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ABSTRACT 

\\'e givc 11 vcrsion of Erhliug's ine<1unlity for LP-Sobolc'' spaccs H'·" on IR" , 
- < a < oo, 1 ~ p < oo, and U&! it to cstablish a:n analoguc of thc Agmon 
Doughs-Nirenberg \ncquality for pseudo-diffcrcntial operators perturbed by sin­
guW polcnlials 011 L''(IR"), 1 < p < oo. Applications to csscnt ial spcctra of 
l*f:UdG--d1fferential opemrnrs and strongly continuous one-parameter semigronps 
gcncrated by pscud()-differential operators on L"{!R" ), 1 < p < oo, are givcn. 

RESUMEN 

Enttl'.'gflmos una versión de la desigualdad de Erhling para espacios L"-Sobo\cv 
H' " cu lll" , - oc < .~ < oo, 1 :$ ¡i < oo, y los usamos para establecer tma 
der.1guah.111d am\.luga'n la de Ag111011- Douglls-Nirenberg para operadores scudo­
d1fcrenc111.lcs pcnurbndos por potenciales singulares sobre L,P(IR"), l < p < oc. 
5<" muestran a1>!icncio11cs al espectro esencial de operadores scudo-difcrcnciulcs 
'I se.m1grupos de un parámetro fuertemente continuos generados por operadores 
9CUdo-d1ícrc11cinles c11 L''{IR"), 1 < p < oo. 

'Th• re.e.u<'h h1111 bec:11 Ku¡1ported by the Natural Sciences l\Jld Engincering Rescnrch Council 
.-.l C'~1o Thr 11utl1or Is KTntdul to the rcfcree for the ~~ry useíul observations and constructive 
nimnKn\a otl the <'Onte11tH tmd lhe prC!lent11tion of this paper. 
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Introcluction 

Lct m E IT~. Tlmn we define S"' to be thc set of n!J e~ functions a o n lll" x IH " such 
that fer a li mult i-i11d iccs a ancl {J, therc cxist positivc cons la nts Ca.O for which 

\\'e cal! a n.\' fu 11ctio 11 ii1 S "' a symbol o f ordcr m. Lct a E S"'. T hcu thc pscudo­
<liffcrc 11ci<d operatur T0 i'.s delil1ed uu t hc Schwartz space S by 

fer ali fuuct ious r.p ill S . whcrc 

h is casy to provc Llmt 1"',, maps S into S co11t inuo11sly. IL can be shown t hat T0 : 

S - S can be extended to 11 cont inuous linear mapping from S' into S ' , whcrc S' 
is t hc s pacc o f a l! tcmpcrcd distributions. T hc wc ll-known L''-bouudcducss rcsult 
s-iatcs that if o E S "'. thcn 7~ : H'·" - 11~-"'·1' is a bo undcd linear opcrntor for 
-:x: < s < oo Hnd 1 < p < oo, whcrc 11'·1' is t hc U'-Sobolcv spacc of ordcr s dcfü1cd 
by 

H·"'' = (u ES' : J_,.11 E U'(Ill")}, 

ami J, is t bc psc11Jo-Jifforc11tiul opcrnlor witli syrnbol o, gh·cn by 

a,(() = (1 + 1(1'¡-•I', ( E IR" . 

1t cau be c~ily showll that !·! "·'' is 11 Bn1mch spacc in which thc norm U lls,1, is givcu 
by 

1!11)1.,.,, = llL,ull1,. u E ¡.¡•.,,, 

whcrC' IJ IJ1, is t.hc norm ill U'(IR " ). 
Lct o E S'" . m > O. Thc11 wc sny Llmt thc symbol a is cl!iptic or thc pscudo­

Uifli-rl'lll i;1I upt"rulur T" is clliptic if t hcrc cxist positivo constant.s r 1111d R such tlwt 

la(x.(JI? r( l + 1(1)"'. 1(1 ~ R. 
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Usmg paramclrices nnd thc U'-lioumledness of pseudo-differential operators, we c¡¡.n 
prove thc íoll fog nnologuc of thc cclcbra.tcd Agmon- Douglis-Nircnbcrg incquality 
for !)M'11do.thff"rf'nt1nl opcrntors. The origin of t he inequality dates back to t.hc st udy 
uf pdllnU dilfor~ntial ~c1uatious in[!). 

Thcorc m 1.1 lct u E S'", 111 > O, be an elliplic symbol. Then there exist positive 
con.ttants C1 and C.1 such that 

Thc re.uh:. hithcrto dcscribcd can be found in the book \18] by Wong. Asan casy 
and mtcrcsung corollary to Thcorcm 1.1, we givc thc following rc:mlt. 

orollary t. 2 Lct a E S'", m > O, be an clliptic symbol and let V be a pseudo-
1/1ffrr1.1dml UJH!mtur o/ on/cr ;,1 where;, < rn . Then therc exist positivc constants C1 
ond C'1 .turh ll1at 

P roof l.c1 V = T., whcrc r E s• . T hcn thc proor is complete if we cau show t hat 
f'f ... r l .. rm 1·\liptk symbol in 5'"'. lndccd. 

l•(r,() + * ·()! ~ l•(x,()1-lr (x.()), r,( E IR" . 

m<<' a L" clhptic. t hcrc cxist positivc constants C and R such that 

l•(r,()12C(l +1(1)'", 1(1 ~ R. 

llltt r E •. t hcrc is a positivc constnnt C 1 such that 

l*. 0 1 ~ c,(1 + l<ll'. x,( e lll" . 

Thtb, for 1(\ ~ R, wc gct 

l•(x,() H(x,()\ 2 C( l + 1(1)"' - C,(1+1(1)' 
= (! + l<ll"'(C-C,(1+ 1(1)'-"') . 

Smtt (1 + 1rn·-"' - O ru:; l{I -. oo, it íollows tha t thcre cxists a positive constant R1 

~uch th&t 

C,(1+1(1)'- "' < ~ · 1(12 R, . 

Tb\L'!'. for l{I ~ nuu:{R, Ri ). wc get 

(J 
lu(r.() + r(x,()I ~ 2(1 + l(i)"', 

.. 111\h c. 1h" ..,11111· 11 • .; suyinµ, that o+ T is nn cl\iptic symbol of ordcr m . 



100 M . \V. Wong 

R em a rk 1.3 In vicw of t hc /.,P.boundcdness of pseudo-differe11tial opcrntors, there 
cxists a positivo constant C such that 

llV'l'llo,, ~ Cll'l'll,,,, 'I' E S . (l.l) 

Thc simple proof of Corollary 1.2 is duc to thc fact thut V is also a pscuclo-differeutial 
operator of thc snmc kind ns Ta . lt is an intercsting problcm to scck an analoguc of 
Corollary 1.2 in which t hc opcrator V satisfics (1.1 ) and t hc corresponding symbol 
has some singularit ics in x. 

Wc givc a solution to t hc problcm alludcd to in Rcmark 1.3 for thc case whcn thc 
linear operator in (l . l ) is identified with the multiplication by a mcasurnbtc function 
V on IR." such tha t thcrc cxists a positivc constant C for which 

To scc cxamplcs of such functions with singularitics, Jet A/0 ,p be thc set of ali men­
surable functiorn; V 0 11 IR" such that 

( l.2) 

whcrc J < p < oo. a > O an<l 

w"(x) = { 

l•Iº-", O< o< n, 

1 - 1nlxJ2, o=n, 

l, o > n. 

Lct s > 0 / 11. Thcn, as n spccial case ofThcorcm 7.1 in Chaptcr 6 of thc book IJOJ by 
Schcchtcr, t hcrc cxists a positivc constant C dcpcnding only on o, s, p a.nd 11 such 
t hat for ali functions V in /\la,p, 

(1.3) 

!\lorcovcr, if 

(lA) 

thcn by Lc1n11111 9.1 in Chaptcr 6 of thc book /!OJ by Schcchtcr, thc multiplicntion by 
l' is a compact opcrutor from 11~ ·" into V(IR"). 

Thcor em l A Del. o E $"', rn > O. be an cl/1phc svmbol and lct V be a mcasim1blc 
ftmchon ori Ill " .~urh ll111t tl1crc c.rub a pos1tivc coruJant r for whrch 

llV.Pllo,, S CU..,11,,, , °"ES, 

wherr , < m . Tli r11 thcrc cxist pos1lluc coll..ftarit.s C1 and C2 auch thol 
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To pro\'C Thoorcm 1.4, wc use a vcrsion of Erhling's inequa\ity for H' ·P, - oo < 
" < , l :S: p < oo, in thc Ph.D. disscrtation [51 by lancu. To make the paper self. 
tontamcd, wc state thc inequality and give a more streamlined proof in Section 2. 
Erhhng's incqunlity for H~:1 , -oo < s < oo, tells us that if s < t , t hen H 1,2 e H '·2 

and íor cve.ry positive numbcr E, thcre exists a positivc constant C, such that 

11~11,,, ~ < ll~li<.> + C,ll~llo,,, ~ E S. 

Thc proof 1s vcry casy bccnusc thc Planchcrel thcorem for thc Fouricr transform on 
L1 (1\") givcs n charnctcrization of ll':i a.s 

11'·' = {u E S''{!+ 1 I' )'''" E L2 (Ill")} 

TIK' proof of Thcorcm 1 A is givcn in Scction :.t T hc uscfulncss of Erhling's incqua\ity 
i:. amphfied by an npp\icalion to essential spectra of pseudo-differentia\ operators 
on l~(ll"). l < 11 < 00, givcn in Scct ion •I and another application to strongly 
conunuous one-pnramelcr scmigroups generated by pseudo-diffcrential operators on 
L~(I\•). l < p < , in Section 5. 

2 Erhling's lnequality for H'·•, -oo < s < oo, 1 ~ p < oo 

Thcorc m 2.1 Let. l :S p < oo and O < s < t . Then for every positive number € , there 
crul.t o pcmhvc co11sia11t e~ s11ch ihat 

Proof Let..., be a positivc numbcr nnd \et ip E S . Thcn, as has been shown in Chaptcr 
ll oí thc book [18J by Wong, 
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Thcn 

(J,<p)(x) 

whcrc 
¡Jl,.(:.t:) = r-n/ '2e-l::cl2/ 2,., x E 1R" . 

Lct J be a positivc numbcr. Thcn wc can writc 

for ali x in IR" . By M'inkowski's incquality in integral form, wc gct 

Now. nsing Young's incqualíty and 

llw.11. ~ (2, ¡"1'. 

wc get 

On thc othcr hand, wc gct 

{6e-rf'21.421ft/J,.l[i)Jr,o)lp~ 
Ío r 

(2w)"/2 {6 e-"12r42~//'P!li, 
Jo e 

$ (211)"12;ó•121/'Pllw 

(2.1 ) 

(2.2) 

(2.J) 

(2.4) 
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Using thc rclnt.ionship bctwcon t.hc Bcssel potential and the füesz pot.ent.ia! given by 
Pnrt (ii) in Lcmmn 2 on Pugc 133 of t.he book (12) by Stein , therc exists a posit.ivc 
construll K such bhut 

llJ_,y,,11, $ [((llJ-,V>· ll • + ¡¡,•,,¡¡,), '>O, (2.5) 

whc.rc L , is ~he R.ic1r1. poteutiul defined by 

for ali f in S . Now, wc note t lmt for r >O and ali x in IR" , 

(!_,; ,,.)(.•). (2•)-"''/. ,••·<1<1'¡ó;(()d{ 
R" 

(2•) _,,,, !,.. ,••·<1<1"-'"11'd{ 

r -n/2r-tf2(211' )-n/21 ei7, ·C¡~¡te-~ d.; 

"" 
¡· - "/21.- tf'l(1_, ¡p.i) ( ~) 

Hcncc for r > O, 
(2.6) 

Thcrcforc, by (2.2), (2.<I) , (2.5) and (2.6), thcrc cxists a positivo constant C such t.hat 

100 c- rf'lr-•/ll\'lf'r•1Pllp~ 
' ' 

C 1"° e-r/2J'3/2{l + T- 1 /2)~ \IJi rpll 
d r P 

C ( 2•/'r m + t ~, 6"-" 1' ) llJ<'Pll, 

So. by (2.1), (2.3) nnd (:l.7), wc gct 

11.~11, $ 2,1,~ (¡) Uó''' ll~ll, +e ("''r (D + , ~ / '-"") 11.1,~11,} 
Hi:nce, for cvcry posit ivo numhcr e , wc can choosc ó such that 

Thus. for Lhis choice o( <'i, ~her e cidsts a positivc numbcr c. su ch t.hat 

(2.7) 
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Thcrcfore for evcry po.sitivc numbcr e, thcrc cx.ists 11 pos1th'C numbcr Cr such thnt 

ll<Pll •. ,, ll .1_,,,11,, = llJ,_,L,.,.11, $ <llL,.,.11, + C,llJ,L,<Pll, 
= <11.'l'll•" + C,11'1'11,, 'I' E S . 

Usmg a simple dcnsity nrgmncut, wc can cxtcnd Erhling's incqulllity from Schwartz 
function:. to fu nctious in U'-Sobolcv spaccs. 

Corollnry 2.2 For ! ~ p < and O< s < t, we haw: H' ·P C 11•·"· Mo1'tovcr, for 
t'l'ef'Y po.nt111c m1111ber t, the1-e exists a pos1twe number C1 such that 

3 Proof of Theorem 1.4 

To pro\'<' Theorcm l.'I, lct ip E S . Using thc incquahty 111 thc hypothcsis aud thc 
Agmon Douglis Nircubcrg iue<1uality in Thcorcm 1.1, wc gct 

11('!~ + •1M ,,,,, + ll<Pllo., S nr • ..,110, + IW<.>llo, + ll<Pllo ,, 
~ llT.<.>llo,,+ 11<.>ll • .,+ll<Pllo., 
$ (r, + C)ll>'llm., 

On lhc othcr hand, for i:vcry positi\·c numbcr !, we can use Erhling's incc1uahty 111 

Thcorcm 2 J to gct 11 positivc constant C, such lhat 

ll(T. + \l)'l'ilo.,, ~ UT.'l'llo., - llV'l'llo, ~ llT.<Pllo,,, - Cll'l'll • ., 
~ 11r .,,11 ... - <ll'l'llm .. - c.11 .. 11 .... 

Su, w.111g thc first h t1lf uf thc Ag111011 Oouglis ircnberg 1ncquality in Tl1t'Orc111 1.1, 
.,-e gct 

ll(T. + V)'l'llo,,, ~ (C, - <)ll'l'llm,. - (C, + l )ll<Pllo., 
ami lhc proof is OOll1J)1CtC if W(l Ch OOSC t < G'1. 

R.cmark 3 . 1 Wc o\Jiwrvc that t hc proof of Thoorcm l 4 docs not dcpcnd on thc 
foc:t tha.t V u1 a multipllca.tion opcra.tor. In fnc:l, Thoorcm 1.4 is valid for any \mear 
opcrator \1 from S into U'(Dl'') satlsfying (1.1). 

4 An Applicat ion : Essential Spectr a 

U:t a E S"' , m > U, lle nn clliptic symbol F'ollowmg thc a.pproach 111 13rowdcr 
{2i llorm:u1dcr HI. l<nto [6]. Schcchtcr IO, 10, l IJ, Vl.shlk [13) and Wong IJBI. wr 
look ,1t ll1l' 1~·uJ1>-lliffe_rc11tit1I uµcrnt.or T., IL'i i t lm<'ar operRtor from /.P( Dl") 111to 
l.''(lr) 1 < 11 < , with tlcn:sc domam S Tl1C'11 ...,-e denote thc n11mmal opcrntor uf 
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f" S - l~~(lr ) by T"·º· To rccnll , a function u in f.J'( Ill") is in thc domain -z:'(To.?) 
oí T., 0 ru1d r., 0u = f ií and only if thcrc cxists a scqucnce { ip1 }J= ~ of functmns m 
S such thn.t .,,, ..... 11 nnd T., 'f'J - fin LP (Ill") as j - oo. T hcn , usmg thc Agmon­
Douglb-Nirenbcrg inc<¡ua lity in T hcorem 1. 1, wc can prove that V(To,o) = H"'·P. 
Dl•tails ClUl be fo und in thc works [14, IS] by \Vong. 

Lct \ 'be n mcusuraOlc fu nction on Ill". Thcn wc can look at thc mult iplication 
o¡>erator D( \ ') 3 11,...... \1 11 e L''(Dl"), whcre t hc domai n V (V ) is givcn by 

'.D( \I ) = (" E L"( Ill")' \lu E L" (IR")} . 

lt 1'i nn cn.-;y nmttcr to provc t hat V: V (V ) - L''( IR") is a doscd linear opcrator . 

Thcorc m 4. 1 Let o e 8"' , m > O, be an elliptic symbol. Let V be a m ca.surable 
Junrhon on Dr' r;uch tlwt tlie multiplication opemtor V: H •·P - V(IR"), s < m, is 
romport Thcn To.u+ V : /-/"'·'' - U{ IR.") is a closed linear operator such that 

E, (T,,0 + \1) = l:,(T,,o), 

u.'hr-n- thr rwtatw11 >=r( A) 1s 11se<l to denote the essentfol spectrom of a closed linear 
l)pautor A fmm fl com¡¡le:r Banach space X into X . 

llcmark 4.2 Let us recn!I that L: ~( A) = (; \ .P (A). where (f) (A) is t hc set of ali 
complc:x numb<'rs ). for whicl1 A - ), / is Frcdholm with zcro iudcx. This notion oí 
th(· cs,('ntial spcctrum is duc to Schcchtcr !9] and cxplaincd in dctails in t hc books 
po, 1 IJ by Schochtcr . Examplcs of functions V satisfyi ng the hypothcsis of Thcorcm 
\ l l\rf' Al \"Pll bv (1.1) m~d (1.4). lnformat.ion abom the es.semial spert.rnm Lc(1'o.o) 
can be found 111 thc pnpcn1 [15, 171 by Wong. 

To pf"O\'t Thcorcm •1.1, wc nccd an cxtcnsion of Thoorem 1.4 from Schwar tz func­
lLOll.'!' to functions iu 1-l '"·P . 

Theorem 4.3 Undrr lhe hy¡iotheses of Theorem 1.4, there exi.st positive constants 
C'1 and C7 such lhal 

Proof l...M u H"' ·'' · Thcn t hcrc cx ists a scqucncc {'f'J}~ 1 of functions in S such 
thn.t ;, - u m ll "' ·P as j - oo. Using thc socond half of thc Agmon- Douglis­
N1renbttg mcqunlity in Thcorcm 1.1 , T0 op1 -T0 .0 u in LP (IR") as j - oo. Now, 

lfl''P, - V <p>llo,,, ~ Cll'P; - '1'•11 •. , ~ Cil'P; - 'P>llm,, - O 

MJ, - So, V cp1 -v for somc ui n LP( IR.")asj - oo.Sincc V: V (V) __, LP( IR" ) 
L' e~ "'C gct. V11 = IJ . By thc Agmon- Douglis- Nircnberg incquality in Thcorcm 
1 1 "'C h<wr íor J = 1, 2, ... , 
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and lhe proof is complete if wc lct. j ___, 

Pro o f o f T heor e m '1. 1 To provc that T0 0 + \1; H '"·" - ! .. "( IR" ) i::; u closcd lincnr 
opcrnt or, lct {1 1 j }~ 1 be u scqueucc of fw1ctions in V(T0 ,0 + \1) = l / "' ·1' such thnt 
uJ - u ami (T,. ,o +\/ )u; .- v in LP (IR" ) as j - oo. By thc U'-boundccl ncss rcsult 
for pseud0+differenLi a.I o perntors, Lhere cxisLS a positive cons t ant C' such t hnt 

llT,.,01i; llu,1, $ C'fl u,llm.,,, j = 1,2,. 

Hcncc, by t lic fi rst htdf of t hc J\ gmo n Douglis Xircubcrg iucquulity i11 Tht.'Orc111 11.J, 

So, T ... ou} ...... w for SOl llC w ;,, _, '' (Ill " ) as j ___, OO. Sincc r ... o ii; doscd, 11 E 'D(7~ o) e 
V (V ) and T,, u" = w . Thus. \f1J; - u - w in V {IR ") as j - oo. Si11cc \1 is closcd. 
wc gct. V u = o - w !l!ld conscqucndy, 

('/'a.o+ V)11 = w + (v - wJ =v. 

T•1crcforC" T,, ,,+ \1: N '" ·'' ___, L'' ( IB") is closcd . S incc 1· : 1-/ "·" - L'' ( íl~" ) is cornpnct . 
u follows 1h11t V 11"'·1' _, U'(Hl" ) is co111 pnct. Sincc thc csscnti ul spcctrn m is 
m\11.rmnt wi t h rcspcct to rc!at ivc!y compnct pcrt urbntions. thc proof is corn plct c·. 

5 Another Applica tion: One- P aram et er Semigro u p 

Lc1 us bcgin wit h nn cxpli ci t scrni-inncr-product (,) in /..,P( Dl" ). J < p <OO. whid1 
is compati b le wit!1 thc 11orn1 11 !/,, iu L" (IR " ). 

T hoorc m 5. 1 Thc Bll1w ch s¡¡acc /J'( lll" ). 1 < /J < . has a sem1 - i r111 er -product (, 
compatible 1111th tlw 11 orm 11 IJ ,, i11 U' (IR " ) g1ue11 by 

(f , g) =J. J (x )g' (x) dx, 
ITT' 

ri( .,) = { g(x)lg(<Jl'- ' /llgll: -'. g(x) FO, 
O, g(z) =O. 

Sc:c lhC' pupcr j7J by Lumcr for t hc not io n nnd p ropcrt¡c:, of n scmi-iuncr-p rocluct. 
Diss11>a11vc opcrlltors 011 l"ln11och s¡mccs dcfi ncd in tcn ns of scmi-i nncr-prod ucts cn n 
be found in thc pn¡)CI" [8] by Lumcr nud Ph illi ps. To scc nn CXft111plc or 11 d is.otipntivc 
01:.crator. lc t V E Lí~.~ ( Jn" ) . l < ¡1 < , Thc n, Uy Thcorcm 5.3 in Wons /IG]. thc 
11111lt1phcatio11 upcrnt.or V 'D(V) - U'( IR ") is d is.-.1¡mm-c ií a nd ou ly if lk V(.1:) SO 
for 11l111tl!>t nll .1· i11 íll" . 

T hc following rcs ul t is thc s11111c IL>; Coro llary 3.8 m t hc book !JJ by D11\'1CS. 
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Thcorc m 5.2 Lct X be (1 complex Banach spact 111 which the nonn is denoted by 1111-
f,cl ;t ~ the '"fimtesunal 9e11 emtor o/ a one- pammeter strongly conhnuous semigrnup 
o/ controchon..t on a complex Banach space X. Let B be a di.!sipative opemtor such 
that tht:rt ~I posdive numbcr.! a and C for which a < 1 and 

ll Bxll ~ all Axll +Cllxll, x E V(A). 

Thr:n A + B • -~ th r mfimtr.rnnal gcnemtor oj a onc-parameter M.rongly contimw118 
~mugroup o/ con/mct101~s 011 X. 

'l'hcorc m 5.3 Lc.t a E S"', m > n/v, be an elliptic symbol ruch that '/ 'a.u is the 
m/mitt•imul 9e11eni for o} a stnmgly co11Linuou.Y .YC1111gruuµ o/ corltruchori s 011 V'( IR." ), 
1 <. p <. -. lt:I V be a measuroblc function 0 11 IR" such that Re V(x) :5 O for almost 
ull J in ll" cmd M,. ,1,(V) < oo, whe1'C M,, ,p(V) 1.~ de/ined by (1.2). Then T a .(J + V 
u iJir mjtrulu1111111/ yc11 cmto r o/ !I 011e- 1xm1111eter stro11gly am tmuou.s semigroup o/ 
w 111ruc11ons on IJ'(U'f') , l < ¡i < oo. 

Proof Lt-t s E (n / p,m ). Thcn, by (1.3), 

Jjl"u\\o.1, :5 M,,,p(V) llu\\ •. w u E W ·P. 

t.t't e (O, 1 ). Thcn, by Er hlin g's incquali t.y in Coro\lary 2.2, wc can gct a posit ivc 
flm ... t .u\l C, such th n.1 

lll'nt·t' b~· Thcorcm r,.2, thc prooí is complete. 

Received ; January 2005 . Revised ; Harcb 2005. 
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