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ABSTRACT 
A problcm of cxtract ing information about thc location and shapc of unknowu 

cracks in a background rncdium from the Dirichlct-to-Ncumann map is consid­
crcd. Au application of a ncw formulatio11 of t he probc mcthod lntroduccd by the 
aut hor to the problcm is givcn. T he mcthod is bascd 011: the blowup propcrty 
of scquenccs of spedal solutions of t he goveming cquation for t he background 
medium which are rclated to a singular solut ion of the cquation; an cxplicit lower 
bound of an L2-norm of thc gradient of thc so--callcd reflected soluho11. 

RESUM EN 

Se oonsi<lr.rn un prohlr.ma de extracción de información acerca de la ubicaC"ión 
y forma de grietas de fonna desconocida sobre un medio de feudo proveniente de 
la aplicacion de Dirichlet a Neumann. Como aplicación se muestra una formu· 
ladOu nueva Je\ 11nhodo del cxpcrimcnto introduddo por el autor. El método 
~ ba.~a en la propir.dad de r.xplosión de las sucesiones de funciones especiales dr. 
la ecuación que modela el medio de fondo, el cual se relaciona con la solución 
singular de la ecuación; se encuentra una cota inferior explícita de la norma L 2 

del gradie11te de la llamada solució11 reflejada 

IThi.~ re<cRrch wa.~ 1mrtially ~upportcd by G rRnt-in-Ai<l for Scicntific fl c.~carch (C)(2) (No. 
15540154) or .lnpan Socicty For the Promotion of Scieuce. The author t hn.nks Kln.us Erl1ard and 
lloland Pouhru;t for providing me wlth thelr stirnuhning prcprint (G) 
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1 Introduction 

T hc aim of this papcr is to dcvclop a general method for cxtracting informat ion about 
unkuown cracks in thc domain from t hc associated Dirichlct-to-Neumann map(or 
Ncumann-to-Dirichlct map). 

In [9] thc author int roduccd t hc prvbe method which gives a general idea to obtain a 
rcconst ruction formula of unknown objects cmbedded in a known background mcdium 
from a mathcmatical countcrpart(the Dirichlet-to-Neumann map) of thc measured 
data of sorne physical quant ity on thc boundary of the medium. T he method has bcen 
applicd to an inverse bo"undary value problem in clasticity [12] and inverse obstadc 
scattcring problcms [IO, 11). T hc rcccnt study of [16) also is bascd on applying 
t hc probc mcthod to an invcrsc boundary valuc problcm rclated to cracks in an 
inhomogcnoous anisotropic clastic mcdium. 

Rcccntly 8rhard-Pot t hast f6) studied numcrically t hc probc mcthod by using tcch­
niqucs in [1 7, 18]. lt is a quite cxciting work and t hc author gained again intcrcst 
about thc probe mcthod itself. T he papcr [14] is onc of thc results of reconsidering thc 
probc method. In t he papcr thc b\owup propcrty of thc special scqucncc of solutions 
of the governing equation for the background medium is clarified (see Lemmas 3.1 and 
3.2 of this papcr) anda ncw charactcrization of an unknown volumctric discontinuity 
by using thc associatcd Dirichlct-to-Ncumann map is givcn. 

In this papcr, wc continuc to rcconsider thc probc mcthod and introduce an ap­
proach in applying thc probc mcthod to inverse problems rclated to cracks(invcrsc 
crack problcms). Thc approach is completely diffcrcnt from cxisting applic:ations 
[15, 16] of the probe method to the problems, clarifies another side of t he probe 
mcthod and is cxtrcmcly simple. Sincc we are intcrcstcd in mcthodology in invcrsc 
problems, this papcr rcstricts oursclf to an invcrse crack problcm for the Laplace 
cquation. Howcvcr, thcrc is no doubt that onc can apply t he approach prcsentcd in 
this papcr to othcr invcrsc crack problcms, far examplc, thosc in clasticity Thosc 
applicat ions shall be rcportcd in subscqucnt papers. 

2 Formulation of the problem 

Now Jet us formulate the problem precisely. Let n be a bounded domain in IR"'(m-== 
2. :l) wil.h Lipsdiit.z bo1mduy. Let ~be a (m - !)-dimensional closcd submanifold 
of IR"' of cla:;s C 1 wit!1 houudary. E is <livi<lc<l into two part.s thc i11tc rio,. ami tlic 
boundary dcnotcd by lnt E and m:, respectively. 
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We say that E is extendable of d ass C°·1, if E admits the existem;e of un open 
subsct D with Lipschitz boundary of n, having finitely many connected componenLS 
and satisfying thc following: 

\ 

75 e n· 

(*) 11 \ 75 is connectcd; 

E c ao. 
O t c.:ourse. there sl1uul<l be i11fi11itt:ly many D satisfying (") for gin.:11 exlcll(h1ble E. 
In this paper, we a!ways assume that E is extendable of class Cº·1 unlcss othcrwisc 
llpN'ifi('d . \V(' <kuo1<' by 11 thc unit outward normal rclativc to O unlcss othcrwisc 
.spccifü .. -<l. Set 80 = r Lct O+ = 0 \ 75 ancl writc D = 1L. For a function v E L2 (U) 
set 11+ = vln~ . u_ = vln _ 
ÜC'Í\11(' 

X (!1 \ E; D ) = {v E /}(!1) 1 u+ E H 1 (0 +) , v _ E H 1 (0 - ), v+lru: = v-lr\E}: 

llvllxt11\E,D) = llv+l\ 11 •(11~) + llv-\lu •¡n_) 

X (U \E: D ) is complete with rcspcct to thc norm 11 ll x (O\>: D)· Defi ne 

X0(~! \ E; D) = {v E X (!l \ E; D)lv =Oon O!! in thc scusc oftracc} . 

Givcn f E H 112(()0) wP say t.hnt, u E X (O\ E: D) is a wcak so!ution of t hc clliptic 
problcm 

ó.u = O inO \E, 

~ = ÜonE, 

1L = f onan 

if u sat istit:S v = f 0 11 8 11 i11 t.hc sen.se of trace and , for al! 11' E X0(!1 \E; D) 

f 'Vu · 'Vi.pdy =O. 
l n\ r. 

(2.1) 

(2.2) 

T hc startiug point is to cstab!ish thc cxistcncc a.nd uniqucncss of thc wcak solntion 
uf (2.1) a nd thc invariancc of thc solut ion with rcspcct to t hc choice of D. Onc can 
casily pro,·c 

P roposit io n 2.1. For eo.chfi:red D satisfying (• ) there exists a uni<¡ue weak solution 
of {2. 1). Moreover thc so/1ition does not depend on the choice of D . 

For "ª"h fix<'d D satisfying (•), define t.h<' bmmdcd linear íunctional Ar. ! on 
H 112(()H) Ly t l11:: furmuh1 

(l.3) 
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wherc u is thc weak solution of (2.1) and v e X (O \E; D) is an arbitrary funct ion 
with v = h on éJn in the sense of the trace. The j in (2.1 ) denotes a givcn voltagc 
potcntial on &n ami ArJ thc corresponding currcnt flux. The map AI: : f ,__.., ArJ 
is called the Dirichlet -to-Neumann map. We set Ar:. = Ao in the ca.se when E = 0. 
From Proposition 2.1 and (2.3) we know that Ar:. docs not dcpend on thc choice of 
D satisfying ( * ). Sin ce A¡; is a mathematical model of the mca.surcd data, this ca u 
be considered as a mathcmatical cxpression of thc statcmcnt : thc mcasurcd data are 
indcpcndcnt of thc represcntation of unknown objects 

\Ve are int.crested in t hc following. 
Inverse Cmck Problem Ext ract infonnation abom the shapc and location of E from 
Ar:. or its pa rt ía] knowledgc. 
This is a mathcmatical modcl of c\cctrical impcdancc tomography and rclatcd to a 
nondestructive evaluation of the material. E corresponds to the union of perfectly 
insulatcd cracks. Thc problcm raiscd hcrc is not a uniqucncss onc. f or thc study 
of thc nniqucncss in severa] formulations of invcrsc crack problcms :;cc [2, 5, 7] and 
rcfcrcnccs thcrein 

Wc cite also j4j for an approach to lnverse Crack Problem by using Kirsch's fac­
torization mcthod and rcfcr thc rcadcr to [l , 3, 13] for invcrsc problcms rclated to thc 
cracks having spccial gcometry. 

3 Two Sides of Probe Method 

Thc purposc of this papcr is to givc an answcr to Jnverse Crack Problem by using thc 
new formulat ion of the probc mcthod givcn in [14]. 

3.1 Needle, N eedle Sequence 

Givcn a point x E 11 Jet Nr denote the set of a ll piccewise linear curves q : (O, IJ ,___. O 
such that: (1) a(O) E 80, a(l ) = x and q(t) E 11 for ali t E]O, l [; (2) q is injcctive. 
Wc call a E Nr a needle with tip at x. 
Choosc an arbitrary fundamental solution G of the Laplacc equation in IRm and fix 
it in this papcr. Lct a E N.r. . We call the sequcnce ~ = {vn} of H 1 (0 ) solnt.ions of 
thc Lnplacc cquation a needle sequence for (x , q ) if it satisfies, for each fixe<l compad 
set l< of IR'n with l< e n \ q ([O, l ]) 

,.li_o!:_lllv,. ( · } - G( · - • }llu(K) + ll'J{v,.( ·} - G( · - x ))llViKJ) ~ O. 

Thc cxistcncc of thc nccdlc scqucncc is a consequencc of thc Rungc approximatiou 
propcrt.y for thc Laplncc equation. 

3.2 Indicator Seque nce/Functio n 

Defi nition 3.1. Givcn x E O, 1wedle o with tip x and nccdlc scqucncc ~ == {v,.} for 
(.r.o ) <ld iil\' 

l (x,a.(},. ~< (Ao - A,.)/,,, ] ., > 
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wherc f.,(y) = v,.(y), y E 80. 
{I (x,o, 0 ,,}n=l.2,··· is a .sequcncc dcpencling 011 { and u E Nz . Wc cal! thc sequc1.1ce 
thc indicator sequence. 

In short, thc probc mcthod is a method of probing inside n by usiug the indi<:at.ot 
scquence. For the study of thc bchavi@ur of the indicator sequence as n - oo we 
prepare 
Defi n it.ion 3 .2. Thc indicator f1mction 1 is <lefine<l by t.he formula 

whcrc w,. E X0 (!1 \ L:; D) is thc uniquc wcak so\ution of t hc problcm: 

ó.w = O i11H\ E, 

w =O on 8f!. 

Thc funct.ion w,. is called thc refiected solution by E. 

3.3 Side A of Probe Method 

T hc following theorem describes the behaviour of the indicator function J(x) as x 
approaches a point in lnt E and gives a way of calculating the valuc by us ing t.he 
indicat.or scqucncc for a suitablc neecllc. 

Theorem A . We have: 
• (A.1} given x E n\ E and needle o with tip at x if u()O, 1]) n E= 0, then for 

any necdlc sequence {={v .. } for (x ,o ) thc scquence {J(x,u,{) .. } converges to the 
indicator ft.mction I(x) ; 

• (A.2} for cach (>O 

sup J(x) < oo; 
dist(x, E)> ( 

• {A .. '/} 9ivc11 ¡JOinl. a E fot E 

Thoorcm A is thc essence of the prcvious formulation of thc probe method. 
Thc proof is bascd on the convergcnce property of the ueedle scquencc 0utsi<le thc 
nccdlc; t.hc divergence pl'Operty of thc L2-norm of thc gradient of G( · - x) over an 
arbinary finit~ tone wit.h ven.ex at. x . 

l"siug (A .1) tu (A .3). wi: t:<ll\ define anotherindicator function along a givcn path 
joining t.wo points on on ami extract the first hilting parameter of thc path with 
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respect to E from A0 - Ar. . T his is thc original fonnulation of t he probe method. 
Note that : i f Int. E is smooth, a corresponding fact to Theorem A in tcrms of t he 
original formulat ion of the probc method has been established in [15]. T hc proof 
therein is completely different from that of this paper. 

3 .4 Side B of Probe M ethod 

Thc fol\owing thcorcm is not an improvcment in proof teehniquc and a tcchnical 
wcakcning of hypothcscs of an existing known result. It is ncw ami not covcrcd in 
[15, W] (cvc11 in tbc t:asc wbeu lut E is smooth). lt. givcs an auswcr to thc natural 
qucstion: what happens on thc ind icator sequcnce when thc tip of thc m~edlc is just 
locatcd on thc crack or pa.ssing through thc crack? 

Theorem B. Lct x E f1 \ QE and q E Nz satisfy 0 :f: a(]O, l]) n E e hit E. Then for 
any needle sequence ~ = ·{v,.} for (x,a) we have lim,._00 l (x,<1,0n =oc. 

Thc proof is givcn in Scction 4 and a consequcncc of Lcmmas 3. 1 and 3.2 dcscribcd 
bC'low. whirh hav~ b('cn ('8\ablished in [14]. For t.hf'i r dcs<'"ription we mak<' a defini1ion. 
Let b be a nonzero vector in IR"' . Given x E JR.'", p > O and O E)O, ni the set 
\ 1 ={y E IR"' l IY - xi < p and (y - x) · b > IY - xllbl cos(0/ 2)} is cal\ed a fimte cone 
of height p, axis d ircction b and aperture anglc () with vcrtcx a t x . 

Lemma 3.1. Let x E n be an arbitrary point ancl q be a needle wilh tip at x . !~et 

~ = {v .. } be an arbitrary 11eedle sequence for (x, u) . Then, for a11y fi111te co11c \1 with 
ve1t ex at x we have 

lim j l'Vv,.(y)l2dy =oc. 
"- °" vnn 

Lemma 3.2. Let x E n be an arbitrary point and u be a needle with tip at x. Let 
{ = {v11 } be an arbitmnJ nccdle sequence /01· (x , a). Then Jor any point z E u(]O, ! [) 
and open ball 8 centred at z we liave 

lim J, l'Vv,. (y)l2dy = oc. 
n-oo onn 

These two lcmmas tell us that any nccdlc scqucncc for any nccdlc blows up on thc 
nccdlc. 

4 P roof of Theorems 

4 .1 T h e R eftected Solut ion 

Lct v E H 1 (O) be a weak solution of the Laplacc cquation in n and 11 E X(n \ E; D ) 
be thc wcak solution of (2. 1) with f = vlm1. T hc function w = 11 - 11 E Xu(n \ L: D) 
docs not dcpcnd 0 11 t hc.choicc of D satisfying (• ). w is callcd thc rt•j/ci:!ctl suillti1J11 
oju by E. 
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For thc proof oí Thcorcms A and B wc start with dcscribing t he following clcmcntary 
lcmma which can be casily provcd (sce a lso [15/). 

Lcmma 4 .1. Lct v E H 1(f!) be a weak solution of thc L<lplace equation in n and 
u E X (O \E; D) be the weak solution of (2.1} for f = vfon. Then w = u - v E 
XLJ(n \E; D ) .~a ti.~fic.~ . for ali W E X o(f! \ E; D) 

Marcol!cr the formula 

IS 11a/1d. 

< (Ao - J\ 'i:.)f, f >= { f\7wl2dy, 
f n\1: 

4.2 A K ey Lemma 

('1.1 ) 

(4.2) 

Wc callcd w in LPmma 4 .1 t.hf> rcflerterl solution of v b.v E. Tlw fol\owin¡?; lPmmA is 
thc kcy of this papcr a nd givcs an cstimatc of lf \7wf!L~líl\E) from bclow by using 11 

only. Thc proof is quite elcmcntary and cverything has bcen done in t he contcxt oí 
thc wcnk solutio11. 

Lc mma 4.2. Let 1/ E ctf>(O) a11d M > O satisfy 

(•1.3) 

•nd 
supp (11lr ) e E. (4.4) 

Set (f!_)l"J = fL n s11pp1¡. Let v E f/ 1(0) be a weak solution of the Laplace equatio11 
in n and w E Xa(f! \ E; D) be the refiected solution a/ v by E. lf 

theri u:e have twa estúrwtes: 
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wherc C1 >O and C2 >O are indepcndent ofv(see (4 .9) and (4 .10) below). 

P roof. Define 
ify En+, 

ifyE fL. 

The t race of W onto 80 vanishes and we see lli+ - ,¡i_ = r¡v on r. (4.4) ensures that 
W E X0 (11 \ L; D). Fronl {4.3) we have 

li""lii'líl-) ~ ll\7(ryv)i1J.'(<L) $ M' ( r l\lvl'dy+ j lvl'dy). (4.7) 
} (U - )" (!L),, 

Intcgration by parts gives 

F'rom (4 .1) wc havc 

j l'Jvl'dy $ 1 ¡ \lw · \lwdyl + 1 { -8°" (1 - 1¡)vdSI 
n. O\E Ír V 

(4 .8) 

S: llV'wllL'cm- >,>llV'"' llL2c<n-J"> + 1 fr ~(I - 1¡)iidSI. 

A combination of (4.7) and (4.8) gives (4.5). 
Ncxt from thc trace thcorcm ([8]} onc can choose p E H 1{0+) in such a way that 

p=,,Uon r , 

p=Oon80 

and satisfiAA 

llPll111cn+) 'S: C1ll11VlrllH112cri 

whcrc C 1 = C 1(11+) is a positivc oonstant and indcpcndent of 1¡ and v. 
Ddinc 

{ 
p(y) , 

w'(y l ~ 
o, 

ify E H+, 

ifyE fL. 

(4.9) 

Thc trar.:e uf IJ!' onto an va11ishes aud we see >Ji~ - lfl '_ = rjV 011 r . (4A) cusun:s t liat 
W' E X{D \ E;D). Lct C2 = C2 (!L) >O satisfy, forall ipE H 1 (fL ) 
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From (4.3), (4.9) ami (4.10) we have 

Hcrcaftcr the cornpletely parallel argument to the previous one yields (4.ü). 

4 .3 Domina nce o_f Gradient 

\Ve provc 

Lemma 4.3. Del. X E n and a be a 11eedle with tip at X. Let ~ = {vu} be ll ricedle 
scquence / 01· (x, a). lf 

!im r l'Vv.,f2dy = oo, 
"-""' Jo_ 

then thcre cxists a 1rntural 1mmber na sv.c11 that the sequence 

is boundcd 

r 1v .. l2 dy 
{ Jn_ -¡-) .. ,.,,,. 

!'Vv,,!2dy 
"-

Proof. We describe only thc case when n_ = D consists of a single domain for 
simplicity of description. Choose a sequence {Ki} of compact sets of lRm in such a 
way that K1 en\a(]©,1 ]); K1 e K1+1 for l = 1, · · · ; n \ a(]O, 1)) = U~ 1K1 . Then 
II<1n5LI - • ¡n_ \ u(]@1 l])l = ¡n_¡ as l -. oo. T hus one can take a large lu in such 
a way that thc set A = /(¡0 (1 (L satisfies IAI > O. Then, fTom the Poi,ncaré inequality 
(c.g.,{l<I, 19, 201) wc have 

$ 2C(!L ,A)' f l'Jv,,l'dy+ 2l!Lli(v,.)A i' ln_ 

whcrc C{fl-, A) is a p0sitiive constant independent of v,. and 

Wc know that thc scqucncc {(v,.),i} is always convcrgcnt sincc A e 11\ a(JO, IJ). Now 
wc havc thc dcsirccl c0Hdusio11. 1 
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4.4 Blowup of Indicator Sequence 

We are ready to prove Theorem 8 . Let x E 0\8E ando E Nz satisfy 0 # u(JO, l J)nE e 
lnt E. The poiut is the choice of a suitable modification of the original D. 
Define t(a ; E) = sup{O < t < I IVs E JO, t[ u(s) E n \E}. The number t(a; E) is 
nothing but the first hitting parameter of u with respect to E. If a(JO, t(a; E)[) e O+, 
then d1oose a modifiration D' satisfying (*) of the original D in such a way that 
a(JO. l ]) n r ' e Int L: where f' = 801. If not so, choose anothcr D' e O+ satisfying 
(*)in such a way that o(/0, t(o;E)f) e O~ where O~ = O\ 7Ji and apply again thc 
former argument. 

Thus wc can assume~ in advance, that D satisfics that u(JO, l]) n r C 1111 E. Since 
a(/O, l ]) n r is compact ami a()O, l]) n r e Int E, there exists r¡ E CQ°(O) such tbat 
1¡ = 1 in a neighbourhood oí o(]O, l ]) n r and r¡ satisfies (4.4). Let ~ = {v,.} be an 
arbit rary necdle sequence for (x,u) . We see that 

v,, - G( · - x) ;nHi:,0 (íl \ u()O, ! J)). 

Since thc set {y E r 1 r¡(y) F I} is contained in n \ u(]O, 1]), we concludc that thc 
sequen ce 

{ r iiv,, 
Í r 8v (l - 11)V,.dS} 

is boundcd. On thc othcr hand, from Lcmmas 3.1 and 3.2 wc havc 

Thus wc have 

lim [ l'Vv,,/2dy = oo. 
11--oo Jn_ 

17?<1 -r¡)ii,.dS 
lim 1 O. 

,,_X r j'Jvn l'dy 
in_ 

(4.12) 

(4.13) 

On thc othcr hand, from Lcmma 4.3 wc know that therc cxists a positivc constant K 
such that , for ali n 

l_ l'Vv .. l2dy + l_ lv,.l2dy ~ K l _ l'Vv,.12dy. (4.14) 

Now from (4.12), (4.13), (4. 14) and (4.5) wc scc that, as n --. oo 

T his l"OmplCtCl:i the proof of T hcorcm 13. 



lnverse Crack Problem and Probe Method 39 

Remark. Using a similar argument and Lemma 4.2, one can easily concludc the 
validitry of {A.3). The validity 0f (A.1) and (A.2) are almost t rivial Thus finally we 
got a solid understanding of the probe method. 

Received: Ma-rch 2005. Revised : June 2005 . 
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