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ABSTRACT

In 1940 Marachkoff introduced the annulus argument to prove the zero so-
lution of (1) z' = f(t,z), f(t,0) = 0, is asymptotically stable if f is bounded
when z is bounded and if a positive definite Liapunov function for (1) exists
with negative definite derivative. This paved the way for researchers seeking new.
asymptotic stability conditions for not only (1) but also for systems of functional
differential equations o' = F(t,x). However, Marachkoff’s approach excludes
unbounded F having features that actually promote asymptotic stability. This
paper provides an alternative that does not require ' be bounded for z, bounded
using Jensen's i lity. It is a basic i d to stability and it provides a
new avenue for stability investigations.

RESUMEN
En el afio 1940 Marachkoff introdujo los argumentos anuladores para probar
que la solucién nula de (1) @' = f(t,z), f(t,0) = 0, es asintéticamente estable
si f es acotada cuando z es acotada, y si existe una funcién Liapunov definida
positiva para (1) con derivadas definidas negativas. Esto prepara el terreno para
que investigadores busquen nuevas condici de bilidad asintética no solo
para (1) sino también para sistemas de funcionales de ecuaciones diferenciales
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z' = F(t,z¢). Sin emb. lo prop por Marachkoff excluye F no acotada
teniendo caracteristicas que en realidad promueven estabilidad asintética. Este
articulo proporciona una alternativa que no requiere que F sea acotada para z
acotada usando la desigualdad de Jensen. Es una introduccién bésica a la esta-
bilidad y proporciona un camino nuevo de investigacién en esta materia.

Key words and phrases:  Liapunov’s direct method, asymptotic stability,
Jensen's inequality
Math. Subj. Class.: Primary $4K20

1 Introduction

In the theory of Liapunov’s direct method for finite delay equations, four distinct
types of problems arise which have been the focus of much investigation over the
last 50 years. We note here that, with the aid of Jensen’s inequality, all four can be
collapsed into basically the same kind of problem. All four types can arise from a
simple scalar equation of the form

2'(t) = —a(t)e + b(t)z(t — 1) — c(t)z®

and their treatment leads the mvestlgator easily to attack far more general problems
in much the same way. The classical Liap ional for this ion usually
appears in the form of

¢
V(t, @) = 2*(t) +/ |b(s + 1)z (s)ds
t=1

or

Vit = a0+ [ 1o+ Dileds

with the required relations varying slightly depending on the choice of these two
functionals; both have been used extensively and they have counterparts for systems
in which a and b are matrices, while ¢(¢)z® is replaced by a more general nonlinear
vector-valued function.

For this equation it is usually assumed that a(t) is positive and dominates b(t) in
some way, while the real focus is on c(t). Interesting things happen when:

1. b(t) is bounded and c(t) = 1; this is the classical uniform asymptotic stability
theorem.

2. ¢(t) = 1, while b is not bounded.

3. ¢(t) = 1/t and b is not bounded.

4. ¢(t) = |sint| — sint.

Our discussion here centers around certain functional diffi ial ions but
the basic difficulties we wish to attack can be seen in equations without delay. These
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lﬂﬂ Jensen’s Inequality and Liapunov’s Direct Method 69

will be used in our first two sections for simplicity. Let f : Rx R® — R™ be continuous
and consider the system of differential equations

@' = f(t,z) (1.1)
in which z' = dz/dt. It is supposed that
f(t,0)=0 (1.2)

s0 that z(t) = 0 is a solution. The basic problem we consider is finding conditions
50 that solutions starting near the zero solution converge to zero. In the theory of
Liapunov’s direct method, we seek a differentiable scalar function V : R x R" —
[0, 00), together with scalar functions W; : [0,00) = [0,00), called wedges, which are
continuous, W;(0) = 0, and W; strictly increasing. The idea is to choose functions so
shrewdly that

Wi(lz]) < V(t,2),V(t,0) =0 (1.3)
and the derivative of V along a solution of (1.1) satisfies
Viiy(t,z(t)) = gradV - f + V[0t < ~Wa(|z|). (1.4)

This can be obtained by the chain rule which involves only (1.1) and the partial
derivatives of V. Thus, the virtue of the method is that (1.4) can be computed
directly from the differential equation itself, rather than from the unknown solution.

An existence theorem is invoked to prove that a solution z(¢, ¢y, zo) =: z(t) exists
through an arbitrary point (o, o). Then we integrate (1.4) and say that

t
Vit z(t)) < V(to,xo)—/ Wi(|z(s)|)ds.
to

If we can show that the solution exists for all future time and if we assume that the
solution is bounded strictly away from zero, then the integral of W5(|z(s)|) tends to
—00, driving V (¢, z(t)) to —o0, a contradiction to (1.3) since 0 < W, (|z]) < V(t,z).

If functions can be found satisfying (1.3) and (1.4), then V is called a Liapunov
function for (1.1). Construction of Liapunov functions is an art, rather than a sci-
ence, yet investigators have been very successful at constructing effective Liapunov
functions. Also, there are three instances of note when Liapunov functions can be
constructed:

(i) The total energy of the system can i a suitable Liap function.
Indeed, the method is often referred to as energy methods.
(ii) For a linear constant coefficient system, the Li function is found from

the solution of algebraic equations.

(iii) A first integral of an equation can often serve as a Liapunov function.

Liapunov's original work appeared in 1892 in Russian. It was translated into
French in 1907. A modern English translation was published in 1992 [10]; it includes
a photograph of Liapunov and a short biography. We were introduced to Liapunov's
direct method primarily through the book by Yoshizawa [16]. Our own point of view
is conveyed through the two monographs (3] and [d]; the second of which is dedicated
to Prof. Yoshizawa and contains a photograph of him.
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2 The Annulus Argument

The purpose of this section is to introduce the reader to the hypothesis of
Marachkoff [13], introduced in 1940, and which has been used in both ordinary and
functional differential equations to prove asymptotic stability. It simply asks that the
right-hand side of the diffe ial be bounded when the state variable (z or
z) is bounded. While it is useful, it is highly objectionable for two reasons:

(a) It drastically limits the class of problems which we can consider.

(b) It actually detracts from the very properties which often promote strong
asymptotic stability. For example, solutions of the scalar equation z' = -z go to
zero exponentially, but those of @’ = —(1 + ¢2)z tend to zero far more quickly.

In our first result here we show the reader exactly how the hypothesis is used.
The remainder of the paper is devoted to showing ways in which we can avoid that
objectionable condition by the use of Jensen’s inequality.

Definition. The zero solution of (1.1) is stable if for each € > 0 and to > 0, there is
a6 > 0 such that [|zo| < 6,¢ > to] implies that |z (¢, to, Zo)| < €.

Definition. The zero solution of (1.1) is ptotically stable if it is stable and if
for each ¢y > 0 there is a u > 0 such that |zo| < p implies that z(t,t,2) — 0 as
t — 00.

Let us focus on (1.1) through (1.4). In the first part of our proof of Theorem 2.1
we will show that (1.3) and V'(t,z(t)) < 0 imply that the zero solution of (1.1) is
stable. The early investigators always believed that (1.3) and (1.4) would suffice for
asymptotic stability, but they do not, as the reader may see in Burton [4; p.230]. If
we add a wedge above V then we can get a much stronger result, namely uniform
asymptotic stability (which we do not define here). But, to this very day, investiga-
tors do not know exactly what is needed to conclude asymptotic stability. In 1940
Marachkoff offered the following result. Hatvani [7] presents many contexts in which
Marachkoff’s assumption is used.

Theorem 2.1 Suppose there is a function V satisfying (1.3) and (1.4). If, in ad-
dition, [ is bounded for x bounded, then the zero solution of (1.1) is asymptotically
stable.
Proof. Let ¢ > 0 and ¢y > 0 be given. From (1.3) we see that V(to,0) = 0 and, by
continuity of V, there is a § > 0 such that |zo| < & implies that V (to,zo) < Wi(e).
By (1.4) we have

Wi(|2(t, to, z0)]) < V (¢, z(t to, @0)) < V (to,z0) < Wi(e)
for t >ty so that |z(t,to, @0)| < € since W is increasing and V' < 0. This proves that
the zero solution is stable.

For the given ¢ > 0 and ¢y > 0, let § > 0 be found for stability. We claim that if
|zo| < 6, then z(t) := a(t, to,x9) — 0 as t = co. By way of contradiction, if this is
false then there is a 7 > 0 and a sequence {t,} T co with |z(t,)| > 7. But from (1.3)
and (1.4) we see that for V (t) := V(t,z(t)) we have

t
0V < Vi) - [ Wallale)ds.
to
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Clearly, if |z(t)| remained larger than /2 on some interval [t*,o0), then we would
have

o<V <vie)- [ “Walr/2)ds - —o,
,.

a contradiction. Thus, there is a sequence {sp} 1 co with |z(s,)| < v/2.

The solution is racing back and forth across an annulus with radii y and ~/2. It
is from this that the name annulus argument comes.

Here is the critical part in which Marachkoff’s condition is used. Since |z(t)| < ¢,
there is a number M > 0 with |f(t,z(t))| < M for all t > 0. We will now show that
there is a number T > 0 such that |z(t)| > /2 for t, < t < t,, + T. For suppose there
is a Ty, > t, with |z(Ty)| = 7/2. We would then have

T
a(T) = ata) + / f(s,2(s)ds

50 that i
7/2 € [a(Ty) - 2(ta)] < [ Mds = M(T, — t)
or g
Tn — ta > 7/2M.
The desired number T can be taken as
T =~/4M.

Now, renumber the sequence {t,} so that t, + T < tn4y. Then V(t, + T) —
V(t,) < ~TWs(v/2) from (1.4). Hence, V(t) = —oo, a contradiction. The proof
is complete. [ ]

There is also a functional differential equation analogue of Theorem 2.1: the
zero solution of the delay equation (3.1) in Section 3 is asymptotically stable if a
Marachkoff-like condition that F' be bounded for z; bounded holds and if a Liapunov
functional V'(¢, z,) satisfying (1.3) and (1.4) exists. A precise statement and proof of
this is found in Burton [4;p. 261, Theorem 4.2.5 (c)]. A proof that looks precisely
like that of Theorem 2.1, apart from some notational adjustments, can also be given.

The entire point of this paper is to derive an alternative to the annulus argument
which will not require that f be bounded for z bounded. The integral form of Jensen’s
inequality, stated in Section 3, plays a central role. We have mentioned before that
Hatvani [7] presents many contexts in which the annulus argument is used in con-
Jjunction with Liapunov’s direct method. A good research project might begin with a
study of that paper to see how the results can be improved using Jensen’s inequality.

3 Uniform Asymptotic Stability through Convex-
Downward Wedges

The use of wedges is an inherent part of Liapunov’s direct method. A wedge W
becomes even more potent in a stability argument if it also happens to be convex
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downward; for then the problems mentioned in Section 2 can be avoided by means
of Jensen’s inequality. Fortunately, as we will see below, ordinary wedges can even
be converted to convex-downward wedges. We prefer the term conver downward to
the more widely used convez to describe a function whose graph has the property
that every point on each of its chords lies either above or on the portion of the graph
subtended by the chord; more precisely:
Definition. A function G : [a,b] = (—00,00) is said to be convezr downward on
[a,8) if
G((1 =Nt +At2) < (1= A)G(t1) +AG(t2)

whenever t,,1; € [a,b) and 0 < A < 1.

Some authors, such as Natanson [14;p. 38], just use the midpoint of each chord in
their definition: G([t1 + t2]/2) < [G(t1) + G(t2)]/2. Nevertheless, it implies the first

lity when G is i on [a, b] (cf. Stromberg [15; p. 204]). When it comes

to wedges, properties of convex-downward functions that are of particular use are:

(i) If G is differentiable on an open interval (a,b), then G is convex downward on
(a,b) if and only if G’ is nondecreasing on (a, b).

(ii) If f : [a,b] = (—o0,00) is increasing, then F(t) = fa' f(u)du is convex down-
ward on [a, b].

Note. For a wedge W and a constant H > 0, it follows from (ii) that

Wi(r) := %/0- W(s)ds

is a convex-downward wedge by virtue of W increasing. Moreover, by a mean value
theorem for integrals, Wy (r) < W (r) for r € [0, H]. Consequently, a local result, such
as

V'(t @) < ~W([z]) for |z(t)] < H,
may be replaced by V'(t,x;) < —Wi(|z(t)]). In other words, we may just as well
assume that W is convex downward in the first place.

Applying Jensen’s i lity to i Is with integrand ining convex-
downward wedges will prove to be an invaluable tool. With such wedges in mind,
we state Jensen’s inequality as given by Natanson [14; pp. 45-6], adapting it slightly
to suit our uses of it.

Jensen’s inequality. Let & : [0,00) = [0,00) be continuous and convex down-
ward. If f, p are nonnegative functions on [a,b], f measurable and finite almost
everywhere, p, f - p are integrable, and f: p(t)dt > 0, then

4»[ / ' fopya) / bp(t)de] < / a0 / " plt)t

In conjunction with Liapunov’s direct method, we show how asymptotic stabil-

ity results for certain functional differential i can be obtained by choosing a
wedge &, or W, that is convex downward. In many of our uses of Jensen’s inequal-
ity, f is the composite of a suitably chosen i ive fi ion and a
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solution z(t) of a scalar functional differential equation. Typically, f(t) = |z(t)| or
f(t) = z*(t). For example, for f(t) = |z(t)|, the form in which Jensen’s inequality
will appear is

b b b b
- [ powtonae < - [ poae- w( [ siotetoias [ pra).
a a a a
Our actual study begins with a functional differential equation with finite delay
2'(t) = F(t,z), F(t,0) = 0, = d/dt (3.1)

where z,(s) = z(t 4 s) for —r < s < 0 with r a positive constant. We assume that we
have found a Liapunov functional V (¢, z:) and wedges W; satisfying

Wi(lz(0)]) < V(t,ze) < Wa(Ja(t)] +/ Wa(|z(s)[)ds) (3:2)

and

V(t,ze) £ ~Wa(Ws(|2(t)]), (3:3)

where W is convex downward. Much can and should be said about the derivative of
V. Its upper right-hand derivative can exist when V is only continuous. But for our
purposes here we will assume that V is at least Lipschitz and usually differentiable.
The reader is referred to Yoshizawa [16; p.186 ff.] for a discussion.

The form in which the right-hand side of (3.3) is written does not pose a problem
since

V!(t,ze) < ~Ws(|z(2)]),
where W is an arbitrary wedge, can always be replaced by an inequality of the form
(3.3). Simply rewrite W as
Ws(s) = Wa (W5 (Wa(s))) = (Ws 0 Wy ") (Wa(s)

and then integrate the wedge (W5 o W ')(s) as is done in the note following (ii). The
result is a convex-downward wedge Wy with Wy(s) < (Ws o W;')(s)4
For a constant A > 0, the set C'4 denotes the open A—ball in the Banach space C of

continuous functions ¢ : [-r,0] — R™ with the supremum norm
[l4ll = sup_,<,<q|é(s)], where | - | is any convenient norm on R™. As is common
throughout the literature, | - | will also represent absolute value. We allow A = oo

in which case C'4 denotes the entire space C. It is assumed that F : R x C4 — R"
is continuous and takes closed bounded sets into bounded sets. From standard exis-
tence results (cf. Burton[4; p. 186 ff.]), for each (to,¢) € R x C4 there is at least
one solution z(t) := z(t, to, ¢) defined on an interval [to, @) with z,, = ¢; if there is a
B < A with |z(t)| < B so long as it is defined, then a = +o0.

Definition. The zero solution of (3.1) is:

a) stable if for each ¢ > 0 and for each to € R there is a § > 0 such that

(6 € Cs,t > to] = |a(t, to,9)| <e.
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b) uniformly stable (US) if for each € > 0 there exists § > 0 such that
[¢ € Cs,t0 € Ryt > to] = [2(t,t0,9)| < e

c) asymptotically stable (AS) if it is stable and if for each to € R there is an n > 0
such that
[6 € Col = lalt,to,@)] = 0 a5 t = co.

If, in addition, every solution z(t,%o,¢), where ¢ € C, tends to zero, then the zero
solution is asymptotically stable in the large or globally asymptotically stable.

d) uniformly asymptotically stable (UAS) if it is uniformly stable and if there is a
7 > 0 and for each p > 0 there is a T' > 0 such that

[# € Cyito € Rt 2t +T) = |a(t o, 9)| < e

Lemma 1. Suppose there is a differentiable functional V and wedges W; so that on
R x C4 we have
(1) Ws(lz()]) < V(t,20) < We(ll2ell)
and
(i) Viy 1y (t20) < O.
Then the zero solution of (3.1) is uniformly stable.
Proof. Let ¢ < A be given and find § > 0 so that Ws(8) < Ws(e). Then for

llgll < é,t0 € R, t > to
we have from (ii) that
Ws(|2(t, to, 8)]) < V(t,22) < V(to,9) < We(ll4ll) < We(6)
so |z(t,to, )| < €. This completes the proof. L}

Exercise. Show that if (3.2) holds then (i) holds.

Remark. It was long conjectured that

M Wilz(0]) < V(t,21) < Walllael)

and

(I1) V5 4 (¢, @) < —~Ws(|z(t)|) implied UAS; but it does not. Exactly 100 years af-
ter the publication of Liapunov’s original article, Kato [8] produced a counterexample.
A considerably simplified version was given by Makay (11].

Strengthening (I) to (3.2) does suffice for UAS and that is the basic result on
the subject. It may be found in Burton [2] with a different proof. Much earlier
Krasovskii [9] had obtained the weaker conclusion of asymptotic stability under the
same conditions. The proof plays the upper wedge against the derivative; this idea
was introduced in the original proof [2] and has been used very effectively since then
in other problems.
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Remark. In any uniform asymptotic stability proof, there are many details which
need to be correctly put in order before the actual argument begins. In the proof
below, the critical argument begins with the use of intervals defined in (3.7). The
argument we see there is the one which will be repeated, with additional conditions,
throughout the rest of the paper.

Theorem 3.1 If (3.2) and (3.3) hold on R x Cy, then the zero solution of (3.1) is
uniformly asymptotically stable.

Proof. For A/2 > 0 find B of uniform stability; that is, for a solution z(¢, ¢, ¢) with
an initial function ¢ satisfying ||¢|| < B, then |z(t,to, ¢)| < A/2 for t > to. Denote
by z(t) := x(t, to, #) any fixed but arbitrary such solution.

Let ¢ > 0 be given. We will find T > 0 such that [||¢|| < B,to € R,t > to + T}
imply that |z(t)| < e. Notice that by (3.2) we have

V(to, #) < Wa(B +1Ws(B)) =: L (3.4)

and let
M := Wy (e). (3.5)

We will find a T' so that for any such solution z(t) we have
V(to + T, zto+7) < M

and, hence,
Wi(lz(0)]) < V(t) < Wale), (3.6)

for t > to + T, where V/(t) := V (¢, ).
Consider the set of intervals

[tn=1,tn) := [to + 2(n = 1)r, to + 2n7) (3.7)

forn = 1,2,3,.... We will find a positive integer N so that V(tx) < Wi(e). Consider
the intervals for which this does not hold. In that case,

13
W O
10 <V < Wajat0+ [ Walllelas);
equivalently,
)]+ [ Walla(o))ds > 2 (38)
for some K > 0.

Integrate (3.3) and obtain

tn tn
V(tn) = V(ta-1) < = Wa(Wa(|z(s)]))ds < —/ Wi(Ws(|e(s)]))ds.

ta-1

There are two possibilities:

AR TN
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L [z(t)| = K on [tn —r,tn], S0 V(tn) = V(ta—1) < —rWa(W3(K)) =: —-D;
or
2. there is a t}, € [tn — 7, t,) with |2(2},)| < K so that

t
/Lu Wa(|z(s)))ds > K.

In the latter case we have by Jensen’s inequality,
t
V() =V =) < —Wa( [ Walla(e))ds/r) < ~rWa(K/r) =: ~Q.
th—r

Notice that t,— <t —r <t} < t, so that V(t,) =V (ta-1) < V(2;,) - V(t;, —r) since
V' < 0. If we let C = min[D,Q), then V(ts) — V(tn—1) < —C. Take NC > L- M
so that V(ty) < V(tny-1) —=C < ... £ V(to) - NC < L — NC < M. In other words,
V(to + T) < Wy(e), where T = 2Nr.

This completes the proof. [ ]

Example 3.1 Consider the scalar equation
z' = —a(t)z + b(t)z(t — r) — c(t)z® (3.9)

where a,b,c: R — R are continuous functions. Suppose that a(t) > 0 and constants
3 > 0 and m > 0 exist such that

/M b%(s)ds < B and 2a(t) — |b(t)| — [b(t + )| > m

for t > 0. If [m > 0 and c(t) > 0] or if [m = 0 and ¢(t) > A, A a positive constant],
then the zero solution of (3.9) is uniformly asymptotically stable.

Proof.  The result follows from applying Theorem 3.1 to the classical Liapunov
functional

¢
V(t, @) = z?(t) +/ |b(s + r)|z*(s)ds.
t-r

To see this, along a solution of (3.9), we have

V'(t,z0) = —2a(t)z*(t) + 2b(t)a(t)a(t — r) — 2c(t)z*(t) + [b(t + )|z () — |b(t)|z*(t - 7)

< =2a(t)z*(t) + [b(t)|2* (1) + [b()]2? (¢ = r)| + [b(¢ + r)|z?(2) - [b(8)[2?(t — r) — 2¢(t)z*(2)

IA

~(2a(t) = [b(8)] = [b(t + r)])z*(¢) = 2¢(t)z*(2)

—mz?(t) - 2c(t)z*(t).

I

t is an interesting and important exercise to reconcile the wedges in this example
with those in Theorem 3.1.
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By Schwarz’s inequality,

Vi(t,ze) < 2*(t) + ( ti,-bz(s +r)ds)‘/z (./:,Iﬁ(s)ds)‘/z

where & := max(1, 81/2).
Define W (u) = max[u'/?,u?]. Then,

V(t, @) < kW (|z(t)]) + kW (/L.: z"(s)ds)

—r

< %W <|z(t)| + /lirz*(s)ds)

as W(u) + W (v) < 2W (u + v). It follows that
Walo(0l) < V20 < s 101+ [ Waleteas ),
t—r

where W) (u) = u?, Wa(u) = 2kW(u), and Ws(u) = u*, showing that (3.2) holds.
Finally, define the wedge Wy by Ws(u) = mu® if m > 0 and c(t) > 0 or by
Ws(u) = 2\u’ if m = 0 and ¢(t) > A. Then as V'(t,z:) < —Ws(|z(t)]), it follows from
previous remarks that a convex-downward wedge W can be found so that (3.3) is
satisfied in a neighborhood of the zero solution of (3.9). This concludes the proof. ®

It is easy to see that this stability result holds for any equation
o' = —a(t)z(t) + b(t)z(t — 1) — c(t)z"+!

where n is a positive integer.

4 Constructing Upper Bounds on Liapunov Func-
tionals with Jensen’s Inequality

We are now going to go through a series of examples, adding some degree of difficulty
each time. Since so many of the classical problems can be seen in the equation

7! = —a(t)z + b(t)z(t — 1) — c(t)z°, (3.9)

S N\
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we focus on (3.9) in the rest of the paper, setting r = 1 for the sake of simplicity. The
reader can easily adapt the computations for

z' = —a(t)2®(t) + b(t)z3(t — 1) — c(t)z?"+!

by using the Liapunov functional
t
Vit 2) = (1/4)28 + (1/2)/ [b(s + 1)]z5(s)ds.
t-1

It is very interesting to compare the results, especially for n = 0, in the latter equation.
The integral condition in Example 3.1 was crucial in proving the uniform asymp-
totic stability of the zero solution of (3.9) in that it led to an upper bound on the
Liapunov functional. With the aid of Jensen’s inequality, other integral conditions
may be found that also lead to upper bounds from which asymptotic stability results
can be obtained. Our goal in the next example is to demonstrate this by inserting a
suitably chosen function in a polynomial bounding the derivative V' of a Liapunov
functional V and then integrating V' and using Jensen’s inequality to obtain an upper
bound on V itself.
Example 4.1. Consider the scalar equation

z' = —a(t)z + b(t)z(t — 1) — z° (4.1)

where a,b: R — R are continuous, b vanishes at no more than a countably infinite
number of points in every bounded interval, and

2a(t) > [b(t)] + [b(¢ + 1)]. (4.2)
If the function ; A4
B(t) = ([ (s + l)ds)
t-1
satisfies the condition o
S B(t) = (4.3)

i=1
for every nondecreasing sequence {¢;};2, 1 oo satisfying t;4; — t; < 2, then every
solution of (4.1) tends to zero as t — co.
Proof. Using the Liapunov functional

t
V(t, ) = * +/ |b(s + 1)|z*(s)ds, (4.4)
t-1
the derivative of V along a solution of (4.1) is
V' (t,4) < —2a(t)z?(t) + [b(t)]a? (t) + [b(2)]?(t — 1) + [b(¢ + 1] () = [b(8) |z (¢ ~ 1) — 22*(t)

or
Vi(t,ar) < —22*(t) € —(2*(t)*- (4.5)
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Integration of (4.5) will yield z*(t) integrable. However, this alone does not guar-
antee that z(t) will go to zero since Marachkoff’s condition that the right-hand side
of (4.1) be bounded for z; bounded is no longer one of the hypotheses. In fact, the
divergent series condition (4.3) allows b(t) to grow (e.g., see (4.13)) while there is no
upper bound restriction at all on a(t).

At this point, obtaining asymptotic stability by integrating V' seems futile-and
yet, one of the strategies in Liapunov’s direct method is to use the upper bound on
V found by integrating V', along with V itself, to show that a zero solution exhibits
some kind of stability. Basically the root of the problem is that the integrand in the
Liapunov functional (4.4) contains the function b whereas the integral of (4.5) does
not. In other words, we need an upper bound on V' that includes

/l 1b(s + 1)|z%(s)ds.
-1

Nevertheless, there is a way of obtaining such an upper bound by essentially inserting
b into the right-hand side of (4.5) before integrating.
First, define the function

oo b(t), ifb(t) #0
Bt {1, ifb(t) =0

and rewrite (4.5) as

2 2
' P2 z-
V'(t,z) < b(l+l)(|6([+“|) & (4.6)
Now integrate both sides from ¢t — 1 to t and then use Jensen's inequality. In
the statement of Jensen's inequality given in Section 3, set p(t) = E’(t + 1) and
f(t) = :’(l)/\ﬁ(l + 1)|. Since f, p, and f - p are continuous a.e. on [t — 1,t], they are
measurable functions. Moreover, as the latter two are also bounded on the interval,
they are also Riemann integrable. Letting ®(u) = u®, we apply Jensen’s inequality to
the integral of the first term of the right-hand side of (4.6). Note that the resulting
integrals do not change their values if b(s + 1) is substituted for b(s + 1), since they
are equal except for at most countably many s € [t —1,¢]. With this substitution and
letting V' (t) := V(t, z;), we obtain

2
V()= V(t-1)< -Bu)(/“_l [b(s + 1)1:2(s)ds> g (4.7)

With the aid of (4.7), we can now show that an arbitrary solution tends to zero
as ¢ — oco. Imagine that we have a solution z(t) on an interval, say [0, 00). Since the
Liapunov functional along x(t) is given by (4.4), we have

2*(t) S V(1)
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and so it suffices to show that V(t) = 0 as t — co. By way of contradiction, if V/(t)
does not tend to zero, then as V' < 0, there is a positive constant ¢ with

t
V() = 2 +/ 6(s + 1)]22(s)ds > c. (4.8)
t—1

Consider the decreases in V over the successive intervals [ — 1,7] for i = 2,3,4,.... If
there is not a point ¢; € i — 1,4 with z(t;) < ¢/2, then by (4.5) we have

V(@) - V(i -1) < =c*/4; (4.9)

but if there is such a point, then from (4.8) we have
ti
/ |b(s + 1)|z2(s)ds > c/2. (4.10)
ti=1

In the latter case, it follows that V/(t;) — V(ti—1) < —=B(t;)c?/4,orasi—2 < t; -1 <
t: <4,

V(@)= V(i - 2) < —B(t:)c?/4. (4.11)
We first note that (4.9) can hold for at most a finite number of values of i. To be
definite, for a fixed solution, there is an integer N so that (4.9) fails for all i > N
and so (4.11) holds from that point on. The terms of the sequence {t;}{2, satisfy
tis — t; < 2 and approach oo since t; € (i — 1,3]. As a result, by (4.3) the sum
from i = N to co of the right-hand side of (4.11) is —co. This forces V (t) = —o0, a
contradiction. This concludes the proof. ]

Consider the sentence after (3.9) with the new and more general equation. You
can get a hint about solving it by examining (4.6) above.

‘We would like to find a simple sufficient condition for (4.3) to hold. One that
comes to mind is for B(t) > 1/[k(t + 1)) or

t
(s +1)ds < k(t + 1) (4.12)
t-1

fort > M, where M > 0 and k > 0 are constants. Then, for a nondecreasing sequence
{t:}22 1 0o with to € [n,n + 1], n a nonnegative integer, and t;41 — t; < 2, we have

1 1

e RG+D) 2 Fme2GED)

for t; > M. By the integral test,

= 00,

Z k(n+ 2(1 +1))
from which condition (4.3) follows. It is also worth noting that the condition

|6(t +1)| < c(t + 1)V/2, (4.13)
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for t > M and a constant ¢ > 0, implies (4.12) and hence (4.3), since ¢t + 1/2 =
f“_l(s + 1)ds.

In view of existing literature, is this a good condition? It is, indeed. Burton and
Makay [5] use very sophisticated methods to find conditions for asymptotic stability.
One of them is that a(t) + |b(t)| < c(t + 1) In(t + 2) for some constant ¢ > 0. Con-
sequently, if b(t) = cIn(t + 2), then this condition requires that a(t) < ctIn(t + 2).
However, note that b(t) = cln(t + 2) easily satisfies condition (4.13) and all that
is required for all solutions to approach zero as ¢ — oo is that (4.2) hold, namely,
2a(t) > [b(t)] + [b(¢ + 1)

Whenever we write specific functions in an equation instead of working with gen-
eral functions, results are almost always greatly improved. To understand what is
happening in such problems we propose the following exercises:

1. Rework Example 4.1, obtaining a counterpart for (4.13) when (4.1) is replaced
by

7' = —a(t)z + b(t)z(t — 1) -z’
2. Assume that you have some general equation and have constructed a Liapunov

functional yielding the pair

t
Wi(lz|) < V(t,ze) < Wa(lz]) + Wa(/ lI"(!)!Wa(l:r(e')l)ds)
i

and
V'(t,ze) < ~Ws(|z|).

Follow the work in Example 4.1 to obtain an asymptotic stability result based on this
pair.

5 Asymptotic Stability through Divergent Series
The asymptotic stability result for (4.1) invites us to look for similar results for
7' = —a(t)z + b(t)z(t — 1) — c(t)z*"

when n > 1 and the function c is different from c(t) = 1 and not constant. Such
a function will now appear explicitly in the upper bound on the derivative of the
Liapunov functional (4.4). This then brings up questions regarding the use of Jensen’s
inequality, how this changes the divergent series condition (4.3), and whether other
conditions are needed. Rather than answering these questions directly, we invite the
reader to investigate them at this point. The information gleaned from doing this
leads to even more general results, such as the next theorem.

Theorem 5.1 Let
z'(t) = F(t,z¢), F(t,0)=0 (5.1)

T ——
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be a functional differential equation with finite delay r > 0, where F: RxC4 — R" is
continuous and takes closed bounded sets into bounded sets. Suppose a differentiable
functional V and wedges W; exist that satisfy

,
Wale(0) < V(t.a) < Walattl) + W ([ DOIWaaods) 52

and 4
Vis.y (@) < =n(t) (Wa(lz(1)])) (5.3)
on R x Cx, where \,n : R & R are t fu with n 1 In

addition, suppose that a sequence {t;}{2, with ti4, — t; > 2r and a constant a > 0
ezist so that

/" n(t)dt > a (5.4)
t,

i—r
and that on each of the intervals [t; — 2r,t;], n is nowhere zero whereas \ is nonzero
a.e. If, for every sequence {7;}32, with 7; € [t; — r,t;], the series with terms

3 Bn) = o, (5.6)
=1

dwerges to o, i.e.,

then the zero solution of (5.1) is asymptotically stable. Moreover, if C4 = C, the zero
solution 1s globally asymptotically stable.

Proof. For a given ty € R, define the wedge W by
to
W (u) i= Wa(u) + Ws (m(.;)/ |A(s)|ds). 6.7)
to—r

For ¢ € (0, A), where 0 < A < 0, find a § > 0 so that W (5) < Wy (e). For an initial
function ¢ € Cj, let #(t) := x(t,to, ¢) be a solution of (5.1). For t > to, it follows
from (5.2) and (5.3) that

Wi(lz(t)]) < V(t,ze) < V(to, §) < W(5) < Wi(e)

and so |z(t)| < € whenever ¢t > ty. Thus, z(t) is defined on [to, 00) and the zero
solution is stable.

Next, we prove that xz(t) tends to the zero solution as t — oo. Since
V(t) == V(t,z,) > Wi(|z(t)|), we can prove this by arguing that V(t) — 0. If
this were not the case, then as V'(t) < 0,

V(t)>pufort>ty (5.8)
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for some constant u > 0. Select a term ¢, from {¢;}32, so that ¢, > to+ 2r. On each
interval [¢; — r,t;] with i > n, either

1. Wa(|z(t)]) > p/2, or

2. Wa(|lz(r:)]) < p/2 for some 7; € [t; — 1, t;].

In the first case, for all ¢ in that interval we have Wy(|z(¢)]) > Wa(W; " (1/2))
Consequently, from (5.3) and (5.4), it follows that

by
V() = Vit —n) < —k2/ n(t)dt < —ak®. (5.9)

ti—r

As for the second case, (5.2) implies that
[ AEaa(ol)ds > W u/2) = K. (5.10)
-

Define the function A by A(t) = 1 if A(f) = 0; otherwise, A(t) = A(t). For
L€ [t, — 2r,t;], we can rewrite (5.3) as

jot S sl
Vi(e) < ()(I\ Tl (rm)

since 7(t) # 0. Integrating from 7; — r to 7;, we obtain

o o s 2
V(r) = Vi(ri =) < —/ M( n(t) w.(|z(c)|)) dt. (5.11)

- () \|A()]
Now apply Jensen's inequAlity with &(t) = 3, p(t) = A(t) )/n(t) and
= %W.,(h:( )). Since A = \ a.e., we replace \ with \ in the resulung in-

tegrals to obtain
n 2
V)= V(T =)< —B(T.)(/ = H(I)W'{(Ir(f)l)ﬂ) .

Since t; — 2r < 7, —r < 7; < t;, from V'(t) < 0 and (5.10) it follows that

V(t:) = V(i — 2r) < —-B(r) K. (5.12)

For i > n, either (5.9) or (5.12) holds at each t;. However, as V' is always decreasing,
(5.9) can hold at only finitely many of these ¢; since V' is nonnegative. Consequently,
(5.12) must hold at the remaining t;. Summing both sides of (5.12) over these infinitely
many ¢, and using (5.6), we conclude that V/(t) = —oo as ¢ — oo; but this contradicts
(5.8). Hence, V(t) = 0 as t = oo and so |z(t)] — 0. In fact, since this argument
depends only on a solution z(t, to, ¢) existing on the entire interval [to, ), we have
proved that every bounded solution approaches the zero solution as ¢ — co.

To sum up, the zero solution is asymptotically stable since for each ty € R and
€ € (0, A), there is a § > 0 such that ¢ € Cs implies that |z(t, o, d)| < € for t > t,

P e N
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and |z(t, to, #)| — 0 as t = oo. Finally, for the case A = oo, every solution z(t, to, ¢),
for any ¢ € C, is bounded since |z(t)| < Wy (W(||¢||) for all ¢ > 5. Consequently,
every solution approaches the zero solution as ¢ —+ co. This concludes the proof. ®m

Corollary 5.1 Suppose that a differentiable functional V' and wedges W; exist for
(5.1) satisfying ( 5.2) and (5.3) on R x C4, where A\, n : R = R are continuous
functions and n(t) > |A(t)|. Furthermore, suppose that a sequence {t;}{2, with t;1y —

t; > 2r and a constant a > 0 ezist so that (5.4) holds and

/r n(t)dt >0 (5.13)

for all 7 € [t; — 1, t;]. If, for every sequence {7;}32, with 7; € [t — r,t;], the series

with terms £ g5
8= ( [ " ) (5.14)

diverges ln o0, then the zero solution of (5.1) is AS and globally asymptotically stable
ifCa=C.
Proof. Smce IA(t)] < n(t), it follows from (5.2) that

Wa(z(0) < V(t.z0) < Wallz) + Wal [ nloWatiztohas). (519

Since the same function, namely 7, now appears in both right-hand sides of (5.3)
and (5.15), we can integrate the upper bound on V' directly without first having to
insert a function as is done in the proof of Theorem 5.1. With condition (5.13), all of
the criteria of Jensen’s inequality are met. The result of integrating (5.3) and using
Jensen's inequality is

T 2
Vi -vin-n <=8 awlsona) |

where (5.14) replaces the B(r;) of (5.5). Aside from these relatively minor changes,
the rest of the proof is exactly the same as that of Theorem 5.1. [ ]

Corollary 5.2 Suppose a differentiable functional V and wedges W; ezist for (5.1)
that satisfy (5.2) and

Vis.a)(t, @) < =n(t)Wa(|2(2)]) (5.16)
on R x Cyx, where \,n: R — R are continuous functions and n(t) > 0. Also, suppose
that a sequence {t;}32, with tiy1 —t; > 2r exists, along with a constant a > 0, so that

/" n(t)dt > a (5.17)
ti=r

and that there is a constant L > 0, such that for every sequence {7}, with
€ [ti - ti],
LIA@)] < n(t) (5.18)
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for t € [r, = r,7;). Then the zero solution of (5.1) is AS, or globally asymptotically
stable if Cp = C.

Proof. The proof is identical to that of Theorem 5.1 up through (5.10), except that
(5.9) must be slightly altered to

V(ts) - V(ti —r) < —ak (5.19)

on account of the different upper bound on V'. The integral of (5.16) along a solution
from 7, — r to 7; together with (5.10) and (5.18) yields

Vi) -vin-n< (" wowietna) < -L( [ omidswna) < L.
Accordingly, the inequality
V(t) - V(ti—2r) < LK (5.20)

replaces (5.12). Thus, either (5.19) or (5.20) holds at each ¢,. Aside from not having
to deal with a divergent series, the rest of the proof is the same as before. [ ]

Exercise. Consider again Theorem 3.1. Can we obtain UAS when V' <
=c(t)Wa(Ws(|z(t)])) for c(t) > 0 and

¢ r
/ c(s)ds > a>0?
ter

6 Examples
Example 6.1. Consider the scalar equation

7' = —a(t)z + b(t)z(t - r) — c(t)z?"*!, (6.1)
where n is a positive integer and a,b,c: R — R are i Let c be ive
and

2a(t) 2 [b(t)] + [b(t + ). (6.2)

Suppose that a sequence {¢;}82, with t;yy — ¢; > 2r exists such that A(t) := b(t + )
and n(t) := c(t) satisfy all of the conditions associated with (5.4) and (5.5) in Theorem
5.1. Furthermore, for n > 1 suppose that a constant § > 0 exists such that

t4r
[ o <5 ©3)
t

for £ € R. Then the zero solution of (6.1) is globally asymptotically stable.
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Proof. The derivative of the Liapunov functional
t
V(t,2¢) = z3(t) +/ |b(s + r)|z%(s)ds, (6.4)
ter
along a solution of (6.1) is

V/(t,30) < ~2e(t)z2"2(2) < —e(t) (j2()]"+)". (65)

Thus, (5.3) holds with Wy(u) = u"*!. We can use Jensen’s inequality to find a
wedge W; to show that (5.2) also holds. Take p(t) = [b(t + 1)| and f(t) = |(t)|"**.
Define ®(t) = 747 so that ®(f(t)) = z*(t). Note, however, that as ' is decreasing
when n > 1, @ is concave downward; that is, —® is convex downward on [0, c0).
Consequently, use of this particular ® reverses the inequality with the result that

/lir |b(s + r)|z*(s)ds < (/lir |b(s + r)|ds) 5 (./:r |b(s + r)|W4(|:l:(s)|)ds> o
(6.6)

This inequality trivially holds for n = 1. This, together with (6.3), shows that (5.2)
holds for n > 1 with W3(u) = ﬁ‘vﬁ'}uﬁﬁ and Wy (u) = Wa(u) = u?. Thus, all of the
conditions in Theorem 5.1 are satisfied. L]

Remark. When n = 1, it follows from (6.6) that the integral condition (6.3) is
actually unnecessary; in this case, Wa(u) = u. Wedges of the type W (u) = u™ are
convex downward for 1 < m < oo but concave downward for 0 < m < 1. So, Wj acts
as a boundary between the two types.

Example 6.2. The zero solution of

z' = —(% + 3)a(t) + 2(t — 1)(sint)z(t — 1) — * sin?(t + 1)z°(t) (6.7)

is globally asymptotically stable.
Proof. Referring to Example 6.1, we have |b(t)| + |b(t + 1)| < 2|t — 1| + 2|t|. Thus,

n(t) := 2 — [b(t)] = [b(t + 1)| > 2(£3 +3) = 2(Jt — 1| + [¢]) > 2.
Letting a = 2, the integral inequality (5.4) holds for any sequence {¢;}32,. By defining

t, = (21 = 1)3, the condition that c(t) # 0 on the intervals [t — 2, 1,] is satisfied. Since
b*(t + 1) = 4c(t), it follows that

st = ([ e =5

for any 7, € [t; — 1,¢;]. Consequently, (5.6) holds. Since n = 1, condition (6.3) is
unnecessary, which concludes the proof. [ ]

Solutions of (6.7) corresponding to three initial functions on [~1,0] were graphed
below with the numerical solver DifEqu, written by Makay [12].
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wES
U
/ §l0)=Scos(4)

L / $(0)=tep(-50)

= =

We now give an example of coefficients for (6.1) that are unbounded but vanish
on a sequence of infinitely many intervals.
Example 6.3. Let H be a square wave function defined by

H(l) = i(—l)‘“u(l — 0.5i),

where u(t — T) is the unit step function defined by u(t —7) =0ift < T, u(t-T) = 1
if t > T'. The zero solution of

@' = —(|t| + |t + 1])| sin 2mt| H (t)z(¢) — 2t sin(2mt) H (t — )z (t — 1) = 2|t + 1|z (t) (6.8)

is globally asymptotically stable.
Proof. Let a,b, and ¢ denote the coefficients as in (6.1) where n = 1. We show
that the conditions in Corollary 5.1 are satisfied using the Liapunov functional (6.4)
with r = 1. Clearly, (5.2) holds with A(t) := b(t + 1), Wi(u) = u* for i = 2,4, and
Wy(u) = u. Since the period of both H and sin 27t is 1, ..

1B(6)] + [b(t + 1)| = 2|¢|| sin 2me|H (t — 1) + 2|t + 1|| sin 2mt| H (¢)
< 2(|¢] + |t + 1[)| sin 27| H () = 2a(t).

Hence, it follows (cf. (6:2) and (6.5)) that (5.3) holds with n(t) := c(t) = 2|t + 1|.

The condition that n(t) > |A(¢)| is met since [A(t)| = [b(¢ + 1)| < 2|t + 1|. Now define
the sequence {t,}{2, by letting ¢; = 2i. From

/ q(t)dt:/ 2(t + 1)dt = 27 + 1
=1 =1
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for 7 > t; — 1 = 1, it follows that (5.13) and (5.4) with & = 5 hold. Finally, the
divergent series condition is satisfied as

B(r) = (/_1 n(t)di)~1 = 21.1+1 2 4G 1+ 1)

and so 3.2, B(r;) = oo. [ ]

ard

A prototypic ating Liap theory applied to delay differential
equations is the scalar linear ion with fici

2’ = —az(t) + ba(t —r), wherea > [b] > 0. (6.9)

The classical Liapunov functionals in this paper can be used to show that its zero
solution is uniformly asymptotically stable (cf. Burton [4; p. 252] or Driver [6; p
368]). As a matter of fact, this result follows from Example 3.1. Moreover,
(cf. p. 244) uses a classical Liapunov funcional to show that every solution of (6. 9) is
bounded and then uses this in an ad hoc argument to prove that every solution in fact
tends to zero exponentially as t — co. The next example, a consequence of Corollary
5.2, can also be used to prove that every solution tends to zero. Even though it does
not show that the rate of decay is exponential, it does glve asymptotic stability results
for certain linear delay i with variable coeffi

Example 6.4. Let a,b: R — R be continuous. If for r)(t) := 2a(t) — |b(t)| — [b(t +7)],
positive constants a and L exist such that

U

t
/ n(s)ds > a (6.10)
t=r
and
Lib(t + )| < n(t) (6.11)
for t > t,, for some t; € R, then the zero solution of
z' = —a(t)z + b(t)z(t — r) (6.12)

is globally asymptotically stable.
Proof. Using the Li functional (6.4), condition (5.2) holds with W;(u) = u?
(1=1,2,4),W3(u) = u, and A(t) = |b(t + r)|. Condition (5.16) holds since

Visaz)(t,2e) < =(a(t) = [b(e)] = bt + r)[)2*(8) = —n(t)Wa(|z(2)]),
where n(t) = 2a(t) — |b(t)| = |b(t + r)|. Since (6.10) and (6.11) hold for all ¢ > t,, the
sequential conditions in Corollary 5.2 are met, completing the proof. L]
Example 6.5. The zero solution of (6.9) is globally asymptotically stable.

Proof. This follows directly from Example 6.4. Since 5(t) = 2(a - |b]), (6.10) and
(6.11) hold with a = 2(a — |b|)r and L = (a — |b])/|b], respectively.
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Example 6.6. The zero solution of
z' = —(sin 27t + k| sin 2mt|)z(t) + (sin 27t + | sin 27¢|)z(t — 1) (6.11)
is globally asymptotically stable if k > 1.

Proof. Referring again to Example 6.4, n(t) = 2a(t) — [b(t)| — |b(t + r)| = 2(k —
1)|sin 2xt| and

¢ t 1/2
/ n(s)ds = 2(k — 1)/ | sin 27s|ds = 4(k — 1)/ sin 27sds = 5(/: =1).
t-1 t-1 0 w
Thus, for k > 1, (6.10) and (6.11) are satisfied with a = £(k—1) and L = k — 1,

respectively. L]

Received: July 2002. Revised: March 2003.
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