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RESUMEN 
Se presentan resultados genernlcs en el acotamiento de operadores seudo dife· 

renciales en L''(R"). Se considera principalmente operadores con símbolos no 
regulares, los cuales SOi\ versiones generales de la clase de HOrmander's s;:~ - Se 
Lrnta la teoría en una formn clásico y elemental. 

Key w o rds and phroses: p:tt.udodiffen:ntml operator, V bou11dcdneH m IR" , 
nonregular symbol.s. 

Mn.t h. S ubj. C hus. : 35S05, "7G30. 

1 Introduction 

T he theor)' of pseudodifferential operators was born in the early I 960's and , thereafter, 
it evolved wit h i he \,heory of partial differential equations. Therefore, man y tapies in 
these two t.heories are close!y related, like the hypoellipt icity of opcrators, t he shar¡> 
form of Gárdi ng's inequalit.y, t.he paramet.rix of operat.ors, and so on. In t.he thcory 
of pseudodifferent.ial operators, one of the most int.eresting tapies is to investiga.te t hc 
behavior of pseudodifferential operators of H6rmander's class, s;~6 , in L''{IR") nnd 
SoboJe,, spaces. T he behavior of operators in LP(IR") spaces plays an essent ial role 
in the t heory of li.near and nonlinear partial differential equations. In t hc prescnt 
paper , we consider operators wit.h nonregular symbols which are generalizat.ions of 
HOrmander's class S;,'6 . 

We treat t he theory of pseu<lodifferential operators in a rather cla.ssic mann r, 
dealing mainl}' with thei r behavior in L''(R") spaces. We present. very elementary 
re.sults and met.hods far the proof of the boundcdncss of pseu<lodifferent.ial operators 
in L"(R" ). We note that. the results presented here may not be the best possiblc oncs. 

\Ve do not. t.reat symbols of thc form p(x, {,y). In t.he ca.se of smoot.h symbols therc 
is no differcncc bct.ween thc cases p(x,{) and p(x,{, y). However, if we consider non­
smooth symbols, the behavior of thc operators p(X, Dz) and p(X , 0% , Y) in L''{IR") 
may be slightly di fferent.. Por example, when the symbol is of the form p(x ,{,y), 
lformandcr's Theorcm 3.1 in Section 3 is a litt le different (see [9J). Recent.ly, many 
authors (see, for cxampte !12], [7]) have t reated operators with symbols p(x, {,y) by 
using modulation spaces or Besov spaces. 

ln Scction 2, we recall fundamental results on t he algebra and thc asympt.otic 
C..'tpansion formu las of symbols of pseudodifferential operators. lo Sect.ion 3, we lrcnt 
L2 (R") bounded ness. ln Section 11, we list well-known fundamental results 0 11 the 
behavior of pseudodi fferential operators in L"(R" ) spaces. However, thc purpose oí 
this section is to prcsent boundcd ness results for operators witb symbols whose arder 
is, in sorne sensc, lowcr than t.hc crit ical a rder in V (lR") spaces. ln SecLion 5, wc givc 
a boundedness theorcm from r.,ewo (IR'' ) to BMO. For t hc case p = l t he main results oí 
thc present paper 0 11 t,he L''(t!f:") boundedness oí pseudodifferential operators are givcn 
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in Scction 6. In the last two sections, Sections 7 nnd 8, we consider symbols which 
mny be uscful when considering clruises of pseudo (or partial) differential operators 
with magnetic potcntials. The resu lts in Sections 7 and 8 can be found in [1'1.}. 

2 Fundamental properties of pse udodifferential 
oper ators 

Wc use the notation found in [10] . Moreover we use a lot of constants C which are 
not thc same at each occasion. Far a point x E !R" we write lxl = ./xf + · · · + x~, 
and (:i:) = Jt + x~ + · · · + x~1 • For a multi· integer a = (a1 , ••• , a,.), we denote 

a~ = a;,· 

whcre lol = o 1 + · +a:,,, and we write D.z; = (-i)8,. . He.nce 

... Dº" = (~) l• I ~. D~ = D~,' '· i /J'J,' ··· /J'J; 

Por n function / {I,{) on IR:~ x IR{' and mulLi· intcgers a and p we write 

Wc begin with t he definition of symbols of HOrmander 's c.lass s;~6 • 

Dcflnit ion 2. 1. T he set of smooth functions p(:i:, {) on R .. " x Ít.( 11 which saLisfy 

for nny o and P is dcnoted by 8~~6 . 

For a function p(::r:,{) in s;,','J• we defi ne Lhe pscudodifferent.ial opcrator p(X, D-r) 
by 

p(X,D,)u(x) = (2,;,,1, J.. e".'p(•,{)ú({)d{, 

whcre U(() de.not s lhe Fouricr Lrnnsform of the function u(.z:), t hat is, 

ü(() = (2,;,,1, /. .. e-"-<u(•) d•. 

llerenfter. we denote integrals f u(::r:)d:r taken O\!er IR" simply by ju(x)dx. 
l it" 

fn the prese.nt pnper , we mainly trent the cruie 6 < l. A very interesting st udy 
by David and Journé l4J considors pseudodifferent ial operators in V (IR") for the case 
Ó = p = I 
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Norms in LP(R") a re 

[/ ],,,, llullv = lu(x)I" dx (I ~ p < oo), 

a nd 
llull~ = esssup(lu(x)I 'x E~") (p = oo). 

In order to define a new class of symbols we need to define basic wcight. functions. 

Definit iou 2.2. A real valued smooth function, A(x, {), which satisfies t.hc t.wo 
conditions: 

(i) There exists a constant O$ <J $ 1 sucb that 1 $ ..\(x,{) $ C (:z:)u({). 

(ii) There exist.s a constant O $ ó < 1 such t.hat., Cor any multi-indices o a nd {3, we 
ha ve 

1-1:;: (x, 0 1 ~ Co .8 ,\(x, 0 !-lol+•l•I 

for sorne const.ant C0 ,13, 

is called a basic weight. function. 

Of course, t he function ({) is a typica l basic weight. funct.ion. Thc function 
,\(:z:, {) = J I + lxl2 + 1{12 is a!so a typical example or a basic weight function (see 
p]). T his ,\(:z:, O can be used, far example, when we consider various harmonic oscil­
Jator problems. in !IJ, Boggiatto and Rodino considera weigbt function ,\(x,~) which 
satisfies 

e(()' ~ ,\(x, () . 

Here, however, we assume that 
1 $ ,\(x,0 

for applications to quant ized Hamiltonians problems with magnetic vector potentials. 
Lel a(x) = (a1(x),a2 (x}, . ,a11 (x)) be an IR" valued function on IR" such thal 

IB°aJ{.t)I are bounded for any a tf O and j = 1, ... , n. in Sect ions 7 a.nd 8, we shall 
use a ha.sic weight function of the forro 

,\(x,() = (x - a(x)) = J¡ + 1( - a(x)l2 . 

A simple calculat.ion gives the following lemma. 

Lemmo. 2.1 Lct ,\(x, ~) be a basic wcigl1l f1mction. Thcn wc hove 

,\(x, ( + ry) ~ C(ry),\(x, (). 

Defüütion 2.3. Let ,\(x,~) be a basic weight function and let m,p and ó be real 
numbers such that O $ ó $ p $ l and ó < l. Then the symbol class s;~u is defincd 
b 

;: ... = {p(x,O' IPini l•.<)I ~ c •.• -l(x,ff"-Plol+•IBI for any o and /J). 
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We denote :d.). = U meR s;','6 >• For a symbol p(:r, {) E s;o6,). we defi ne t he 
pscudodiffcrential operator P = p(X , D:r) as aboYe and write p(X, D-:.:) E S~,..\• If 
the symbol p(z, {) belongs to s;,'6.>. we write p(X , D-:.:) E s;~6.).. T be cla.ss s:,ió,.\ forms 
nn algebrn in the íollowing sense. 

Theore m 2.1 let >.(:r:, {) be a basic weight function and {et O :$ ó :S p :$ l and ó < l. 
(a) lfp,(X, D:r) E s:~Í.>. (j = 1,2), then P1(X, D:r) + P2(X, D7 ) E s;',16,A, where 

m = mruc{m1 , ml}· 
(b) /f p1(X,Dz.) E s;:J.>. (j = 1, 2), l11en tl1ere eX1sl$ a symbolp(x,{) E s;','J,!"'2 

s11ch lliat 
p(X, D,)u(x) = p1 (X, D,)p,(X, D,)u(x) 

1md p(x, O has the /ollowrng asymptotic expansion: 

(u ES), 

~ 

p(x,{)- LP•(x, 0 , 
.1:::0 

where 

k{:r:,{) = L ~p~º)(x, {)P:2 (n) (:z: , {) E s;;;.rmr(p-.SJA:. 
lt>l=k 

(e) 1/ p(X, D.,) E ;:ó.>.• titen there exists a symbol pº (z,{) E s:6,>. s11ch tlwt 

(p(X, D,)u, v) = (u, p" (X, D,)v) (u, v ES), 

aritl p' (x , {) hos the follotuing nsymptotic expans1on: 

where 

~ 

p"(x, () - LP• (x,(), 
k =O 

P.(x, ') = ,.- i.:..1.2.'.: ~( ') E Sm,+m,-(p-6)> 
.. L.., a ! P(a) x,.. p,6,Á • 

lo)"'k 

3 Fundamenta l boundedness result in L2(JR) 
We denote ihe set of bounded lincnr operators ou a Banach space E by l(E). In [8], 
HOn nander g1Ves an inlcrcst ing rcsult about t.he L2(1R") and LP( ") boundcdness of 
pseudodifferential operalors. We start with l}(R" ) boundedness results. 

Thcore m 3. 1 út O$ p $ 1 ancl O $ ó $ l. Then 

;;, C C(L2 (!R" )) => m $ mo = min (o. ~(p- 6)]. 

llOrmande.r shows that. t hc converse is true if O $ ó < p $ l. Moreover by Calderón 
nnd V:ullancour\ l2J, we have 
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T heorem 3 .2 (Calde rón and Vnillancourt) Let O :S ó < l and O :S p :S l. Thtm 
the conuerse o/ Theorem 3. 1 is true, tlwt is, the inclusion s;;: e C{L2(1R" )) 11olds. 

The Calderón-Vaillancourt Theorem is generalized to the case oí nonregular symbols. 

Tbeor em 3 .3 (See, for example , {3]) Let O :S ó :S p :S 1 and ó < l. We puf 
< = ln/2J + l. lf a symbol p(x, () satisfies 

IP:~i (x,{) l '.S c •.• w - Pl• l+'l•I 

for any lol :S x and J.BI :S K., thtm the operator p(X , Dz) rs bounded m L2 (1R" ), tliat 
u, therc u a constont. C such that 

llv(X, D,)ull2 '.S Cllu lb· 

In particular. m the case ó = p = O, if a boimded symbol p(x,{) rs such thal IP:~:(:i:,{)I 
1s bounded for ony lal :S r;, crnd l.BI :S /'\-1 then lhe operator p(X , D 7 ) is boundcd rn 
/}(R"). 

In t he present paper , our st.a rt.ing point for t.he L2 (R11) boundedness is Theo· 
rem 3.3. T hen we havc thc following thcorem. 

Theorem 3.4 Let >.(x,{) be a basic wciglit f unction and assume that O$ ó S p $ l 
cmd ó < l. lf the symbol p(x, { ) E $1~:.>.. for a posit.ive a , then the operator p(X, D,) 
IS [,2 (R") bounded, Uiat is, there is a constante suc/1 that 

llp(X, D,)ulb '.S Cllull2 

holds for any u E S. 

Proof. lf o is greater than n , t hen, by T heorem 3.3, t he operator p( X , D1 ) is L2 (1R:º) 

bounded, because lv¡;¡(x,OI are bounded when lal $ ,... and 1.81 $ 1t, whcre "' = 
ln/2J + l. lf Lhe symbol p(x, {) belongs tos;:.>.. foro > n/ 2, Lhen , by T heorcm 2.1, 
we ha\•e 

llp(X,D, )u ll,' = (p(X,D,)u, p(X , D,)u) 
= (u, p·(x, D,)p(X, D,)u) 

= (u, p(X , D,)u), 

where p"{z, 0 E s;,:.).. and P(x, {) E s;,¡~,.. Since 2o > n, we have already seen 
tlrnt the operator P(X,D,. ) is l?(IR" ) bounded. So by Schwarz' inequa lity and the 
boundcdness we havc 

llp(X, O, )uii,' =(u, p(X , D,)u) 

'.S llull2 llp(X, D,)ul'2 

S C'llulb 
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for any u E S. Hence we get the boundedness of t.he operator p(X, D-z) with symbol 
p(x,{) Es;_;,>., (o > n/2). Boundedness cnn be preved in a simila r wny when the 

symbol p(x, {) belongs to s;;.L for (] > n/4. Repeating this procedure we can prove 
Lhc thcorem far any positivo a. • 

T heorem 3.5 let ,\(x, {) be a basic weight function and O ~ ó < p::; l. lf the symbol 
p(x, {)E S~·"·" ' tlum the operator p(X, D) is L2 (1R") bounded. 

Proof. P utt.ing 
IPlo = sup( lp(x,{) l o (x,{) E IR" x !!"} 

nncl 
q(x, O = v'21Plo - lp(x, {)I'. 

W I) can seo that q(x,{) e s~.u · Wc have 

O $ llq(X, D,)ull ' = (q(X, D,)u, q(X, D,)u) 

= (u, qº(X,D,)q(X,D.)u). 

By t hc expans ion formula, we can see that the symbol of t.he operator q"(X, D7-) can 
lie writLcn in t he form 

q" (x,() = ;¡¡x;o + q, (x, () o= q(x,{) + q, (x,() 

whcrc q1(..r, {) E ;,~~.\-t!J and we write Q(x,O far q(x,{). Hence we have 

q"(X , D, )q(X, D,) = q(X, D,)q(X, D,) + q,(X, D,)q(X, D,) 

= q(X, D.) + q2 (X, D,), 

where q(:z: ,{) = lq(x.OIª and q2(:i:, {)e s;,~~"-61 . So we can v.'Tit.e 

O $ (u, ii(X, D,)u + q,(X, D,)u) . 

Setting P(x, O= lp(:z:, e)l2, we have 

llp(X, D,)uill = (p(X, D,)u, p(X, D,)u) =(u, p"(X, D,)p(X , D, )u) 

= (u, p(X, D, )u) +(u, p,(X, D,)u), 

wherc Pi (:z:, 0 E s;,t.\-t!l. Moreover, since 

q(X, D, ) = 2lplo2 - p(X,D, ), 

wc hnve 

O $ (u, 2jpj~u - p(X, D,)u + q2(X , D,)u) 

$ 21Pl~llulll - llp(X, D,)ulll +(u, p, (X, D,)u) +(u, q,(X , D, )u). 
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Thus we h(\\'e 

l(p(X, D,)ulll $ 2IP!illulll + (u, P1(X, D,)u) +(u, q,(X, D,)u). 

Since p - 6 >O, by T heorem 3.4 we have 

((u, P1 (X, D, )u)I $ llull2llP1(X, D,)ull2 $ Cllulll, 

l(u, q,(X ,D , )u) I $ llulbllq,(X, D,)ull2 $ Cllulll· 

Combining thcse inequatities , we finally obt.ain 

llp(X, D, )ulll $ Cllulll · 

WllO 
t aOOOt! 

• 
4 U' boundedness of pseudodiffer ential operators 

with lower order symbols 

In this section , we t reat the case of t.he basic weight funct.ion >.(x, O = (ü. So 1,J1e 

symbols p(x, o may belong to s~J or to t he generalized {nonregular) class of s~6· 111 
particular, the case p = 1, ó < 1 is important when we study t.be general boundedncss 
in LP{Rn) in relat.ion to t he class of Calderón-Zygmund operators (see !J]). Wc bcgin 
with results by HOrmander [8] and Fefferman [5]. 

For general 1 :S p :S oo we have the following theorem. 

T beor c m 4 .1 ( H Ormander [8]) Let O :S 6 :S p :S 1 and ó < 1. Then 

s;'., e C(L''(ll!'1)) - m $ -n(l - p) I ~ -~I · 
Therefore we may consider that the order mp, defi ned by 

(J) 

is the critical decrensing order far t he L'1(1R") boundedness of pseudodiffercntinl op· 
c.rators of HOrma.nder's clnss S~6 . 

lt is known 1ha1., for p = 1 and p = oo, t he converse to HOrmand r's thoorcm 
docs not hold. F'or 1 < p < oo, C. Fefferman proved t he connversc of lformandcr's 
theorem. 

Thcorem 4.2 (C. Feffcrman [5]) l et 1 < p < oo, O :S 6 :S p :S 1 ar1d ó < 1 and 

set mp = n( J - p) lt - ~I· The11 

s;;"• e C(L'(R")). 
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On t hc boundedness oí pscudodifferentinl operntors, it is easy to t reat operators 
with lower arder symbols. Her "lower order 11 means t hat the decreasing order of 
thr 11ymbol at l:rl -+ oo is grenter t hnn m,.. in some sense. We begin wit.h a very 
olcmcntnry boundedness lemma. 

Lcmmn 4. 1 Lct the symbol p(x,() haue support 111 {(:r, () : I{/ $ R} for sorne R > O, 
mid suppose that 

(2) 

/or lol $ ,.. = ln/2J + l. Then the operator p(X , D:r.) u bounded rn L"( IR" ) /01· 
2 :S p S . 1/ the symbol 1s independent o/ the space uanable :r, that LS, p(:r, O = p(O, 
l/1en tl1e opcrator p(X , D:i:) = p(D.r: ) is bounded m 1.,P(IRn) for 1 $ p S oo. Moreover, 
1/ mequality (2) holds for lol $ n+ l , then the operator p( X , D .• J r.s bounded in LP(IR" ) 
/or 1 :S p $; 

~roof. Far any u E S we can write 

p(X, D, )u(x) = f K (x,x -y)u(y)dy, 

K (x,z ) = (2~) " j e" 1p(x,{)d{. 

lí t ite symbol p(.r.{) sntisfies lnequality (2) for o with lal $; ,.., then by Plancherel's 
1.:ttunlily wc ha\'C 

/ 1(:)" K (x, z)l2 dz = L c. j lzº K (z, :)12 dz 
lo IS..: 

= L c. / 1p1•1 (•, OI' d{ 
lol$..: 

::;e'. 

llp(X. D,)ulll ::; / l/ IK(x, x - y)u(y)I dyl' dx 

:=; f f (x - ¡¡)- '•lu(y)I' dy f (x - y)'•IK(x, x - y)l2 dydx 

= f f <x - Y)-'"lu(y)l'dy / <=)2"1K (z, :)12 dzdx 

$ c' f f (x - y)-2•1u(y)I' dydx 

= C'llulll· 
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This mea.ns that the opera.t.or p(X, D ,,,) is L2 bounded. Moreover, we hiwc 

lp(X. D,)o(•ll $ / II<(-.x - y)llo(y)ldy 

:s / IK(x, z)I dz 11• 11~ 

[ ]'/'[ ]'/' $ / <z)- 2"dz / (z)'"IK(>,z)l2 d: 11•11~· 

Hence, the operator p(X , D:i ) is L00 bounded. So, by t he Riesz.-Thorin int.crpolat.ion 
theorem. the operator p(X, D,,,) is L''(IR") bounded far 2 :S p $ 

JI the symbol is independent of the space variable :r:, we have 

p(D,)u(x); / K(x- y)o(y)dy, 

where 

K(z ) ; -( l ) / e;'"p(()d{. 211" n 

Hence, changing the a rder of the integration, the L1 (!Rn) norm of p(D:r) is 

/ lp(D, )u(x) ldx :s // IK(• - y)u(y)I dydx 

$ [/ ll<(z) ldz] [/ lu(y)l dyl 

As far t he case oí L00(1R:" ) boundedness, we can prove that 

/ IK(z)ld: $ C 

by Plancherel's fo rmula. Hence wc havc 

llp(D.)ulh $ CIM1. 

Thus, by the ruesz.-Thorin Theorem we have LP(IR") boundedness far 1 $ p $ oo. 
U the symbol p{x,{) satisfies inequality (2) for o witb lol $ n + 1, thcn for any 

lol S n + 1 .,.,.e bave 

So, we hnve 

1•º K(x, z)I; (2~)" I/ e;'<p(•l(-.()d{I 

$ (2~)" / lp(•l(-.()1 d( $c •. 

e 
II<(-. z)I ::; (:)"+'. 
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Thcrefore 
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llp(X, D, )ulh $ / / IK(x.z - y)u(y)I dy dz 

$e //(x - y)-"- 'lu(y)ldz dy 

$ Cllull, . 
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Thus, the operator p(X,D7 ) is bounded on L1(1R"). So tbe operator p(X ,D:ii) is 
/.i ' (IR") bounded íor 1 $ p $ 2. • 

Rcml.ll'k 4 .1. As we have seen in the prooí of t he Lemma 4.1 , when we estiimat.e 
the L00 (R" ) norm we need to estimate t he integral of the integral kernel K(x, z) with 
respect. lo ::. On t.he other hand when we est.imate t he L1(R") norm, we havc to 
estimnt.c t he kernel K (:z:, z) itself, except for t.he case where it is independent of t.he 
variable x. This is why we often have to change t he assumpt ions when we t.rea t Lhe 
L''(a:t" ) boundedness for l $ p $ 2 ar 2 $ p $ oo. 

Theorem 4.3 Let O $ p $ 1 and O < u $ 1, and suppose that t.he symbol p(x ,O 
sC1t.ufies 

¡pt•l(x, ()1 $ Cw((()-' )(0-1"/ 'H' -•l-•l• l 

/or 1111y lol $ "' = jn/ 2] + J, where w(t) is a 11on11egatwe and nondecreasing f¡mct.io11 
on !O, oo) wh1ch sa t1sfies 

1' w(<)'d 
-- l < oo. 

o ' 
(3) 

Tlie11 lhe operotor p(X, D.z ) is L2 (1R") bounded, tliat l.S, there LS a const.an/. e such 
Owt 

llp(X, D,)ulb ~ Cllulb for any u E S. 

Proof. By Lemma 4.1, wc may assu me Lhat Lhe supporl o í Lhe symbol p(x, O is 
contained in {(.r, 0 : !{I ~ •\} . We ta.ke a nonnegat.ive and smoot h íu.nct ion f( t) on IR 
such thnt 

supp/ e [H 
T hcn for any ( y! O we ha ve 

llcucc we can wrile 

p(X . D,}u(x) = ,2,;,.,, / e" .,p(x, ()ú(O d{ 

= (2,;,,, , J.~ ¡ dl / e" <p(x, 0/(t1{1)2 ú(() d( 

= (2•;,,,, J. ¡ di/ e"·<p(x, ()/(ll{i)ú,((}d(, 
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wherc L•,{r) = f(tlD,. l)u(x), Lhat is, 1Í1(0::: /(tl{l)ü({). Noting t hat t he support or 
p(:r,{) is conlained in {{ : l~ I ;::: 11}, we can write 

where 

Now we split t be integral in two part.s: 

¡1/ •1 ¡ l 
p(X , D,)u(x ) = - dt K,(x,z)u,(x- l z)dz 

0 t J..:1$1"- I 

¡1/ • ¡ l + - di K 1(x ,z)u,(x - tz)dz 
o t l.: l~ t"- 1 

= A(x) + B (x) . 

T h n by Schw<U7.1 inequality we lrnvc 

IA(x) I' ~ [ f 11
' 1-.. :1- 1 d• l lu,(x - tz)!'dz] lo t " l.11$1"- ' 

[¡ 1/•1 1 l l 
x l + .. ( t - 1 dt ¡K1(x, z)!' dz . 

0 t /1 1.:1$1'°-I 

F'tom thc Plancherel formula and the assumption on p(:t,{) we have 
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/ IA(z)l2 ctx s / [ f '' ' --;=;--¡', _ 1 d( l ¡v,(x - "ll'd:] lo l \ p 1.sl'.5"f"-I 

X [ r''' 1+.:1- ) dt l IK,(x, :)i' d:] dx lo t p 1•1$f"-I 

11/ • w((2t)")2 
<C ---dt 
- o ' 

x j [ f' '' ~(l- 1 dtj lu,(z - tz)l2 d:] dx. lo l 1\ p Jrl$f•- I 

Thercíore, írom Lhe assumption on w(t) we have 

/ l.4(r)I' dx :5 e I [ r''' l - •1(1- 1 dt r lu,(z - t:)I' d:] dx 
Ío t P 1111'5,1•- 1 

:5 e r''' ,_.,:,_ 1 d•l [/ 1v,(z - t:)l'dx] d: lo t p l.11$,t•-I 

=e!,''' 7dt / 1v,(x)I' dx. 

Thcn, since 

wc hnve 

J. 7 dt / ¡v,(x)I' dx =J. ¡ dt / 1u,(Ol'df. 

=¡[J. /(•~rn· d•l '"(()i'dl. 

= llulll. 

/ IA(x)I' dx :5 Cllull¡. 

In ord r to estLmale thc L2 norm of the Lerm B(::r:), íor lol = K we need 

Thrrcfort', wt hBve 

,,. K.(z. :)1 :5 e"~º , -1°'1 I/ e" <p(•'I ( x, ¡ {) 8'(-·· {/(lrnJ d{I 

103 



1011 Ryuichi Ashino, Michihiro Nagase and Rémi Vaillancourt 

n.nd 

/ 1:º K.(z, : )I' d: $ C .fy. ¡- >l• 'l / lp<•'I ( z , ¡ () li(-o' {/(1(1)}1' d(. 

Since the su pport. oí the íunction j(l~"I) is contained in 1/ 2 .$ l{I .$ 1, we ha.ve 

1 , ( ¡ ) 1 l{ l- ""-•l/2-plo'I (1( ¡-•) p(o ) x, t ~ .$ e t w t 

.$ Ct(n-1..c )( l -p)/:i+lo'lw((2t)" ) 

in the support or t.he int.egrntion. So we get 

/ l:º K, (x,z) l'dz $ Ctln- l•)( l-p)w((2t)º) 2 ¿; f, d( 
o'Sn {1/1:$1(1~ 1} 

$ Ctln- 2•)(1- p)w((2t)º)2. 

Thus we htw e 

/ 1:1'"11<,(x, : JI' dz $ Ctln-l•)( •- •lw((2tl°)2. 

Wrnmg m = (n - 2K.)( 1 - p)(?: O) , we have 

/ IB(x)l2 dx s / [ ¡•I·• ~dt j 1=1- ' " lv, (x- t:)l' d: ] 
} 0 t ¡ .. ¡2 1 .. - 1 

X [ r'1' ~dtj l=l'"IK,(z,:)l' d: ] dx. lo t l-'l2: t"- 1 

Flom th estimalC of Lhe L2 norm oí the kernel lzJ"IK1{z , .:)! we ha,•e 

/ IB(z)l2dx $e / [ti• ~dtj l•l- 2"lv,(z - t:)l2d: ] lo t 1 .. 1~ 1 ,.- 1 

X --- di dx [¡ ll•I w{(2t)• )2 l 
o t 

se¡ [ r'1" ~ dt ¡ 1·i-2· 1v« · _ ,, )I' d:] dx. lo t 1"121 .. - • 

So, changing the arder oí intcgration, we ha.ve 

/ IB!zll' dx $ e t i·• ~ [1 1:1-2" (/ 1v, (z - t: )l2 dx) d:] dt lo t 1112;1•- I 

r·1·· i [/ ] $e lo t ¡, ,(x)l2 dx dt 

sc11 .. 11i. 
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omblnmg the L1 norm oí A(z) we ha.ve 

lip(X, D,)ui12 $ Cll uiJ,. 

• 
Ren mrk 4 .2. W note t lrnt t hc ordcr n (I - p)/ 2 oí t he symbols in Theorem 4.3 is 
r<1unl to m = m 1 ns defi ned in (1 ). Moreover we not t hat in t his t heorcm we do 
not nttd t he continuity of the symbols p(x, {) in t.he variable x . 

When p 1, we s~ t hnt m,, = O for 1 :S p :S . Therefore, combining the 
Calderón Vrullnncourt T heorcm with Theorem 4.3 we have t he following corolla ry. 

Coro lln.ry 4 . 1 ú t O :S d < l. 1/ the symbol p(:z:1 { ) Jatujie.! 

IP'" '(•,01 s cw-1• 1• 

IP1"' (•.0 - p1" ' (y,{ )I $ Cw(lz - yJ(()6)(()- l•I 

for lol :S ,. = ln/2] + 1, wl1ere w(t) ü the .!ame a.s m Theorem { 3, then tl1e opemtor· 
p( X . D,) IJ l 2 (R") boundcd. 

Proof. Wt take n smoot h funct ion t.p{:z:) wit h support in {x: !:r:I :S I} ancl wit h 
integral 

/ <p(z )dz = l. 

q(r,() = (()"'' / <¡> (({)6' (x - y))p(y,()dy 

= j <p(: )p(z-(()-60 :,{)d: 

wht•rf' ó 6' < 1 T hen it is not difficult to see that q(r, () satisfies 

for anj lo ! S. K a.nd a.ny p. Hcnce by t he Calderón- Vaillancourt T hcorern, t he operator 
q( X, D,) 1~ L2(R") boundcd . 

MorfO\'t'r, from t hc a.ssumption wc can see that 

r (z, () = p(z,{)-q(z,() 

SM1~fo·" lh<" rondations in T heorem •1.3. l-lence the operator r(X, D~) is a lso J.}(lll") 
bnundtd Th<"rtfore thc operntor p( X , D.J = q(X , D .. )+r(X , D .. ) is L2 (11l") bounded . 

• 
Undrr " 'hghtly strongcr condiLion t hnn t he one in Theorem 4.3, we havc the 

follo-. m~ L (ll" boundedness. 
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Tbeore m ·L4 lct O $ p :5 1 (lfl(f O < q :5 l , and suppose that. the symbof p(:t.{) 

¡pt•l (x,OI $ Cw((<) -•) w-t• />)(J-pl-Pl•I 

for cmy laJ :$ " = !n/ 2) + 1, where w(t ) is a nonnegatme and nondecrcrum9 funct1011 
on ¡o. ) u</uch sot.1.sfics 

(' w(t) dt < 
}, t 

(4) 

Thcn the operoJor p(X, D~) is L00(1R11 ) bounded, that u , therc i.s a constant. C such 
that 

llp(X, D, )u li $ Cll ull~ for any u E S . 

Proof. As in th proof of T heorcm 4.3 we may assumc thaL t.he support. of t.11c symbol 
p(:c,{) is contained in {~: l~ I ~ 4}. Wc takc a nonnegat.ive and smoot.h function /(1 ) 
such that 

r~ it•> d< = (, 
lo t. 

supp/ e [~ . 1] . 
Thcn a.s befare, for any ~ 1- O wc have 

{~ LUQt)_ dt = L 
lo t 

Thcn we can write 

K,(x , z ) = (i~)" j •"'p (-. H /(i{i) d{ 

We d1,•ide th integral of l<t(x, z ) in t.wo pn.rts: 

Then we base 
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l'ur 1.; {11 2J + 1 w (' ha.v(' 

li<'nCt f ¡K, (x,z )ldz S Cw ((2t )'). 

ThNefort w ha.ve 

• 
llt:l mo.r k 4 .3. The condlt iou in T hcorcm 4.4 is a litt le st rooger t.han the one in 
Theorem 4 3 ln fa.et it is casy t.o see t hat. inequal ity (4) implies inequality(3). 

Wr h:we 1ht followmg coroll ary to T hcorcm 4.4 . 

'o rolla.ry 4.2 Undtr the co1ulitio11 m Theorem .¡.4 , the operotor p( X , Dz) IS Dll(IR .. ) 
boundtd /or 2 S p S , and we hrwe 

llp(X, D,)ull,, S Cllull, (u ES), 

u·htrr lht: cPn.Jtant e u mtlependent o/ 2 :5 p s oo. 

for thr L1Utn) boundedness we have to pul a stronger condition than in thc case of 
thl' U(R" \ and L'''' (Rn) boundcd ness. 

T heor t:m 4 .S Wt O :5 p S. 1 ando > O. A.uu rne that the .symbol p(x, {) satisfi es lhe 
111tquuld" 

IP1º 1(•,()I s Cw((O-')(()-•CHI-•'• I 

far un~ S n + 1, u:htrt w( I) satufies the .sorne cond1hon a.J m Theorcm 4.4. 'I'hen 
tht OPfrul r p( \ D,) LJ L1 (R 11 ) bounded. 
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Proof. As in the proof of Theorem 4.4 we may as.sume that the supporl oí th 
symbol p(;r.,{) is cont.ained in {(x, 0: l~ I ~ 4}. Then, t.aking a smooth funcLion / (t) 
ns before, wc writ;e 

t t·• 1 ¡ 
p(X , D,)1<(x) =Jo t dt K,(x, z)u(x - tz)d:, 

whcre 

11nd write 

I K,(x, z)u(x - l.z) dz = 1 K, (x , z)u(x - 1:) d: 
1.:19-11- .. ) 

+ 1 K,(x , :)u(x - 1:) d: 
1 .. 1;::: 1-11 - .. 1 

= A,(x ) + 8 ,(x ). 

Since 

¡K,(,.=ll s f i+·H lt(l(l)d( 
s e r ¡ ~ (l_,,,._,1 w ( I ~ (¡-·) d( 

j i Sl(lS• t 1 

S Ct"< 1- "lw((2t)' ) , 

we h:we 

l IA,(x)f dx S f [1 IK,(x, z)u(x - t z)l d=] dx 
lzl$1- n - .. i 

s c c•<Hlw ((2t)" ) I [1 fu(• - l z)I d=] dx 
1.:1s1-c•- .. 1 

S C1."i' - rlw((2t)" ) 1 / !u(z - t:) I dx dz 
1.:19-11 -"'1 

= Cw ((2t)") ll ull1 · 

In order to estnuate Lhc L1 norm of B(x), íor lol = n + 1 we have 



lloncu wc have 

J IB,(x)ldx $ j [ { 1•1- "+' l•l""' ' IK.(•, z)l iu(x - t z)ldz] d• 
11.i.1~ 1-1 1- .. 1 

$ ccC•- • lw((2 t )" ) J [ { ¡,¡- n- •¡u(z - tz)I dz] dz 
Í1i1~ 1 -1 1- .. 1 

s c 1-C> - •lw((2t)" ) f ¡,¡- .. - • [/ iu{z - tz)I dx] dz 
11.i.l "?._1- <•- .. 1 

$ Cw((2t)")llull> · 

f lnnlly, wc obtain 

j ¡p(X , D,)u(x)I dx S !,''' ~ dt // 1K,(x, z)u{x - lz)i dz dx 

< r''' w((2•l") di llulh 
- Ío t 
$ c 11u11 ,. 

• 
Agnin, by thc Riesz- T horin interpo\at ion theorem, we can get th V '(IR") bound· 

cdncss for 1 S p 5 2. 

oro llnry 4 .3 1/ the symbo/ p(x, ~) S(ltü fics the 3omc condd1on as m Theore.m .f.5, 
thc11 ll1c o~rotor p( X , D.., ) ,_, U1(1ll" ) boimded /or 1 5 p S , ond we have 

ll¡¡(X, D.)ull., $ Cllull, (u E S), 

wl1ere lhe corulonl e l.S rnde¡umdenl o/ 1 :S p s 
In the e< O 5 p < 1, t.hc decrca.siug order, n(I - p), of the symbols in T heorcm 

4.S docs no\ coincide wiLh Lhe optimn.l decreasing order m 1 = n(I - p)/2. In t his 
sonso, ~he assumpl1011 of T hcorem 4.5 is too sLrong. Howe,·e.r, in the case p = I, 
siucc mp ::: O. "e cru1 gct. thc L1(11t" ) boundedness witbouL us ing 1hc rcgulo.rity of 
t ite symbols m the spacc variable, x, for OJ>crators with symbols which havo almost. 
op!.l mnl dttre..uing ordc.r. 

We givc here Lh result fo r t be case p = 1 as a corollary, which is on ly a specinl, 
bu ~ import:uit . ca.se of Corollnry 11.3. 

o ro llnry 4.4 ld o > O. Assume that the lyn1bol p(x, {) lOl1sfic.s 

lrlol(x,()I S Cw((0-")({)-1º 1 

for letl $ n + 1 1.1·ht.'rt: w(t) '" a rionnegatrne ond nondecreosmg ftmct.1011 011 !O, oo) 
wl11ch lolu/it.J 

11 w(t) di < 
o 1 
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Then the operotor p(X, D,,J is U'(IR") bounded for l $ p $ and therc eri.slf a 
constant e which is independent of 1 s p $ oo, such that 

llp(X, D,)ull, $ Cllull, (u ES). 

lf t he symbols p(x, O a re independent of t he space variabl , :t, t.hen w cnn g t 

better result.s than t.he assertions in Theorem 4.5 and Corollaries <l.3 and <1.4. In ínct 
we have the following theorem. 

T b eorem 4.6 Let O $ p S 1 and q > O and assume that the symbo/ p({) satisfitJ 
tl1e inequality 

/or ariy lol $ ,.. = [n/2) + 1, where w(t) satisfies the same condit.1on as 111 Tfu:orem 
4.4. Then the operotor p(D:r; ) i3 L1(1R11 ) bounded. 

Proo f. As usual, by Lemma 4.1 we may assume thai t.he support of the symbol p({) 
is contained in {{; l{ I ~ '1} . Taking a smooth function / (1) suc:h t.ha t 

supp ! e rn. 1] and /.~ /~!) dt = l , 

we h;:we 

1 r''' 1 ¡ p(D, )u(x) = (2~) " lo -¡ dt K1(z)u(x - tz)dz , 

where 

Then, as in lhe proof of the L00 (!R" ) boundedncss, writing 

/ jK,(z )ldz $ 1 IK,(z)ld' + 1 ¡K,(z)ldz 
1.:1$1 - 41-"' 1:1~1 -l l- .,) 

:= 111 +B, , 
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1111d 

S Cw((2t)"). 

H ncc wc hnve J 11<,(z)ldz S Cw((2t)"). 

'l'hcr forc. changing the order of t he integrat.ion, we obtain 

J Jp(D,)u(•ll clx S [ 1' ~ dt JI ¡K,(z)u(x - tz)ld=d• 

¡•t> 1 J 
S lo t dt IK,(=)I dzllull, 

s e [ I' w((~t)") dlllull1 

s c11 .. 11i. 

• 
tí wc combin 1'hcorcms 1\.4 a nd 4.6, t.he Ricsz-Tborin interpolation thoorem im-

plírs Lhe íollowing o rolla ry. 

Corollnry 4.S 1/ the symbol p(O satisfies the same cond1l1on a.s in Thcorcm 4.6, 
tl11m ll1e opcrotor p( D1) i.s U1(1R") bormdcd for 1 S p $ , and we have 

llP(D, )ull,, $ C ll ull, (u ES), 

wlitm! the ronsr.cnl e l.f mdcvcndent o/ 1 s p s oo. 

5 Beha ior in L00 (1R") space 

W first note th1u thc results in Lhis scct.ion are essentially found in Nagase [13J. 
Lct Q ~ a cubc in R" wit.h sidcs pnrn.llel lo t.he coordinate ruccs, and IQI be it.s 

l..obc9gut mta.surc. F'or n funcLion u(x) dcfined 011 Rn, we define its bounded rncm1 
o:idllntion ( B.HO) norm by 
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where uq denotes the mean value of u(x) on Q, that is, 

uq = ibi l u(z) dx. 

We Jet BMO = {u(x) : llull· < oo} denote the space of BMO functions on !Rn. Then 
we easily see that L00 (1R11 ) e BMO and 

T he proof of the following Theorem 5.1 is given in [13j. The result itselí has been 
essentially derived by C. Fefferman [5] (see also, Li and Wang [11]). T he proof of the 
t.heorem is a litlle long but we give it here. Theorem 5.1 will be used in the proof of 
our main Theorem 5.2 in this section. 

Theorem 5.1 Let p > O and ó < 1 satis/y O ::; ó $ p ::; l . Assume that, / or o and /J 
woth lol, IPI s; '= [n/2J + 1, the symbol p(x, O satisfies 

IPj~¡(x,{)I '.S Ca,,8 (~} -n(l-p)/2-pjo l+61P\. 

Then the operator p(X, D~ ) is bounded from L00 (1R.11 ) to BMO, and we haue 

Proof. As before, we may assume that the support of p(x, {) is contained in { (x, { ) : 
l{I <'. 4} and p(x, O sat ;sfies 

(l{I <'. 4) 

for lol,1/31$ 1t. Moreover, by the Calderón- Vaillancourt t heorem we have 

because t he symbol p(x,{)1{1''(1 - p)/2 satisfies t he conditions of Theorem 3.3. As 
befare, we take a nonnegative funct ion /(t) E Có°(IR) such tha.t 

Thus, we ha.ve 

supp/ C [~ , 1] , 

r00 Ll:!.ffidt = 1 'º t 

r00 /(t) dt = l. 
fo t 

(l{l i' O). 

We considera cubc Q == {x: lxj - a~I $ d/ 2} with d S 1, a.nd take a function 'lb(~) 
such that 

supp Vi e (l{I s; 2}, 0 5 ,µ(0 5 1, 
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and ,P (() = 1 for { :S l. We set.¡,,(()= .P(d{). We split the symbol p(x,{) as 

p(x,{) = p(x,{),P,(() + p(x,{J(l - ,Pd({)) 

'= P<J(x,{) + p1(x,{). 

\Ve begin with the estimate Cor the operator Po(X, D,,J As befare, we can write 

P<J( X, D,)u(x) = ( 2•~"12 / e•• ·<P<J(x ,{)ü({)d{, 

and 

D,, {P<J (X, D,)u(x)} = ( 2,~,.12 / e••·<¡l'lll<;)(x, {) + {;P<J(X, {)}ú(() d( 

where 

= (2,~,.12 / e•• ·<¡p(•;l(x,{) + (;p(x,{)),P,(Oú(()d( 

= (2rr;•/2 / e''"pi(x,()ú(()d{, 

pi (x, {) = l'll(•; l (x, () + (;P<J(X, () 

= (Pi<;l (x,{) + (;p(x,()),Pd((). 

Hence, using /(t) we can write 

D, , (P<J(X, D,)u(x)) = ( 2~)" fu00 
¡dt JI e•l•-•l<pi(x, {)/(tl(l)u(y) dyd( 

= (2~)" f ¡dt JI •'''pi (x , H /(l(l)u(x- tz)d{dz 

1 roo 1 ! 
= (2•)" fo ¡dt K0,;(t,x,z)u(x - tz)dz, 

where 

Ko.;(t, x , z ) = f e'''pi (x, ¡() f(l(l)cJ< 

= j •"' [p¡ ,,) (x, ¡() + ¡(;P (x , ¡()] ,µ, (¡{) f(l(l}d( 

On the support of the integrand of the kernel Ko.;(t, x, z), we have 

Thereíore, on this support we get d/4 ~ t. Thus we can write 

1 J,' i'¡ I D,, {P<J(X, D, )u(x)}=-(-)- -dt Ko.;(t,x , z)u(x -tz) dz. 
27f n d/ 4 t 

113 
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Then we write 

/ IKo.1 (t, x, z)I dz = J, IKo,;(t, x, z)I dz + J, IJ<o,;(t, x, z)ldz 
{l.:l::;t-(l-P) } {lz/?: t -P-Pl) 

,= l +II. 

By Schwarz' inequality and P lancherel's formula we have 

[ ll / 2 [ ] ' / ' 
1 :S dz IKo,; (t , x, z)l2 dz 

h 1z¡9-11-">} l l.:19-(l - Pl) 

[ 
2 ] ' / ' :s ct- "11-,112 j Ir ( x, ¡ {) 1 /(IW' d{ . 

By the definition of pi(x,{), we can see that 

1 . ( 1 ) 1 (1 )l -n( l - p)/2 
P' x, -¡ { :s e -¡ 1{1 

Therefore, we have 

e 
t 

lt is not difficult to see that t hc symbol pi(x,{) satisfies the estima.te 

far lol ::;: "'· where t he constant C is independent of O < d ::;: l. Hence we have 

for loJ ~ /\ .. Therefore, for any o with jal ::;: K we have 
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Thus, again by Schwarz' inequafüy and Plancherel's formula, we have 

ll/2[ ll /2 
ll S [{ lzl-''dz f lz l'"IKo,;(t,x,z) l'dz 

l 1;r;1?.1-( l-p) l 1;r;l?.1 -( l-p) 

s c1-1 .. 12-•H '-'I 1~. [/lar [r (x, ¡,)JI' d<] 1
12 

$ ct-(u/2-.-:)(1-p)tmoo- 1-(1-p).-; 

<e~ - t 

Menee we have 

11/21 
ID., IPo(X,D.)u(x•)1JI se ,-dtllulloo 

d/4 t 
e 

S ;¡-llulloo 

Usi ng this estimate we can see that 

Clx -yl 
IPo (X, D,)u(x) - Po(X, D,)u(y)I 'S -d- llulloo· 

Therefore, writing 

(Po(X, D,)u)Q = rbi l p0(X, D,)u(y) dy, 

we obtain 

rbi l lp,(X, D,)u(z) - (po(X,D,)u)Q ldz 

S 1¿1, fo fo 1Po(X,D,)u(x) - Po(X, D,)u(y)I dydx 

1 { {lx-yl 
se IQI' JQ JQ -d- dy dxllull00 

110 

S Cllulloo· (5) 

Now we have to estima.te the ter.m p¡(X,D .. Ju(x). 
x(.z:) E Cgc>(R") such that 

{
X(X) = 1 for X = {x1,X2, · · 1 Xn) Witlh j.iil S 2 

x(x) = O for x=(x1,x2, .. ,xn)withl.iil~4 

Denot ing the center of t he cu.be Q by x0 , we set 

We t·ake a function 

(j = 1,2, . .,n), 
(j = 1,2, . .,n). 
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p1(X, D,)u(x) = p1 (X, D.){x,u)(x) + p1 (X, D,){(l - Xd)u)(x) 

'= Iu(x) + I Iu(x). 

Then, by Schwarz' inequality we have 

Now we write the symbol pi(x,€) as 

a.nd note t.hat. p(x,€)1ff'(t -p)/2 satisfies the condit ions of t he Calderón- Vaillancourt 
theorem. So, using t he L2 (1Rn) boundedness of t he operator p(X, D"')ID:z:l"(l-p)/2 , 

we bave 

i1P1(X,D. )x,ull2 $ Cll{l -,P,(D,))ID, ¡- ni•-•li'{x,u}lb 

$ Cd"f'-•112ll{x,u}i12 

$ Cd"fl-•)/2 i1Xdi12 llulloo· 

By the definition of XiJ(x) we ha.ve 

llx,lh = d"'1' 11xll2-

Thus we ha.ve 

and, t berefore, 
(/u)o $ Cllulloo· 

ln order to estima.te the term 1 Iu(x) we write 

i r' i f l/u(x) = (2•)" f o t dt K 1 (t, x, z){(I - Xd)u)(x - tz) dz, 

where 

K,(t, x,z ) = j ,;' '+.f~) [1 -,¡,, (f<} ] n1rn~ 
Here, in the support of t he integrand of the integral kernel K1(t ,x,z), for X= 
(z1 ,z2 1 ••• ,x11) E Q we have 

Thus, we have 
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Hence, for x E Q we have 

:S ci•-• 'r'<• - n/>I L [! z'ºIK,(t,x,:)l' d: ]' 
2 

lo lc:,. 

:sc«- "'' d_,, · - · ''' ,~. {J Iª< [*·fo(1-.p.cfoi1ornJI' d(}"' 
:$ C t" - n / 2d - p(.c - n / 2) t - ( l - p){,.-n/2) 

:S CtP<"- .. ¡ 21d- p(11 - uf21, 

Thcrefore, we ha\•e 

f'' I / jl/u(x)I :S Cll ull~ Jo tdt IK,(t,x,:)ld: 

d 

:S Cilull~ /, t'_,,;_.1, 1 dtd-'<• - • 21 :S Cllu ll~· 

Here wc used the condition p > O. Thus combining the estimate for /u(x ) we have 

Wi fo ¡p, (X, D,)u(x) - (p, (X, D,)u)ol dx :S Cllu ll~ · (6) 

Thcreforc, from (5) and (6) we have 

Wi l lp(X, D,)u(x) - (p(X , D, )u)oldx :S Cll ull~, 

and , since the cu be Q is arbitrary, we finally obtain 

llp(X, D,)ull . :S Cllull~· 

• 
As a corollary Lo Theorem 5. 1 we have the fo llowing boundedness rcsult. 

Coro llary 5. 1 (ISJ) Let. 2 $ p < oo, O$ ó $ p $ l , ó < 1, ond O< p. Jf th e symbof 
p(x, {) JatujieJ 

for lol $ K::: ln/2J + 1 and 1.81 $ K , lh en the operotor p( X , Dz) u L''(IR") bormdcd 
ar1d we hove 

11 7 
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The proof of Coro\lary 5.1 can be done by using the Fefferman- Stein interpolation 
theorem j6J). 

Using the symbol approximation (or regularization) and Theorem 5.1 we can prove 
a boundedness theorem for operators with symbols which have a weak regularity in 
the space variable, x, and t he crit ica! decreasing arder. For t he symbol approximation 
the following t,wo \emmas play an essentia1 role. 

Lemma 5.1 (See [13]) Let O < ó < l and t/l(x) be in S. Then ,P((ü6x) belongs to 
51.6 and satrsfies 

8({v,(({)'x)} = L .Pa.a•({){{()'x)º',¡,!• '1((()6x) 
lo' l$1ol 

for any a, where 1/J(a' l(z) = 8~' 1/J(z ) and 1/Jo,o' (~) E S~bº 1 . 

Lemma 5.2 (See [10]) Let O < T < 1 and 1/J(x) be in S. Then, / or any {J, 

11,v({W'(( - 0) sahsfies 

11,M<W'(C- ())} = L: "º""m{(o -·(c - OJ"vi ' 1((0-'(C-O). 
f-Yl $ l.8i.-Y1 $1' 

where Ws,,.,,.1 (0 E s~¿IPl- ( 1 - r)b-"Yil). 

\Ve shall use Lernma 5.2 in the next Section 6. As one of t he main results of this 
section we have the following theorem. By Theorem 4.4 and the Fefferma:n- Stcln 
interpolation theorem we can prove an LP(!R") bounded ness t heorem for operators 
with symbols with critica.! decreasing arder mp for 2 $ p < oo. 

Theorem 5.2 Let O $ ó < p $ 1 and ó < 1, and suppose that the symbol p(x,~) 

.rntujie4 

and 

for any \a \$ "= [n/2] + 1, where w(t) is a nonnegative and nondecreasing fun ction 
on !O, ) wh1ch satisfies 

[1 w(t) dt < oo. 
}, t 

Thtn the operalor p(X, D~ ) is bounded from V'°(IR") to BMO and we have 

\\p(X , D,)ull. $ Gllull~· 
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Proof. As usual, we may assume that t he support of t he symbol is contained in 
{(x. ~) l{I;::: 4}. Take a smootih function rp(x) on IR" such that t he support of rp(x) 

is compact and J rp(x) dx = l. We define a new symbol p(x, O by 

p(x,() = J <p(y)p(x- w-•'y,í)dy 

=(O'"' j 'P(W" (x - y))p(y,í) dy, 

where ó1 is a constant such that: ó < ó1 < p, and set 

q(x,{) = p(x,{) -p(x,í). 

Then, by Lemma 5.1 we can see t!hat tibe symbol p(x, O satisfies 

IP:;;;(x,{)¡I S c, (o-"<HJ/2-el•IH'IOI 

for nny Jal ~ x. and /J. Therefore, by Theorem 5.1, the operator p(X, D%) is bounded 
from L00(!Rn) to BMO, and we have 

117'(X, D,)ull. S Cllulloo· 

On the other hand, we can see that the symbol q(x, €) satisfies 

for nny lal ~ x.. Since ó' -ó > O, tihe symbol q(x, O satisfies the conditions of Theorem 
•l.<\ and we bave 

Finally, we obtain 

llq(X, D,)ulloo S Cllulloo· 

llp(X, D,)uii. S llp(X, D,Jull. + liq(X, D,)ull . 

S Cllulloo + 2llq(X, D,)ulloo 

S Cllulloo· 

• 
When p = 1, by using Theorem 5.2 we can show a slightly more general result 

~han Corollary 5.1. 

Corollary 5.2 Let ó < l. Assume that the symbol p(x, () satisfies 

l"<·l(•,{)I "cw-1· 1. 

lp<•l (x, í) - pl•l(y,()I S Cw((()'(x -yi)({)-1•1, 
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/or ony lal :S K, where w(t) is a 11onnegotive ond nondecrea.smg ftmct1on on IO,oo) 
&uch thot 

1' w(t)d - t<oo. 
o t 

Then the operotor p(X, D:i:) is L''(IR") bounded for 2 :S p < oo. 

P roof. We have already seen in Corollary 4.1 that the operator is L2 (1!1:") bounded 
when p{r. O satisfies the conditions of T heorem 5.2. Also we have seen that the oper­
ator 1s bounded from L00 (1R11 ) to BMO by Theorem 5.2. Therefore the boundedness 
follows from the Fefferman-Stein interpolation t heorem. • 

6 U'(IR") estimates for 1 < p < oo 

In this section we consider only the case p = l. When 2 $ p < oo, we have already 
seen in Corollary 5. 1 t hat. we can get t he boundedness result even in t he case p < 1. 
Howe,,er for, t.he case 1 < p < 2 and p < 1, we need a slightly different a rgument to 
get the V'(R") boundedness. 

Tbeorem 6 .1 Let 6 < 1 and ass11me that the symbol p(:z:, O satisfies 

Jiiº'(x,oJ :S c(()-1°1, 

Jµ'"'(x,() - r1"'(y,0J :S Cw((O'lx -yl)(()-1°1, 

/or lol $ n + 2, where. w(t) is a nonnegative and nondecreasing fun ction 011 IO,oo) 
such that 

r' w(t) dt < OO. 
lo t 

Then the operat.or p(X , D2 ) is LP(IR.") bounded /or l < p < oo. 

Proof. We have a lready seen that the operator p(X, D2 ) is V'(IR.11 } bounded for 
'2 s; p < . So we need only consider the case 1 < p < 2. Let ¡p(:z:) be a C00{1R") even 

function with support in {:z: : l:z:I :S 1} and / ¡p(x) dz = l. We define a new symbol 

P(z,() by 

¡j(x, <J = (()"' / <¡>(({)'(x-y)) p(y,<) dy 

=(()"' J <¡>{(()'y)p(x-y,()dy 

= J <¡>(z)p(x- (()-'y,()dy, 
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whcre ó < .,. < l. Then, as bcfore, we can see that the symbol P(x, {) satisfies 

lvi~i(x,{)I ~ C({)-1°1+-1•1 

for any fJ and lol $ n + 2. Moreover we can see that the symbol q(x, {) = p(x,{) -
P(x, {) satisfies 

for lol $ n + 2. Hence, by T heorem 4.5 we can see that t he operator q(X, Dz ) is 
L''(lll") bounded for 1 ::; p :5 oo. So we have to prove t.he boundedness for the 
operator P(X, D;r)· 

We define anothcr new symbol P(x, O by 

p(x,{) = ({)_,,, j <¡>(({) - '({-())p(x,() d( 

= ({)_,,, J <¡>(({) - '()p(x,{ -()d( 

= J <p(()p(x,{- ({)'()d(, 

where T < p < l. Then, by Lemma 5.2 we can see that the symbol ,?(x,{) belongs to 
the symbol cla.ss ~.r and satisfies 

(7) 

for any fJ and Jol :5 n + 2. Moreover we can see that the symbol r (x , O = P(x, {) -
,1(x, {) satisfies 

¡,1•1(x,ol ~ c({)-1.1-1'-'1 

for lol .S n + l. Hence, again, we can see that the operator r(X, Dz) is LP(IR.") 
bounded for 1 :5 p :5 oo. Writing the operator p(X, Dr) as 

p(X, D,) = p(X, D, ) + '(x, {) + q(X, D,) , 

we need only show the boundedness of the operator fl(X, Dr) - Since fl(X , Dr ) belongs 
tos~,,. we can use the algebra of the symbol class s;:,. For u and V in s we have 

(p(X,D,)u,v) = (u,p•(X, D,)v), 

where the symbol p• (z.~) belongs tos;:, and has the asymptotic expansion 

Hence, using (7) and p > T we have 
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ror ¡o :S n + J and any {3. This implies 

llvº(X, D,)vllv $ Gllvllv, 

where 1 p + l /p' = 1. So, by a dua lity argument we have 

lip(X, D,)ull, $ Gllull,. 

7 P seudodifferential operators with m agnetic po­
tentia ls 

As we st ated in Section 3, if O $ /J $ p $ l and /J < l, t hen t hc pseudodifferential 
operato r p(X, D,..) with symbol S~,6,.\ is L2 (1Rn) bounded where ..\is a ny basic function. 

Let o(.r) = (01 (x), ... , a 11 (x)) be an IR" valued function on IR", where o1(:r), 
J = l, 2 . .. , n, a re real valucd smooth functions whose derivatives, J[)Oa1 (z)I, are 
bounded for any o # O. We consider t he basic function 

,\(x,{) = J I + I{ - a(x)I' · (8) 

Thus .. \ (.r,{) satisfics t he following inequalities: 

(a) 1 $ ,\(x,{) $ C(x)({), 

!b) 1.1:;¡(x,{)I $ c •. a.l(x,{) 1-1°1. 

ln this section, we restrict a t tention to thc basic weight function (8) and considcr thc 
symbol class s;;:.u where o $ " < p = l. Then the problem is to show the LP(JR:") 
boundedness of the operator p(X, Dz) e 5?.6,.\ for general 1 < p < oo. However. this 
problem is still open (see Section 8). We prescnt here a slight ly weakcr boundedncss 
result, which corrcsponds to t he case of lower order operators. 

We first prove the following lemma. 

Lemma 7. 1 Let p(:r,{) be in 50,6,A for some positit.1e o > n . Then the operotor 
p{X, D1 ) 1s L,P(JR") bounded for 1 $ p S oo. 

Proof. From the definition of the operator p(z, D:r) , we bave 

p(X,D,)u(x) = (2:)" // e•(• - 'l<p(x,{)u (y)dy d{ 

= j K(x,x -y)u(y)dy (u E S), 

where 

K(x,z) = (2:)" j e" <p(x,{) d{. 
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Sincc a > n, for any mult.i· index a we ha.ve 

Thercfore, we obtain 

aud 

lzºK(x z)I = - 1-1/•;,.<p<•l (x ')d'I 
' (2n)" " ' 

$ (2:)" / ip<•l(x, ()1 di; 

$e/(< - a(x)) - 0 di; 

=e /<O-'di; =c. 

IK(x, z)I $ C(z )_,,_, 

llp(X, D,)ull,, $ Cllull, (u ES). 

For 2 $ p $ oo, we can get a slightly stronger result than Lemma 7.1. 

Lemmn 7.2 l ct t.he symbol p(x, O satis/y 

¡pi•l(x,l;)I $ c • .l(x,()- • - 1•1 

123 

• 

/or n11y o w1th lol $ "" = [n/2] + 1, where a is a positive const.ant. Then the operator 
p(X , D., ) is f.,P(JR" ) bounded and we have 

llp(X ,D,)ull,, $ Cllull,, (u E S), 

tullere l/1e COllStan l C ÍS independent oj 2 $_ p $.OO. 

Proof. From the definition of the operator p(X, D.,) we ha.ve 

p(X, D,)u(x ) = (2:)" // e;¡,- , )·<p(x , {)u(y) dy di; 

= / K(x, x - y)u(y) dy , 

wherc the integral kernel K(x,z} is 

K(x ,z) = (2:)" / e;' .' p(x, ()di;. 

F'or l (!Rn) boundedness we have 

/ IK (x, x - y)u(y)I dy $ / IJ<(x,x - y) I dy llull= 

$ / (z) - ' (z)' ¡K(x, z)I dz llull= 

$ Cllull= [/ (z)''IK(x, z)l2 dz] ' 1' . 
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F'rom the assumpt.ion on the symbol p(x,~) we have 

f (z)'"I I<(x,z)l'dz = I; Ca f 1zªK(x,z)l2 dz 
lo1:5« 

= I; c0 / ¡pl•l (x,()l'd< 
1<>1:5« 

<;e / (< - a(•W'"d< 

=e Jm-'"d< = º=· 
where tbe last constant, Coci 1 is independent of the variable x. Hence we ha ve 

(9) 

Therefore, we can get the Loci(IR») boundedness with norm bounds not greater t hnn 

º=· 
For the l}(!R") boundedness, using estimate (9), we have 

/ lp(X, D,)u(x)I' dx = J IJ K(x, x - y)u(y) dyl
2 

dx 

<; J [/ (x - y)-'"lu(y)I' dyl 

x [/(x-y)2" 1K(x,x-y)l2 dyl dx 

<;e=//<• - y)-'"lu(y)I' dydx 

= c:..11u11,. 
Tbus wc obtain the L2 (IR") estimate. Hence the lemma follows from the Riesz-Thorin 
inlerpolation (see [17]). 1 

R emark 7.1. In Lemma.s 7.1 and 7.2, we do not need the assumption tbat thc 
derivatives 80 0 1(x) are bounded for any j and o ':/;O. In the proofs we use only thc 
fact that t he functions aj (x) are real valued and measurable far j = 1, 2, . . , n . 

Tbeorero 7.1 Lel a(x) be as in Lemma 7.2 and >.(:z: , ~) a.sin Definition 2. Choose 
a nonnegative and nondecreasing function w(t) on [0,oo) such that 

[1 w(t) d 
Ío t t< oo, 

and a.s.sume that. t.he symbol p{:z:,~) satisfies 

IP'º '(x, OI <; C.,\(x, o -)•lw(>.(x, 0 - 1 ) 

for an¡¡ o wil.h Jal $; n + l. Then the pseudodifjerenlial operator p(X, D~) is U'{JR:ll) 
bounded for 1 :::; p :::; oo. 
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Proof. By Lemma 7.2, we may ru;sume that the support of t he symbol p(x, {) is 
contained in {(x, {) : I{ - a(x)I ~ 2}. Now we take a smooth nonnegative function 
f(t) such that t he support of /(t) is contained in the interval [1/ 2, 1] and 

f 00 f(t) dt = 1 
fo t 

Since thc support of the symbol p(x,{) is contained in {(x,{): I{ - a(x)I?: 2}, we 
)rnve 

1 r' 1 !! . p(X, D,)u(x) = (2•) " fo t dt e>(• - vl ·(p(x,()f(tl( - a(x)l)u(y) dyd( 

= (2~)" [ t "~' dt JI e•'9" (e•l•-vl·•l•lp ( x, ~ + a(x) ) f(l<l)u(y) d( dy 

1 r· 1 I = (2;r)" Jo ¡dt e •t : ·a.l:i)K1(x,i:)u (x- tz)dz , 

whcrc 

K, (x,2) = J e''(p ( x, ~ + a(x)) /(l<I) d( 

lf wc pul P(:r.O = p(:z:,{ + a(x)), then it is ea.sy to see that 

for lol S n + l. Since t he equality 

holds for lol S n + 1, we have 

lzª K, (x, z)I ~ .~. ,1!·1 (:,) / l¡;l•I ( x, Da,-.. f( l<l)I d{ 

~ ª .~. ,1!·1 (:.) !i ~lfü • 1H··i w (lff') d( 

~ Cw(t) 

for lol S n + l. Therefore we have 

By inequahly (10) and the equality 

(10) 
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we ca.u see that t he opcra t.or p(X, 0 7. ) is J.,1 and L bounded . That. is , t.he inequali t.ies 

IJp(X, D,)ulJ $ CIJ u ll~ 

hold So by the Riesz- T horiu ini.erpo\at. ion theorem we ha.ve t.he U' bound edn ess fo r 
l $ p :5 . • When 2 :5 p, we can show a slight. ly more general result. than 
T heorem 7 1. by using Plancherel's fo rmul a. 

Thcorem 7.2 Lel a(x ) and ,\( :e, {) be the same as in Theorem 7.1. Choose o non· 
11egat1l·e and no ndecreasin9 fu11 ctio11 w( t) 011 \O, oo) such tha t 

¡' w(t)d - t <oo. 
o ' 

A.uume that t.lie symbo/ p(x, O satisfies 

Jor any o with lo-1 $ ,.., = [ ~ 1 + 1. Th en th e pseudod1!Jerential operator p(X , Dr) is 

L,P(R") boun ded for 2 $ p $ oo. 

Proof. We fi rst. show t.he U'º boun dedness. We wri t.e t.he operator p(X, D7 ), as in 
the proof ofTheorcm 7. 1, in the form 

whcre 

Th n , 

p(X, D, )1'(x) = (2~) " l' ~ J e" ' '*' K ,(x ,z)u(x - t z ) dz, (ll ) 

J 11<, (x,z )\dz = / (z)- "(z)" ¡K,(x")\dz 

:s [/ <· i- '· dz]"' [/ <•l'"\K,(x, ·i1' df' 
$ C L [/ lzº l<,(x,:) \2 dzr

2 

lo\$ 1< 

(12) 

and Planchcrel's equ ality gives 

J \=" 1<,(., • ll ' d= = ( 2~ i " J ¡ar [;; (x. D 1orn] \' d< 

$ c.w(t ). 
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llrn<" t'. wP obtam 
lp(X, D, )u(x)I $ Cllulloo· 

¡11 ordN to show the L2 boundedness of t.he operator p(X, Dz. ), usi ng representat.ion 
( 11 ) ( 12), we havc 

llp( X, D,) u(z) ll 2 $ (2~)" /,' ~11/ e•"•l·lK, (·,z)u(· - tz)d•ll, 

lt follows that 

11 / •'" •I >K,(-, : )u(· - tz)d=11: = / I/ e'" *'K,(x,z)u(x - tz) d.¡' dx 

$ / l/ IK,(x, z)u(x - tz)I d.¡' dx. 

lh.'nce, by chwari' inequality we have 

As above, we can see that 

f z)'"I J{, (x, : )1 2 dz $ L f lz" K,(x , z)l2 dz 
lal $; K 

= L / la, [+· t + a(x)) f(l{l)JI' d{ 
lol ~ ...: 

S Cw(t )' . 

Thrrefore o;i.·e obta.in 

I e"'"" K,(· ,z)u(· - tz) d=ll'. se f f <=>-'"lu(x - t: )I ' dzdx 

S Cw(t)'llulll-

Thu~. from t h~ MSUmption 011 w(t) we have the [} estimate 

llv(X, D,)ulb S Cllull2-

i\g,un , by the Rie?>i.-Thorin interpolation theorem, we have the LP bou ndedness for 
2<p • 

onj ctures 

As w M'fn m the pre,•ious scctions, we can expect that the following L''(IR") bound· 
rd n " ' hrorem holds 
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Coojccture 1 lf /./Je ucctm· /unction a(x) = (a 1 (x) , . . ,an(:t)), which defines the 
ba.s1c u:t 19hl /und.ion (8) , snt.isfies 

IB"a;(x)I ~ Co (13) 

Jor ony o #- O, tJ1en, for l < p < oo, the operator p(X, D%) in S?.u is U'(l!t") 
bounded, lhoJ rs , the inc/usion 

s? .•. > e C(L'(lll")) 

holdJ. 

t\s we st.at.ed in Section 3, it is lmown that if the vector function a(x) satisfies thc 
estima1es {13), t.he operntors in S? J.\• wit.h ó < 1, are L2(1R") bounded. So if wc can 
show weak t.ype (l , !) estimates or'bouudedness from L00{1R") to BMO, then we can 
get Conjecture 1, t.hat is, U'(IRº ) boundedness far 1 < p < oo, by using intcrpolation 
theorems (see, for examp!e, [16), [6J) . T herefore, the fundamenta.! conject.ure is 

Coojectu.re 2 lf l.he vector fimction a(x) = {a1 (x), .. , a,.(x)} , which defines //1e 

ba.51c we19hl /unct.io11 (8), satisfies 

IB"a,(x)I $ C0 

for onyo .¡:. o, then ll1e operntor p(X. D't;) in sr.6.>. is bounded from L00(1R") /.o 8/11/0, 
lhal 1.s. lhere Ü n consta.nt C st1clt LhaL 

llp(X, D,)ulloMO ~ Cllulloo· 
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