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ABSTRACT 
Suppose t hat -oo < a < b < oo, a S: u1,. $. u 2n $. · · · $. u,.,. $. b, and a S: 

111 .. $ t12n $. · · :S v.,., $. b, n 2: l. We simplify and strenghthen Weyl's dcfinition 
of asymptot1c equal distribution of U = {{u,,,}:'ci}n> I and V = {(11,., ) :":1},.>1 
by showing that the following statements are equiva.l; nt: -

(i) limn ..... oo .l E;~ 1 { F(u.,, ) - F(v,.. )) = O for a ll F E C [o, bj. 
(ii) lim,.-.00 1 ¿;~ 1 ¡u.,, - v,,,I = O. 
(ii;) Hm"-~ ! z:::~ . IF(u .. , ) - F(v .. ,)I ~ o ro, ali F E C[a, bJ. 

RESUM EN 
Suponemos que - oo < a < b < oo, a $. U1n S: U 2n $. · · · S: u,.,. $. b, 

y a $. t1 1n $ 11211 :S · · · S: v,.,. $ b, n 2: l. Simplificamos y fortalecemos la 
definición de Weyl de la distribución de igualdad asintótica de U = { {u,,. }:':: 1 } .. > 1 

y V = { { u,n}~ .. 1 } ,.~ 1 mostrando que las siguientes afirmaciones son cquivalentCs: 

(i) lim,, ..... 00 ~ E:~1 (F(u;,.) - F (u,,.)) = O para todo F E C[a ,b]. 
(ii) lim.,-+oo ~ E:~1 lu.,, - u,,.¡ = O. 

(iii) lim,.-+oo ;;- ¿;;';,. 1 IF( u,,,)- F (v,,. )I =O para todo FE C[a ,b]. 

Key wor d1 nn d phr a.se1: asymptolic equol distribution 
M nt h . S u b j . C lnss.: I5A 18, I 5A 5 1 
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1 Inti:oduction 

The following definition is dueto H. Weyl [l , p. 62]. 

Definition 1.1 Suppose that -oo < a < b < oo, 

{u,.}¡=, e [a,bJ, and {v;n};':, e [a, bJ, n ~ l. 

Then U = {{u¡n}f=dn~l and V = {{v¡n}f=1 }n~l are asymptotically equally dis­
tributed if 

1 n 

!~~ n L(F(u;n) - F(v;.)) =o, FE C[a, bj. 
i= l 

We present a simple necessary and suflicient condition far asymptotic equal dis­
t ribution and point out that a stronger condusion is implicit in Definition L l. 

Without loss of generality, we may assume that 

a :::; UJn :::; U2n :::; '· · $ Unn $ b, a $ Vtn $ V2n $ ·'" $ Vnn $ b, n 2'.: l. (! ) 

Theorem 1.2 lf (1) holds then the following assertions are equivalent: 

1 n 

.1~'! n L(F(u,.) - F (v,.)) =o, F E C[a, bj; 
i=l 

(2) 

1 n 

ni~~ ;; L [u¡,. - V¡n 1 = O; 
i = l 

(3) 

1 n 

_1~~ n L JF(u;n) - F(v,. )[ =O, F E C[a, bj. 
i=l 

(4) 

Obviously, (4) implies (2). The proof that (3) implies (4) (Section 2) is straight­
forward. Our main effort is devoted to showing that (2) implies (3). 

Theorem 1.2 is a special case of more general results in [4J concerning asymptotic 
relationships between the eigenvalues or singular values of two infinite sequences of 
matrices {An}~=I and {B11}~=t related in sorne way that it is not necessary to specify 
Itere. However, [4] is quite technical and of interest mainly to the linear algebra 
community. We think it is worthwhile to present Theorem 1.2 in t his expository 
article addressed to a larger audience. 

Given Theorem 1.2, we suggest replacing Definition 1.1 by the following simpler 
definition while bearing in mind that (3) implies (4). 

Definition 1.3 U = {{uin}f=1 }n~l and V = {{v¡n }f=i}11~ 1 are asymptotically 
equally distributed if (1) holds and 

1 " 
}!.~ n L ju¡f\ - V;nl = o. 

i= I 
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2 Proof that (3) implies (4) 

Suppose that F E C¡a, b] and t: > O. By t.he Weierst.rass approximat.ion theorem, 
t here is a polynomial P such that. 

¡F(x) - P(x)I < </2, a S x S b. 

By t.he t.riangle inequality, 

IF(t<,,,) - F(v;,,)I S IF(u;,,) - P(u;,,)I + IP(u,,,) - P(v,,,)I 

+ IP(v;,,) - F(v;,,)I 

< IP(t<;,,) - P(v;,,)I + <. 

Let. M = max0 :s;z$b IP'(x)I. By t.he mean value t.heorem, 

IP(u;,,) - P(v;,,)I S Mlu;,, - v,,,¡. 
T his and (5) imply t.hat 

1" M" ;; L: ¡F(u,,,) - F(v;,,)I < < +-;;- L: lu,,, - v,,,¡. 
•=ti i=I 

From this and (3), 
l " 

lim sup - L: ¡F(u;,,) - F(v;,,)I S <. 
n -+oo n •= L 

Since t: is arbitrary, t.his implies (4). 

3 Four Required Lemmas 

We need the following lemmas to show that. (2) implies (3). 

(5) 

Le mma 3.1 (H elly's First T heorem ) Let {lf>m }~=I be an infinite sequence of f11nc­
t1ons on (a, b] and suppose that there is a finite number K such that 

l<lm(•)I S /(, a S x S b, and v:(~,,,) S K, m? l. 

Then there is a subsequence of { lf>,,. } : =1 that converges at every point of [a,b] to a 
j1mctian of bounded variatlon on /a, bJ. 
Lemnm 3.2 (Helly's Second Theorem) Let {lf>m}:=I be an infinite sequence of 
junctions on la, bJ such that V0b(1f>m) ::;: K < oo, m ~ 1, and 

.. !~~ tlim(x) = lf>(x), a ::S: x ::S: b. 

Then v:(,;) S K and 

• r• Ji_m~ f. F(x)#,,,(x) = }, F(x)d~(x) , F E C[a,b). 
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Lemma 3.3 Sv.ppose that <P~a) = 4'(b) = O, 4' is of bounded variation on \a, bj, and 

J.' F(x)d~(x) =O, FE C[a,b]. 

Then !/>(x) = O at all points of continuity o/ <f>. Thus, <P(x) #O for at most countably 
many values of x. 

For pr00fs of Lemmas 3.1-3.3, see [2, p. 222], [2, p. 233], and [3, p. 111]. 
The following Jemma is also known [5, p. 108], but we include its short proof for 

convenience. 

Lenuna 3.4 Suppose that x1 S X2 S < Xn and Y1 S Y2 S 
{l 1 , l 2 , . . ln} be a permutation of {l, 2, . . , n} and define 

$ Yn· Lel 

Q(1,,1,, .. ,t.)= I:cx,-y,.)' . 
i=l 

Then 
Q(l1,I,, . . ,t.) 2 Q(l,2, .. ,n). (6) 

Proof. The proof is by induction. Let Pn be the stated proposition. P1 is trivial. 
Suppose that n > 1 a.ud Pn-i is tirue. U l,, = n, Pn- i implies P., . lf l,. = s < 11, 

choose r so that lr = n, and define 

Then 

{
I, 

e~ = : 
if i f: r and i # n, 

if i = r, 
if i=n. 

Q(l,,1,, .. ,1,,)- Q(t; ,1;, .. , 1~) = (x. -y, )2 + (x, -y.)2 

- (x,, - y,,)2 - (x, - y , )2 

= 2(x,, - x,)(y. -y, ) 2 O. (7) 

Since t;, = n, Pn- l implies that 

Q(e;,e;, .. ,!',,) 2 Q(I, 2, ... ,n). 

Therefore (7) implies (6), which completes the induction. • 
4 Proof that (2) irnplies (3) 

We will show that if (2) holds then 

(8) 
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From Schwarz's inequality, 

so (8) implies (3) . 
The proof of (8) is by contradiction. If (8) is false, there is an fo > O and an 

increasing sequencc {ek}t; 1 of positive integers such that 

1 '• e L(uil. -V;t.)2 ;:::: fo, k ;:::: l. 
ki= l 

(9) 

However, we will show that if (2) holds, then any increasing sequence {fi.:}f;1 of 
positive integers has a subsequence {ndf; 1 such that 

( 10) 

contradicting (9). 
lf S is a set, lct. card S be the cardinality of S. For a :S x ~ b, \et 

v.,(x; U)= ca'cl {i lu;., < x) and v., (x; V) = ca<d {; 1 v.., < x ) . (1 1) 

Define 

an<l 

lí F E C[a. bJ, t hen 

and 

( . U) _ {""(x; U)/ n, p., x , -
1, 

( . V) _ { v.,(x; V)/n, 
p., x, - l , 

a ~ X< b, 

X= b, 

a:-::; X< b, 

X= b. 

1" 1' - LF(u;.,) = F(x)dp.,(x ;U) 
n ;,,,,¡ º 

1 " !' 
;; L F(v;.,) = J .. F(x ) dp.,(x ; V ) 

i= l o 

(12) 

(13) 

(14) 

(15) 

[2, p. 23 1J. The sequences {p11 (-; U)}~=l and {p,.(·; V}}~1 both satisfy the hypothe­
ses of Lemma 3.1. Therefore, there is a subsequence {mk}f;1 of {lk}f;1 such that 

"((x; U) := kl~1! Pm. (x; U) (16) 

exists for a :S x :S b, and there is a subsequence {nk}f;1 of {mk}f;1 such that 

1(x; V) ;= lim p.,, (x ; V) 
k4~ 

(17) 
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exists for a S x S b. Clearly, (16) implies that 

"f(x;U) = kl~~P11.(x; U), a~ x S b. (18) 

From (11)-(13), 1C; U) and 1(·; V) are nondecreasing, 

1(a; U)= 1(a; V) =O, and 1(b; U)= 1(b; V)= l. (19) 

Therefore, (17), (18), and Lemma 3.2 imply that 

¡b ¡' lim F(x) dpn, (x; U) = F (x) d7(x; U), FE C[a, bJ, 
k-too a a 

and 

lim f' F(x)dp.,(x;V) = f' F(x)d1(x;V), FE C[a,bj. 
k-+00}0 la 

Now (2), (14), (15) (20), and (21) imply that 

¡' F(x) d7(x; U)= J.' F (x)d1(x;V), FE C[a,bj. 

This, (19), and Lemma 3.3 with </> = 1C; U) - 1(·; V) imply that 

1 (x; U) = 1(x; V) 

except for at most countably many values of x in [a,bJ. 
If t: > O, choose ao, ai. ... , am so that 

and 

Let 

Define 

aud 

a ;: ao < 01 < · · · < am = b, 

1(a1; U) = 1(aii V ), 1 <; j <; m. 

j = 1, 

2 S j S m- 1, 

j=m, 

j = 1, 

2 S j S m - 1, 
j =m. 

(20) 

(21 ) 

(22) 

(23) 
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Then 

and 
lim Uik - Vik = O, 1 :::; j ~ m, 

k-<oo nk 

frnm (12), (13), (17), (18), and (23). Since 

and 

it follows that 

where 

l'rom (24), 

¿ uik = ¿ vik =nk, 
j=l j=I 

L min(Ujk. v j k) = nk - Tk , 

j=I 

lim ~ =0. 
k-toonk 

From (22) and (25), t here is a permutation •n~ of {1, .. ,nk} such that 

for nk - r k values of i; hence 

... 
L(u;u. -v,...(i),11J 2 < nkf + rk(b - a)2 . 

Now Lemma 3.4 implies t ha t 

... 
LCuini. -v;n.)2 < nkf + r k(b- a)2 • 

Hence, from (26), 

Since f is arbitrary, this implies (10), which completes the proof. 

53 

(24) 

(25j 

(26) 
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