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ABSTR.ACT 
Wro consider the mitial-houndary-valuc problem for the thrce-dimcnsional, 

Sobolf'\'·1\·pe rquatiou \\•i1 h sourcc. Und<'-r sorne <"ond1tio11s, thc 1hcorcms 011 
blo,..-up oí solut1ons nt ílnltr ti11H' of this problc.m are obtamed. T wosidcd csti· 
mate- for blowmg-up ru c clerivNI. 

RESUMEN 
c._n~d 'l'amCJ.'l r l problema de valor inicin.l de frontera para la ecuación tridi­

mf'rwnnal dr upo obnlc \• con fuente. Bajo ciertas condiciones, los teoremas en 
blowup" de !'!Oluciones en t i11111po finito de este problema son obtcmdos. Esti­

llll.\(1l'Uf"I b1hu~ralrs para " hlowing-up~ son den nulas 

K~y word1 11nd p hrnsc s: blow up, Sobolt.v t~pe: cqt1ohon, p•t,udoparabolic 
rquallor11 nonlintar equat1on, breokmg o/ wauc1. 

\1ath uhj. C l11!111.: 3SM20, 35838, 35005, 3SK10, 3SKS!i 

1 l'hll • :wk • ..,. IJ>POrl.t'd by t trn H UMil\n Foundaiion for Bucle: Retearch, projC<'t nos. 02-0 l -002á~ 
1'ntl O'l·Ol-OGO: Tbr autho111 art• grl\lllÍul to proíeuor Ovthmniko\- ,\ V for uscful discusslons. 
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1 Introduction. Statement of problem. 

In this paper, we obiain suflicient conditions for the blow-up of solutions for thc 
following initial-boundmy-valuc problem for the following strongly nonlincar Soholcv 
Lypc equation 

8 D/u.¡q-1-I .., 
8t (L>u - u) + o;;;--+ ¡,,¡·•u = O, • 1811 =O, u(x, O) = uo(x), q >O, (1.1) 

wherc a bounded dornain n e 1R3 has smooth boundary of dass 8íl E (:(2•6>, ó E {O, 1), 
and (x1,z2 ,x3) E íl. 

This problem has a physical meaning and its derivaLion is cxplaned in ! l J. 
Sobo!cv wavc-typc equations were studied in [2]- [lO]. ln thcsc papcrs, initial­

value, initial-boundary-valuc, and periodic-valuc problems wcre consi<lcred; sorne 
results on thc global so!vabi!it.y, the asymptotic bchavior as I ~ +oo, Lhe stabil­
ity of ua\"clling-wavc solutions, scattering theory for the one-dime11sional and f\­
dimensional Benjamine-Ilona-l'vl achony-Burgers equations werc obtained. 

F'or problem (1.1), we obtain thc blowing-up results for strong gencralizied solu­
tions and deduce t.wo-sicled estimatcs for t.he blowing time. Morcovcr, for problcm 
( l . 1). we pro\"e the brcakiug of "wcakcued" solut.io11s and we obtain an upper cstirnat.c 
for thc blowing-up Lime . 

. "otc that our technir¡uc is ;"l. rnodification of the well-known Levine concavity 
method l l IJ. 

2 B lowing-up of strong generalizied solut ion of 
problem (1.1). 

Defü1itio n l. A stroug geucrnlizcd solution of problern (1.1) is a solution of problcm 
{l 1) in the cla.-;s C (ll([O, T ]¡ JH!ó(íl))1 wherc Eq. (1.1) 1 is considered in thc sencc 
H- ' (!l) for a li t E [O, T ]. 

l t is easy to prove thnt iu t ite stroug sence problem (1.1) is equ ivalent to the 
following integral equation 

' 
/ 8iul<+' 

u(t ) = t<o + dsA- 1 ~·(u), u0 E lllló(íl), F(u) =o;;;--+ lul''u, 
o 

whe1c A- 1 : H-1(íl) ~ !Hló(íl) is thc inverso operator to the operator -í::l + l. 
Denote by 1/ 111 the norm in the Hilbert space ~(íl) . 
l"sing t he contratt ion operator mcthod in the srune way a.sin [12] wc can l'asily 

pron~ the following theorC'm 
Th o re m l. l<t q E (0,2). Then for all u0 E flló(íl) , tlu:re e.rist maximal To> O 
such that problem (1 .1) have a 1mique maximal solution m tht clcus 

n(x,t) E cPl([o, To);ff,\(!l)), 



wlwre c1tl1er To = + or T0 < + and i11 thc case whtm To< +oo, the followinf¡ 
r11iiality hold.1: 

}-Pr1:11) 11u1!1= +oo. 

In this sect.ion, wc pro\•e t hat undcr Lhe conditions oí Theorem 1, the quan tity 
To> O i· fini1 e. 
Lcmnm l. Assumc ll111l ~l· (t ) E C(2l{O, T0 ), for some maximal To > O, is maxi.mlll 
m tJw .,erice 0111t eif.lie1· To = +oo or To < +oo and m the ca.se when To < +oo, !.he 
/imit equalrty 

(2.1) 

Jwlds Morcouer, risstnne tlwt for llll t E !O, T0J, (l>(t) > O and cl! 1 (t.) > O, an1l 1.lte 
ordiriary dtffcrentiaf nwr¡uohty o/ second-order 

11," (I• - a(1l)1
) 2 + ¡11:> 1~' ;::: O, t E [O, T0), o> 1, 1' >O, (2.2) 

nnd the mcqualtt;y 

(2.3) 

T,: - ~ I n ( 1- - 1-!2), 
¡ cr-1 IP1 

(2.4) 

rmd tl1e l1m1t eq1rnlity (2.1} holds. 
P roof. Oi\•iding boi.h sid~~ of ineqmtli~y (2.2) by the function iI> 1+e1 and performing 
simple transformations. we obt.ain 

(i) +1i~o. a> l , p o. 

LcL us introduce 1 he notat.ioi 1 

et>' 
r(t)=;¡;;;· 

Thcn for the function I"'(f.) 1 Ll1e following inequalities are \'3.lid: 

' ' <t>' r (t) + f(t) ~ o, l (t) ~ r,oxp(-11), ;¡;;; ~ l'oexp(--yt), 

l 
( ll > -----------~ 

- [ Jl/(a- 1) · <JiÓ- 0 - foª; 1 P -exp(-yt)J 
(2.5) 

Wc l\SSumcd lhe íulfill rnent of inequulity (2.3)¡ thc.n (2.5) cannot. be ' 'alid far ali 
t E R~. l\'anwly. t herc cxi~ts To S T 2 such lhat the limit. inequality (2 .J) holds, 
wherc T 2 :..s defin d by Gq. (2.il). 1 
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Now lf't us prove thc main res\ilt oí this section. 
Theorem 2 . lf for proOlem (1.1} tite f olfowing conditions are valid: 

11"º11;¡:~:i>ll Vuo lll + 11uo111. q E (O, 21, 

then /or all t10 E IHló(O:)i the maximal T o o/ Theorem 1 is fi11ite ancl, hcncc, the 
following limit equality f!dfill: 

lim 11u111= +oo. 
tfTo 

Moreouer, for the time of blowtip o/ the solution of problem {1.1), tite uvper estimfltc 
To~ T2 is 11alid (Inri the fowm· etimate T 1 ::; To u11de1· additional conditio11 q E (0, 2] 
holds, where T 1 and T2 are defined as /ollows: 

T, = __ !_ In (l _ 11 Vuo llJ + 11 uo 111) , 
~ q+I Uuo11;~:!a 

T = l l 
· I 2r¡Ci'+2(fl ) 1/1 Vuo 111 + 11 uo lllJ" 

C1(0 ) is the best cu115tant of the embedrling lfiló(D) into L 2q+2 (íl}. This embetli11g is 
valrd ruu/er additional condition q E (01 2). 
Proof. Thoorem 1 impl ie~ that for problem ( J.1) under the condition 110 E IDJ(íl), 
there e."<ist maxirnal To > O such that for ali TE (O, To) there ex.ist a unique maximal 
solution u(x,t) in thc class u(:r,f.) E C( 1>([0, T );Il!Q¡(íl)). Therefore, we can mulLiply 
Eq. ( 1.1)1 first by u(x, f.) and theu by 111(x, t) with respect to the pairing betwccn the 
Hilbcrt spaces l!fó(11) and IHJ- 1 (íl). Thcn integrating by parts we obtain the following 
cncrgctic cqualities: 

(2.6) 

(2.7) 

Let us introduce thc function 

•P(t ) =11 Vu 111 + 11 u lll · (2.8) 

T he following chciin of inequatities holds: 

l ¡ d·~ ¡' 1 /' 2 ' ~ dt S ¡ dx [('7"1· Vu) + (u.1, u)] S (11Vu,111+11 u, lfl) (11 Vu JI,+ 11u11,) 

$ <f> (11 Vu, lll + 11 U1 lll) · (2.9) 
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n the thcr hnnd , 

2 . 1 " l ' '2 1 1 1 lll(q+l) 11 vu, lb+ 11 •" lliS .¡ (q + l ) •I> + :¡< 11 vu lb-:¡¡: 1 u 2( o+ 1) 

$ •l (q ~ ! ) '~" + ~ [11 vu' lll + 11 u' lll] ~>1>', 

( ' ) ' 1 .. 1 ' 1 - :¡ (11 Vu, lll + 11 u, 11,) S .¡ (q + l) >l> + ;¡;4' • (2. 10) 

for ali E E (O, 2). Fro1n (2.9) and (2. 10) it.. follows thai.. funrtion cJ1{t) satisfy ihe 
d1fforl'ntinl in c¡ua li1 y 

-- ,,, < ( 1) - - lll + - <l> 2 - E 1 'I' ( l " l ' ) 
- 4(q + 2) ~' 

i,hcrcíore 

.. ( ' )' ' (2 - <)(q + l ) q + l 
1(l1fl - o 1fl + ') il"I' ~ O, a= 2 . ¡ = -,-, €E (O, 2). (2. 11) 

\\le set• thnt 1h funct.ion cl?(l) under the additional condition 

(2.12) 

:mtb;fy a.11 conditions of Lern111a 2. Note t.hat inequality (2.12) contain t.he variable 
e E (O, 2). Thus, our ni m is to ob t.ain optirnal condition of Lhe fon n (2.12). F'or t ~ his 

oim. v.-e mu:it fiud 1.hc urnximum of the fu nction 

" - ' (2 -<)< 
!1 (<) = -7- = -2-. 

T his íunc ion has t.hc ma.ximurn al t.he point to= l and its value is / 1{e:0 ) = 1/2 nL 
lhi:J poim Thus, cond it ion (2.12) t.1t.kes the form 

by dt!finilion of the fu nct.iou 1!1(t) , this implics thc first paít of thc T heorem 2. 
t"ov. , let us obtain est. ima!.cs for t.hc blowing-up time of píoblem ( 1. 1). 
For probl(>m (l.I) thc fo!lowing cncrgy inequnlit.y holds: 

~* (11 'Ju lll + 11 u lll) =11u11;:¡; · 

F'rom 1hi..c; for 1he funcLion 

<l> (t) :11 Vu lll + 11 u llJ; 

(2. 13) 
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it follows 1hat thc tlic incquality 

' 
••(l.) ::; ·~(O)+ 2c;•.,(n) j 11.1••+• (•), 

o 

is valid. Here C1 is the const.ant of the best embedding 1111 /12 11+2$ C1 (O) IJ \7v 1'2. 
This embedding is valid 1mdcr t.he additional condit ion q E (O, 2]. From the last 
inPq ua li ty b.Y GronwaJl-IJcl!man theorcm wc have 

>!> (O) 
•l• (t) :S l /q 

[1 - q2Ci'+z(!l)<P•(O) t] 

and, therefore. 
J 1 

T , = 2qC¡'+2(!l) 111 ""º 111 + 11 "º lllJ'' 
which is what was rcquircd . 

3 Breaking of the class ical solut ion of t he problem 
(1.1) . 

To prove the brcak ing of the class ica! solu t.ion of problem (I. 1) wc must show that 
thcre exist maximal TO > O such that thcre exista unique maximal classical solution of 
problcm (1.1 ) in 1he class l(;P)([O, TJ; iCPl(ñ)) for all TE (O, Tó}- Thcn by blowing- up 
result s of Theorem 2 wc obtain O< TO$ To$ T2 < +oo, and, hcnce, 

liJn sup /\lu(x, t)I = +oo. 
'1'1'!'0 tEfO,T ),:rEO 

Thu::.. at sorne momem of lime T 1j > O, the quantity 

becoms infinitC'. 

•uax l\7u(x , t)I 
rEi"f 

(3 .1) 

Lct us givC' thc definiiion of thr " weakened" solu tion o í problem (J .1): 
D cfiniti o n 2. :\ cla.ssical solution oí problem (1.l ) is a solu tion ti(x, t ) of thc relat ccl 
with tht> problern ( LI ) doubly uon linear integra./ equation 

' 
u(x , t) = uo(x)+ j ds j dyG(x,y ) ¡a1u1;;,(y,s) + l"l''u(y,s)), \f t E {O, T], (3.2) 

o n 

m 1he das; u(x, I) E C('l([O, Tl;Clll(ii) íl C.(i'i)) for somc T >O, • ·herc G(r,y) is 
tht> GrC'f'n'.!. íunction of tite first bomiary \'a.Jue problf'm for the operator -6 + 1 in 
thf' domain n 



On blowir~g-up oí \ohuions o í Sobolcv-Lype cquauon with sourcc 63 

1t 1~ oh\ ic .. b· l)rn1 írorn drfin it ion, for thc exislencc of th(' classicul so lu tiou t.he va­
luHly oí thf' íollowing rouclit ion 0 11 t hc in it.ia l function b uC'Ccssary: ti0 (x) E 
C'"llllnC.1íl) 

l '"' k1 u~ f·xplain t lw ronn ction bctwcen strong genc.ra.li1..ed A.nd classical solu­
t ion .. ní probkm (1. 1). ¡\ ~ \\'<1 iULv(' shown nbovt•, th<' problcm ( l 1) is cquiv11 len1, in 
th1• 111ro11g ti• 1u1• to t hr following intcgrnl-oprrntor <'<¡uation 

' 
u(t)::: u0 + J dslt. 1F{u), uo E~. 

o 

whrrr tht· op<>rntor A- 1 : u-1(íl)-+ ffó(íl} is thc inn•rse LO t.hc opcrator - 6tt + u: 
HJ.(O) ~ n 1(0). ll is clr11r t hnt. t he rcst.riction of the operator A 1 to thc Ba nac:h 
spnn· C 1 i"i) roinl'ids wit h t hc i11t t'gro.I opcrator 

X= j tlyG(x,y)-, 
n 

wht·rf' 0 han'" 1tmooth bound11ty 80 C(2,6), 6 E (O, l) Thus, wc couclude Lhnt. t hc 
rll.\.'I. irAI !talution of problcn1 ( J. !} is a st r ng gencralized solution oí problc1n (1.1). 
T heorem 3. Por a.lf 110 E C0 l(O) nCo(i'í), there c..rist manmof T(j > O such tlwt 
thnr ,.ruto umque moTmwl rlossicof sofution u(.r,t) o/ probfl'm ( J. I } in U1e class 
u(r. I) E C "(jO, 1 J; C(ll(fl) n Cu(lí)) foro// T E (O, T0). Morcover, c1fhei· T0 = +oo 
or IO < + . and m lh f' las!. 1·r1.~c. rclatwn (3. 1} hold• 
P roor. ay ht cxpliciL ÍOl'l ll nf tlic G reen function for thc opcrator - 6 + n, WC have 

( exp(-lz - yl) 
G(x,11) = ~(x, y) + 4rr 1, _ ul , 

wtwrt' "(r 11) E Cll)(O' x TI). ThC'n th(' following relation holds: 

sup / l'J, G(,,y)l dy = C < + 
''º n 

(3.3) 

(3.4) 

'Ihu", •-e ma,· 1m<'grnt t~ by parl'! in t.hc integral equation (3.2) and obtain rcla tion 

' ' 
u(r t = u.(r) + J d.• j dyG(x, y )lul''u(y,•)- J ds J dyG;.(r ,y )lu l<+'. (3.5) 

o n o n 

Lt' u~ mtrodun· lhf> Op<'ialor 

' ' 
U(u) u + j d" j dyG(x,y)lul''(y,,) u(y,,)- j ds j dyG;, (L, u)lul'+ '. (3.6) 

o n o n 



1\!I. O. Korpusov and A. G. Sveschnikov 

Wc shall prove that opcrator {3.6) acts from C(Ch) into C(Q"T ), where QT = (O, T) x n 
at somc T > O and 

11 v llT,o; sup lvl 
tEfO.TJ,:i:en 

is the norm in the Banach space C(QT)· 
Let us introduce the notation 

U.(u) ; j ds j dyG;,. (.r., y)iul'+1, U2(u) ; J ds j dyG(x , y)lui2'u(y, s), 
o o o n 

Lct us pro\'e that. each of t.he opcrators V;(u) act form C(Ch} to C(Ch). 
Consider the operator 1V1 (u). We have 

w;,(x,y)EC(fl X fl), 

_!_~ (exp(-lx - yl)) ; _!_X¡ - y~ exp(-lx - yl) + _!_X¡ - 111 ex (- lx - '1) 
4" liy, ¡, - vi 4• !x - vi" 4• lx - 111' P Y · 

Then we can rcpreseut Lhc oporat.or ILJ1 (u) in the form 

whcre 
1 

1,; j ds jclu1/1;,(x,y)lul'+1(y,s), 

o n 

' 1 ¡ ¡ . exp(-jx-yf)x1 -y1 q+ J 
1'; -1 "" dy 1 12 1 11"1 (y,.o), • ;r x-y x- y 

o n 

' 
1 l ¡ 1 ¡· 1 exp(-lx - yl) X¡ - y 1 I ¡.+• ( ) 
3 == :¡; ( ~ < !J lx - yj lx - YI u y, 9 • 

o n 

Lct us prO\-C that J1(x,t) E C(QT) · Indeed, for all (x,l) and (xo,lo) from QT the 
following incquality hokls: 

11, {r, I ) - 11(.co, 10)1 ~ /J ds j d¡Jl¡/1;, (x, y)liul'"1/ + 

'• o 
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wlilrh, h) llu· conomnt.y of \',' ,(r,y) E C(ñ x ñ), we inunediately implies tlrnt e11ch 
of th1· 1nm m 1hP la.'it 111t.'t¡~rnl i ly is lrss than c/2 under the add itionnl condition 
J.c .r0 f t ,t t0 [ < ó(!} for ~uílkicnlly small ó >O. Therefore, l1(:r, t) E C(lh). 

Let ti-. prm1• 1hn1 12(.r,t) E C(t¡r )· lndced, for aJI (r,t) a.nd (xo, lo) from Q,., thc 
folluwmi mrt¡un.ln i~ h Id: 

1 IJ' J exp(-tx-vl) +<( )1 l,(r.1) - 1,,,,. 1,)t - 4~ ds dy ir - vi' iul' y,' 

'º n 

+ 1 ¡' d. ¡¡ dy [•'Tl-lro . ul) ·'<0 - Y• _ xp(-lr - vil'' - Y< ] tul'+' (y , s)I 
,, lro ul' lxo - YI ¡, - vi' lx - YI 

o n 

~ 1:11 + l'.22· 
Lf.1 u: t-on,idt•r ~rpa.rnl('\y cneh of thc tcrms of thc relntions for t hc q1wntity 1 ~ 1 

n11d 1 In 1~ lt·,s than !/3 undrr the condit1on lx - .r01 + lt - loJ S ó(e). Now wc 
nms1drr In. \ s~unw thm u(.r , I) E C(l'.h) a.nd lu(.r,t)I S M(T). By virtur. of thc 
11t1uid.url sdwmt' uf prnfling 1 lu• continuity f potcntial-type integrals we havo 

lln(r, ro, l, lo)I ~ ~l (T) ¡'º tls / dy ¡•xp(-lro - yl) + oxp(-lx - yl)l 
Izo - YI' lx - 111' 

O O~(z:o) 

+ l(T ¡'d.• j ¡•xp(-IJo-ull«o-Y< _ oxp(-lx- yi)T, -¡¡,, 
ko - vi' lro - YI ,, - YI' I• - ul ' 

O 0\0,,{ro) 

'Thf' 6?"\l terrn ls les.s 1han e/3 for sufliciently smaJI r¡ . In the second tcrm 1 thc in ter­
grnnd i:o1 uniformly continuous i11 t hc closcd domain l.r -.r01 S r,/2, 111 - xol 2'.: 1¡ , y E ñ 
nml the mtegrand \'Rniches llL Lhc poi nt :r = z0. Thus. the integral is lcss than e/3 
fo1 nll .r - .rn + t- tol :f ó(e) fa r sufficiently small c5(e). ll cnce1 J2(T, l) E C(Q.r). 

lt ... drM tluu w(' tan sim il nrly provc the inclusion 13(z, t ) E C(QT)· Therefo rc, 
W(' pro\ that 

u,(u) , C(Chl-> q l::h). 

' 
U1(u) = / ds / dyG(r,y)iul''u(y,•). 

o ll 

l'~in11: d:l'" prOJ"f'1l<'S of th(' Creen functíon 1 wc obtain 



Hcucc, thc operntor U(u)(3', 1) <lefi ncd by formula (3.6) , acts from C(i:J.r l 10 C(Ch). 
Let Bn. be a closcd 1 bounded, convex set in the Bauach spacc C( r) : 

11 = {v(x, t) E <C(Q.,.) ,11 u lb·= ma.x lu(x, t) I $ R} . (3.7) 
(z,t)EO"T 

Let us pro\·e that for sufticiemly smal l T > O and under sufficiently large R > O thc 
operator U acts from !fin to IlS1t and t.his operator is comractive on Bn. lndecd , 

under the condition l/ 110 ¡¡,,:::; ll/2 and O< T :S 2- 1(CR2q +CR") - 1 . Hencc, for sorne 
suffkiently smaH T > O Hn d ~ uf!lcient ly Ja rge R > O, the operator U acts frmn lli1t 10 

!In. 
Let. us prove Lhc cont ract.ivity of t he opcrator U(u} on Bn far suíliciently smnll 

T > O ami sufficiently large R > O. Indecd, 

11 ve ... ) - V( .. ,) lh·$ T (CR2' + CR') 11 .. , - "' llT$ ~ 11 u, - u, 11-r, 

undcr thc condi tion O < T $ 2- 1 (Cll2q + CRqr 1• Thus, thc operator U( u) is con­
tract1vc on 3R. 

Thercforc, undcr t hc condition u0 E Co(íl)i therc exista uniquc sol ution of thc> 
intchral f'C¡ua1io11 (J.ti) i11 the rlass C([O, TJ;Co(ñ)) . 

Assume that 110 E c;(ll(ñ) íl!Co(íl). Wc shall prove that thcre ex ist a uniqut' 
«olullon of the ;ulegra l cqunUon (3.5) ;11 <he class q¡o, T);C(ll(ñ ) ílCo(ñ)). 

For lhis, WC consiclcr LIH· Bm111ch space cno. Tj;C(ll(fi}) with norm 

11 v ll-r.1 =ll v lh".o + t 11 -88x" llT,o, 11 v lh.o= max lv(x, t) I. (3. ) 
'""¡ 1 (:r, l)EQT 

L<>t m1 pro\'e that thc opcrntor 

' 
U(u): "º + j d., j dyG'(x,y) [ Oluf~'(y,s) + lul''u(y,.•)] , 

o n 

"" from q ¡o, T); Cl1l(i1)) 10 <C([O, Tl;C(ll(ñ)). For th;s, "" US<' the fac< that 

1 exp(-/x -vil 
G(,.,y)='li(x,y)+;¡;; lx-yl, 

.,lwre '-'~,( .e.y ) E C(ñ x ñ). L(•! us reprcsent the opC'rator U(u) in thc> fonn 

IJ(u) = "º + v, ( .. ) + u,(u). (3.9) 
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wlwn• 

!' J [ª'"'''' l U, (u) = dy~(z, y) --ay;- + iuf'<u , 
o n 

u,(u) - ..!... ¡' J dy oxp(-1• - yl) ¡a1u1••I + lul''u] . 
·I• I• - YI Oy, o n 

Sinrt• <(z.v) E C('l(ií x ií), tite operntoc U1 (u) am írnm C([O, T);C( ' l(fi)) to 
C((O, 'T);C"l(íi)). 

Now lri. U!I ronsid1>1 thc operntor U2 (u). Similarly to the ab0\1e argmucuts, we 
rnndmh• 1hn1 1lw oporn100· !!,(,,) ncts írom C([O, 'T);CC1l(ñ)) to C([O, T); CCol(i'i)). 

Let U'\ im rodurc t h<' followiug closed, boundcd, com-e.x set. in t he Bunach space 
C((O, T);Clll(lí)): 

"' : {u E C([O, T);Cl ' l(ñ)) :11 u IJ..TS R} , 

whrrc thr· nmm is deflncd by (3.8). Jt i8 ca.sily to pro,·e thal the operntor U(u) nds 
frnm IR to B1n ancl it i!I conLructive on B1n for suffici ntly smaJI T > O and at. some 
fft1 ílidt>11tly lnrgC' R > O. l ndcecl1 

11 U(u) llo:r S ll ·uo llo:r +CT 11 u lll~i +CT 11 u lli~i" 1 

:511 tlo111.T +CTnq+I + CTR24+• $ R, 

undcr th<· condition ll u0 lli :r $ n /2, T $ 2- 1 (CR' + Cll2'>- 1 _ 

Lct WI prCM' thc conlrActivity of t.he operator U: 1n ~ But· Wc note t hat., 

11 U(utl V(u,) lli.TS '11"T 11 u,-u, llt:r +CR''T 11 u1-u2 lli .TS ~ ll u1 -u2 llt:r, 

undN the rondition T :5 2 1 (CR(I + CR2qr 1• Hencc, the operator U: 8 11\ -> Bm is 
l'Olllr;\Cli\'l' 

t:~:nng thc i.t.."Ulchnd algorit.hrn of cont inua tion in time oí solutions of Lhe integral 
1•quntion (3.2), WP SC<' thnt t.ht•rp xist mnximnJ TQ such that. lherc cxist 11 uniquc 80111-

llmo ol Eq (3.2) 111 1hc class C([O, 1'l;C(ll(i'!) ílCo(l'!)) íoc ali TE (O, T0). Moo·covcr, 
C1il ht•r T¡, = + or fQ < +oo, und in the la.st case, the limit e<1ua.liLy (3. 1) hokb. 

Thu~. thC're CXÍ!U 8 u11ique solution ar the integral equation (3.2) in thc class 
C((O,Tj;C ll(!l)ílCo(lí)). From t ite explicit íocm oí Eq. (3.2) il easily íollows that 
lhr ,oJution lx·long 10 llor clru;s C(ll([o, TJ;C(ll(lí)ílCo(ií)). 

Thu \11.t· hrwe provf'd 1 ho uniquc soh·ability oí the "weakcncd" solut.ion of problcm 
( l.l l in ltu ~nC't• of 1hc rldinitio11 2. 

1 
.'io:('. th;u the> initin.I nonn on t hc Banach spa.ce C((O,T);Cfll(ñ)íl!Co(ñ)) far 

bounded doma.ins is equivak·nt, l ó t hc norrn 

(3. JO) 
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As since a classical solutio11 of ])JIOblern (1. 1) is a stroug generalized solut.ion of problcm 
( 1.1). Theorem 2 wi th the nddi.t ional condit.ion 

ll "olli;¡;>ll\l"o lll +ll uolll 
implies that Lhere exist time interva l O< To$ T2 such t hat 

ü~~! 11 \7·u u~:::; +oo, 

where 

T· _ _ _ 1_ 1 ( 1 _1/Vuol/J+lluo l/l) 
:l - r¡ + .1 ti u U(I Ui!!i . 

T hus, for sorne mamen t. of bime Tó ~he inequalit ies O < Tó $ To $ T z hold. T hereforc, 
fa r sorne finite time T1j , the dassic.:a l solution of problem ( l.1 ) breakes: 

~-~l.I·~ 11 ti u;.:::; +oo. 

Recei ved : Ju ne 2004 . Revised: September 2004. 
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