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ABSTRACT 
Tune dcpcndent .<¡uudrnlk lfamiltouia.n.s a re wcll knov .. n M v.'Cll 111 classknl 

mecha.mes M in quantum mcchnnics. In particular for thc.m thc. oorrcspondcncc 
bctwa:i1 clas.9cal n.ml qua11t um 1111.><:.ha.nics is c.xact. But cxplicit forniu\M 1u c 
0011 mv1al (hkc thc Mcl1lcr formu la.) . Moroovcr, B good knlJ'llo•lc.gc. of q uu<lrotic 
Ham1homa.ns is vcry uscful in t ho s tudy of more general quantum Homiltonians 
a.nd 8.S80CUHcd Sc.hr&lingcr cquations in thc scmiclassical rcgimc. 
Ow pJ hcre is to gh·c our own prcscntstion of this importa.i1t subjcet. \Ve put 
c:mphMd 011 oomputations witl1 Gntl..'lSian cohcrcnt stBtts. Our main moti1111tio11 
to do thlr.t l5 11.pplica.1.ion co11ccming rcvi\lflls n.nd Loschm1dt echo. 

R ESUMEN 
LM hnn11ho11111no.~ ruiulrntlco.<> clcpendicntc del t1rmpo son bien CTlnOc1do.q en 

~ fl'M'!"IÚ11ca dils1cn y h• m1.-cnnica cuiint1c.a En particular se tiene una corre. 
(>011<lt-uu .. ul&ciu, 11cru 110 sou triv1nles lo,g formull&.S explicita,:¡ co1110 111 fón11uh• 
J~ \lrl11(, lltkm H.,,, u11 co11odmic11to mayor de lo:; l1a1111lto11ia11us tundnlt11;0:; 

1\\" ~" th• ..ork bv di:icu!llllon• tHound the Mchlig-Wilkm$01l fonnul" rmd nppllcP.tion to thc 
l.hl'<htnwh ftho ;¡t Mll\.11,A· Ld llcr 111.~tltnto, In fall '1002 Wc th1U1k thc m.,llrntc: f\nrl thc or11;11nl;m~ 
ul ti• "''' ...... 1" '"' l' K1t1•l l)ltlc1·c11ti.,! E:qm1t101111 ""d Sprtlr11.I T\11'<.ll')', A l.aple\•, V. Cuiltcml11 ami 
tJ lltlff" f(lllll thc-11 l11J1t¡1it•llly iu1tl exccp1lo11n11I workmg aurroundmp 
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e:. muy 1it i1 en el csLudio de l1umiltoniano:s cuMiucos más generales a.:;f como lw¡ 
ttuacinncs <1(1 Sr.hri:idingcr n.'!Ocln.dns en el r~gimcn scmlc!Mlco. Nur.strn m(lla 
es cntrcgnr nucst rn propin n::prescnlnción de CSlc hecho importante. Ponemos 
eníasis en los c&lculos de los estados coherentes gaussiMos. Nuestra mayor mo. 
twn.ción para lmccr Lodo es to es la aplicación referente ll 18.9 r~ucitn.cioncs y el 
eco de Loschmidl. 

Koy words nud p h nums: mctap/cd 1e repl"e!'enta tlon, coherent .f/QlcJ, L\lc:yl 
JymOOl.J, Ll' 1911er lrrmJ/ onn, Ma.slou mdez. 

Math. Subj. C lu"s.: 35Q40, 8JQSO. 

Introduction 

Thi::; pnpcr is n survcy conccrning cxuct useful formu)ru:¡ for t ime dcpcndcnt SchrOclingcr 
rquauons with qu11dratic lfomiltoninns in t hc phn.sc spncc. O nc of our mot ivations is 
to gwc a dctailcd prnof for thc computation of thc Wcyl symbol of thc propngntor. 
T hi.s fonnuln WIL'> 11scd rccently by Mclhig-Wilkinson [17/ to suggest n simplcr proof 
of thc Gutzwiller t.rncc formuln [3j. 
T here cxist many p1tpcrs coucerning quantum quadrat ic lfomiltoninns nnd exnct for­
mnlM. In inri, S('hrOding1·r (~ t ] hn.s alrcndy rcmnrkcd thnt qunnt.ifi r.nt.ion oí thc­
lmrmonic (or Plouck) oscillalor is cxnct. 
The best known rcsulL in Lhis ficld is ccrLainly thc Melher formula for thc harmonic 
oscillator (scc for c:rnmplc /51). 

Qundral ic Hamiltouians are vcry important in parlial differential cquntions on 
one .side bccausc thcy givc non trivial examplcs of wavc propa.gat ion phcnomcno nnd 
m quamum mcdmnics and on thc othcrsidc thc propagation of cohcreut stntcs by 
general classcs of Hamiltoninns, including - '1.2 6 + \1, can be approximatcd modulo 
O(h""") by e"olutions of quadratic time depcndcnt Hamiltonians [! , 19, !1lj. 

In his works on pscudo<liffercntial calculus, A. Unterberger in [22, 23j hns givcn 
.severa! cxpliciL forn1t1lns corrnccting harmonic oscillators, Gaussian functions o.nd thc 
symplC("lic group. This subjcct was also sLudicd in f8, 13, 12J. More rcccntly de 
Co:s.son l9J has given a diffcrenL approch for a rigorous proof of ihe /1.-lclhig-Wilkinson 
fonnula for mctaplcctic operators, using his prcvious '"'-orks on symplcctic gcom try 
and thc mctuplcctic grollp. 
l lcrc wc shall cmphas is or1 Lime dcpcndcnt qundratic Sch rOdingcr cquation nud Gaussian 
Cohcrcnt StAtcs. lt is wcll known and clcnr that this approach is in thc hcart of thc 
subjcct nnd wns more or lcss prc:;cnt in all papen; on quru1tum quadrnLic Hnmillolli· 
an .... In this survcy. wc waut lo gi\'C our own prcscntation of thc subjccl nnd covcr 
most oí rcsulLs appcaring iu particular [13, 7j. 
Our main motivntion to rcvisit this subjcct wru; to prepare uscful tools for npplic1\­
tim1s to rcvivals and quantum Loschmi<lt echo J2). Wc shaJI scc thnt in our appronch 
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compu1M1ons are rnt hcr natural d ircct nnd cxplicit. 

2 Wey l quant izat ion. Facts a nd Notations 

t.i·t \l.!t fin.t n'l'all soml' well known facts concerning Weyl quantit.alion (for mor(' 
clruub~,. 11, 18]) 
Thf' Planc.-k ronstant h > O is fix e<l (it is cnough to a.ssume h = 1 in thc homogcncous 
r11111drt\tl<' ca,._-.t). 
Tht• \\"e\"I qunntization is a couti11uous linear map, dcnotcd by • or by Op"' , <ldi 11c<l 
on tht· tc-m¡X'ratc chwnrtz spacc distribution S'(R'l") into C._(S{R"),S'(R")) whc rc 
.c ... (f;, F) drnote!» thc linear spncc of conti nuous linear map from thc linear topologicul 
f' mto thr liucnr topological P with thc wcak topology. 
R1" 1~ .l wmplcct 1c lincnr spacc with 1.hc c1.\llonical symplcctic form a(X, Y)= JX ·Y 
whtrl· J 1 rlrfinrd by 

J = ( -~ .. 6•) 
1u1cl 1 denott..., thc identity 71 x n matri x. 
Lt·t u~ 111trU1:l11cc thr ~ymplcct ic ¡¡; roup Sp(2n): it is thc set of linc.ar trnnsfonnntiom; 
of R1 ¡m.,.. rviilti. tlw 2- fonu a. 
Fnt \"e . ,., \\'\' dcuou· X (1¡. 11) e R" x R" 
Jh• \\'1 ,., c¡u.mtiwtion 1'1 uuiqucly dctcrmincd by thc following oonditious: 

\\'O 1 - 1 1" C"OlltLl lllOUS. 

\\ 1 (<1\. )(q) qt•(fl), (¡i!JJ)(f¡} - 0,,1p(1¡), (Dq = ~) 
forlwn·" o: S(R") 

\\ 2) rxp r(n ;;+-¡¡ JJ)] = cxp[i(Cl <i + J p)J, V n JE R" 

Lct '" rrnmrk that o· i¡ + /J · ¡j i!i sclf-a.djoint on L'l(R") so. cxp\i(o · q + fJ. ¡i)] is 
11111tl\t\ In p.tr1icular. if.:"" (;·,O thcn 

·r¡ ,¡ =ooxp[ i;i( ; - z ,;)) 

t'i thc- qua.11t1zN.1 tra.ns\ntion by z in thc phasc spacc (Wcyl opcrators). 
from \\1) \\"2). n ... iug ront.i nui t.y allCl fi-Fourier transform. defined by 

1i (l') J. e- P l t(X)dY •.. 
1 (27r/J )- 1 " /. fi(o,.L1)cxp{-1

1 (o 1i~'1 Ji)]dudd (2.1) 
R'~ 1 

In lt.• urral •"Jlll\luv (:l ~) LN011ly d1•fi rn'<l in a wrak ..,rn~ ir lhrm1Ah thr d1mlily brnd<PI 
l>C'l•1"(Tll S' Rml S \ ~·. v > fer urbitrnry .p. t,;• E S(R"). 



6'1 Mouiquc Combcscurc and Oidicr Robcr t OUllO 

D efiui t iou 2.1 A is U1 c Wcyl conlmvaiiant $J1111bol of ,1 i/ they are re/atcd through 
the fonnulo (2. 1). 

Using t.hc cxplicit action of Weyl opcrators on S(R") and F'ouricr annlysis, wc g t 
thc following formuln (scc fll , 18j) 

- ¡· r , (" +" ) (A )(z) ~ (2nll¡-". }., .. cxp/¡;Cz - y)· {/A -,-. { 'P(y)dyd{. (2.2) 

Ju particular, if K,1 dcnotc.!:i t hc Schwartz kernel or 1i, wc havc 

J. i ( " ") A(q,p) = R" cxp/-¡j'" · p) /(A q + 2'q - 2 du (2.J) 

T hcsc formuln.s a re t.rnc in thc distribution scnsc in general. n..nd pointwisc if ;i is 
smoothing cnough ( surc!y if for cxnmple A E S(R2" )). 

Lec us rcmark c.ha t thcy are consis tont and that A ...... A is a bijcction from S'(R2") 

into c .. (S(R"),S'(R")). fn pal'ticulnr wc hnvc thc following invcrsion formula 

Proposition 2.2 For evcry IÍ E C,.,(S(R" ), S'(R"}), then: exists a 1111iq1Je co11trauari· 
ant Weyl symbal A E S '(R2" ) giue11 by thc followi119 formuia 

A(X) = 2"1'/ÁS,m(X)J (VI) 

wherr. Sy,,,( X ) is thc 1m ilm7¡ o¡Jcrntor in L2 (R") rlcfirit'.d by 

for X= (z.O. 

Ske tch o f p roof: 

\V(' fi~t. prove 1.he íormu!n for A E .C..,(S'(R"), S {R")). Thc general case follows 
b.)' duality nnd dcusity. 
Wc start with !;he following formula, casy to provc if A, Be S(R2"), 

Th/ABI = (2nW" /. A(X )B(X)dX 
"'" 

(2.5) 

Assumc uow thnt ÍJ is n boundcd opcrator in l 2 (R"). Thc Wcyl symbol B oí ÍJ 
salisfie:s: 

T'rfABJ = (211"/i.) - " < A, B > 2 (2.6) 

wc hnvc to check i.ha1, thc Wcyl symbol oí 5 11,., (X) is (trli)"óx whcrc óx is thc Dime 
nu1ss iu X . 
To provc thn1. lct us co11.sidcr uny ip E S(R") and denote by IV"" thc Weyf symbol 

Jthc lmu:M-t <. > d1rnolcH ~he 11~11/\I l.JiJimmr form {intc11r1\J or distribuuo11 plllrmit)· W~· • hnlJ 
dt•no lf' (• I• } tlw Hc n 11 it crlll :1e~qu iJl 11c11r íorm 0 11 llill>crl sp11CC11, Jineill" m the KCOnd nrgumc ut 
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oí t h projcclor ijJ - < ~1 1 ip > ip. W "' is callcd t hc Wigncr íuoction of ip. A dircct 
com¡mto.tion usl ng (2.3) givc!I 

J. i .-. 
W..,(q,p) = cxp[ - ¡:u · 11]<.p(q + ;;)ip(q- ;)du 

R~ 1 - -

Wc gct lhc proposition applying fo rmula (2.6) with iJ = S11m(X) ancl A= 11..,. 
Wc shall sce latcr t ha t it nmy be convcnicnt to introduce thc covuriant Wcyl 

symbol for A which hns o. nicc conmiction with Wcyl Lrans lations. 

Pro posit ion 2.3 For every A E Cw(S(R2"). S'( !!t2" )) there U1sls a w1iquc tcmpemtc 
d1stnbut1on A * on R2" , ll(lm ed couarianl W eyl symbol of A, such tlrn t 

iÍ = (2•W" L .. A'( X )T (X)dX (2.7) 

Mon:ouer we llave tJ1e inversc formttla 

1r•·tx1 = 1T[AT( - X)[ (2.8) 

( ;h above, 1J A is not tmcc-clas.~ , /.his formula ha.s to be m terpreted in a weak di:i tri­
buc1011 serue) . 
'./'he couanant anti controva1'iant Weyl symbols are relatcd with the fo //owin9 fornmia 

(2.9) 

;i o J u named lhe sym¡ilect-ic Fourie1· tnmsform of A 

Proof. These propcrties o.re not difficult to prove following for example [20! 

\Ve define i he (us unl) Gau8.5ian cohcrcnt states ¡p, as fo\lows: 

ip, = i'( ;; )ipo, V;; E R2 " (2.10) 

whcrc 
ipo(:t) := (rrli) - n/·lc - "'112" (2. 11) 

Wc gct t hc following usoful formulo. for t hc mean vnluc of obscrvnblcs: 

Corollary 2 .:1 Wit/1 ti. e f1bo11c notcitions, f or every '-{), iP E S (R" ), we lwvc 

(2.12) 

In porl1Ct.1lar for Gm1.ssfon Coh cnmt Statcs, wc hove 

(2. 13) 



66 Moniquc Combcticure and Oidicr Robcrt. .~. 

P roof. T he fi rst formulu. i1:1 a direct consequenoo oí dellnition fer covarinnl symbols . 
The second formula is o. consequence of the first and t he following easy ~o provc 
equalitics 

T(>)T(i) ( ;a ) . ' cxp Vi(z,z') T{z +z) (2.14) 

, -'l? (2.15) 

Fer lat.cr use lct us rccall t hc following 

Definilion 2.5 Let be A, Í) E .Cw(S (Rn),S'(R")) such lJiat tJ1e operot07· com¡10sitio11 
;i8 u wt:ll defincd. 'mrm the Moyal product of A and 8 iJ the uniquc A#B E S'(R2") 
mch that 

(2.16) 

For dctails conccrnin¡; computntions rules and propcrtics of Moya! products scc fl 1, 
18J. 

3 Time evolution of Quadratic HarnHtonians 

In this scction wc considcr a quadrntic t imc-dcpcndcnt Hamiltonian, 

::,~(~h:l~~~(·!¡~~"r~~·~\~~~~¡~;¡~~1 ;se~o~:~n~~~~i:~1%~~~:~~1~~~;1~~i~:~~11\:~'.i~~ 
.: = (q,p) E R" x R" ancl to writc clown H1{z) as 

H1(q,p) = ~ (G1q ·q + 2L,q · p + K,p · p) 

whcrc K, , L1 ,C 1 are real n x n matrices, K 1 and C 1 bcing symmctric. 
Thc classical motion in the pha.sc spacc is givcn by thc linear cquation 

( q ) ~ J. ( G, Lf ) ( q ) , 
p Li !<, p 

(3.1 7) 

whcrc ¿T is thc transposcd matrix oí L. This C!<J.Untion dPfinPS n ílow, ¡.~ (linear 

symplcctic trans formations) such that Fo = l . On thc qua.ntum sidc, Í-ii is o fnmi ly 
of sclf·adjoint opcro.tors ott t hc Hilbcrt spncc 1t = L2 (Rn) (this will be provcd latcr). 
Thc quantum cvolution follows thc Schródingcr cquation, starting with nn initinl stntc 
r.p E 1t. 

(3.18) 

Supposc that wc havc provcd cxistcncc and uniqucncss íor solution oí (J . 18). wc writc 

1!11 = Íi,..p. T hc corrcspondcncc bctwccn che cln..ssical cvolution nnd q11anL1!111 cvolut ion 
is cxncL. F'or cvcry A e S(R2" ). wc havc 
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Prop Ol!l ltio n 3. 1 

(3.19) 

kc tch o í prooí: 
For any quDdrauc Weyl symbol B wo ha.ve t hc cxnct formula 

(3.20) 

11.·lwn · ( ll . A} = Uli JU A denote thc Pois.son brncket. and fB, .. lJ = 8.;i - Ji .íj is 
tht• Moyn.l brack<'.'t . So we cnn provo Proposition (J . l ) by taking dcrivnLive in time 
u.mi usm¡r. (J .20) (i;ce [! J fo r moro detnils) . 1 

Now wt• wnnt to compute explicitly thc qunntum propagntor U10 •1 in tcrms of 
d 1L. ..... 11,:aJ ('volution oí 11, . 
(}1w 11ppr~\ch 1s to compute thc ti me evolution oí Gnus:oian cohcrcnt stntcs , Ü1.,, 1ip, , 

or in othcr word to :;oh·c thc Schródi 11ger cquation (3 l ) \\'it h ..; =.p., t he Goussin 11 
nihl'rt'nl -. ta tl' in : E R" . Let 11s recnll t hat i¡;, = f'(:).,.."o and ; 0(.:r) = (7r '1 )- " / ·I 

<·xp{.+) 

Time evo lut ion o f' Cohere nt States 

rl ll' colwrt'nt -.un e:; :syst(' 111 { ip, } •E ln ' " introduccd befare is a \'t'ry tonvc11ient tool to 
M ulHC' propc.'rt1cs o f opcrntor:; in l 2(Hr ) nnd thc ir Schwart z dl.!.1ribution kernel. To 
11111lr ..... 1and t hM lct u:1 undcrli uc thc fo llowing conscquence oí t ite P lanchcrc! Fo rmula 
for lh1· f'Quner t mnsforrn . 111 11 11 t his scctiou wc assumc f1 = l. F"or cvcry 11 E /}(Dl" ) 
wr h•Wt' 

l.1•t H lx- !JOllll' continuous linear opcrntor from S ( ll") into S' ( IR") a nd 1<11 its 
:;, hwanz di..,mbution kernel. By Otl cnsy computat1on, wc gel thc fo l!owing re p­
n•..,<'nt.l.l1on fo rnmla 

('1. 22) 

!11 otht-r •'Ord ... wc hnv<' t hc fo llowing continuous rcso\ution of thc Schwartz dist1·ibutio11 
kn1wl of thc 1dl'11lJty 

1 h~ f rmul~ rxphu ns why thc C11ussul.u cohcrem systcm may be nn cffi ci('nl. too] tor 
.~11.1h cif 01)(·1,11 ors on thl' Guclidcnn spacc IR". 
11·t lb l' 11 .... J, r h 1~t t l1c hurmo11ic o:,dllnlor 

('i.23 ) 
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h is .... -en known that íor 1 ,¡, k tr, l.: E z thc quanlum propagator c-•111 hru; an cxplicit 
Schwartz kernel /( (l;:c, y ) (Mchlcr formula). 
h is ca.sicr to compute with t hc cohcrcnt st.atcs V':· \Pl:I is an cigcnslatc oí// , i;o wt' 

hM-C 
0 - idf 'PO = c-•t 90 (4.24) 

Lct us compute e- •d1ip., Vz E !R2, with the followi.ng ans.ntz 

(·125) 

whcre ::1 = (q,,¡J,) is the gcncric point on thc cla.ssical trajcctory (a circlc hcrc), 
coming from :: at time /, = O. Lct be $ 1,, thc stf\tc cqual to the r.h.s in (•1.25), and 

lct us compute 6i(::) such that ~11 ,, :rntisfie::; t he 1,,.>quetion ifrip = i1.,, lfJl, .. o = 1¡.1o,.. 

Wc ha\-C 

and 
(•1.26) 

So. aítcr somc c:ou1p11tn~ions lcft to t hc render, using propcrtics of thc classicnl trn· 
Jtttone. 

(it = P1 P1 =-Q1, p~+q?=p'+q'. 

thc cquntion 

(•1.27) 

L .. AAlLSfiffi IÍ 811(! o nl.v if 

J,(.:) = ~(P1Q1 - pq) (•128) 

l..ct us now introduce thc following gcnernl notntions for lalcr uso. 
F, L" thf' rh\s .. <:.irnl flow wit.h init,inl tinw lo= O and final timf' t . lt is rcprcscntcd ns a 
2n x 2n mntrix which c1m be written as four n x n blocks : 

F. _ ( A, 8, ) 
i - Gr D, 

Lct us introduce thc followi111J, squcczcd statcs. r.pr is defined as follows. 

lfJ1 (x) = arexp (~rx · x) 
2h 

(4 29) 

(•1 30) 

wlu.:rc r E I:,.. L .. i::; tlic Siq~cl SIJUCC of complcx, syrnrnclnc ma.tdce; r !iUt:h tl11Jt 
J{í) is pos1liv<> nnd 110 11 degcnernlc a nd ar e C is such thllt thc L 2-nonu of ~r io; 

º'"' 
\\'(' 1J.:.o denote lt'f = f(z).p1-. 
For r = 11, Y.'C denote r.p = .p' 1. 
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Ttworc m 4 .1 We /11we th e followm g formulae., for ev~ z E Rn and z E IR: :i" , 

D,i1l(J) = rpr' (J) 

Ü1 rp~ ( :1: ) = f (F1;: )rpr ' (z ) 

u:hcrt 11 - (C, + 1D, r' )( A, + 181r) - 1 andar, = ur (dct(A, "" 18, r ))- 112 

Of.!gl nning of th.:i proo f 
Tlw lm•l íurumlli n \11 lw provt:u by thc l\mmlz 

ÚrVJo(.x) = a{t)cxp (~r1 :r z) 

('1.31 ) 

('1.32) 

whrrr r, e "nncl n{t ) is a Mmplcx vn..l urd timr dcpc.>ndt'nt funcllOn. Wf' fhí' t ~('! fl 

Rllt t1 t>qua.l io n lo co111p11 tc r 1 a nd n linear cquBtion to compu te a(t ). 
I'hl" s."Cond fo rmula is easy to p rovc from thc fi rs t , usmg the Weyl lrnnslaLio11 opera· 
tor-. and llu• ~ llowing k11ow11 propcrty 

D,-"F(: JD: = f( J·~ ::J. 

Lt' l ll' nov. gi' t hC' dctnil:; of t.hc proof fo r :: = O. 
\\'(' brgm b)• computing. thc 11ction of n quadrntic Hrunihonian on a Caussiun (li = 
1) 

Lcmnm 4 .2 

L:r . DrcF" .r = (LT X . rx - ~1lL)ctrz 6 

Proof Tlns 1s 8 s lrnightforward com¡mtation , using 

and, fOJ - Bl" , 

Lemmn 4.3 

l~ .r. . l) r = 7 L L J 1 z,Di.. ; Di..z., 

I SJ,l< :S " 

P roof A, 11.bovc, wc gci 

l/~;r (~ l(.r ··x +.x · Lrr + ~Cr.r rz-~1'r(l-t'Cr)) c ~ r~ :i: (11.;JJ) 

\\<' M• nuv.• ready t<1 liOlvc t hc cquntion 

('1.3,1) 
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wit h 

We t ry the ansatz 

whicb gives the equations 

r, -I< - 2r ;-L - r1Gr1 

Í(t ) -~ (T,(L + Gf,)) f(t) 

with the initial c0ncliti0ns 

r 0 = iJ, a (O) = {2JT) - "12 

(4.35) 

(4 .36) 

(4.37) 

Remark: rr L et Lf determine the same quaclratic forms. So t.he ñrst equation is a 
Ricatti equation and can !:le writtcn as 

(4.38) 

whcrc (T denotes t he transposed matrix for L. We shall now see that cquation (11.38) 
can be solvcd using lfamilton equat ion 

t, 

Fo 

\.Ve know that 

}~ =(~: ~: ) 

(•1.39) 

(4.40) 

is a symplectic matri·x Vt. So we have det(Ai + iBi) ,¡. O Vt (see below). Let us 
denote 

Mi = A1 + iBc. Ni= C1 +iD1 

We shall prove that f1 = N1 M1- 1 By an easy computation, we get 

Now, compute 

~(N,M,- 1 ) 

fl1, LrM, + GNt 

Ñc = - l( iW1 - L N, 

N1v1-i - NM - 1M1vr 1 

- /( - LNft1r 1 - NM- 1(LT M + GN)Ar 1 

(•142) 

- I< -LNM - 1 -NM - 1 LT - N1Lr 1GN!vr 1 ( 11.43) 
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which i!; exactly equation (4.38). 
Now wc compute a(t), using the following cquality, 

1' (LT + G(G + iD)(A + iB)- ' ) = '1'(A1),w-' = 1' (L +ar,¡ 

using TrL = TfLT. Let us rccall thc Liouvillc formula 

which givc dircctly 

To complete thc proof, wc nccd to provc thc following 

Lemma 4.4 I~et 5' be a . .symplectic matrix. 

S = (~. ~) 
Then dct(A + iB) f. O and ~(C + iD)(A + iB)-1 is pos1tive defintte. 

\\'(> shnll prov(> n mor(> gpnernl rnsuh concerning tht> Siegt>l spa<'e E,. . 

Lcmma 4.5 lf 
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(4.44) 

(4.45) 

is a symplect1c matrix anrl Z E E,. then A +BZ et C+DZ are non singular and 
((' + DZ)(A + BZ) - 1 E E" 

Proof. Lct us denote E := A + IJZ, F := C + DZ. F is symplcctic, so wc havc 
FT JF = J . Using 

wc gct 

(E1 , 1 ')J ( ~ ) = (/ , Z )J ( i ) = O (4.46) 

which gi\'CS 

In thc samc way, wc havc 

± (Er, F')J ( ~) = ±(l, Z)F 7 JF ( ~) (4.47) 

= 2,(1 Z)J ( ~ ) = 2,(z - Z) = -\lZ 
21 ,,, 21 
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We gct the following e~uation 

(4.48) 

Because QZ is non degenerate, from (5.68), we get that E and F are injective. If 
x E ([;" , Ex = O, we havc 

hencc 

t hcn :z: = O. 
So, we can define, 

a(S)Z = (C + DZ)(A + Bz) - ' {4.49) 

Let us provc that o:(S) E E,. . Wc have: 

u(1W)Z = ps- 1 ~ (a(M)Zf = (E- l )TFT = (E- 1)TETFE- 1 = FE- 1 = O'(M)Z 

\Ve havc abo· 
ETPE-l-.FE- · E= pTf.;-ETF =QZ 

21 2i 
and this proves that Q(a(M)) is posit ivc and nOH degenerate. 
T his finishes the proot' of the Theorem for z = O 

Remark 4.6 Por a diffcrcnt prooj o/ formula (4.31), usmg the usual approacl1 o/ lhe 
mel.aplectic gnmp, ser. the book /8/. 
The /amily {ip:},e!I:º" .~pa11s ali o/ L 2 (R") {see for exemple /!9/ for pmperlies o/ the 
Fo11rie1"-8ar9mann tran.<;form) so formula {4.31) wholly determines the 1mitary 9nn1,p 
D1 . In particular i l. res11lts that f1; is a unitary opemtor and that lf, has a unique 
selj-adjoint extension in L2 (R" )- 1'his is left a.s a.ercises for the rcader. 

R e mark 4. 7 The map S >------> a(S) defines a repre.~enlalion of lhe sym¡>leclic 9m11p 
Sp(2ri) in the Siege/ space L., . lt is easy to prove that a (S1S2) = a{Si)a{S2). This 
reprcsentation is transitive. Many otl1er prope1ties of this representation are studied 
in /16/ 

5 The met a p lectic group and Wey l sy mbols compu­
t ation 

A mctaplcctic tram;fonuation associated with a linear symplectic t ranfonnat ion F E 
Sp(2n) in N:2" , is a unitary operator Íi(F) in L2 (R") satisfying onc of t hc following 
cquivalcnt conditiom; 

R(F)" ÍÍR(F) AoF. VA E S (R'") (5.50) 

R(F)"T(X )R(F) TfP- ' (X)/, vx El'<'" (5.5 1) 

R(F) ' .4R(F) AoF, 
for A(q,p) = íf;, 1 :5j:511 a !l(l A(q ,p) = pk , 1 $ k $ n (5.52) 
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Wc shall scc bc\ow that for cvcry F E Sp(2n) thcrc cxists a metaplectic transforma· 
tion Í?(F). 
Lct us rcmark that if 'ñ;(F) and ll;(F) are two mctap\cctic operators associatcd to thc 
samc symplcctic map F then therc cxists ,\E C, 1,\1 = l , such that ñ;(F) = >.R';(F). 
lt is a lso rcquircd that F ,_. R(F) defines a projectivc rcprescntation of the real 
symplcctic grnup Sp{2n) with sign indctcrminat ion only. More prcciscly, lct us de­
note by Mp(n) t hc group of metaplcctic transformations and iTp t hc natural projcc­
t ion: ~·1 1, _, Sp(211) thcn thc mctaplcctic rcprcscntation is a group homomorphism 

F ...... ñ (F ). frorn Sp(2n) onto Mp(n)/{I, - 1}, such that 'lfp[Í?(F )] = F , 'r/F E Sp(2n) 
(for more dctails conccrning thc mctaplcctic rcprcscntation scc [15]). Wc shall show 
hcrc that this can be achicvcd straightforward using T hcorcm 4 .1. 

For cvcry F E Sp(2n) we can find a C1- smooth curve F1, l E [O, !], in Sp(2n). 
such that F0 = U and F1 = F. An cxplicit way to do that is to use thc polar dccom­
position of F, F = \/ IFI whcrc V is a symplcctic orthogonal matrix and IFI = /F'fF' 
is posit ivc symplcct ic matrix. Each of thcsc matrices havc a \ogarit hm, so F = c1': cL 

with K. l lfamiltonian matrices, and wc can choosc F1 = c1K c1L. Any way, 1:¡ 
is c\early the linear flow defincd by the quadratic Hamiltonian Hdz) = ~S1 z z 
whcrc S1 = - J F1 ¡~- i. So using abovc rcsults, we define R(F) = Ji. From this dcf­
init ion and T hcorcm 4.1 wc can casily rccovcr thc usual propcrtics of thc mctaplcct ic 
rcprcscntation 

P ropos itio n 5 .1 l et u.s consider two symplectic paths F1 and F; joinin9 1 (t = 0) 

to F (t = ! ). Then we havc "ú; =±U; (with obuiou.s notation.s). 
¡\fo ,.eoucr. 1/ F 1 , F2 E Sp(2n) the11 we have 

R(F' )k(F') ~ ± R(F' F'). 

Proof. Using (4.31 ) wc scc that thc phasc shift bctwecn thc two paths comes from 
varia t ion of argumcnt bctwccn O and 1 of thc complcx numbcrs b(t) = dct(A1 + iB¡} 
and b'(t) = dct(A; + w:). 
Wc havc arg[b(t)] = <J (J~ ~ds) and it is wcl\ known (sec Lcmma (5.4) bclow and 

its proof) that 

, ( r' h(,) ) _ ( r' b'(, ) ) , 
~ lo b(s) ds _ ';) ) 0 b'(s) d$ + 2r.P. 

with N E Z. So wc gct 

Thc ~ond part of t hc proposition is an casy conscqucncc of Thcorcm 4. 1 conccrning 
propagation of squcczcd cohcrcnt statcs with !ittlc computations. 1 

In a. rcccnt papcr l I 7] thc authors use a nicc cxp\icit formula for t hc Wcy! symbol of 
mctaplectic opcrators h( F ). In what follows wc dctail a rigorous proof of this fonnula 
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including computation of t hc phase factor. In principie wc could use Thcorem 4.1 to 
compute the Weyl symbol of the propagator U10 ,1 . But in this approach it sccms 
diílkult t.o comp11t.e phasc factors (Maslov- Conley-Zehnder index). 
F'or techuical rea:;on, It is ea.sier for us to compute firs t the cont ravariant \Veyl i>ymbol, 
U1 , for the propagator 1J; defined by H1 . In any case, U1 is a Schwartz tempcrate 
distribution on the phase spacc R2". 

Wc follow thc approach used in Fedosov [7]. 
lt is cnough to assumc /l. = l. In a first step we shall salve the following problem 

;f.íJi ~ íí, íJi 
~ = f; (5.53) 

,,·bcrc ne is a smoothing family of opcrators such that lim ¡ e = 1 It will be convc-,_, 
nicnt to takc Jc(X) = cxp( - elX l2 ). 

Lct us rccall that # denotes thc Moyal product for Wcyl symbols. So for thc 
contravariant symbol Ui( X ) of Ur we havc 

i~U,(X ) ~ (H,#U,)(X) 

Dccansc //1 is a quadratic polyuomial wc havc 

(H,#U,)(X) ~ 11,(X)U,(X) + ~{H, , U,)(X) 

-~(a{ay -axa,1)'1H1(X)U1(Y)/x= v 

whcre 8,, = -ff;, X = (x,{), Y = (y,17) . 
lt sccms natural to make thc fo!lowing ansatz 

U1(X ) = a(t)E1(X), where 

f:.,J(X) = cxp(iM1 X ·X) 

(5.5'1) 

(5.55) 

(5.56) 

'-"( t ) is a comp!cx time dcpendcnt function, M1 is a time dcpcndcnt 211 x 2n complcx, 
symmctric matrix such that UM1 is positive and non degcncratc. 
A. 8 bcing two c!assical observables, we have: 

{A , s¡ ~ vA JVB 

and 

(8,8,1 - 8y8~fi A(x, () R(y, 17)lx =l' = a;, A 8ff, B + a;iB 8ff, A - w;{ A ¡f¡,R 
~ - T>(JA"JB") (5.57) 

whcrc A" is thc Hcssian of A (and similarly for B )- Applying this with 
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wc gct: 

Howevcr, 
\J B = 2i8(X) M1X 

( B11 )J ~· = 21((M1)J11+2í(M1X)j (MiX)k) B(X ) 

l:iO that: 

Thcrcforc the Ansa.tz (5.5G) lcads to thc cquation· 

tó(t)- a(t)A;f1X X = ~ (SiX X + M1J S1X X - S1JM1 X X )a:(t) 

+~a(t)Tr(M1Sd - ~a{t)M1X S 1M 1X {5.58) 

whcrc wc havc introduccd thc Hamiltonian matrices 

Thcn cquation {5.58) is cquivalcnt to 

M , 

ó, 

~ (M, + l )S 1(M 1 - l ) 

~1'r {M1Sdo1 

(5.59) 

(5.60) 

Thr first N¡nat.ion is n Rif'f'at.i C<Jnntion and can be solved wit h a Cayky t ransform: 

which givcs thc linear cq11atíon 

Coming back to M , wc g:et 

M, = (n + .Mu - l·/(1- M o)}(1 + J\.10 + F1(1 - M 0))- 1 (5.61) 

Let U l:i now compute thc phasc tcrm. \Ve int roduce 

x} = 1 + .Mo ± F,(1 - Mu) (5.62) 
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Using t he following properties 

x< 
ThS, 

s, 
we have 

xi - 2F, (J - M o) 
o 
F1F¡-I 

Tc(M ,S,) = -2Tu (xi(xtJ- ' )) 
so wc gct 

01 = o:oexp (-~ [logdetxtl~), ao = l. 

(5.63) 

(5.64) 

(5.65) 

(5.66) 

(5.67) 

In formula (5.07) t.he log i.s dcfü1c<l by continuity, becau.se we shall st.>c that xi is 
always non singular 

Until now wc just compute at the formal lcvcl. To make the argumcnt rigorous 
wc statc sorne lcmmas. 
lt is convcnient here to introduce the following notations. 
sp+(211.C) is thc set of complcx, 2n x 2n matrices M ~mch t hat M = JM whcrc M 
is symmctric (t haL mcans that M is a complcx Hamiltonian matrix) ancl such that 
f1M is positivc non degenera.te 

Sr+(211 , C) is t hc set of complcx, symplcctic, 2n x 2n matrices N such t hat t hc 
quadratic form 

is positivc and non dcgeneratc on C 2" 

Lemm a 5.2 lf F is a real symplectic matri:t and M E SP+(2n,C), then 1 + M + 
F(J - M ) is invertible. 

P roof. Writc M = Jf\'1. It iscnough to provcthat theadjoint l+FT +.M"( l - FT) 
is injcctivc. But M· = - MJ. So i f z E C2n is such that (l+FT + M" ( J- FT))z =O 
t hcn wc gct 

(( Il + .F7), - MJ(I - F1 ),) J (I - F 7 )¡ =O (5.68) 

But, using that F is symplcct ic, we havc that (1 + F)J(l - FT ) = F J - J p T is 
syrnmctric so taking thc imaginary part in (5.68), wc havc 

<:! (MJ(I - F''"¡ , J(I - 1'7 )') =O. 

Thcn using that "'JJH Íl:i non dcgcncratc, wc get 8ucccssivcly (1 - p T);; = O. 
( 1 + FT );; = O awl :; = O. 

Le m m a 5 .3 Assumc that -J is 1w t an cigenualuc of .N. Then .NE Sp+(2n,C) iJ and 
m1/y if J'vl E sp+(2n , C) whcre N a11d M are lmkcd by the fo1;nula 

M =( l -.N')(l+.N') - ' . 
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Proof. Assuming that N + l is invertible, and 

M ~(Il - N)(l + N)- ' 

then we can easily sec that N is symplectic if and only if M is Harniltonian. 
Now, using N = N ··T, we get 

1 - l r 'N ~ 2(1 - M )-' (M - M )(l + M )-' 

H :: = (n + M)z:1 we have, using (J( t + /Ci)f = -J(I - M), 

(U - N - 1N)z J"i = 2(M - M)z' ? . 

So the conclusion of thc lcmma fol!ows easily from the la.st cquality 

Thc lru;t lcmma has the following uscfu\ conscqucncc. 

77 

• 
Lct us start with some /vio E Sp+(2n,C ) wit hout t he eigenvalue - 1 lt not. d ifficu lt 
to scc that M 1 ::: = - z if and only if A10u =-u, wherc u= (x ;")- 1 ::. In particular 
for cvcry time t., -1 is notan cigenva!ue for M 1 

Furthcrmore, using that N1 = J;¡N0 , we havc N; 1.N,, = 7J~ 1No . So wc gct that thc 
matrix ;\.11 E sp+ (211, C ) at cvcry t ime t. 
lí A.411 has the cigc11vah1c - 1 it is no more pm;siblc to use t hc Caylcy transform but 
wc sce that M 1 is still defi11ed by cquat.ion (5.ül)(from lemma (5.2) ) allCI solvcs tlu.! 
Riccati cquation (5.59) 

Now wc wa nt to discus!:i in more dctails the pha.se factor includcd in the term 
0 1 and to coHsidcr thc limiting cru;e M o = O to compute the Wey! symbol of thc 

propagator úp. Thcn we shall recover thc ¡vlch lig-W i\kinson formula, iuclud ing t.hc 
phasc corrcction Maslov-Conley-Zehndcr lndex). 
Lct us denote 

Menee wc hnvc 

_ (- ~ [' J(F,,Mo) ) d 
ai - cxp 2 Í a J(r"'i,Mo) s 

Lemma 5..1 l et us conside1· t - F1 a path in Sp(n, R) . Then for every A10 E 
sp+(11. C ) wc lwvc, for thc n:al part: 

!ll [ [' j(l·~. Mo) "'] = log (IJ(F,, M o)I ) 
),, ó(F,,Mo) IJ(Fo,Mo)I ' 

!/ F1 is T-periodic, then 

( J(J;¡ ,Mo)ds = 2i7rv 
Jo J(F1,Mo) 

w1th v E Z. Pt1rt/1cn1101·c, v is indepenrlent on Mo E SP+ (2n , C) and dcpcnds 011ly on 
the homoto¡>y c/ass of lhc closed path t - F1 irl Sp(211). 
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Proof. F'or simplicity, lct us denote ó(s) = 6( F,,Mo) and 

h(t) = fo1 J(s)ó(sr 1ds, g(t) = c - h(i )ó(t) 

gis clc.arly constant in time and g(O) = ó(O) = l. T hcn we gct !R(/1(t )) = log ]ó(t)l­
In thc pcriodic case wc have ch(T) = 1 so wc havc 

_!_ r J(J=i, M o)ds = v, V E z. 
21T )0 J( F1 ,M o) 

By a simple continuity argurncnt, wc sec that v is invariant by continuous dcforrnation 
on M 0 and F1• 1 

Wc can now compute thc Wcyl symbol of R(F) whcn det(J + F ) :f. O. Lct us 
cunsider fin;t tbe ca:;e <let(J + F ) >O. The case dct( J + F ) < O is a lit tlc bit more 
complicatcd bccausc thc idcntity 1 is not in this componcnt 
\Ve start with an arbitrnry C 1, path /. ,....... F1 going from 1 (t.= O) to F (t = l ). lt is 
known that Sp+(2n) = {F E Sp(2n), such that dct(I + F ) > O} is an open conncctcd 
subsct of Sp(2n) . So, wc can choosc a picccwisc C 1 path F; in Sp+(211) going from 1 
to F and Mu = frJ. \Ve havc, using Lcmma(5.4), 

\} ( ¡' b(F,, id) dt) = 2rrv+ \} ( f' b(F;,i<J) dt) (5.G9) 
} 0 6(Fi,id) lo ó(Ff,iEJ) 

But dct(I + F!) is llcvcr O on [O, 1/ and is real; so if E> O is going to zcro, the last 
tcrm in r.h.s gocs to O and we gct 

lim \} ( {' b(F,,>'1) dt) = 2rrv 
' "'-º 10 ó(F'i , id) 

So wc havc provcd far thc Wcyl symbol R(F, X ) of Í?(F) thc following l\folhig­
\\"ilkinson formula 

ll(F, X) = c'""ldct( I + FJl - ' i 'cxp (-U ( I - F)(I + p¡-• X X ) (5.70) 

Lct us now considcr F E Sp_(2ri) whcre Sp_(211) = {F E Sp(211), such that 
dct(J + F) < O}. Hcrc we shall replacc thc idcntit)' matrix by 

Ff = ( -2 º, ) o - 2 

far 11 = 1 ami Fº = ~¡ 0 12,. - 2 for n ~ 2 whcrc l:b• - 2 is thc idcntily in 8:2"-2 . 

Lct ns ronsidcr 11 patl1 co11nccting 1 to f~ thcn /·~ to f '1 = F . Bccausc Sp(2n) is 
uµc 11 1111J t·u111 1\Tt1·d we 1·1111 fi11d u patl1 111 Sp(2n) going from f<l ta F1 = F ami that 
pan tloN 1101 1·011tri lmte to t liC' pilase hy thc snuic argumcnt as abovc. 
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Lct us considcr thc modcl case 11 = l. T hc following formula givcs an cxp!icit path 
in Sp(2). 

F' = ( cosl,rr -sintJT) ( ry(t) O ) 
' sinl1r cosl7r O ;dn ' 

whcrc 1¡(t) is analyt ic on a complcx neighborhood of [O, IJ, 11(0) = 1, 1¡( 1) = 2, 
1 ~ r¡(t) S 2 for t E IO, l ]. A simple cxample is 1¡(t) = l +t. T hcn wc can compute: 

Le mma 5.5 

(5.71 ) 

P rooí. Lct us denote /~'= R(t)B(t), whcrc /?(t) is thc rotation matrix of auglc trr 
ami for E E !0. 1[, 

f,(t) = dct[( t - id)+ F¡(J - 1d)) 

\\'e ha\'C 

fu(/)= dct.(R(-1) + U(t)) = 2 + cos(trr) (1 + t + ___!__) 
l+l 

/0 has cxactly onc simple ZPrO 11 on [O, I], fo(I¡) =O, io(I¡) 1 0). 
Thb is casy to scc by solving t hc cquation cos t11 = li{t ). for a suitablc h. with ;1 

gcomctric Rrgumcnt 
Thcn by a standard colllplcx analysis argumcnt (contour dcformation) wc gct thc 
cquality (5.il). 1 

So iu this case wc havc thc formula (5.70) for thc contravariant Wcyl symbol of 
R(F), with indcx 11 E Z + l / 2. Summing up thc discussion of t his scction wc havc 
provcd: 

Theorc m 5 .6 ll'c co11 rc11/ize. tite. mctaplectic re1Jreser1talio11 F ........ k (F ) o/ lhe sym­
plcchc group Sp(211 ,IR) into /he imitary gl'oup o/ L2(R") by tahng for cvcry F a 
C 1 - path 1' 9om9 from 1(t = O) to F(t = 1) and solving e.:r:plicitly thc corresponding 
quadratic Scl1riidin9cr cquation for thc Hamiltonian J-/1(.:) = - l/2J 1'~ /·~- J z. z. So let 

11.~ d~finr Ñ.,(F), lhe ¡iropagator at time l obtair1ed this way. 
lf 1' IS anothcr patli 9oi119 from 1 (t = O) to F (t = 1) the.n tlie.rc cxists an mdcx 
N("r, 1') E Z such tlwt 

ñ.,(F) = c'"Nh ."l')~(F) 

Thc mctap/cct1c opcrat.or Íl(F) is the. two volucd un1tory ope.rato1· ±ii':,(F) 
1\forcot•cr 1/ dct(l + F) f O, í'r.(F) has a smoot/1 contra1•ariant IVcyl symbol l?(F, X). 
gwcn by formula (5. 70). whcre 11 E Z if dct(I + 1'') > 0 and 11EZ+1/2 1/ dct(I+ F) < 
o 

lt wil\ be uSC"ful to translatc thc nbovc thcorcm for thc covariant Weyl symbol. Befare 
that wc start to disrnss thc general case, iucluding det( F ± 1) = O. Thc Wcyl symbol 
of R(F) may be siup,11lnl' , so it is easier to aualysc it using cohercnt statcs (for 0 11r 
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application it is cxactly what we nced) . 
Lct us rccall t hat 

Lct us denote Ú1 = Íl.( F) and Uf thc contravariant Weyl symbol at time l constructcd 
above, such that US(X) = c-"IXl2 

For cvcry e > O wc ha.ve computccl thc following formula for the contravariant Wcyl 
symbol: 

U'(X ) 

M ' (X ) 
a' 

o " cxp (i lV!' X · X ) , whcrc 

= - J( l + icl - F (l - ieJ))(J + id+ F (l - id})- 1 

dct(U +id+ F ( I - ieJ)) - 1/ 2 

At thc cnd wc gct thc rcsult by taking thc limit : 

.~~1oo(\O.+x 1Úfip,} = (\Oz+xlk (F)\O: ) 

(5.73) 

(5.74) 

(5.75) 

Thc computation uses t.hc foltowing formula for thc Wigner function, W, ,:+x (Y ), of 
t hc pair (r;o,. 'P:+X ). 

W.,,+x(Y) = 22" cxp(-J Y - z - ~ / 2 - iu(X, Y -~)) (5.76) 

So. wc ha,•c to compute thc following Fouricr-Gauss integral 

(~ax lÚf~,) = 2'"(2,¡- "a' /.,'.11·· oxp (•M'Y v-lv -' -~ i' -io(X. l'- ~)) 

So wc gct 
(ip~·+x lÚfip~) = 2" (dct (I - iM'))- 112 0 t. 

( l x¡' 1 x -·1x x cxp - :::+ 2 + 2to(X, z)+(l - iM')-1(z+ - -2'- ) 

Now wc can compute thc lirnit whcn E '\., O. Wc hove 

(5.77) 

(5.78) 

(z+ X - 2iJX )) 

1 - 1/11' = 1 + iJ(! + frJ - F ( I - id))( l + id - F( l - id))- 1 (5.79) 

Thcn wc gct, using that ( ~ + F + iJ(J - F )) is invertible (sce Lcmma 5.2), 

:~i( I - iMr¡ - 1 = (1 + F )( I + F+ iJ(l- F))- 1 (5.80) 

and 
~~¡> dct( I - iM' ¡- •t2o c = (dct{I + F + iJ( I - F))- 112 (5.8 1) 

So, finally, w1' ho.vc provccl tht· following 
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P ro positio n 5.7 The m11trix elcments of Í?.(F) on·coherent states ip., are given by 
the folloum19 formula· 

(~,+x l ll(F)~,) = 2" (dct( l + F + iJ( t - F)) - ' I'. 

( 1 
x¡' 1 X -;JX X - iJX) xcxp - z+ 2 + 2ia(X,z}+Kdz+--2-) (.::+--2-) (5.82) 

whcrc 
l<c = (t+ P)(t + P +U(t- PW ' (5.83) 

Now wc cnn compute thc distribution covariant symbol of k(F) by plugging formula 
(5.82) in formula (5.72) .. 
Lct u~ bcgin with thc regular ca:;c dct(l - F ) ,¡.O. 

Corollary 5.8 /fdct(I - F) #:- O, thc covariant ll'ey/ symbol of íl:,(F) is compute</ 
by the form111<i: 

R"(I'. o)= c'""ldct( l - l'W ' l' cxp (-~J ( t + F)( t - F)-' 2 ·o) (5.8<1) 

wl1nt: ¡1 =V+~·,-, E Z is lin indcx computcd below m formulas (5.88). (5.8.9). 

Proof. Ui;ing Proposition (5.7) anc\ formula (5.72), wc ha\'c to compute a G1mssian 
integral wilh o contplcx, quadratic, non degenera.te covariancc matrix (i;cc [11]). 
This covariancc matrix h; F< I" - 1 and wc havc clcarly 

1(,.. - 1 = - iJ( J - F )(I + F + iJ(J - F))- 1 = -(1- iA)- 1 

wherc /\ = (1 + F)(I - F)- 1 J is a real symmctric matr ix. So wc havc 

'll(l<F - 1) = -( 1 + A2 )-', ':t( l<F-1) = - A(I + A')- ' (5.85) 

Thcrcforc 1 - !(pis i 11 t he Siegel spacc E2 ,. nnd Thcorcm (7.6.I) of [I l ] can be appllcd. 
Thc only scrious problcm is to compute thc indcx µ. 
Lrt lL" dpfüw a p;H h of 2n x 211 symple<:tic matrices as fol\ows: 
G1 = c1 .;,~ if dct(J - F ) > O and: 
G1 = C~ 0 c"•h~-1 if dct(I - F) <O, whcrc 

whcrc 'I i:. a smooth function on [0.1\ such that 1¡{0) = 1, 1¡(t) > 1 on ]O, l] and whcrc 
J1,. is thc 2n x 2n mauix defining the symplectic mat rix on the Euc\idean space R2". 
U 1 ami¡.· are i11 thc saiiic conncctcd componcnt of Sp. {2n) whcrc Sp. (2n) = {/·'E 
S1>(2n). dí't(I - F) =F O} . So wc can considcr a pnth s ,_ F; in Sp, (2n) such that 
F¿ = C 1 nntl F; = F. 
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Lct us considcr the following "argument of dctcrminant» functions for familics of 
complex matrices. 

O[F1j = argc[dct( J + F1 + i J (l - F1)] 

¡J[FJ ~ ª '<+[dct(I - K,)- ' J 

(5.86) 

(5.87) 

whcrc argc mcans t.hat t ....... O/F1) is continuous in t and 0[1] = O (Fo = 1), and 
S- arg+!dct(S)) is ! h C' analytic- dctcrmination defincd on thc Sicgc! sparc E2,. such 
that arg+[dct(S)J = O if S is real (scc fl l j, vol.! , scction (3.4)). 
\Vith thcsc notation:; wc havc 

BJF J- O[FJ 
¡1 = ---. 

2rr 
(5.88) 

Lt't 1i<; <'onsidcr firs r r.hc~ í'a.<;í\ dN{D - F) >O. 
Using that J has thc spCctrum ±i, we get; dct(J + G1 + iJ(I - Gi)) = 4"c"'"' a11d 
1- Kc 1 = 11. 
Lc-t us rcmark that dct(] - /\·F¡-1 = dct(l - F)- 1dct(J - F + iJ(l + F )). Lct us 
introduce .6.(E , A4 ) = dct(I - E+ M (I +E)) for E E Sp(2n) and M E SP+(211,C). 
Lct considcr thc closcd path C in Sp(2n) defined by adding {G'1}os1s 1 a11d { /·:}05.,.5 1. 
\\'e denote by 2irv the variation of thc argumcnt for .ó.(• .lvf) along C. Thcn wc gel 
ca.sil.\· 

{J( F ) = O[F'J + 2rrV+ mr, n E "11... (5.89) 

\\"he11 det(J - V)< O, by an cxplicit computation, we fi nd arg+fdct{J - l<c,)] =O. 
So wc can concludc as abovc. 1 

Assumc now that F h~ t hc cig·cnvaluc 1 with somc multiplicity 2c/. Wc want to 
compute thc tcmperatc dist ribution /ll (F ) as a limit of R'( F' ) whcrc dct(J - F'') p O. 
V~> 0. 
Lct us introduce thc gcncralizcd cigenspacc E'= LJ ker(J - F)1 (dim[C'j=2d). and 

J~ I 

E" it::. symplcctic orthogonal in R2" . We denote F' thc rcstriction of F to {' and 
F'" thc rcstriction to E". Wc also denote by J' a.nd J" thc symplcctic applicntions 
defined by the rcstrictions of thc symplcctic form u: o-(u, v) = J 'u · v, 't/u, v E E' ru1d 
thc samc for J". Lct us introduce thc Hamiltonian maps L' = ( 1 - F')(J + F ')- 1 and 
L'·r = L' - e}'. 

lt is clcar thnt dct( ¡).t - 1) f:. O for O < E smnll enough, :c;o wr n rn drfinr F'·' = 
(1 + L'·')( J - L'·1 ¡- 1. Let us remark that 

Q'·' '~ J'(F'·' - W'(F'·' + 1) = - (/)J' + ,¡- • (5.90) 

b a symmctric non dcgcncratc matrix in E' dcfinNI for C\·crr E > O. 

Lemma 5.9 Wc !invr tlu: folloiuÜig propc1tics. 
l ) J."·r u symplcct1c. 

:l} }~11, F'r = F'' . 

:J) Fui e f:. 11 . . '111r1/l c1101i_qh 1 dct( F'·' - 1) f O. 
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P roof. 1) comes from thc fact t hat U·c is Hami\tonian. 
2) is dear. 
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F'or 3). lct us nssumc that F'·cii = 11. T hen we havc L'·(u =O hence .111/11 =€u. 
Now. choosc O< e< dist{O,spcc(J 'L')\{O}} then we havc u= O. 
Finally we define F( = F'·( ® ¡:w,i. It is clcar that pe satisfies also properties 1), 2), 
3) of t he above lcmma with p e in place of p•.c . 1 

Propositio n 5.lO Untlcr the above assumption, thc covanant symbol oj J°?.( F ) has 
tl1e followmg fom1: 

R11 (F, z1, z2, z") = e '"1' 1 ldet(I - F")¡- 1t 2 ó(zi) 

x cxp (~J(J + F)(F - l)- 1(z2 + z") · (:-2 + z")) (5.91) 

whcn:::: := ((:1 , z2 ), z") 1s tlic decomposition of the phase-spacefor which F = F' g F" 
a11d ::' = ::¡ + :2, witli ::2. E lm(F' - 1), :1 E lm(F' - l ).J.., the orthogonal complcmcnt 
m E:' for thc Euc/idcMI scalC1r ¡iroduct. ó(z¡) ~e~otcs the D1roc mass al. pornt z1 = O. 

µ 1 E Z + 1/ 2 is 9111en t1s fo/lows: ¡i 1 = ¡/' + ~ whcre µ" is the limit. oj ihe ¡; mde:r 
far F'. compute</ m (5.84), ond sg+Q' 1s the /1mit forc - O of the si9nah1re of Q'·!. 
dPfiru:d m (5 90). 

Proof. \Ve use t hc sume ki11d of computation as for Corollary (5.8). Thc ncw factor 
com~ frorn thc contribution of E:'. So wc can forgct E". So wc assumc t hat E' = R2" 

and W<' forgct the supcrscripts '. \Ve havc to compute t hc \imit in t he clistributiou 
scnsc of H!(f'l) which was computc<l in Corollary (5.8). 
Lcl u~ considcr n test function f E S (R2") and its Fourier transform j. Usiug 
Planchercl formula, wc h1wc 

/, e>p (-~J( I + F')(I - F') - ', . ,) f(•)d, = 
R'" 4 

2"(rr)'"ldc<(Q')l - ' ''c''1Q'J'f /, cxp (-i(I + FT ' ( t - F')J( <) f(()d( (5.92) ... 
So wc gct thc rcsult by taking t.hc !imit for e - O in (5.92). 
Let us rcrnark thnt wc huve uscd that J'(I + F)(I - F)- 1 is a.n isornorphism from 
kcr( 1 - F').J.. onto itsclf. 1 

In our paper [2) t l1e lending tcrm for thc ret.urn probability and for fidelity on 
mhrrf'nl st/'\INl 1!'i rom¡mt r:d with a Gaussian rxponcnt.ml drfinf'd by tlw <1 nadrn.1if' 
funn wlnd1 WtLS ddim.:<l ill Pl'uµo:oitiuu 5.7. 

1,-(X) '= ~ (l<F(I - iJ)X (1- iJ) X - IXI') (5.93) 

111 our applicat ion wc sha!I havc X = ::1 - .:: whcre 1 ,_.... : 1 is thc dnssical ¡>ath starting 
from :: So wc nce<I to cstirnatc t hc argumcnt in thc cxponcnt of formula (5.82) for 

'=º 
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Lemma 5.11 we have, 'r/X E &2" , 

(5.94) 

where s F is the laryest eigenvalue of FFT {FT is the transposed matriz: of F ) 

P roof. Let us begin by assuming that det(I + F ) 'f; O. Thcn we have 

/ (p = (U+ i N)- 1 , whcrc N = J (I - F )(l + F )- i . 

So wc can compute 

So, wc get. 

'"(X) ~ ¡ ((1 + J N)f(Ff(c(I - N J )X X - 2IX l2 ) (5.95) 

By defin i1 ion of /( F, wc .ha.ve 

(5.96) 

Le us denote Tp = ((U + il) !·~- 1 + 1 - u ¡- 1• We havc, using that F is symplectic. 

hcncc wc gci 
T pT j;. = (2( F - 1.r p - 1 + 1))- 1 

ami thc conclusion of thc lemma follows for dct(I- F ) f O hcnce for cvery symplcct ic 
matrix F by continuity. 1 

Recei ved: August 2005. Revis ad: Septembe r 2005 . 
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