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ABSTRACT 
Symmctry propertics of tcusors play an important role in physics. T hcy cor­

respoud to t he irreducible represcntat ions of the symmctric group, which cail 
be dcscribcd by Young tablcaux T . The global T -symmetrical tensor differcn­
tial fortns on thc projectivc manifold Y define a birational irnrariant of Y . In 
the case of prime charactcristic char(K ) = p > O thc pullback of t hc Frobc­
nius providcs an opportmiity to define further discretc birational i1l\'ariants of 
algcbraic manifol<ls using thc 1>'-th powers (df)1" instead of the diffcrcnt ials d/. 
l,;sing Semcsis rcsult on infinitesimal deformations an cxplicit formula fer t hc 
moduli space dimension of complete intcrsect ions is given. As an application 
among others a conjecturc of Libgobcr and \Vood will be confirmcd concerning 
thc existencc of diffeomorphic three-dimcnsional complete intersections which lic 
in different dimensional components oí the moduli space. Finally for arbitrary 
\ocally free slleilvcs :F 0 11 Y thc Chern classes of thc T-powcr :F1' are calcu\atcd 
as po\ynomials in Chern classcs of F. 

R ESUMEN 
Las propiedades simétricas de los tensores juegan un rol importante en física. 

Ellos corresponden a Ja representación irred ucible del grupo simétrico, Ja cual 
puede ser descrita por las " Young tablcaux" T. Las formas difercndablcs del 
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teusor global T-simétrico en las variedad proyectiva Y define un i1wariantc bir­
racional de Y. En el caso de característica prime chru(K) = p >O el pulback 
de el Frobenius provee una oportunidad para definir otras invariantes discre­
tas biracionales de variedades algebraicas usando la p3 -ésima potencia (df)P' 
en vez de la diferenciabk df Utilizando el resultado de Sernesis en deforma­
ciones infinitesimal se da una fórmula explicita para la dimensión del espacio de 
moduli de intersecciones completas. Como una aplicación en medio de otras, una 
conjet.ura de Libgobcr y \.\lord será confirmada con respecto a la existencia de tri­
dimesional intersecciones diffeomorficas completas, las cuales están en diferentes 
componentes dimensionales del espacio de moduH. Finalmente, para localmente 
arbitrarias libre sheavcs :F en Y las clases de Chern de la T-potencia ;¡:T son cal­
culadas como polinomios en las clases de Chern :F. 

Math . Subj. Chus. : 14F10, 14M10 

1 Introduction 

Let I< be an algebraicaliy closed field (e.g. f( = q, and !et X and Y be projective 
varieties defined ovcr J( with fields K(X) and K (Y) of rational functions on X resp. 
Y. \Ve consider the following equiva\cnce relations: X and Y are isomorphic if rind 
only if t.here exist regular morphisms r.p : X --t Y and 1/J : Y --t X with .,P = 1.p- 1 . 

Secondly, X and Y are birational isomorphic if and only if thcre exist such rational 
maps, i.c., if and only if the function fields K(X) and K(Y) are K-isomorphic [23]. 
Using the sheaf theory onc can construct a lot of invariants. Let. !Y be the sbeaf 
of germs of alternating algebraic differential forms of degree r 011 X. Then ali 
cohomology groups Hq(XJY) are invariants with respect to isomorphisms. Since 
t.hese groups are finite dimensional vector spaces over /( we have numerical invariants 
dimK Hq(X1 fr). 1n particular, if X is smooth then the vector space Hº(X, fr) of 
global differential forms is even a birational invariant of X [40]. 
But there is no reason to confine oneself to alternating different.ial forms. This papcr 
dcals with general tensor diffcrential forms "which hopefully will lead to a new bira­
tional geomet.ry of algebraic varieties" [36]. 
Lct í! 1 be the cotangentiaJ bundle on a smooth n-dimensional irreducible projective 

manifold X and Jet !Y= Í\n1 , 5r,n1 and {íl1}®r be its r-th alternating, symmct­
rk anrl tensor power respectively. Then !11 , n r , 5rn1 and (n 1 )'®r are locally free 
shea.ves on X , rank of which is equal ton, (~), ("+;- 1) and 11r respectively. 
ln pl~sics symmet.ry propertics of tcnsors play an important role. Actually the sheaf 
(n 1) r decomposes to the dircct sum (n 1 >®r = EB f!T where T runs through thc 

T 

so called standard Young tableaux and where !F denotes t.he sheaf of germs of 
T-symmctric tensor different.ial forms ¡20], [21], /43]. Above ali, each of the vector 
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spaces Hº(X, f!T) is a birnJ.iona.I invariant of X. Examples of complete intcrscctions 
show that t hese very fine birational invariant.s H º(X , OT) are independent of each 
other. For instance, the plurigenus P¡ of X is equal to dimK H º(X, f(l') whcre T 
denotes a rectangle with n = dirn X rows and f columns. 
This papcr is wriLten in t he language of coherent algebraic sheaves [38]. From a 
sbort exact sequencc of cohercnt algcbraic sheaves the corresponding long exact co­
homology sequcnce ensues. In particular we will use the twist operation T H .:F(t) = 
F @Ox(t) (t E Z) on cohcrent algebraic sheavcs F overa projcctivc variety X ~ pN. 
This functor is cxact an<l thc shcaves :F and F (t) are locally isomorphic. One 
has Hq(X,F(t )) = O for q > O an<l sufficiently big t E z. If X is smooth t.hen 
fl 'l{X, F(t)) = O for O::::; q < dim X and sufficicntly small t E Z. 

2 Young d iagrams and Young tableaux 

Rcmembcr sorne well known facts on reprcscntations of the symmetric group Sr· The 
equivalence classes of irreducible representations of Sr correspond to thc conjngacy 
classes of Sr, i.e., to thc part itions (l ) : r = 11 + /2 + · + ld with l¡ E Z and 
/¡ ~ l2 ~ . . ~ ld > o. 
The partition (/) can be describcd by a Young diagram with r boxes and wit.h t hc 
row lengths /1 , 12 , . , ld. T he lengths of its columns are cli = #{i E Z : l ~ ~ j} with 
j ; J ,2, . . ,11; d ; d,; L:<l;; z:;t,; r. 
Set l = 11 , l¡ = O if i > d a.nd di = O if j >l. The box inside the i-th row and 1,he 
j -th cotumn of lhe Young diagrnm has its own "hook length" h;.i = I¡ - j + di - i + 1 
and the degree of t he corresponding irreducible representation of Sr is equal to 

v¡1) = ~ ~ ii IÍ {i,+~-i) ' · íl (~ + 1) = r ! det((r¡1,+11_ ¡+j)));,;=1,2, .. ,d 
" i= l . 15i<JS<.1 1 

[21]. 

A Young tableau T to a givcn Young diagram with r boxes is a numbering of t hesc 
boxcs by thc intcgers l , 2, .. ,r. 
Assume char(J<) = O or char(K) = p > r. T hcn for a givcn Young tableau Tan 
idcmpotcnt er in 1 he group a!gebra I< Sr is introduccd: 

e-r ; ';,' ( L sgn(q) · q) · ( L p) 
q EQ'T PEPr 

with the subgroups PT = {p E Sr : p preserves each row of T } a.nd 
Q.,. :::; { q E Sr : q preserves each column of T } . 

( 1) 

A Young rnbleau T is called a standard tableau if the sequence of box numbers 
inside any row or inside any column of T is monotonically increasing. T hc numbcr 
of sta ndard tableaux to a given Young diagram is equal to the dcgree " (I ) of thc 
corresponding irreducible represcntat ion of Sr· \:Ve denote t he set of ali standard 
tablcaux with r boxcs by D{r). 
Now let K be an algcbraica!ly closed field and Jet Y be a 11-dimensional algcbraic 
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variety defined over J<. The symmetric group S,. and therefore the group algebrn 
l<S,. act on the sheaf (íl 1 )®r by permutat ions of the spots inside the tensor product 

p(a1®a2® ® a,.)=ap- • (t )® ap-1(2)® ®ap- i (r) 'r/pES,. (2) 

and the sheaf (D1 )®r decomposes to the direct sum 

(!l1)°''= EB nT with !lT= er((íl1 J®') (T- power ofíl 1) . (3) 
TED(r ) 

Jf thc Young tableaux T and f correspoud to the same Young diagram ( i.e. to the 

same partition (l)) t hcn 1rr and nf are isomorphic as Ov-moduls. lf V is a smooth 
n-dimensional variety thcn ílT is locally free. In case n < d = depth T one has 
DT:;::: Q 1 otherwiSC rallk (ílT) = fl (~ + 1) (l¡ = Ü if i > d) [2J. 

l .Si<j.Sn 

Tn the samc way one const.ructs the T-power P of a.ny Jocaily free sheaf :F instcad 
of !11 • 

Finally !et }'" ~ pN be a smooth n-dimensional projective variety whose canonical 
line bundle W}' is isomorphic to Odnd with ny E Z. Then: 

¡¡T "' !lT' ® W>' "' ¡¡7" (n y) if d = depthT = dim y ' l = length T > 1 (4) 

where the Young tableau T' arises from T by erasing the first column of T /5J , 
[21]. 
Assume the Young tabican T has the lengths of columns d1 , d2 , . . , d1 (> O) with 
d1 = d = depth T $ n. Let r · denote a Young tableau with the following lengths of 
columns: clj = n - d1+i-i 'Vj E {1, 2, ... ,!} . 
Then (T")" = T if and only if depth T < n. I3y Serre duality [21J , [39J we havc 

3 T h e cornplex projective space lP2' 

i\ow set K = C and Jet T be a Young tableau with r boxes, the row lengths /¡ an<l 
tbe column lengf hs di . Additionatly we set t¡ = r + l,· - i (l; = O if i > dept hT) and 
.ó.(a1, a2, ... , am) = I1 (a¡ - a1 ) (Vandcrmonde). 

l:;!i<j:;!m 
\Ve ca\culate the dimcnsions of following cohomology groups of thc N~dimensional 

complex projective space usiug thc Boti. theorem on homogenoous vector bundlcs: 
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T heorcm 3.1 A sstime d = dept h T $ N. Then the Hilbert polynom ial x(iPN,nT (t) ) 
has the in pairs different zu os t¡ ' l2, . . . ' tN . The fibmtion n T(t.) is acyclic if and only 
if t is one o/ thc zeros t ¡ . For fixed N, T , t at most one o/ the cohomology groups 
f l'(rN, W(t) ) (q = O, 1, . . ) moy be n on triviol {cf. (4], {27]). Fur thermorec 

N N 
xWN llT(t))= ó (t, 1., t,, ... , t,v ) =(JI rl· II (t -t) JI(t -t) (7) 

' 6.(.N,N - 1, . . , 0) i=I L 1$i<j$N ' 1 i= I ' 

H '(il'N, nT(t))=O Vt EZiJJq # O,N,d1,d,, .. ,d1 (I = lengt h T) (8) 

Hº(PN' íl7'(t)) =o if and only if t < t ¡ 
dimHª(il'N, fff (t)) = x(ll"v, W (t)) lft 2 t 1 

H N(?'N.fff" (t )) = O i/ and only if t ~ tN 
dimH N(li'N,f!T(t)) = (-l)N x(Il'N ,W(t )) if t ~ t,v 

F'or each i E { l , 2, . . , l} with O < d¡ < N one has tJ;+t $ t.d; - 2 
a11d H d, (!P'N, OT(t)) = O if and 011ly if t $ t d;+I or t ~ td, 

dim f/d. (D'N, W (t)) = (- ! )''' x(li'N, W (t)) iftd,+l ~ t ~ ''· 

Remarks: 
In the special Ctlse d1 = r < N , O= d2 =ch = one gets 

W = W = Í\ 111,x(Il"',Wlt)) = ('~ 1 ) • ( ' ~.:-",-') and 
dim ¡.¡q(PN' nr(t)) = Óq,r . Ót ,O for o < q < N with the Krn11ecke1·-ó. 

In the case l1 = r , O= h = l3 = . we have nT = 5rn 1 . 

Thmfo>< x(li'N, (S' lV )(t)) = f¡ · (' i,:'1- 1) · (' ;,:-"1-') · (t - 2r + 1) 
ond lf'(PN, S'W (t)) = O Vt Vq with 1 < q < N {cf. (8)). 

The stntements of the theornm remain tn,e even in the case nr = 0 9N, i. e., 
l; =O 't/i. OJ cou1·se, that m eans x(IP'\ Op (t}) = (t 't N) ami 
fl'(~N, O(t)) = O Vt Vq with O< 'l < N. 

By Serre dvality (5), (6) we get H om(W (t ), o, .. ) o< 111'" (-t + 1·(N+ 1)), 
dimK lf'(lf'N,!Y(t)) = dim" H N- ''(lf'N,W"(-t + (1- 1) · (N + 1))) and 
x(lf'", fl' (t)) = (- l )N · xWN, ílr (- t + (1 - 1) · (N + 1))), whcce T ' denotes 
a Young tableau with the colmnn lengths dj = N - d1+i - ; Vj E {1, 2, ... , l} . 

It should be practicable to hrmdle thc Grassmannians instead o/ the 
projective space in similar· way. 

We will see that the Hilbe1t polynomial x(!l'N 1 rt7 (t)) is independent of 
the ground field I< . Sincc /.he calculation of dimensions of those cohomology 

groups esscntially is a linea1· algcbrn v mblem it is natural to ask: 
Are these formulas true f m· thc projective space defined overa field I< 
witl1 charl, J< ) = p > r?. 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 
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4 The T-power of an algebraic complex 

Let r be a positive integer and Jet R be a commutative ring which contains t he ground 
field K and assmne char{K) = O or char(I<) = p > r. Let 

K: }(0 ....!.+ K 1 .....!!..._> K2 ....!!...+ (do d = O) be an algebraic complex of 
R-modules. Then the r-th tensor power P = K®r oí the complex K is defined as 

fol!ows: P = K®r : Po ~ P1 ~ P2 ~ · 
with Ps = ffi Ks1 ® Ks2 ® · · · ®K,,. and with ó(a1 ® a2 ® ··· ®ar) = 

s1+· .. +s.=s 

1:(-l)'1 +s~+-· ·+s,- 1 a1 ®a2®· ·®a¡_¡@da¡®ai+1®· ® ar iÍOjEIC,; 't/j. 
i = ! 
It is easy to show that ó o ó = O. 
Thc symmetric group Sr and thcrefore the group algebra K Sr act on thc tensor power 
by permutation of the spots. Now another action on P = IC®r is nceded with the 
additional property p o ó = ó o p Vp E Sr. This action can be defined as follows: 

p(a1 ® a2 €: · · ® ar):= (- l)°"(p;si,s2, ... ,a. ) · ªrl(J) ® ap-1 (2) ® · · · © ap-'(r) 

wir.t10J EK,, 'VjE{l,2, .. ,r}andcr(p;s1, s2 , ... 1 sr) ::;:; .~ s ; ·Sj. 

rM>P(.i ) 

(18) 

Then one has P, :;:; ffi K'J", K®r = El1 K,T, H' (K®r) = ffi H" (KT) with 
T E D(r) TED(r ) T ED(r) 

K'{":;:; er(Ps) and K..1' = er(K®r} : K..f ~ KT ~ Kf ~ · 
Thc complex K_T is called thc T-power of the complex K. If the Young t ableaux T 
and f correspond to the samc Young diagram then we ha ve K7 ~ Kf. 
Of course, the T-powcr of a complex K; · · ~ K2 ....:!...+ K1 ~ K.0 can be defined 
in similar way. 
In this paper thcse constructions are used only under the additional assumption 
K.2 = K.3 :;:; · · = O. That mcans if thc product a1 © a 2 © · · · ® ar E P, is 
different from zero t hen a; E K0 or a¡ E K 1 'Vi. Morcover, there are exactly s spots 
1"1,i2, ... ,i, (1 5 i1 < i2 < · ·· < ia :=:; r) with a;i>a;2 , .. . ,a;. E K.¡. 
Final!y in this case u is cqua! to the number of invcrsions inside the sequcnce 
(p(i¡), p(i2) , . ,p(i, )) . 

5 A free resolution of the sheaf D.T on JP'N 

Let T be a Young tableau with r boxes and !et K be the ground ficld with char(!<) =O 
ar char (K ) = p > r . The Hilbert polynomial x(ll"N , f21'(t) ) will be computcd using 
the abovc teclmiques in !.his general case. 

T heore m 5.1 Assume d = depth T :'.5 N and set t¡ = r+l¡-i 'Vi (1, =O if i > d) . 
Then the following sequence ü exact: 

O--+ n" --+ O(- r) 9 'º --+ 0(1 - •")9 ' ' --+. --+ O(d - r)9 '' --+O (19) 



N 
with the i11teye1-.~ bo = (fI i !)- 1 ·6.(t 1, t2, ... , t ,y ,tN+i ) andfor O< s ::=; d: 

i"'J 

l;! = ( fi i !) - 1 • L 6.(t1 ,t2, . . , t ;¡ - 1, . . , t;,- 1,. , t¡V,tN+1). 
i =l 1$ ii < ... <i. $ d 

Coro lla ry 1 For ground fields [( with char(K ) = O or char(J<) > r we have 

N N 
x (PN, W(t)) = (TI i 1) - ' • TI (t, - t1) TI (t - t,) . 

i=l 1$ i < j $ N i=l 
(20) 

Proof. From the Euler sequence one has t he short e.'i:act sequence 

Ú - > 111 - 1 0(- l )9 N+l--+ 0 ---+ Ü. 
The r -th tensor power of the complex IC : K.0 ---+ K.1 - > O with K.:0 = 

0(- l )e N+i , K.1 =O, K.2 = K~ = · · = O gives t he exact sequence 

o---+ n ®r ---+ O{- r)8 ª 0 -> 0(1 - r)©et¡---+ ---+ 0 (-1/D0 · -l ---+o--+ o 
with l'l's = (:) · (N + 1r- s. The T-power of the complex K. is t he exact sequence 

O---+ ílT - > 0(-r) Glbo ---+ 0 (1 - r)9 111 ---+ ---+ O{-l)6 b·- 1 -> tJEDI>. ->O 

with suitable numbers bs and witb O(s - r)«ib, = e-r{O{s - r )©a, ). 
Because of e.,. E I< S 1• t he coefficients of e-r are constant. T herefore, it is possible to 
compute t he ranks bs simply as dimensions of suit able K -vector spaces [10]. 
The exact sequence (19) and x (trN, CJ(t)) = (t ~. N) are independent of J( , i.e., t he 
corollary ensues from the specia! case [( = C (cf. (7)). 1 

To consider cohomology groups we formulate t he following technical 

Lemma 5 .2 Let O - > Fo ~ F i ~ .. . "~1 Fm ---+ O be an e:rnct sequence of 
cohe1·e11t sheave.~ on the nlgebmic variety Y. Then one has for each integer i;::: O: 
a) H' (Y,.1'0 ) = 0 if JJi-i+'(Y,Fj ) = O lfjE (l , 2, ... , min{i+ l ,m}} 
b} H'( l' ,Fm) = 0 if JJ'+i- '(Y, F m- j ) =O \fj E {1,2, .. , m). 

Proof. T he lemma imrnediately ensues from the short exact sequences 
0 -> in11/J1- 1 ->F1 - > im-1;1 - >ü (jE {1, 2, . . . , m - 1}) 
ami the corresponding long exact cohomology sequences [34], [38]. 

Lemma 5.3 Let. T be a Yonng tableau wit/1 r boxes an d with d = depth T ~ N . 
lf depth T < q < N then H'(ll"v , n :r(t)) = O \ft E :Z. (21) 
lf 0 5 q < N and t < r - q then Ií' (!!'N ,W(t)) =O. (22) 
Hº(E'N , !1T(t)) = O if anrl only if t < r + length T. (23) 

Proof. Let 11 ::;: l2 ;::: . . . be t he row lengths of T. Because of Hº(n-N, O(t )) :::; O 
for a ll t<O and ffQ (PN,O(t)) :::: O VqE{l 1 2, . . , N -1} 'Vt E Z the st atements 
(21) and (22) ensne via lemma 1 from t he free resolution (19) of t.hc sheaf rfr. 
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(23) will be proven by induction on N : 
In the case of N = 1 we obtain depth T = 1 , r :::: length T , 
n'1' = S 'íl ' = 5'(0(-2)) = 0(-2r) and therefocc, Hº(l'1 , fJT(t)) = O if and only if 
t < 2r = r+ length T. 
Now asswne N ~ 2 and dept.h T < N. In this case one can show: 
H º(IP"'.nr(t)) =O if and on!y if Hº(IPN- 1 ,íl~N-d(t)) =O. In fact, if w t- O is 
a global section of f21"(t ) on pN then a hyperplane E= pN-l exists such that !he 
restriction of w onto E is c.lifferent from zero as well [5]. 
Conversely, !et E= ¡pN-i be an arbitrary hyperplane, Jet PE pN \E be any point., 
let 1/J : ?N \ P --+ E be the projection from P and Jet W =1- O be a global section of 
ílk(t) . Then l/J•(w) -:p O is regularon pN \ P with N ~ 2 , hence regularon thc whole 
space ¡pN. Actually, if 1/J" (W) were not regular t hen a pole divisor of 1/J• (W) through 
the point P would exist. Therefore by induction condit ion: H º(IPN, ílT(t)) =O if 
and only if t < r+ Jength T . 
Now assume N ?: 2 and depth T = N and 11 > l,v. Then the Young tableau T 
consists of a rectangle with N rows and lN columns and a Young tablea u T 1 with 
r1 = r - N - lN boxes, with depth T' < N and Jength T' = length T- lN = l 1 - LN. 
Then one has or = 0 7 '(-(N + 1) l¡v) (cf. (4)) and thercfore Hº(ll'"' ,W (t)) =O 
if and only if t - (N + l) · lN < r 1+ length T', in othcr words: H º(IPN, QT(t)) =O 
if and only if f. < r+ length T . 
Finally we assume that N _;:: 2 and depth T = N and 11 = LN. Then the Young 
tableau T is a rectangle with N rows and l 1 columns, i.e., nr = 0(-(N + 1) -l1) and 
r = N -11. Therefore, Hº(PN, QT(t)) = O if and only if t < r+ length T . 1 

6 Lefschetz type theorem 

Theorem 6.1 Let X and Y be smooth irreducible pmjective manifolds such that Y 
is an ideal theoretically complete inter·section of X by algebmic hypersurfaces of mul­
Udegree (m1,m2 1 •• • , me) (n = dimY , N = dimX, e= N - n = codimx Y). 
Let T be a Young tableau with r boxes and with the column lengths d1 ?: d2 ?: . 
(di =O 1f j > length T) rmd let µ := Ej=1 dj denote the number of boxcs inside the 
e front columns of T . Assume ¡.t $ dim Y and let to E Z be a fzxed integer. 
lf m := min{m1 ,m 2, .. ,me} is large enough then the restriction map 

op' ' H'(X,íl:{:(t)) ___, H;(Y, íl~(t)) 

• is a monomorphism for ali t, i E Z with t $ lo , O ~ i ~ dim Y - µ , 

• is an isomorphism for ali t, i E Z with t $ lo , O ~ 1· < dim Y - µ. 

Proof. These results are obtained from an exact sequence of sheaves which can 
be described as follows: Let l = Jcngth T be the numbcr of columns of T and Jet 
d1, ~, ... , d1 (> O) be the column lengths. Assume M(T) to be thc set of all integer 
matrices A= ((d;,;)) with e+ 1 rows, l = length T columns and wit.h t he properties: 

• di ,,= d; Vj E {J , 2,.. , I} , 
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• d.,1~ d,+1.1;:::D 'r/iE {l , 2, .. ,e}, 

• d¡,1 ~ di+l.i;::: di.i+ l ViE {l ,2, . .. ,c} \:/jE{l , 2, . , / - 1}. 

The i-t h row sum of such a matrix A will be dcnoted by lJ¡(.4) := ¿:~= ! d;,1. In 
particular, we set e(A) ::::: ilc+ I (A) . Then r - µ. :::; p(A ) :S r for all A E M (T). 
Let T '(A ) denote t he Young tableau with i;i(A) boxes and with the column lengths 
dc.-. 1,1 , dc+1,2 , .. . , d c+ 1,1 , i.e., T'(A ) depends only on t.he last row of A . We 
set M;(T ) '= {A E M (T) º(A)= r -j) fo•· each j E {0, 1, ... ,µ) and 

t(A) = t (e,,+.(A) - º,,(A)) · m,, 
11= 1 

Then the exact scquence is the following (cf. \10] , [l !J): 

o--+ e;r; -+ E1~_ 1 -+ ... -+ EJ'-+ ET -24 n;~ 1v-+ nf,-+ o. {24) 

with E]' :::: A EA~ (T ) n~'g1) (t ( A) ) nrl~) :;: Ov ® nr(A) if o(A) > o and 

íl~11~1> = Ov in the case g(.4):::: O. 

This exact sequence will be constructed as the T-power (cf. ch. 4 ) oí the short 

cxact sequencc o -+ i:s'í'$0 0v(- m¡) ~ íl~'IY-+ flj,-+ O (íl\ ¡v :;: Ov ® 0\-), 
strictly speaking using t.he 7'-power oí the complex O -+ JC1 -+ JC0 with 
IC1 = is~s0 0d-m;) , K.o :::: íl\ ¡v· 

F\1rthcrmore, an exact sequence can be derived from the Koszul complex: 

· ·-> 1slfs0ílr (-mj) ~ flI' -+ nr lY-+ Ü. 

We consider correspont!ing exact cohomology sequences 

ll'(X,(ima )(t)) __, ll;(X, íl{(t)) ..!!., ll; (Y, íl~ ¡y(t)) __, H ;+' (X, (ima)(t)), 

ll ;(Y, (im1')(t)) __, H ;(Y, ílI ¡y (t)) ~ H;(Y, íl~ (t)) __, lf'+' (Y, (im,.)(t)). 

(25) 

lt is a purely technical practicc to prove via lemma l that undcr the given as­
sumptions the groups H;(X, (ima)(t)) , 11;+1(X,(ima)(t)), H; (Y, (im1')(t)) and 
ffi+l(Y, (im¡)(t)) are t rivial , i.e. e¡;• = ó o fJ is an isomorphism. 1 

Coro llary 2 J/ m :::: min{m1 ,m2, . 1mc} is large eno11gh then the restriction map 
cp' : Hº(X , nr) -+ Hº (Y, on o/ the global sections is a monomorphism in the case 
11 :; dim Y and is a11 isomorphism in the case µ < dim Y . 

Corollary 3 Lct X and T be as above and assume dim X > depth T + l. Then 
there exists a sm ooth complete intersection Y C X with dim Y :;: depth T + 1 and 
llº(X, ílIJ "' Hº(Y, íl f). 
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Proof. Because of the Bertini thcorem there are projectivc hypersurfaces H 1 , • • • , He 
with e= dimX- depth T- I such that for each j E {l, . ,e} the intersection 
}j = X n H 1 n H2 n . n H; becomes a smooth irreducible complete intersection in 
X of dimension dimX -j. One has to consider l j+1 as hypersurface of Y;. Then 
one gets Corr. 3 step by step via theorem 3. 1 

7 The sheaf ¡-¡T on smooth complet e intersections 

T heorem 7 .1 Let }" i; irN be a smooth irreducible pmjective ideal theoretically com­
vlete intersection by algebraic hypcrsurfaces o/ multidegree (m1, m 21 . , m e) (e = 
codim Y). A ssume 2 ~ m1 $ m2 ::; ... ::; me. Let T be a Young tabfeau with r boxes 
and with the colmnn lengths d1 ,d2 , . (O< r ~ d1 ~ d2 ,2'.: .) . 
Let µ ;;;;:. ¿~=! d; be lhe nu.mber o/ boxes inside the e front columns o/T (µ. $ r) . 
Assume again char(K) =O or char(K) = p > r. 
1/ depth T < q < dim Y - i' thcn H'(Y, !JT(t)) =O Vt E Z. (26) 

f/ q < dim Y - µ and t < r - q then H'(Y, íl"(t)) =O. (27) 

Jf µ<dimY and f. < r + rnin{ lengthT,m1 - 2} then H º(Y, 0 1"(t))=O. (28) 

Corollary 4 1/ ¡t < dim Y then Hº(Y,Or) = O, i.e., tite smooth irreducible 
complete i71tersection Y has no global T ·symmetric tensor differential forms dif]ere11t 
frvm zero if the Young tableau T has less than dim Y boxes inside its codimY front 
columns. 

Corolla ry 5 Jf codim Y < dim Y then Hº(Y, 5rn1 ) =O. 

Corollary 6 !/ r < dim Y then Hº(Y, /\r 0 1 ) =O. 

Corollary 7 !/ r < dirn Y tl1e11 Hº(Y , (01 )®r =O. 

Corollary 8 Let Z C ¡pN be a smootl1 irreducible afgebraic hypersurface. 
1/ depth T # dim Z titen Hº(Z, !JT) =D. 
lf deg Z < dim Z + 2 and char(K) = O then Hº (Z, (n1 J®r) = O Vr > O and 
Hº(Z , n r) = O /or each Young tableau T. 
Jf deg Z = dim Z + 2 and char(K) = O then Hº(Z, nT) ~ K in the case 
that the You11g tableau T is a rectangle witll exactly dim Z rows and H º(Z, nr) =O 
othenvisc. That means P¡ = 1 't/ f . 

Proof. The argumcnts are almost the same as in the proof of theorem 3 with pN 
instead of X , but iu this case we need in addition the fact t hat for cach matrix 
A E 1\1(T) Lhe Young tableau T'(A) can be embedded into t.he top-left of T . This 
cnsues from dc..- i ,; ~ d; 't/j E {1, 2, ... , l} . Therefore, the number µ(T'(A)) oí boxcs 
inside tite e front columns of T'(A) is lower than or cqual toµ= JJ(T). In particular, 



Tensor Differential Forms and . 127 

we use depth T'(A) = dc+i, 1 :::; ri1 = depth T . 
Corr.4 cnsues from (28). One obtains Corr.5 and Corr.6 from Corr.4 becausc of 
srnl = nr with depth T = l and A" n1 = nr = ffr' with length T' =l. 
Corr.7 ensucs from Cor r.4 sincc µ:::; r and (f11)®r = ffi nr. 

TED(r) 

Finally Corr.8 ensues from (28) with µ = depth T. That means Hº(Z1 n-r) = O if 
dcpth T < dim Z. In 1..hc case of depth 1' = dim Z one has 0 7 ~ or' ® wz ~ 
íl7" (nz) with nz = dcg Z - dim Z - 2 where the Young tablea.u T 1 arises from T 
by erasing thc first column of T (cf. (4)). 1 

Let. T be a Young tableau with r boxes. We make use of (19)1 (20) 1 (24) and (25) 
LO calculate the Euler-Poincare-characteristic x(Y1 íl~ (t)) for complete intersections 
V. For that purposc to the Young tablean Ta symmetric polynomial will be assigned 
which is a generalization of the familiar Schur polynomial {16J1 [17]: 
Let {y0 , y1, , y;v; z01 z1 , . , zc} be a set of two kinds of \'aria bles which we consider 
as ordered in t his way. Inscribing the elements of this set in to the boxes of T such t hat 
lhc clements inside each row and each column of T are monotonously increasiug and 
that t he y¡'s in eoch column as well as the z¡'s in each row are strict ly increasing onc 
gcts a so called standard scheme B. Let M a the monomial which is the product. of 
ali elements in t he boxes and Jet. Q(T,N,c) = ¿ Ms the sum of thesc monomials ovcr 

B 
all standard schemes. Then the po!ynomial Q(T,N,c)(Yo,Y1, .. . ,y;v¡zo 1 z1, .. ,zc) is 
symmetric in the y;'s as wcll as in the z¡'s. 
Finally we need the formal power series P(x) = ¿ (";~') · x~ = L: x(IPN, O(s)) · x~. 

1El • El 
An elementary calcula t ion provcs t hc following 

T heorem 7.2 lct Y e pN be a n-dimensional smooth irreducible complete intcrsec­
tion o/ multidegrne m 1, m2,. ,me ( c;:::: codim Y;:::: N - n ) . 
Then for eacl1 t E Z the Euler-Poinca1·e-charactcristic x(Y, nr{t)) is cqual to t/1e 
cocfficient o/ x' in the /onnal vower series 

¡'¡ (1- xm·). P(x). Q(1',N,,j (X ,"· ... ,x;-1, -x'"',-x'"', ... '-x"'• ) 
i= I 
(yo;:::: Y 1 = · ·. = YN =X; zo = - 1 1 Zt = -xm1 , z2 = -xm~ , . , Zc;:::: -xm•) 

llemark: It is possible to calculate completely tlie coliomology groups Hq(Y, nr(t)) 
o/ n-dimcnsional sm ooth in-e<lucible projective complete intersectio11s Y with coeffi­
cient.s in the twistcd sheaf W(t) of alternating dif/erential forms cvcn fo r arbitrary 
char(K) (ej. {6}, {13)). 
Moreover K-bases and explicit formulas for t he K-dimensions of these cohomology 
groups are known. It is shown that dimK H q(Y, íl'"(t)) depeuds only 0 11 q, r, l aud 
on the dimension n , the codimension e and the multidegree m 1 ,m2 , ... ,mc of Y 
and finally on char(K) . If not one integer m; is divisible by char(K) or if t is 
not divisible by char(f() t hen dim K Jfq(Y, Or(t)) is given by the same formulas 
like in the complex case. In the general case the formula depends 011\y on the fact, 
which of the intcgers m 1,m2 , . • ,me are divisible by char(K). A very simple 
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example i!:i a 3-dimensional quadric Y ~ IP''1 for which one bas Hº(Y, 0 2 (2)) = O 
in case char( J<) ¡. 2 and H º(Y,112(2)) s:: K in case char(K) = 2 . lt is 
shown that the Hilbert-polynomials x(Y, nr(t)), the dimensions hq(Y, nr) (without 
twist), h'(Y, O(t)), h'(Y, íl"(t)), hº(Y, ¡¡r (t)) and h"(Y, ¡¡n- r (t)) are indcpendent 
of char(K}. The samc is true for ali dimensions hll(Y, n r(t.)) if Y is a curve or 
surface. Note that for instance the birational invariants dimK H º(Y, fY ® w~) = 
dimK H º(l,., fY (s ny )) in general depend on char(J<). Far the vanishing oí the 
higher cohomology groups Hq(Y, fY (t)) with O< q < n and q + r #- n we received 
a purely arithmctical necessary and sufficient condition. 
Of course it was intcrest.ing t.o ca.lculate ali cohomology groups Hq(Y, nr(t)) of 
complete intersections Y with coefficients in the twisted sheaf íl'l'(t) of T-symmetric 
tensor differemial forms. 

8 The moduli space of a com plex projective com­
plete intersection 

Assume K = C The vector spaccs H º(Y, or) of global tensor differential forms 
are important siucc t.hey are birat ional invariams of Y . Now wc give a nice applica­
tion of a higlier cohomology group. For compact complex analytic manifolds V with 
ample canonical bund!e wv Kobayashi proved the fin iteness of t he group Aut(V) of 
analytic aut.omorphisms [26] . Narasimhan and Simha [32] showcd t hat the isomor­
phism classes of complex analytic structures on V form a Hausdorff spacc givcn in 
a neighbourhood of a particular structure V, by t he I<uranishi space of Vi modulo 
Aut(V, ). Finally by Serncsis rcsult on infinitesimal deformations follows that in the 
case of complete intersections the dimension m(Vi ) of this local moduli space is equal 
to dimH'(ll.,Tv,) [41[ , [42J. 
:•fow lel Y ~ ?"' be a smooth complex n-dimcnsional projcctive complete intcrscction 
of thc multidcgrce d = (d1 , d2 , .. . ,de) withcn 2::' 2 and d, 2::' 2 Vi (e = N - n). The 

multiplicit.y of t he canonical class is ny = L d¡ - N - 1 and one has w1" = Ov(ny ). 
i= I 

As usual !et o; denote the i-th elementary symmetrical polynomia l of the integers 
d1 , d2 , ... , de and !et s¡ = 2:}=1 d/ be the sum of t hc i-th powers of these intcgcrs. 
Fa r these u, and s; t.he Newton relations are known. 
13ecause of Serre duality ouc has m(V) = dimH 1 (11,Tv) = dimH•1- 1 (V, íll, (nv)). 
Libgober a.nd Wood [29] gnve the following formula for dimension of the moduli space 
component: lf \/ is not a K3-surface or a. quadratic hypcrsurfa.ce, thcn 
m(V ) = dim H 1(V,Ti;) = dim Hn- 1(11, n¡, (nv)) = 
= ¡ _ (N + l )' + t (N~d;) + t t (-J)i ¿; (N+d,-d.,--;:,,- .. -d•; ) 

i = l 1:: l j=I l <k1 <k~< .. <k¡$c 

where we set (,~, ) =O if k < N (k E Z). -

Thcorem 8.1 F01· each intcgcr 1· > 1 therc exist r lwmeomorphic smooth comvlete 
iritersection surfaces in the p7'0jective space p-ir-2 belonging in tlte mod1ili spacc to 
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componer1ts with i11 ¡mi rs different dimensions. 

Prnof. Taking c.g. the mnltidcgrees e = (26, 21 , 16, 12) and f ::: (24, 24, 14, 13) onc 
has the samc elemcntary symmet rical polynomials a 1 :;:; 75, o2 = 2054 of t hese inte­
gcrs and the sam e total degree a~ = 27 · 32 7 · 13. Let s > O be a fixed integer and 
considcr t.hecomposedmult idegrces dk ,i = (e,e, ... ,e,f, f , . .. , f ) (k + l = s). T hen ._,,_., ..____., 

k time• / 11me.r 
obviously the mult idegrees do,1 , d1,8 _ 1 , • •• , d,,0 ha ve the same propcrty. 
Actually, for t hcse multidcgrecs onc has a1 = 75 · s , u2 = 2 · (752 · s - 1517) ami 
thc sa.me total dcgrcc u,i. = 27' 328 · 7'· 13'. 
Let. ' '<1.: .1) t;;; Jr1H 2 be a smoot.h complete intersection surface of t.he mu!t idegree dk ,t · 
T he ex..istcnce of this nonsingular surfacc follows from thc Bertini theorem. T hen 
for each fixed s > O the surfaccs V(o,i )i V(l ,, - l)• . . . , \' (•.Ol have the same total degree 
dcg \f :::: ah , t he samc multiplicity of the canonical class nv = 71 s - 3, t hc same 
self-int.ersection number of the canonical class ci{V) :::: n~, · deg V 1 t he same topolog­
ical Euler charactcrist ic ( cf. [ 1, V .2 ]) 
e(V ) = [('"i') - (4s + 3)a1 + af - a2] · deg V = ~ (504 l s2 + !087s + 6) · deg \f ami 

thc same geomet ric genus v9 (V) :::: -Ú- ( ci(\/) +e(\·) ) - l. The iutersection form 
qv : H2 (\I, Z)®H2(V, Z) --+ Z oí such a surface \! is an unimodular i11tegral quadrat ic 

form. The signat ur T(V) of <]V is cqual to ! (CÍ(\/) - 2e(\/)) (}V is cven if and 
only if riv is even , i.e. if and only if .~ is odd [31}. The rank of any maximal subspace 
of H2 (V, Z) 0 11 which qv is posiLiv defini t is equal to 2p9 (\í) + 1. 1t follows that 
t he intersection forms of the surfaces \/(o,, )• V( 1,,_1)> •.. 1 \/(i,o) have the same rank , 
thc same signatur and the samc parity , i.e. t he in1ersection forms are isomorphic. 
Finally complete intersections are simply connected and by Freedman's result [19] wc 
have that the surfaces \/(o,s)• V(1 ,$- l ) .. . . , V(, ,0¡ are homeomorphic ( cf. [18J). 
On thc ot.her hand the dimc11si011s of thcir moduli space componcnts fon n a st.rictly 
monotonously increasing scqucnce. This easily can be proved using the formula given 
abovc bccause only a few binomial coefficients (N+d,-d~, -,_~~~-... -d~1 ) are different 
from zero. Set.ting r :::: s + 1 one has r complete intersection surfaccs 
\/(O,•)• V(l.•-1)· .. . , V(s,O) in t he projective space ¡p~a+"2 = p lr-2 wit.h the c\esired pl"Op· 
erties. 1 

In the samc way, t he following thcorcm about in pairs diffcomorphic t hrce-dimen­
sional manifolds can be proved. 

Theore m 8.2 For cac/1 inf.cge.1· r > 1 there exist r diffeomo17Jhic three-dim ensional 
complete m tersections in the projective space ¡p5r-2 belonging in the modt1li svace to 
component.s wit11 in pairs different tlimensions. 

P roof. ln arder to construct complete intersections l'c.1: ,t) s;, IP'5k+51+3 it is possible 
to use thc multidegrecs e :::: (451 35, 34, 21, 18} and f = (42, 42, 27 , 25, 17) having the 
so.me elementary symmet.rica\ polynomials u 1, a 2 , a 3 , a 5 • 
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This t ime Lhe multidegrees d0 ,.,, d1,,_ 1 , .•. , d.,,0 have in pairs equal elementary sym­
metricaJ polynomials a1, r:r2 ,a3 and the same total degree 22" · 35• · 52 ' · 72• · 17'. 
Thcrefore t he complete intersections V{o,a)i V(1,,_1)> .. . , Vcs,o) are in pairs diffeomor­
phic [28J Again the calculation of the integers m{\'{k,l)) shows the monotonicity of 
the corresponding sequences. Setting 1· = s + 1 one has r threc-dimensional complete 
intersections V(o,s) > Vp,s-1)• .. . ) \/(s,O) in the projective space ¡pSHJ = r 5r-2 with the 
desired properties. 1 

Fuquan and Klnus proved, that two 4-dimensional complete intersections are home­
omorphic, if and only if they have the same total degree, Pontrjagin numbers and 
Eulcr number !22]. 

Theore m 8.3 For· each integer r > 1 there exist r homeomorphic complex /our­
dimensional nonsingular complete intersections in the projective space p~r-2 isorno1·­
ph~m class o/ which lie in diffcrent dimensional components o/ the moduli space. 

P roof. !\"ow we considcr for instance the multidegrces e= (911 80, 70, 44,43, 32) and 
f = (88,86, 64,52,35, 35). It is easy to check that the total degrce (= 212 · 52 

72 · 11· 13 · 43) , the corresponding elementary symmetrical polynomials a 1 ,a2, a3 1 a4 

and therefore the power sums s 1, s2, S3, S..¡ agree. The samc is true for the composcd 
mult idegrees d0 ,11 ,d1,3 _ 1, . , d.,,o. Let V(k,l) ~ JlP6H 4 be a complcx 4-dimensional 
smooth complete intersection of the multidegree dk,I · The existence of this non­
si11gular complete intersection follows from thc Bertini theorem. Then for each 
fixed s > O thc complete intersections l'<o.•)• V(i .~-t» .. , lfca ,o) have the same to­
tal degree degV = 212s 525 · 7211 · lP · 13' · 43" , the same Pontrjagin numbers 
P2 = {(;) - r1s2 + 4(s2 2 + s~)) · deg V and Pi 2 = (r' - s2)2 deg V and the same 

Euler numbcr e=( (~;) - (';)sí + 4 (;')(sí 2 + sí) - kr1(sí 3 + 3sí sí+ 2sJ) + f.¡(.~Í 4 + 
6sí2 s2 + Bsí s; + 3s2 2 + 6s'.1) ) • deg V with 1·1 = 6s + 5 , si = s · s;. Thcreforc 
these complete intersections are homeomorphic. Note that they are diffeomorphic up 
to connected surn with a homotopy 8-sphere !22]. On the other hand thc dimension~ 
m(\l(.u¡) of their modu!i space components again form a strictly monotonously in­
creasing sequence. Setting r = s+ 1 one has r four-dimensional complete interscctions 
\l(o.11), V(l,i-1)• . . , \l(s ,O) in the projective space JF68H = !f'6r -Z wit.Ji the dcsired prop­
ert ies. 1 

R emark: Note t.1iat in each o/ the three cases and /or each fixed s > O the scquence 
o/ the bimtfonal invariants ( dimHº(V{k ,11-k), íl~• .• - "''(nv<•·· - • i )) )1;,,,o,i, .. ,11 is 
strictly monotonously increasing too. On the other han d these complete inte1·sectio11s 
have the same plurigenern P¡ 'r/ f /!O} . 



Tensor Differential Forms and ... 131 

9 Frobenius pullback of locally free sh eaves. 

!u the case of prime charact.cristic p > O there exist.s another operation to coustruct 
further birational invariants. Let s ;::: O denote a fixcd intcger and set q :::;: p$. For 
any locally free a1gebraic sheaf :F of rank m on manifold X t he operation can be 
dcscribcd as follows: Wc don't glue the free restrictions :Fu .. using the t ransit ion 
matrices Aa,fJ = ((Jt/3)) E GLm(K{X)) given by :F 1 but we g:lue them using t he 

t.rn.nsition m<it.rices A~'.~ := (( Uj,f)q )) taking the q-th powcr of each elcment of 
Aa,tl· From thc cornpatibility conditions Aa,.6 · A,a,., = .40 ,..,. we get via Frobenius 

nutomorphism thc equations A~".~ A~~~= A~;. Thus we have a locally free sheaf of 

Oy-modulcs wit.h thc same rank 1n whicl1 we denote by :¡:(•) or J-"1 ::;: ,F( t ) (F'robc­
nius pullback of :F ), :F" = :F(2 ) aud so forth. Ji.r) is always a subsheaf of S'tF. 
For line lmndlcs F ::;: C ( i.e. m = 1 ) one has .C(•l = SqC = Cq. 1t is easy to 

scc (T $ g)«l = :F(•I ED g(.J , (T ® Q)(•J = ¡-(•) ® Q(•) , (Í\ TJ(•l = Í\ T (•I , 

(S' T)(•I = S'T(•I , (f''/'1 = (T(•I).,., ¡-(o) = T , (:F(•l )(<J =¡-(.+ti fm· locally 
free shcavcs :F a nd g on X. 
In t he case p :Sr the sheaves :¡:( a) natura lly appear in t he treatment of thc symmetric 
power 5 r F : If for iustance rn = nmk(F) = 2 and p = 2 then 5 3 :F = F ® F' and 
there cxist shon exact scquenccs O --t :F' --t S 2 :F --t detF--+ O , 
0 --> g--> S':F-> (detT) ® .'F'--> O , O-> T"-> g -> (dctT)2 -> O 
with a subshcaf 9 of S'1F. 1f m. ::;: 2 and p = 3 then one has exact sequcnccs 
O_, T' --> S' T-> (detT) ® .'F _, O, O_, T ® T'-> S'T -> (detT)2 _, O. 
Tbc general situatiou scems to be unknown. 

If :¡:: is a s hcaf of gcrms of differcutial forms (e.g. F = !Y ::;: Á l'Y 1 W)' ' srnl ' 
(0 1)®r, or) t hen Hº(l",.F{ª)) is a birational invariant of l' for each s ;::: O. Cal~ 
culating those diffcrential forms we have to work with the q-th powers (d!)q of the 
differentials instead of df and with thc rules (d(fi h)r = J'i (dh)q + fHdh)q ancl 
(g,dJ. + g,d¡, )' = 9:Wtl'' + gj(dh)'. 

For the sheaf (ffl')(•J(t) 011 projective space or on smooth complete intcrsections 
oue can prove sorne t hcorems and statements simila r to the t heorems 2-5 , simila r to 
the corollarics 1-8 nnd similar to lcmma 2 '14]. lnstead of corollary 4 one has for 
instance the following gcneralization: 

If 11 < dim },. then Hº(Y, (nT)(')) ::;: O Vs ;::: O. 
T he rcason is that therc exist exact sequences of sheaves like for instance on thc pro· 
jccth'e space (cf. (18}) 

O_, (f!T)(•) --> 0(- rq)@bo -> 0((1 -1·)q)ª '' -> -> O((d - r )q)©'• ->O 
or for comple1c intcrsections the cxact sequencc (24) with another twist 

t (A) = q · t (g,, , (A) - u,,(A)) · "'• . 
¡.;} 

~!ore comprchensively we consider the sheaf (fV)(•l(t) on smooth algebraic hypcr· 

:mrfaces 1· C IP"' ¡t 1]. The dimcnsions of the J(-veccor spaccs H i (Y, (OY)(') (t)) 
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and Hi(~N, (np,.,. )(s)(t)) are calculated. Sorne exa.mples of algebraic hypersurfaces 
are given to show that. the birational invariants Hº (Y, .r<•l) are independent of 1,he 
familiar invariants [11]. 

The ground field I< is assumed to be algebraically closed with char(I<) = p > O and 
p > number of boxes of each Young tableau T appearing in this chapter. Remember 
q = pª (p , s fixed). 

We starl wilh thc projective space and set (:) =O if a< b or b <O (a, b E Z). 

Theorem 9 .1 Let S be the polynomial ring I</x0,x1, .. ,xNJ and let I , be the 
PGLN(J<)-invariant rmd irrelevant ideal (xg, x!, ... , x'Jv) with q = p'. Then /01· each 
r with O< r < N the _qraduated S-modules ,f zlr(PN,(1'Y)(s)(t)) and S/ls are iso­

morphic. The colwmolo9y classes ofthe cocycles ,g(o) with e}:,) ... ,;.= x~ºxf 1 ••• xc;.,;" · 
N 

(w;0 .;i)q /\(w1i,hr /\ . . /\(w;._¡,j,f and O::; a; < q Vj , ;~a;= t w;,k = *dt" 

/orm a K-bo:;is of W(~N, (W)1'\t)). We get 

H; (P'' ', (!Y)t•>(t) ) =O if O< i < N, O$ r $ N, i # r. (29) 

dimHº(~N,(W)i'l( t))= Nt' (-\)h'- l (N+l)·(H~+N) for 0<r$N, (30) 
j=<-r+I J 

dim W WN,(!Y)¡.¡(t)) = dim (S//,j1 = Nt'(-l)i. (Nt1). ( 1 -i~+N) =, (31) 
j:O 

N+1 
=;'fo (-l)N+l-j. (Nt'). e·';;J-') for o< r < N, (32) 

dimH,v(ll''',(!Y)¡,¡(t)) = t(-1)'-i (Nj1) · (i'¡,J-') for O$ r < N, (33) 
J=O 

N+i . N 
x(PN , (!Y) (')(t)) = f,; .. L [(-!)'_,_,. (Nj'). n (t-j ·q+k)J for o<'" (34) 

J=r+l k = J 

x(!I"' , (!l')¡,¡(t)) = f,; · t [(-1)'-i · (N+') · IT (t- j q +k)j for O< r < N. (35) 
j=O J k=I 

Proof. The Lheorem ensues from the Serre duality [39] 
dim H ;(l!'N, (!Y)('\t)) = dim HN-;(ll'N, (nN-•¡i'>(-t + (q - 1). (N + !))) 
and from the following e~sentially self-dual short exact sequence of sheaves on pN : 

o---> (w/» ---> E& or-•·. q) ___. rw- 1 /» ___.o. • 
(':') 

Corollary 9 For O < r < N we get 
H º(li'N , (íl' )(.¡(t)) #O if and only if t 2'. (r + 1) · q , 



W (PN, (íl')(.¡(t)) ;<O if and only if O ~ t ~ (N + 1) · (q - ! ) , 
¡.¡N(PN,(!Y)('}(t))-:/: 0 ifandonlyif l $r·q-N- 1. 

Remarks: 

• ForO < 1· < N the rlimemio11 dimHr(!l"",{ílr)(' )(t)) i.s independent ofr. 

• '/'he fli lbe1·tf11nction of thc grndunted S-module IS/!1 J i.s e<¡ual to 

E dim [S/ r~Jt. Z1' = ( \-_::• ( + I Therefore 
IEZ 

dimH 1WN.(íl1/'l (t)) = 'i:!dimH 1 (PN-l,(n' )'')(t -j)) i/ N>2. 
j=O 

• Jn tf1e spccfo/ case ll = O (ancl also for char(F<) =O) we obtain the well know11 
Bott formulas 
dim Hº(PN, íl' (t)) = (' ~' ) · ('~~~') if O< r ~. ' , 

dim fl '(PN ' nr(t)) = Ói ,r . Ót,O if o < i < N 1 o$ r ~ N ' 
dimHN(n'N,íl'(t)) = ('~') · (rf~;) if 0 ~ r < N 

Now set X = ¡pN , N ~ 2 alld \et Y C X be a smooth algebraic hypersurface defined 
by the equation F = O ( ld(l') = (F) , n = dim Y = N - 1 , m = dcg Y = deg F , 
wy = Oy(on-N- J) ). 

Theore m 9.2 Fo1· any smool.h hypersurface Y C ¡pN one has: 

lf (r < t, i + r < n) or (r > i, i + 1· > n) then H 1(Y,{0\, )(1l(t))::: O. 
!JO < 2r < n then lhe grnd1t1,ted S-modulc ,":2 Hr(Y,(íl}..)(')(t)) is isomorphic to 
the groduated S-mmfolc [5/ ((F) + l,)] , that means, 

clim ll'(l',(ílí, )¡.¡(t)) = dim [S/((F') + I,)J, for O< 2r < n . 

lf n < 2r < 2n titen .~z l:!''(Y,(íl\,)(•)(t)) is isomorphic to thc twisted grad'l.rnlc<l 
S-module [(l,' (F)}/ l , ](mq - m) , i.e., 
dim/JT{)",(fl), )(•)(t));:;; dim [(I~: (F))/J,j1+mq-m for n < 2r < 211. 

Proof. lly Serrc duality we gct. 

dim H'(Y. (íly}l<l(t)) = dim H"- ;(Y, (íly-')1')(-t - (m- N - l}(q - 1))) 
Thc thoorem will be proved using the short exact sequences 
o_, (íl:<J1'l(-m)--> (ílx)1'l --> (nx1vl1' 1 -->o 

o-> (n;:-')1.¡(-mq) --> (n:,1,, )1•l --> (íly)¡.¡ -->o 

with w~- ~(O~, )(•):! (OZ¡y)(~)(mq) e!! Ov((m-N - l )q) and (íl~,)(•) ~O\' · 

To calculatc 1.hc dimensions dim H;(Y, (íl}, )(')(t)) completely wc have Lo consider 
two cases, namely that 7J = char(K) divides or does not divide m = deg }". Let [~] 
denotes thC' highest intcgcr S ~ for each a E Z. 
In this papcr wc select some of thc results lllJ: 
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T heorem 9.3 AssumeO< r < n=dimY andletp= char{K) di11ide m = dcg Y. 

Then dim H'(Y, (n;, ){' '(t)) = dim [S/((F) + l , )l,_¡9Jmo if (O < i S r , i + 
r < n , i + r even ) or (r < ·i < n , i + r > n , i + ,. odd ). That means, 
under this condition thc graduated S-module ,'fzH i(Y, (ny )(•)(t)) is isomorphic to 

the twisted gruduated S-madule [S/((F) + I,))(-["f')mq). dimH;(Y, (n¡,)« 1(t.)) = 
dim !(Is (F))/ lsJt-/=F!Jmq- m if (O < i < r , i + r < 11 , i + r orld ) or 

(r ;::; i < 11 , i + 1· > n , i + r cven )1 i.e., .~zH;(Y, (ny )(•)(t)) is isomorphic to 
[(! , '(F))/1,)(- ["-;-• )mq - m). 

T heore m 9.4 Let O < r < n ami let p = char(K ) does not divide m = dcg Y. 

Tiren dimH'(l',(n ¡,){'\t)) = dim [(/, '(FH))/((F)+I, )),_19 1 ... , if(O < i < 
r , i+r <n, i+ r even) or (r <i <n, i +r>n , i + r odd). Thatmeans 
tl1c groduated 5-module '~'"Hi(l'', (íly)<•l(t)) is isomorphic to the twisted gmtluated 
S-madule [(/, (FH) )/((F) + J,)J(-[-'?Jmq). dimH'(Y,(n¡, ){•)(t)) = dim [(/, ' 
(F ))/((Fq-t) + I.)Ji-[~)mq-m if (O< i < r, i + r < n, i + r odd) or (r < i < 
n, i + r > n, i + r even ), i.e., ,:, H;(Y,(n¡,){•)(t)) "' i(I, ' (F))/((Fo-1 ) + 
l,))(-['-;- 1Jmq- m ). 

Example: tf p = char(I<) f:. 3, 5 then the following surfaces Y1, Y2 , Y3 C J.1»3 are 
smooth: }~ : xg + xf + x~ + x~ = O , Y2 : xi · x1 + xo · xt + x~ + x~ = O , 
};3 : xi · x1 + xo x1 + x~ · x3 + X2 · x~ = O. Since these hypersurfaccs havc the 
same degrec one cannot distinguish the one from tbe other using only conventional 
birationa1 invariants. For instance dimH1(lj, DY.(t)} is indcpendent of j (cf. í6], 
[13)) , 
The mu!tiplicity of the ca11onical class of Y; is l , i.e. , far instance the dimension 

h~(t) := dim Hº(Yi, (íl),; )(8)(t)) = dim Hº(lj, (íl)j ) (s) ®wh) is a birationaJ invariant 
of Y, for each integer t 2'.: O. Far p = 7,s = 1,r = 1 one has the values: 

10 11 12 13 14 15 16 
o o o l 16 60 136 
o o 24 68 140 
o 10 32 76 145 

17 18 
235 350 
236 350 
239 351 

19 
480 
480 
480 

Our c.xplicit formulas and thc exact sequences gi \'C the opportunity to calculate global 
scctions and elements of higher cohomology groups. Far instance thc di!Terent ial form 
xMx~ - x~) · (d~ )7 + xÓ(xÜ - x~) · (x2(di!)7 - x3(d i'!) 7 ) is a nonzero global section 

of (ílh)'1>p1) ~ (ni,3t> ®w~~ -
ln thc cases p = 11 , 13, 17,. we have similar situat ions. lt would be reasonablc to 
inspect complet~ intcrsections of hypersurfaces in thc same way (cf. f6J , fl3J) . 
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10 C hern classes of t he T-power of a loca lly free 
sheaf 

Let X be a ri-dimensional projectivc manifold and !et T be a Young Lableau with r 
boxcs and wit.h the row lengths l 1, 121 . . Then for every loca.JI y free sheaf :F {vector 
bundle) of rank m ~ depthT its T-power :¡:T is a locally free sheaf rank of which is 
gi,·cn by the formu la rk(FT) = fl (1=-f + l ). 

1::;i<j ::;m 

Let. c,(F) be t.he i-t h Chern class and !et c1(F) = ¿:,_0 e¡(F) ·ti denotes t he Chern 
polynomial of F. Onc sets c,(F) = flj~1 (l +a;·t) with virtual variables a 1, a2 , ... , Q.,,, 
thaL means c¡(F ) is equal to t.he i-th elementary symmet rical poly11omial of t.hese 
v<\riableso1 ,a 2 , •.• , om [23). 
The Young tableau T defines a uumbering of its boxes by the intcgcrs 1, 2, ... , r. I\ow 
one gets a so called Youug schemc by iuscription of the index numbcrs 
l, 2, ... , m (m = rk(F)) int.o t.he boxcs of T . T his Young schemc is called a standard 
schemc if 1 he en t ries inside any row of T give a monotonously increasing sequcnce 
and thc ent.ries insicle any column of Tare strictly monotonously increasing. It is well 
kuown that t he number of standard schemes is equal to rk(FT) [2 1]. Let MT be 
the set of ali these standard schemes Sr. 
Wc set asT := L:=t <Lj., with t hc virtual variables a1,a2,. 1 0 1111 whcre Jv denotes 
thc cntry in the 11-t h box of the Young standard scheme Sr Uv E { l , 21 •.. , m} lr/11). 
The following cquation far t hc Chcrn polynomial of :f'I' can be proven making use of 
thc so called splittiug principie [15], [23]: 

T heore m l 0. 1 c1 (:FT) = fl (1 + asT t ) 
S·1·EM•r 

Thc coefficient of t.i al thc 1·ight side is a homogenou.s symmet.rical ¡wlynomial of 
thc virtual uariablcs a; , -i.c.1 the Chcrn class ci(.:FT) o/ ;.-r is a quasihomogcnous 
volynomial o/ the Chem classes c¡(F) of F. 

This way we are able to ca!cu!at.e far instance the Eulcr-Poincarc-characlerisLic 
x(X, f'); dcg ( ch(J"7') · t.d(T) ),, (Riemann-Roch-Hirzebruch , [251) 
with thc cxponent ial Chern charact.er ch(P) and with the Tod<l class td(í) of 
t he tangent bundle Ton X. 
Prirnarily we are ini.erested iu t.he case of the cotangential bundle F = n 1 sincc for 
cach Young tableau T t he dimcnsion dim Hº(X , f!T) is a biratioual invariant of the 
manifold X. For projective complete intersections X of algebraic hypersurfaccs the 
Chcrn classcs of t he Langent bundle T and with it of t he cotangential buudle n1 on 
X are dcfined by Hin~cbrurh [24]. 

Recei ved : J une 2003. Revisad : September 2003. 
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