Yi, S are sufficient ly smoot.h and t.he variables p 1 and Pl are 
close to jj1 and ¡J.i. rcspcctiive!y. Howevcr, t.hc model in (J .1)-(3.2) cannot. be used 
to describe t.hc cquilibrium prices of an cconomy aJlowing import.-export. of good X 
be tween the t.wo mcnLioned count.ries. In Lhis case, we write 

Y1.s (v1) + x21 = Y1.o(P1 ) + x 12 (3.10) 

and 
(3.11) 

whcre z,, (i, j = 1, 2; i -/; j) denotes Lhe quant.it.y of good X con,1ey el from country 
1 to country j. Let. ua a!so denote by c,J (i, j = 1,2; 1 F j ) the cost. of t.rnnsport.ing 
írom country r to count.ry j . Wc can now complete t.hc modcl {3.10)-(3.11) by writ.ing 
som rclntionshiJ>S bc1.wcon t.hc in1port.-export. varia.bles .r.1,, .z"21 , 1 he priccs p 1 , P2 and 
t.hc cost.s c12 > O, c21 > O. 
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Thc lmport.-exporl variables are nonnegative a.nd we may writ.e 

X:H 2: Ü. 

(3.12) 

(3.13) 

We cxpress lhal the price oí good X in country j must be les.ser or equal tlmn its 
prlce In counlr)' i mnjored by the cost oí trnnsporling from counlry i to country j, 
thnt a re 

P'l + C21 2: p¡ . 

(3.14) 

(3.15) 

Lct us now cxprcss thnt import in country j from counlry i does not exist as soon ns 
total expe:nse:s (price in country i + transport charges) exceed the home's price (in 
country j), tha.t are 

p¡ + C12 > P2 => X12 =O, 

JJ:i+C21 > p¡ =>X21 =Ü. 

(3. 16) 

(3.17) 

RrC'iproc.Uly, W<' cxpress Lha.t. thc exist.ence oí import in cou111 ry j from count.ry i 
bnlMrC' th<' cxpe:ns s in bot.h countrics in the sense that 

X ¡ :.¡ > Ü => PI + C12 = />J, 

X21 > Ü=>P2+C21 =PI· 

Ftom (3.10) and (3. 11), wc deduce thnt 

a¡ - C¡ X)l X21 

p¡ = di + bi + di + b, - di + b1 

= P1 + - 1-(x12 - x2i) 
d¡ +b1 

nnd 
0'2 - C2 :Z:21 X¡'l 

,,, ~ d,+b, + d,+b, -d,+b, 

= fi'J + - 1-(x21 - X12). 
d, + b, 

Thus 

( p1+c11- ¡>¡) ~(-l-+-l-)(+l -l)(X") 
Pl + C21 - PI d1 + b1 d2 + b-i - l + 1 X21 

+(~i+ cn-~ ) · 
P'l + C21 - p¡ 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

(3.22) 
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and 
= ( 'fi¡ + C12 - P,, ) 

q fi'J +c21 -Pi · (3.23) 

Using the notations of Section 2, we may write the system (3.12)-(3.19) as 

ll{ ( P1 + e,, - P2 ) , ( •12 ) ) =O. 
TJ'l + '21 - p¡ X2¡ 

(3.2•1) 

This last model consist,s of a system of two nonlinear equations. Moreover t.hc func­
tions defining the rela.t.ionships between t he import-export. variables, t he priccs nnd 
the costs are nonsmooth. lt, results t hat. mat.hematicaJ tools like Taylor's series can­
nol be used to linearize the model. The use of import.-export "nriables introduce in 
consequence a substantiaJ nonlincarit.y in t he modcl. This nonlinearit.y must now be 
discussed by using appropriate mat bematical Lools. 

Problem (3.2-1) consist.s to find x E ffi.2 such t hat 

l\(Mx + q, z) =O (3.25) 

with M and q as defincd in (3.22) and (3.23) rcspectively. F'rom Sect.ion 2, wc know 
thnt problem (3.25) consists to find a n import-cxport. vector x E JR.2 sat.is íying t.hc 
conditions 

X~ Ü, 

Mx+q~O, 

i,.(Mz + q) = O. 

\\'e kn09.' also that. t.his \ust. problcm is equivalent. t.O find x E m:¡ such Lhat. 

{M:t + q)T{u - x) ~O, 'v'v E m¡. 

(3.26) 

(3.27) 

(3.28) 

(3.29) 

He.re thc ma.trix }d in {3.24) ls symmct.ric and posit.ivc semidefinit.e . T hus M is 
coc;oc.rcivc wilh modulus o =11 M 11 - 1. Wc havc a lso 

and thu.s 

fl "' 

ruid lhu.s 

ker M = { ( ~ ) ; o e Dl) 

llM ll= 2( - 1-+-1-) 
di + b, d2 + ~ 

(d, + b,)(d, + b,) 
o = 2(d, +b, + d, +b,) . 
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So, lf w E kcr M n R!. \ {O} thcn bhere exists o> O such that 

and 

w=(~) 

qT w = CP1 - fil+ C12)0 +(Pi - Pi + C:!tlO 

= a(cu + C-2 1) >O. 

Thr tondhion (2.6) in Thcorem 2.1 is sntisfied and the ex:ist.ence of at. least one 
11ol11tlon o( Problcm (3.29) follows. 

UJ.L u.s now check t.he uniqucness of t.he solubion of problem (3.29). If we suppose 
by co111rndlCLion lhnt lhero exists two clistinct solutions :z:1 and x2 t.hen 

nnd 

In porticular, we havc 

so uhnt 

lt rcsult .. s that 

nud thus 

(Mx, + qf(v - xi}~ O, Vv E Ri. 

(Mx1 + r¡f(x1 - x,) :<; O, 

(-Mx, - q¡T(x1 - x,) :<;O, 

(x1 - x,¡T M(x, - •2) =O 

x 1 - z~ E ker M. 

Mon.'Ovcr, t.bc symmcLry oí bhe matri:x M entails t hat problem (3.29) is equivalen t. 
lo problem (2.7) wilh N = 2 and ohe dala M and q as delined in (3.22) and (3.23) 
rcspcctlvcly. ThU3 

and 

f L rcsuhs lhal 

On th othtt hand 
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for sorne w E ker M\{O}. It resulta t hat 

~xrMx2 =~xi Mx1 

and t.hus 
f/w = qT(x2 - xi)= O. (3.30) 

On lhc other hand , Lhcre exists cr '#O such that. w = ( : ) and t.hus 

whith is a com..ra.dicLion t.o (3.30). 
Thc cxi.stence and uniqueness of t.he import.-export vector det.ermined by the non­

linear model (3.24) entuils ~he existence and uniqucness of the equilibrium priccs 
through the formulae (3.20)-(3.21) . 

R emark 3.1. In the ca.'3C of an economy involving N > 2 countries1 t.he solvnbility 
of thc model can be provee\ by fo llowing t.hc samc argumems than above. lf N > 2 
th n thc uniqucncss of t.hc import-cxport vector is not guarant.ecd. lt is howc\'Cr 
possiblc to pro,·c as nbovc Lhat Lhe diffcrcnce bctwecn Lv•o solut.ions belongs to Lhc 
kernel of lhe matrix M involvcd in thc model. This is in íact sufficient to yield thc 
uniquen of the corresponding equilibrium priccs. For example, in t.he ca.se oí an 
economy invoking Lhrce countries (N = 3), t.he mat.hematicaJ model ( 1.1)-( l.3) is 
im·olved wilh t.he following data 

( 
x., l x,, 

X= X13 1 x,, .,, .,, 

( 
;r,l:¡; + ;¡;:\:¡;; 

;\{ = +;r;k 

-rl.r, 
.... ·he.re @denotes t.he K rOnccker product., and 

(
c.,+p,-¡;, l 
C:1 1 + ih - P1 

q = C13 + P1 - fu 
C31 +fu- íi1 
C23+fh-/}J 

CJ:t+Pl-ih 

-1 ) 
+ l ' 
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"'1h re th variables 1md pnnuneters are defined in a similar l'io"a)' Lhat. it has been done 
in t.hc ca.se f = 2. li are 

ker M = {x E IRN : z 1 - x2 =X.a - ::t:3 = :t$ - z6 }. 

So, lf x 1 and z2 denote t.wo import-exporl vectors solu t ioo of problem (1.lHl.3) tihen 

(.t¡ 'l - .ri,} - (::c~1 - xi1) = (:t~1 - :t~1) - (:z: l3 - X~3) = (:ti, - :z:i,) - (x~2 - x~2). 

1'h cq uilibrium prices ara given by the formu lae 

X2 1 + X:rn - X31 - X32 _ 

fh= d2+b,, + Pl 

X3¡ + tt32 - X ¡ 3 - X23 _ 

Prl = dg + bs + P3 · 

Wo se<: tha t t hc equili brium prices are uniquely determined. For exam ple, setting 
1l1.1 = P1(z1) and Pu = P1{:c2), we see that 

x[2 + xl:i - X~1 - X~i -
Vi,t = d1+b1 +p¡ 

(x?:.i - :c~ 1 ) + (xr3 - xi 1) _ 
= d1 +b1 + P• 

= pi, 2· 

So, the possible mult ipliclty of tlhe import.-e.'<port vector is nol an obstaole ho tihe 
uniquencss of Lhc equilibrium pt1ices. 

Wc moy now gi\•C n more precise characteriu tion of Lhe solution of our modal. 
C lll:lC 1. One supposes that 

ih 2: j}¡. 

Thcn 
Pi -fi2 5. O< 0.11. 

lí 
(3.31) 

11hcm 
= ( c12 - (i>J-fi1)) > O 

q C2 1 - {fi1 - i>l.) - 1 

tmd \n dld case 

is ~he unique !Olution of the problem. lndeed, i ~ O and (1\ / ::f + q)r(v - f) = qrv ~ 
O, Vu E R!. h resu ll.s t.hnt bhe inequalit.y defi ned in problem {3.29) is satisfied. In 
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t.his case, impon. and export a.re not. involved and t.he equilibrium prices are glvcn by 
t.hc formulae (3.6) a.nd {3.7) (or also formulae (3.20) and {3.21) with x 12 = .z21 = O). 

lf 
C12 < P2 - P1 (ih > P1 } 

t.hen we show that. the uniquc solution of t.he problem is glven by 

Wc hn\'C indeed 

Mi+ q 

•nd 

•= ( ~) 

x ~ O, 

( 
+ (~ + a;h;}:z:11 +p, - Jh +en ) 

-{~ + ;i;-:h;-)x12 + ih. -p, + C21 

( 
P2 - Pi - C ¡ :¡ + jj¡ - ih. + C12 ) 

- 1)1 + 1J 1 + C12 + ih. - P 1 + Óll 

= ( o ) >o 
C12 +c21 -

!i7(M f + r¡) = X 12 X Q + 0 X (c12 + O.ll)::::; 0. 

(3.33) 

U Pi > p 1 lhen thcre cxist.s indeed a t.endency to import in count.ry 2 from count.ry 
1 Impon occurs pro\' idcd t.lw.L t.he cost of t.ransporting c11 satisfics the incqun.lit.y 
c.,< i>i. - p 1 • The equilibrium priccs are givcn t hrough formulac (3.20) and (3.21) 
b)' 

P1 ::::; P1 + d1!t~\, 

= ( 1 _ d" + b2 )Pi + d2 +o, ih 
rli + bi + d2+ b:z d1 + b1 + d,+ f>i 

d:i + b, 
(J .34) 

and 
1>1 = fh - d?.X~'J b:z 

::::; (1 - di + bi )P.,+ d1 + b1 
tf¡ .¡. bi + d2 +b-i ti¡ +b1 +d"} 

el, + b1 
(J .35) 
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By milng thc f&et Lhot. en < i'2 - j}1 in (3.34) a.nd (3.35), w-e see t.ha.t. p1 > fi1 and 
(>¡ > ¡>¡. Thu. 

fh > fi1,P1> 1i1,J>J < ih· 
Ounotlng ó.'p ::; p¡ -jJ¡, we see t.hnt if ih > P1 then 6.1p >O and l3. 2 p <O. 
C n1rn 2. One .supposes t.hat. 

Thcm 

lí 

1hon 

i~ Lhc unique soluLion of the problem since in this case 

q ~o. 

rr 
C21 < ¡i¡ - f'>'J (¡;¡ > ih) 

tiho11 thc uniquc solmion of tihe problem is given by 

lndood, 

Mi+q 

rrnd 

@= ( ~)· 
r.*t¡+r,t¡; 

f ~ o, 

( 
- ( ;r,h; + ;r,h; )'21 + ¡;, - ;,., +e,, ) 

+(;¡;tr, + ¡r,h;):z::21 + ih - P1 + C'J1 

( 
f};¡ - 1i 1 + C'J 1 +Pi - ih + C1"J ) 

P1 - íh - C'j 1 + f>i. - Pi+ o.i1 

¡T(Mf+ q) = Ox(c1"J +C"J1)+721 ><0:::0. 

'Phe conl'SpC>llding equilibrium priccs are 

(3.36) 

(3.37) 
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(3.38) 

and 
,,, = (1 - . d, + b, )P, + d, + b, p, 

d1 + b1 + ch + f>.J d1 + b1 + d2 + b, 
d¡ +b, 

di + b1 + d'l + b, C'll · 
(3.39) 

We h8\''C fr1 > p1 and P2 > íh nnd lhus l:l 1p <O and Ll 2p > O. 

4 Iatbematical Analys is of Prices Equi li brium 
Problem in Economics : A Nonsym metr ic Ca 

Lct w no•• di.scuss Lhe case of an cconomic model in"oh•ing t"°O goods X and l' wh0&e 
offt'.'r.1 and dema.nds a.re r lied in count ri s l and 2 by the relationships 

Yfo = of - b;" P~ + P~ p¡ ; i = 1, 2 

Yfs =e¡"+ d¡" ví" -6;" v: ; i = l , 2 

lito = (Ir - br P; + /J,Y P~ ; i = 1, 2 

l/,):s = cr + df Pr - 6,Y p¡\ i = l , 2 

o~> cf ,b f > O, d;" > 0,{J,x > 0,6;..: ~O; 1 = 1, 2, 

o;> cr,br > o. r1r > O,/J,Y > 0,6,Y ~ o 1 = 1, 2. 

(4.1) 

(4 2) 

(4 3) 

(4.4 ) 

The data and "-ariablcs uscd in t.his scction ha"e thc same mean ing than in Scction 3 
The mdcxes X and Y ar uscd t.o distinguish thc daLa and \wia.bles relative lO thc 
good X from the ones rclntivc to thc good }'. 

For an cconomy wi thout irnport and cxport, the equihbrium relations 

Yfs (l>f , 1>~ ) = U~o(p~ , p~'), 

11::s (vf .vn = 11ro(p;~ ,p~'> 

o 
df + b: 
o 
-(ó:l' +lll'l 

-(6 f +Df) 
o 
dr +br 
o 

= ( ~ =~ ) · 
~·=~ 

(4.5) 

(4 6) 
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IL rcsult! lhnt thc cquillbrium prices are given by 

.,. (dr + br)(a¡" - e¡'°)+ (óí'" + Pf)(ar - er> 
,,, : <di' + &¡' )(df + bfl - w + 11rnór + 11n · 

x _ (di' + bf)(a;' - cf) + (ó¡' + pf)(al' - c;J') 
,i; - (11;1 + &: Hdf + &f) - (ó¡1 + /lf)(óf +fil)' 

~ l' (ó r + Pt)(a¡" - cf} +(dí'"+ bí'°Har - eD 
p, : (d{ + &¡' l<"l' + &fl - <•t + 11rnór + 11n · 
,, _ (ój +fil')( a¡' - e:,')+ (d¡' + b;')(aí - el') 

iJl - (ti;' + &fl(df + &f) - (ó¡1 + fl{)(óJ' + /Jff 
lt I~ now nccessary LO a.ssumc lihaL 

to hnvc 
,,¡\" ::: o,pr ~ a (i = 1, 2). 

1 f l mport·C:cPort of t he goods is tolcraLcd thcn t.hc prc"ious modcl mus t. be com pleted 
by llhc rclnlionship!l 

:r:í'"2 ~ O,:u:i::: O,:r:i2::: O.xr, ~o 
v{ +cG-Pi" ~o 

P2\" +C:í~ - p¡" ~0 

vr +e~ - pf ~o 

vr +'41- 11r :::o 
:z:¡~ > O ~ p¡'° + cí~ - p;" = O, 

:i:::i > O ~ P2'" + ci~ - p{ = 0, 

:i:~; > O ~ Pi +e~; - ,,_r =O, 

:i:r¡ > o ~ ,,.r + cr. -Pi = º· 
Pí" + cí\ - pf > 0 ~ :t¡\ = 0, 

V: +c:z~ -p¡'" > 0=>x2'°1 =O, 

vr + ci2 - Pi > o ~ xr'l ;:: o, 
vf + cf1 - vr > O ~ xr. = O, 

togo~ h r wi&h thc cquilibrium eq\lat.ions 

vf.s + x;~ = 1lo + x¡~ 

(4.7) 

(4.8) 

(4.9) 

(4. 10) 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

(4.15) 

(4.16) 

(4. 17) 

('1.18) 

(4. 19) 

(4.20) 

(•1.21) 
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Yr.s + xr1 = Yi.o + xr2 
Yrs +xr2 = Yrv +xr1· 

From (4.20)-(4.23), we deduCe that 

(4.22) 

(4.23) 

and as above, we formulate our problem as the variational inequalit.y problem: Find 
x E ~ such that 

where 

with 

and 

(Mx + q)°'.(v - x) 2: O, Vv E Dl~, 

(
+a - a +b -b ) 

M = -a +a -b +b 
+e -e +d -d 
-e +e - d +d 

=(ª b) (+l-1) 
e d ® - 1 + l 

= ( ~}=~~~{ ) 
q Pr-Pr +cf2 · 

Pr -Pr +cr, 
The mat.rix M is not necessarily positive semidefinite. However , if the matrix 

A=(~~) 
is positive semidefinite thcn thc matrix 

M=A®(+l -l) -l +l 

(4.25) 

(4.26) 

(4.27) 

(4.28) 

(4.29) 

(4.30) 

(4.31) 
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is also positive semidefinite. We have 

xT Ax= ax~+ (b + c)x1x2 + dx~ 

2'. a 1 •1 I' -(b +e) 1 •1 11•21+d 1 •212. 
lt results tha t if 

b +e :S 2v'ad 
then 

,r Ax 2'. (Va 1 •1 1 - v'd 1 •2 ll' . 
Thus the matrices A and M are positive semidefinite. 

Let us now characterize the kernel of the matrix M . The system M x = O reads 
her e 

lt results t hat if 

then 

a(x 1 - x2) = b(x4 - X3) 

c(x1 - x2) = d(x,¡ - x3 ) . 

be ;i ad 

kerM={( ~) ;o.,(3E Dl} 

Note now that if t he condition 
b +e< 2v'ad, 

(4.32) 

(4 .33) 

ensuring that M is positive semidefinite holds , then 4ad > (b + c)2 ~ 4bc and thus 
ad > be. Let us now give a condition ensuring t he cocoercivity of the matrix M. We 
know that if M and M 2 are positive semidefinite then M is cocoercive with modulus 
a =11M+Mr11- 1 [6J. We have 

M 2 = ( 2a2 + 2bc 2ab+2bd) ( +1 -1) 
2ac + 2dc 2bc+2<fl ® - 1 + l 

lt resul ts t hat if (a+ d)(b+c) ~ 2J(a2 + bc)(d2 + be) then M 2 is positive semidefinite. 
lt is ea.sy to check that both this last condition and ( 4.33) are satisfied provided that 

. .¡;;;¡ ad+ be 
b +c< 2mm{ ad, a+ d }. (4.34) 

So, we suppose that condition (4.34) is satisfied. Then any w E ker M n mi \{O} can 
be wri tten as 

w= (n 
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far sorne a,{J 2'.: O, a + f3 i= ©. A simple computation gives 

qT w = a(cf; + cf¡) + ,B(c?; + cfi) >O. 

The condition (2.6) in The0rem 2.1 is satisfiecl and t he e:x;istence of at least c:me 
solution follows. If X afü! .i are two import-export vectors, solubion of t he model, 
then (X - i)T M(X - .i) = O ancl thus 

f -iEker M 

since M is cocoercive. 'Dlms 

and 

or also 
(4.35) 

and 
(4.36) 

The rela tionships (4 .35) and (4.36) entail the uniqueness of the equilibrium prkes 
whicb are determined thr0ugh formula ( 4.24) . So, multipticity of the possible import­
export variables does n0t affect the uniqueness of the equilibrium prices. 

As in Section 3, we can use the model so as to deduce a precise information on 
t be impor t-export vBiiahiles and equilibrium pr.ices. 

lf for example, 

Pf >Pf.Pi >PL 

cf; <Pf - pf,cfi <Pi -pf 

t hen 

c2i + pf - pf > O,ci2 +Pi - Pr > o 

and a solut.ion of the problem is given by 

and 

( :: -b ) ( xi', ) = ( t;f - fif - e{, ) . (4.37) 

+d Xi1 Pi - Pf - cf1 
Note that here 

( +a - b ) 
- e +d = ad - be > O. 
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We get 

( •;'; ) = _ 1_ ( dij;f-¡;{)+bij;(-¡;lJ-dcf, - bcj,) 

xr1 ad - be c(ffif - pf) + a{pf - Pn - e~ - acf1 

The corresponding equilibrium ¡;>rices can be determined through formula (4.24). F0r 
example, we obtain 

x _ -x¡ _ (d( + b{)d- (óf + fif)e] -x¡(df + bf) d- (ó f + ¡'i{)e] 
p, -p, 1 t. 1 (ad-be) +p, L'. 1(ad - be) 

+¡;i[(d( + bÍ)b- (ó{ +fi{)a] +¡;i[-(d( + b()b+ (ó{ + fi{)a] 
t. 1 (ad - be) L'. 1 (ad - be) 

-ef,[(d( + b{)d - (ó{ + ¡'i{)e] _ ciil(df + bj)b- (ó{ + P{)a] 
t. 1 (ad - be) t. 1 (ad - be) 

We see tihat a simple imprnvement 0f tiBe m0del C0nsidered in Section 3 iHcr.eases 
seriously t he difficulty 0f the analytical treatmel'lt . 

5 Numerical AJ!>plicatiens 

Analytica! treatment of c0mplementavity models being too heavy for problems inv0l.v­
ing a great number of data, the a:lg0rithm stat ed in Theorem 2.1 is of great interest. 

Example 5 .1. Let us consider the model gi.ven in Section 3 wit h the data: 

a1 = l@ a2 = 15 c12 = 4 
b1 = l b2 = 0.5 C21 = 4 
C¡ :::¡: Ü C2 = 1 

d1 = O.e d2 = 0.8 

We ha.ve 

M - ( +l.32 -1.32 ) ( - 0.52 ) 
- - 1.32 +!.32 ' q"' +8.52 

and 
a~ 0.36. 

t!Jsing the formula.e given in SeGtion 3, we find 

X12 ~ Ü.39, X21 = Ü. 

Sta11ting wit h xº = ( ~ ) , the alg0rithm in Theorem 2.1 gives t he itera.tes 



178 D. Goeleven 

i x\ x' 
o o o 
1 0.26 o 
2 0.35 o 
3 0.38 o 
4 0.39 o 

The corresponding equilibrium prices are 

p¡ ::::::: 6.49, P2:::::: 10.47. 

Example 5.2. Let us consider t he model given in Section 4 with the data: 

\Ve have 

and 

a¡'<= 20 a2'< = 15 ar= 15 ar= 20 Cí\ = 0.3 

bí'<° = 1 b{ = 0.5 br = 2 br = 1 C2\ = 2 

e¡'<= O e: :;:; 1 cr = 5 cr = 3 cf2 = 1 

df = 0.6 d: = 0.8 dr = o.6 df = 0.3 cr¡ = 2 

Pf = 0.1 Pi = 0.1 nr = o.3 or = 0.1 

ó¡'< = 0.3 ó{ = 0.1 ói = 0.1 óf = 0.4 

p{' = 14, pf :::::: 13.58, 

Pi = 6, pf :::::: 18.3, 

M "' - 1.47 ( 

+ J.47 

+0.23 
- 0.23 

- 1.47 
+ l.47 
- 0.23 
+ 0.23 

+0.41 - 0.41 ) ( + 0.72 ) 
- 0.41 +0.41 - 0.12 
+ 1.21 - 1.21 • Q "' - 12.3 
- 1.21 + l.21 + 15.3 

a"' 0.07. 

Sorne initial numerical tests suggest us to start the algorithm of Theorem 2.1 with 

x·= U) 
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The following iterates are obtained (a:= 0.1). 

i x\ •l x' •l 1A{Mx+q,0}1 
1 o 2.0870 9.1870 o 3.4384 
2 o 2.1689 9.3534 o 2.7819 
3 o 2.2455 9.5015 o 2.2523 
4 o 2.3170 9.6335 o 1.8245 
5 o 2.3834 9.7511 o 1.4786 
6 o 2.4448 9.8560 o 1.1986 
7 o 2.5095 9.9497 o 0.9719 
8 o 2.5537 10.0333 o 0.7882 
9 o 2.6©97 1©.1©8© o 0.6392 

10 o 2.6457 10.1748 o 0.5184 
11 o 2.6859 l©.2345 o 0.4205 
12 o 2.7227 10.2879 o 0.3410 
13 o 2.7563 10.3357 o 0.2766 
14 o 2.7869 10.3785 o 0.2243 
15 o 2.8147 10.4168 o 0.1818 
16 o 2.8400 10.4511 o 0.1474 
17 o 2.8630 10.4818 o 0.1195 
18 o 2.8839 10.5094 o 0.0969 
19 o 2.9029 1©.5341 © 0.0785 
20 o 2.92©[ l©.5562 o 0.0636 
21 o 2.9356 10.5761 o 0.0516 
22 o 2.9497 10.5939 o 0.0418 
23 o 2.9624 10.6099 o 0.0339 
24 o 2.9740 10.6242 o 0.0274 
25 o 2.9844 l©.6371 o 0.0222 
26 o 2.9938 10.6486 o 0.0180 
27 o 3.0023 10.6590 o 0.0146 
28 o 3.010© 1©.6683 o 0.0118 
29 o 3.0169 10.6767 o 0.0096 

Thus 

and the corresponding equili brium prices are 

p¡' ""13.104, v: ""14.754, 

PÍ ::::i 20.67, pr ::::i 6.33. 
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6 The Existence Problem R evisited 

ln Section 4, we have used Theorem 2.1 in order to deduce the existence of a solution 
of the model. The condition · 

(6.1) 

has been assumed. lndeed1 we have shown that condit ion (6.1) ensures that the matrix 
Mis cocoercive. Moreover (6. 1) implies that 

ad > be (6.2) 

so t hat ker M has the form described in (4.32). 
In this Sect ion , we show that condition (6.2) is sufficient to guarantee the solv­

ability of the model. 
Weset 

X,'= ( X: ) ,X,'= ( X~ ) . 
X21 X21 

The model in Section 4 can be split into two subproblems given by 

X1 ~ O, (6.3) 

(+a 
- a 

- a ) ( +b 
+a Xi+ - b 

- b ) ( V. - M + cf, ) X2+ > O, 
+b fit - ¡;f +cfi -

(6.4) 

xn( +a - a ) X,+ ( +b -b ) cf -M +ero ) (6.5) +b X2 + - X - X ) = 0, - a +a - b 
P2 -p¡ +cfi 

and 
x,::: o, (6.6) 

( ~~ -e ) X ( +d 
+e 1 + - d 

cy -Y + y) - d ) P¡ - P 2 C¡2 
(6.7) +d X2 + -Y -Y + y ~ o, 

~ - P1 Ci1 

XT!( +e 
' -e 

-e ) X + ( +d 
+e 1 - d 

- d ) ( Pi - Pi + ci, ) 
d x, + 1 = o. 

+ Pi-Pr +ci1 
(6.8) 

Let w first fix the vector X2 E 1R" and consider the problem which consists to finJ 
.. X-1 (X2} salisfying the rela tions (6.3H6.5). T he complementarity problem (6.3H6.5) 
is equivalent lO the variational inequality problcm which consists to find X 1 (X2) E D4 
such t.hat 
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wibh 
M = (+a -a) 

1 -a +a 

and 
_ ( b(X2 1 -X22 ) +Pf -pf +cf:i) 

n- . 
b(X22 -X2 1 ) +pf -pf +cfi. 

The matrix M 1 is positive semidefin ite, symmebric and 

ker M1 = { ( ~ ) ; a: E IR}. 

Thus if w E ker M1 n IR! \{O} then there exists o> O such that w = ( ~ ) . We 

have 
qrw = a(ct; +cfi) >o 

and we may apply Theorem 2.1 to c0nclude to the existence for any X 2 E IR2 0f at 
least one X 1(X2} ~O satisfying the complementarity problem (6.3)~(6.5). We prove 
bhe uniqueness of .R" 1(X2 ) by following the same arguments that the ones which have 
been used in Section 3. Let us now give a precise characterization of X1 as a functi0n 
of X 2 . 

If 
pf-pf-cf;<X -X <pf-pf+Cí\ 

b - 21 22 - b 

then 

Indeed, we have 

If 
x -X <pf-pf-cf:i 

21 22 b 

then 
_ ( ~(X,, -X,.) + •:-•;<-o;', ) 

X,(X2)= . 
o 

Indeed, 
X, (X2)~0, 

- ( o 
M1X1 + Q1 = x + x 

C12 C21 
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and 

If 

then 

We ha"e, 

and 

Lct us set 

\\"e know that if 

then 

If 

then 

and if 

then 

D. Goeleven 

X -X >pf-Pí'(+cfi 
21 2~ b 

X1 (X2) = ( ;_(X _ X )O Pf-Pf -<;'. ) · 
0 2 1 2~ + 0 

X1(X2) ~ o. 

MX +q =(C:i+c¡';)>o 
l 1 1 o - ' 

F (X2) '= ( +e -e) X1(X2)­
-c +e 



An Expository EJiscussion on Singular lnequality Problems and .. 183 

Weset 

nnd 

'(pf-p['-c[',) 
')'¡ = -

a -X -X X 
P1 -p2 +c12 

12 = - . 
' (pf-pf+ef1 ) 

ª P{-pf-ef1 
The rnatrix A is negative semidefinite and thus 

X[ F(X2) 2'. Xf'AX, + A{O, A{Xf' "(1, X[ 'Y2} ). 

Sett.ing 

M = ( +d -d) 
2 -d +d 

and 

- ( ¡;( - ¡;j + e(, ) 
q2 - ' 

Pr-Pr +erl 

we consider now the inequality pv0blem: Find X2 E JR.¡ such that 

(F(X2) + M,x, + q,)'(v - X,) 2'. O, Vv E m¡. (6.9) 

T he variatiional inequality {6.9) is n0nlinear and Theorem 2.1 cannot be applied. The 
following resuJt ensures t hat if da> be then problem (6.9) (and thus problem (4.25~) 
admits at least. one solution. 

Theorem 6 .1. U da> be tlhen ¡~rnb'lem (6.9) has at least one solution. 

Pro0í: Let D11 = {x E JR!. :11:z:11:5 n}. For each n E .DV\{O}, the set Dn is nonem¡¡ity, 
compact and convex. Let us n0w rema11k that the mapping F : JR.2 -t JR.2 is c0ntinu-

In<lced, the mapping Fo is c0ntinu0us on 

D(F;) = {x E IR.2 . pf - Pf - eí\ < :z: _ x < P2'\ - Pf + e{i} 
o . b l 2 b ' 

bhe mapping F_ : JR.2 -+ JR.2 is c0ntinuous on 

2 pf -pf -e¡~ 
D(F_) = {x E Dl 'x1 - x 2 < b ), 

and the mapping F+ : JR.2 -t JR.2 is eontinuous on 

D(F+)={:z:E /R2 :x1 -x2> pf-p[ +cfi}. 
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,x,x,x (º) Moreover, if x1 -x2 =~thenF_(x)=Fo(x)= 0 and if::r:1 -x2 = 

P:,"-Pf +i;;;\ t hen F+(x) = F0(x) = ( 6). We may apply the Hartman-Stampacchia 

Lheorem [9] to conclude to the existence of Xn E Dn such that 

(F(x,,) + M,x,, + q2¡T(v - x,,) "".O, Vv E D,,. (6.10) 

We claim that the sequence {xn}ne.W is bounded. Suppose by contradiction that 
11 :z:,, 11-+ + , t hen along a subsequence ( again denoted by { Xn}), we may supposc 
that 11 x ,, 11# O 11 x,, 11--> +oo and 

w,, •= ll :: ll --> w E JR~ \{O}. 

Setting v =O in (6.10), we obtain 

(6.ll) 

and thus 
x?;(A + Mz)X11 + A{O, /\{:z:~ /¡, x?: 12}} + qr Xn ::; o. (6.12} 

Dividing (6.12) by 11 Xn 112 , we obtain 

w?,"(A + M2 )w,, + 11{0,ll{w?,"~1 ,w?,"~,)) 11x,,11-• +(qf w,,) 11x,,11 -•~ O. 

Taking tbe limit as n --+ +oo, we obtain 

The matrix A + M2 is positive semidefinite, symmetric and 

Thus w = ( ~ ) for sorne a> O. From (6.12), we deduce also that 

A{O,A{x~'"Y1 1 X~ i2}} + q[ Xn ~ 0. 

Thus 
A{O,A{wri11,W~ /2}} + qf Wn ~ 0. 

Taking the limit as n -t +oo, we obtain 

However 
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and we get the contradicticm 
a(ci2 + cr1) ~o. 

Tllus bhe sequence {xn} is bounded and along a subsequence, we may assume that 
x,. -¡. x. Let v E JR!. be given. There exists n0 E JN such that 

Taking tibe limit as n -¡. +oo, we get 

The a11gument above being liI1ue for any v E lRi, we may conclude. D 
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