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ABSTRACT 
In llus cxpository paper wc would like to discuss the maxlmum principie for 

thf' parabohc equntions ami its applicat ions t.0 thc study of Kahlcr geomctry and 
R.itt1 fiow on complete mauifolds. 

RESUMEN 
En t"Ste paper deseamos discut ir el principio de ma."Ximizacióu para. las ecua­

aocM ¡Jatab61icas y sus aplicaciones al estudio de geometria de Kiihle1· y fluidos 
en \~H'<iades complctus de fücci. 
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R.ocall first the classical max immn principie for Lhe heat equat ion. Let. 0 be a 
bounded domain in lR.". lf ri (x, t) is a :;mooth function satisfying 

011 n x (O, T ), and con!.inuous on ñ x [O, Tj . Then 

min u ::::: min t i. 
ñ)([O ,T) (80x(O,T))U(O x{O}) 

(1) 

For ü1e Cauchy problem, thc simplest forrn of the maximum principie rcads 

(2) 

assuming that u is a supMsolu tion, namely (8' - ó.) u ~ O, and u(x, t) is boundcd on 
IR" x !O, TJ. If we do not assume the growth restri ction on -u , the maximum principie 
no Jongcr holds. Thc simplest example can be found , say in the book by Fritz John 
1 J], where a solut ion u(x, t) to {fi. - ó.) u= O w ru; constructed with !.he form 

~ 9(k l(t) " 
u(x , t) = L {Zk)! x . 

k=O 

Hece 90 = 9(t), 91 = O, 9j = (j + 2)(j + 1)9;+2 and 

g(t) = { exp(-t-0 ), when t >O, 
O, when t ~O. 

rt can be shown that. the series is uniformly convergent and lu(x , t)I is boundcd by 

{ 
cxp (! (!:.'. - }t1- 0 )), t >O 

U(x,t) = ' o -
o, t :s o 

Here O< 8 < l. 
The maximum principie (1) ca.n be generali zed to compact R.iema nnian manifolds 

with boundary. Thc gcneralization of (2) to the complete noncompact manifolds was 
carried in l 1<- LJ, wh ere t lic author proved that (2) holds on a complete noncompact 
manifold¡,¡ for t he bo11ndcd su¡Holution u if the mani fold M satisfies 

(3) 

for some C > O. Herc \11,(R ) is lhe volume oí Op(R) . Tbe result is sha rp since a 
counter-examplP was given for a manifold with fastcr volume growth in [ Aj. Since 
the result was proved only íor thc boundcd sup-solution, iL is not very satisfactory in 
the view of thc exnmple given above. lfowever, the follo•dng resu lt was latcr preved 
in 1 Lj using an improvcd nrgument from 1 K-LJ and [ L-TJ. 
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T hcorcm 1 f.A>t ,\/ be a 1·omplcte Riemannian manifold. Let t1(x, t) be a smooth 
/unrho11 cm ,\1 >e !O, TJ suvh llrnt (j¡ - .ó.) u ;::: O whc11ever u(x, t.) ;:; O. A ssu.me tlwt 

(rJ. exp(-ar2(x))u:.(x,s)duds < oo (4) 
Ío M 

/or comt' a> O, wltcre r(x) is thc distance /tmction to a fixed point o E J\if . Su¡Jpose 
u(r ,O) ?_ O fo' ali TE ¡\/. '/'hen u(x, t) ?_O fa•· ali (x, t) E M x [O, 7']. 

Thc rC'adcr ran consult [ J\'. T 1 J for the proof of a slight ly more general version of 
11ho\'(' r uh for fnmily of mctrics. T hc condilion ( 4) is optima! by comparison with 
lite exnin¡>IC' brforc. 

In { 11 lJ, a maximum principie was derived for tensors satisfying certain heat equa· 
tion on compnct manifolds wilh nonnegativc curvature. The tensor ma.ximum prin· 
cipil' on compart manifolds has proved to be useful in geometric evolution equations 
surh a.-. the study of Ricci flow [ H3] and the mean curvature How [ Hu]. In [ H2J, in 
ordrr to prO\"C t he Li· Yau· lfamilton inequality (or differential Harnack) far the Ricci 
flow ou complcte nom:ompact ma11ifolds1 Hamilton developed an argument basically 
pro"es a ten r maximum principie for bounded solution to certain hcat equation (sys· 
trm) on complete Ricmanuian manifolds with bounded nonnegativc curvature. One 
cnn refor [N·T2, Proposi tion 1.1] for an improved version, which include the tensor 
wuh pointwisc growt h cont.rol, following Hamilton1s original argument in [ H2J. In 
Hamilton's program townrds gcometrization, which was recently carried further in 
¡ P2} by Perclmru11 and may ha\1e solved Thurston's geometrization conjecture, one 
:¡;tudit-s thc singularity by dilatious when approaclüng the singularity and studying 
1hc limit solu11ous1 which obt.aincd by sorne compactness theorerns. T he solut ions 
obtaincd through this dilaLion procedure usually are noncompact. But they do have 
hounded rur\'aturcs if thc di\a!,ion is chosen centered at points with curvature compa· 
mbl<> with its ncarby points. Therefore, the maximum principie far bounded tensor 
i~ uffki nt for this purposc. However it docs have serious drawback sincc in sorne 
uthf'r grometric appliration8 the imiform boundedncss assumpiion on the solution is 
not dt 1rablc. For instance1 in study the geometry ami topology of complete mani· 
fol<b it l" d ira.ble to h<.wc smooth convex (plurisubhannonic) functions as indicate<l 
in. for l".\:ample, '. WJ. Geomctric const.ruct.ion usually only provides functions with 
hnlt• 1tgula.rity. lt. is 11aturn! to use heat equation solution to approximate a con· 
tinuous com·cx (plurisubh;irrnonic) function. Since there is no pointwise control on 
the H~ .. ian of the solut ion, 011e can not conclude that the convexity is preserved by 
the heat equa.tion deformntion if one only has Hamilton's tensor maximum principie 
for boundt'd tensors. This indced becomcs one of thc major technical hurdles in the 
apphra11on of hcat cquat.ion method on complete manifolds, as shown in [ N·T2]. 

In a rrcent ¡>n¡>er \ f'J·T3J, joinL with Lucn·Fai Tam, we preved an opt.irnal tensor 
nu\."<imum 1mnci¡>lc far tensors, assuming a similar necessary growth condition as (4). 
Th,. in~• flrl\l growth 11ssumptio11 can be verified for most cases in the applicat ions. 
Th" f'C:!lult !'Cem~ to be C'ffocli\'C by proving severa! theorems on J(8hler geometry and 
R1n-i ftm. of romplctc inanifolds. In order to explain the result we have to start with 
"Dffi' no1,,t1ons. 
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Lcl M '" be a complete noncompact I<ahler manifold oí complex dimeusion m. (real 
dimcnsion n = 2m). We denote tbe Kahler metric by 9o8 · T hc n 11Lxi11111111 principie 
is for Hermi1iai1 symrnetric {1, 1) tensor 'J satisfying the complcx Lichnerowicz heat 
equation: 

(5) 

Assumc r7(:x, l.) is definod on M x ¡o, T] for some T > O. We also assume that. there 
exist.s a cons t.llnt a > O such t.ha t. 

(6) 

and 
'!' 

Jim inf { { ffr¡ll2 (x, t) exp (-a r 2(x)) dxdl <OO. 
r-+co Jo J BQ (r) 

(7) 

Here IJ11ll is the non n of T/a/J with respect to the J<ahler melir ic. By (G), we have 

{ ffryf f(x, O) dx <:; exp(ar ') · S 
j Bu(i·) 

(8) 

where S = JM /l~ff(x, O) ex¡' (- ar"(x)) dx. 
In the following, we a lw;;i,ys arrange the eigenvalues of '1 at a point in t he ascending 

arder. 
Befare we state our result , !et. us firs t fix some notations. Let. cp : [O, oo) -> jO, lJ 

be a smooth function so t hat cp ;:; 1 0 11 {O, lJ and cp = O on {2, oo). Far any .x0 E M 
and R > O, !et. CfJzo.R be the functi0n defined by 

( r(x, x0 ) ) 
<p., ,n(x) = <p -R- . 

Let. / .r.o.R be t he sohn:ion of 

(:,- ó) f= -! 
wiLh initial value 'Pzo. n· T hen f zo.R is defined for ali t and is posiLive and bounded 
far t >O. In fact 

/ .,.n(.v, t.) = , - • · { H(x, y, t )v>,,.R(y)dy. J,, 
ln ! \1- l'JJ, wc esLablish lihe following maximum principie. 

T heorc m 2 Let. M be n comvlcte 11om;om¡mct f(iihJer manrfold with 11or111egali1Je 
holomorph1c bisectiorwl 1:11.rnnt rmt. lc.t 1J(x, t ) be 11 /lermition $ymm ctn'c {1,1} ten,w,­
satisfying (5) 0 11 .11.of x ¡o, T/ with O < T < ~ such that. 111111 sati.Jfic.s (6) and (7). 
Suppo e al t =O. '1n f) 2: - 0.'ln/J far somc COMla11t b 2: O. Thcn there exist.s O< 10 < T 
dependmg only on T n11d fl su tlwt tl1e f ollowir19 llr'I:! true. 
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(i) •1,,.,(r. 1) ?: -bg0 9(x) for ali (•, t ) E M x ¡o, To) . 

( ii) For 011u T0 > 11 ~ O, Stlppose thel'e is a poit1t .1/ in Mm a11d the1'e exüt constants 
v >O crnd n > O such tltat the .mm o/ the first k eigcnvalues A1, .. , >.k o/ 11a/J 
Jnh•/ir 

..\ 1 + · · · + >.,1; 2'.' -kb + vkip~·.n 
jor ali r al time t'. The11 for all t > t' and for all x E M 1 the sum o/ tite first 
k t19rmm fues o/ 'lnb(:c, t) satis/ies 

,\ 1 + · · · + A.1; 2'.: - kb + 11k/7 •, n(x1 t - t') . 

The r~ult h11s severnl 11pplications in the st.udy of the geometry and function 
thoory of f\ iihlcr manifolds. For cxample, thc following result was proved in f N-T3J . 

T heorcm 3 U t Al be a complete noncompact Kiihfer manifold with nonnegative 
holomorphtc b1scctio1wl cm1ií1l tffe. Let u be a continuous pluristibharmonic function 
on 1\( SuppoJe tlwt 

Thr11 u mu.!I be a consl.anl. 

OnP can 5CC': that T hcorcm 3 gencralize the wcll-known results on c m to general 
Kiililer manifolds. T hc :similar goneralization for harmonic functions was done much 
f'..l.rher by Yau 1 Y]1 t he case wbich is relatively easier sin ce one is dealing with a 
l!Olul1on lO a linear different ial equation (harmonic functions). The related different ial 
e<1ual1on rf'late<l lo the t1bove Liouville theorem is the degenerated Monge-Amperé 
N1uat1on ( ee [ Nl]), which is fully nonlinear . The proof of T heorem 3 hinged on 
the stud,· of 1he fol it1tion defined by the degeneratcd ?vt ongc-Ampcré equa t ion and 
tht' 1mplic..1tions of 1 he maximum principie to the heat cquation deformation of the 
lftud1cd plurisubhn.rmonic ftrnctions. Thc reader can refer [ N· T3] for more details. 

tr~inR Theorem 3 wc obtain thc following result, which can be vicwed as a gencr­
ali1J11on of lhl' split.t.ing t hcorcm of Cheeger-Gromo\\. 

Theorem 4 Lft Mrn be a complete r101tcompact Kiihler manifold with nonne.gative 
holomorph1c b1.srcttom1/ cm11tlt11re. SuJJpose j is a nonconstant hm·mo11ic function on 
H ¡ud that 

(9) 

/or an¡i r > O, u:licrc r(.r,) is llle distancc o/ x /rom a fixed ¡wint. Then f must be 
o/ lml"DI" grou.th and fil splits isometrically as M x lll. Moreover the univcr·sal cove,. 
\t oj .\I 'Pl•t.1 uomctrirnlly cmd holomorpllically as M1 x tt, wher·e M1 is a com¡¡lcte 
lúiltltT mamjold w1tl1 normegatavc holomorpllic bisecttonal curvatu1'e. Suvpose that 
lhrrr. u1 t.s o noncorulant liolomorphic ftmction / on M satisfying (9). Titen M 
1brlj 'J'l1t• o..~ .\i .,, {'. 



16'1 Lei Ni 

F'or the sa.ke of t he ill11st.mLio111 we outline a proof of Theorem 4 in tite case f is of 
lineM growi h. \Vil h some calculat.ion und applyiug t.he gradient. est.imatc of Ch ng­
You { C- '11. one knows 1 ha.t l\7 /1 is u bounded plurisubharmonic funct.ion. Thcn 
Theorem 3 implics Urnt. l\7 ¡¡ h; a constant, from whid1 it is <lll easy application of the 
Dochner fonnula t.o conclude Lhc splitting of Lhe manifold as in the simple analytic 
proof of Cheeger-Gromoll spli Lting theorem in ( S-YJ-

Applying Thoorem 2 to the Busemann function we obtained t hc followiug result, 
which '>harpcns Pcrchnnn 1s sou l theorcm [ Plj in the J(ñhler category. 

Corollary 5 (F - l'. Zheuy) Ld M be n complete Kiihfer m_arufott wi~h nl}micgativf! 
sect1onal cun.'O:ture. Thtm its universal cover ü o/ the fonn M = ~ x N x L where A' 
1$ 11 compac:t Hen111t ia11 symmct1·ic manifold, L i.s St.cin and L contain.s no E11cfidtum 
factor 1\lortouer, IJ1cre ex;sts a discrete subgroup f ~ Ih(ltk) wltich acls free/y 011 
€\ and group llomomor¡Jhisms {J : r -+ h~1\1) , T : r -+ h (L), .sucl1 that M is 
holomorph1colly isomct.ric t.o the quoticnt of M by f which acls on M as 

~(x,y,z) = b(x),pb )(y), r b)(z)) 

far any; E L In parl.icular, M is a holom orph1c anti Riemannian /iber btmrllc with 
fiber 1\' XL over tlie ffot Kiililcr ma11ifold ck / r. Her-e h (X ) denote.~ tlie group of 
1.1omctr1c biholomor¡1hi.m1.~ of a f(iil1ler manifold X. In particular, if M luu posiU11e 
lnstct1onal cunmlurc, /\'! is rlilJ1w1r10171l1ic to Ul2m. 

The corolla.-y follow:; from some general splitting Lheorems 0 11 IOi.hler manifolcls 
with nonnegruive biscction11l c;11rvature, which in particular, imply Lhat (my com¡mct 
romplcr. subman1fold i11 u .~·im¡1ly·co1mected complete Kñhler manifold wit/1 11om1ega· 
l1t•t b1Jtd1onal curvr1t.111l! must bti a11 isometn·c fa ctor. This sharpen a conject.ur d 
picturc, by Yau, on t.he structuro of such manifolds. 

Thcorem 2 is a.lso Lrue íor complete R.iemannian manifolds with nonnegativc sec· 
Lional cunmurc. lt bccomcs very nseíul when couple<l with Lhe Ricci flow. J.n part,ic­
ular it wns ¡>rO\·cd in ¡ N2]: 

Theorc m 6 Let. (M 1 g1j(x1 t.)) be com¡>lr.te Riemarrnian melric.s sati.8/ying tite Ricci 
ftow wtlh boundcd no1mc!Jf1/,ive .~cctional cunl(lture. Lct u(:i) be a /.,ipschitz continuous 
conve:r /unct1on satisfyi11g 

(10) 
Jor .!Orne pos1l1t1c conslrmts e anda. Let u(:r:, t) be tl1e .solul1on to t.Jie timc·tlepc11der1t 
he.al cquahon (f, - Ll) v = O. Thcre exis~ To > O dependmg only 011 a tJntl thcre 
erul.J To > T1 > O s11ch llrnl lhe followir1g ore true. 

( i) Far O< t $ T0, 11(-11.) is <J smooth conve:r: f1mction {wilh respcct to g¡¡ (:r:, t)). 

p;) lct 

IC(x, t) = { w E r; ·º(M)/ v;, (x, t)w' = O, for ali j) 

be. thc null sp11cc ojv1j(:r: 1t.). Then for anu O< t <Ti , ... (x, t ) i-8 a distribut1on 
on M . Moreover lhe 1/istributio11 is inuanant 111 t.Jm~ tU wcll Cl$ under tJic 
porollc.I trnn.slat.ion. 
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Th<' abov<" rr:;ult hns 1.hc fo llowing conscquenccs {d. { 2]) 0 11 gcometry and the 
lllcci flCJw on ro111plc1c mnnifolds. 

orollo..ry 7 Lel Al br r1 complete simvly-connected Riemonnian manifold with 
boundrd non11r911ti11e rnrul1lll.re opcralor. Then Al ü a product o/ a compact Rie-
1111.11mian mamfold with normegat.iue curvature operato,- with a complete noncompact 
man/old u·hirh i diffeomm11hic to m:". ill thc ca.Je o/ dimension three, thc same resull. 
hultU 1/ ont only a.uumcs that thc scctional curvature is normegative. 

lleumrks. The compart frictor i11 lhe aboue rcsult has been classified by Gallot and 
Mtyrr f Ga- M/ (a/so i11 /Ch- Y/ by Chow a11d Yang) to be the prnduct o/ compact 
.,11mmctnr spares, K iihlcr manifolds biholornorphic to the complex ¡n·ojective .~paces 
ond thr 111m11/ol<b lio111com017Jhic to sphercs. 

Thr above result was vroued earlier in [No} by Noronha without assuming the 
bmindcdnc.u o/ ll1e curuatm-e tensor. Our metllod here has this restriction since we 
hcJl't ro UJe tl1e slio1·t time e.tistence result o/ Shi in [ 8112} on the Ricci flow. For 
1linmu1on thrce, in [ Slil/ the restilt was proved eve11 for nonnegative Ricci curvature 
r.aJt. llowtver, 1t relies on tlu.: ¡J1"euious deep results o/ Hamilton and Schoen- Yau. 

The íollowing result. in [ N2] is the first example of such . 

orollary Porn ~ tl 1 there are complete Riemannian manifolds on which the Ricci 
jlou: dOf'J not p1'e.jen1c /he nonnegatiuity o/ the scctional curuature. 

Thc rcsuh. suggests that t he Ricci flow in high dimension may not be as tractable 
.u m dUncnsion three, wheu one can havc nice pinching estimates([ H3]) , which holds 
OUP or thc kcys to t hc study of the singularity, as illustrated in ¡ H3, P 2] . 

Recei ved: October 2003. Revised: Mar ch 2004. 
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