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ABSTnACT 
A mt\lhcmotical modcl d cscrlbi11¡.i; t hc cvolution of n populntion dynomics 

problcm 111 "hich , o gcneLicolly trnns mit.tcd discasc, Sickle--Ccll Annc:mill, is 
provnlt•nt i!I oon!'idct('(I. TIH• gcuot.ypü or physiologknl ~lructure of 111divicluul:; 
dividPiJ tiuth 8 ¡>0p11lntion 11nturnlly iuto t.hn·c g!'noty¡>ic groupci, nnnll'ly; 11or111nl 
(AA), cnrrier.; (A ) nnd sickle-cell auffc r:i (SS). An o pnon ~lim&te o í the i;olu­
tion i~ obtrum.--d as wcll o.s couditio11:1 u nd cr whicb such n ~luuon is unique. 

Jll!;SUMEN 

Sl' ·i:11C11tlerft un modelo 111111 1." 1111'1.t ico que dl'.':1cribe In C\-Olución de un probl('1n11 
de din 1uicn de pobhu:ioncs, en el t u(ll uun cnfcnncdnd t rn.11srnit1dn gcnt.'11 ica111c11lc, 
Slckl<'- '.~11 \ 1tr1mn, ni ¡)r vnlcnt . 1::1 genotipo, o ~lrutturn fi.~iológ1c<t1 de los in­
tllvklml.'I. dl\ltt1 n H11·11lmenrn rnl pobh1clón l'n trf'S gr111~ g1·ne1lfpic:-m:, n snher: 
mll'Hlill ( A ), por111dor(':j (1\ S) y pnd('utes ( S). Se olalrnr unn ~lunadón 11 1111-

º"' d l· In whtnón )' IM 0011dicio11ci1 b11jo llls ttmle:-: 1'1ln 1':1 ti111rn 

1 t 1>111 forr~~t 1M.n1tful lo m)' dcnr pnrcnl3, ~bNticu (lnt<') 1111d R~nt" Tfguin who workt."(l 
tlrclt'lklly, $0 1 could • ~ <"<lucntlon. Thcy lnughl mc by tcAChm.g •nd cxa111plcs, whnt. tho 
mo~t hn¡mrtnnt lh11>1;.; in lif,.. l"('AU)' llrl• Th1111ki! Mf' nliio duc to my siatCJ y,vnn<' l\ lo u11lo11 who 
11u1d•· ll pQlllllb~ 10 auor:nd unl\Tn1ty 
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K~)' " "Ordii 1.md p l11·11so::1: 1191;, !JCllOlVJX!, ¡iopulat ion dynam1cs, mtemcllon /uritll"'I 
1;.~liuw/.1;:1, rcriewaf O"¡uullo n . 

~IMh. Subj. C los11.: 34Cll . • 'J4C60, 35840, 35845, 9!?040. 

Introduction 

1\ s cnrly os 19~, lobodkin demonstrnted t lwt ncit her oge no r sizc o í a Dn¡>hnin. 1nkcn 
~pn.rntdy. wns~ullkicn1. \n fo l'llmtion to prcdict. ils physiologic11I rc11c1ions. Thcl't'fore, 
11¡mrt from ngc o. n seco11d i11dope11<le11I: vmiublc, !J, sny, rcforrcd to ns t he physiologic1~ 
ínctor wi ll Riso ben bit.<:is for cl11s..'ii lic1~tio11 of i11divid11nls wilhin u populnt.ion. Tlwrc 
nrc mnny Í'1CIOr5 one would like to im . .:lude in a renli:it.ic muthemniicul modul, hut 
111nthcmnticnl COU\-Cnience iluposcs coustrnints 011 t be rnunbcr o í 1>1munctcrs n 1110<M 
crut nccommodnl.e (Sow11mni, 20!)11 ). Siuce t.he physiologicnl foct.or oppeurs lo lmw 
lx.-cn nmong Lhc lcast. íovo11 recl key foctors to be included in a model, t his motiVfltcs us 
to indude such n pnronietcr i11 om sLudy, Lhough, Gurney iutd Nisbet. {1998) posih.>tl 
thnL continuous 1.ime models of populuLions co111posed of individunls distingnlslmblc 
by both ngc A.nd si:t..e nre o Lrnd itionnl somce oí mnthemnt.icnl headaches. The mnln 
difticult)' in Lhis 1>npcr is Lhc cm.inmt io11 of t l1c rcncwnl cquntion for C11rh gcno1y1lk 
dn.~ Physiologic:.n.lly st.rnctun:d popuhll,ions luwc becn cxtc11s ivcly s t,ndiccl in 1h1• lll· 
l'mlur't' (M.'t' inko 11nd S1.n.:ifcr, 1967; Ddl 1111d Andcrson, 1967, Mctz nnd Dit·kmunn. 
19 ·; 1-:ooi nud l<clpiu 200:1, Lo 111111ie n fow). 
Motivntcd by 1hc 011t,co111e (1·0111 Llw umt.iug systcm wit,h gcno1ypu st.ruct11rc1 nnd 1lw 
dcri,1'lion of thc r ucwnl cqunUons ('l'cl1ucncl1e, 2005), wc decided to curry out tlt\I 
~ludy of thc uuiqucncss of soluLious Lo Lhc modcl eq11ntio11 givcn in (2.1) bdow. Tho 
mNhod oí ~lution is vio t h(l onc-sidt:d Lnplncc t.rnnsforrn (sec T chuenchc, 2002). Wo 
luwt' cxtc1 ¡,'t'ly considcred t.he " 7Jriori esLimaLcs in Tclmenche,, (2005). Oul. il ~ 
1mport0J1L to poim out, t hllL 1.he 11.pproncl1 liere is s irnpler , s ince t.he parn1neLers co115i<l· 
rml l\I'C fow. For ins1n11cc, 1.hc cffect. oí polygnmy is lcít. om. The systcm oí cq111uio11!1 
in (2.l ). l0¡1.cther wil h thc rcm.:wnl cq11at.ions in (2.2) look nnnlyticnlly in1,rnrtnhlr. h 
is m ordcr lO show thnt, t.ht: model is wcll-po.'it.'<I t.hnt. wc clccidcd 10 go 11 stcp Íllrth~1 
lo provt> thc u11iquc-111?ss of i!,s sol11 l:io11. 

2 T h i\llodel Equations 

11 he ¡>h)~lologicol Íncl.lll' rcprcscnts for i11s tn11cc 1 lic foct.nl Hac111oglobi11 F JC\"t'I, 
tlwn. thC' ~r1t0 YJll.' in tlic rnsc of ~cucLicnlly t nmsmit.tc .. 'tl disca.;¡cs such ns SicklC'-Ct•ll 
AUr\l,'ntln ( CA). subdi" idcs tlic populnlion inlO t.hrcc phcno ty pic groups, 1m111c!ly: 
normal (AJ\). c.nrriers (AS) nnd sicklc·c 11 pnt.icnts (SS). \\'e make refercnce 1.0 SCA 
l~u.5 1t i.!. tbe most co1111no11 i11l11.irit.ccl dcfccL, which is found in tropical r gion~. 
1'hcre mnlt.\lio is endc111ic. Dulow tire thc lis t. o í somc nototions and symbols u xi in 
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2.1 Natal. ion 

f,u E Dt+,fJ E 0 E R+ nrc tito indcp<.1 11dl'nt. vori11blcs time, ogl' o.ud phyt-iologil'nl 
v11rinbl · rC8p1..'Ctivcly. 

uíllxcs i .j, k = l , 2, 3 corrcspond to l :=AA, 2:=AS , 3:=SS. rc:spt.>cti\'ely. 

f,(/,(l,!J) . 111, (t , a ,g) 2: O. reprL-scnt. thc populnLio n dcm;ilie& of foumle:; and 1111111.:s, 
rcspcct.ivcly in group i, nt. ngc o wi1h physio logic!ll factor g. 

U;(a , y) = 1•,((1 ,9) + ..\, (a , y), i = l , 2, :J: force of mortnlity where the ¡1, 's ore 
t,hc pcr cnpitn el n lh rnt · wlt.hin n coho rt. d uo to llnncmin Md, sincc thcrc 
tire quite oftcn ncldition11l risks of mortnlity nLtc ncling somo mcmbcn;h ip of 11 

populntion , wc thcn supposc 1lrnL dciit.h from othcr cnnses occur nt n per cnpit.11 
rn!t• ,\, (a , g). 
¡11 (0 ,g) = O. Jl'l(o,!J) ~ O, bccu11sc d uring ccrlnin s trcnuous aclivitics, wlic11 
pnrlinl pr~urc oí oxygen i!'i low :-¡ud i n.s hi~li nltit.udcs (l\cclOn.1972), cnrricrs 
dévC'lop full-blown l\llE\l'lllill (1'l'ibc el al. , 1978). Thc nge--phy:s.iology deprmll·11t. 
vilul rnt. •s R,(a.g) nrc nssumc<l to bo scx indcpcuclcnt. 

I is t.ho co111111 11 lowcr bo11nd oí Llic R;'s, whilc /, is t. lic lowcr bound of R,. 

F,J((111,(I, a .91); / J(l,a' .g;)), a, o', /): fu11ct.ion governing thc internctiou bet.wccn wnk:s 
nnd ferna les. 

ótJ: is t.lic probobility o f luwi ng ti 11eo11a t.c of clMS 'k' íro m mnting bet.wccn closs 
i-nrnh.'S nncl J-fcmnlcs. 

J/: 1111mbcr of fcmnl~ of dn....;.-; 'i' int.rrnct.inp; wil h clnss j-mnlcs. ( lloppcnstcn<lt. 1md 
rc:;kin ( 1975). Miln('r nnd 13uh b lolo ( ID!J2) 1·cfl•r to ll1i.s t<'nn ru. ¡hc 11111nlwr of 
co11plcs). 

11~7): nvcrngt• numlx-r of chikh r n of cln1-1s ' ~·· nrising from intC'rnction bctwccn du:-¡s 
i-mulcs nnd j-knuliet. 

Usi11g 1\11 cvolution cquntiou oppronch, t.lic dynumicol bcluwiour or individunls Ci\11 
besl bo ck scriOed bs thc ~ •1 of first. ordcr quns i-lincllr parlin.l diffcrenliul quot.ion 
bel w (foro com¡>lctc el ·rhl\lion sce Tclm uchc. 2001), whcrc u,(:= m,+ / ,)E C(.W~ x 
íl:BI,) 

/Ju,(l . o.g, ) /Ju,{l,u, g, ) G ( 1ou,(t ,u.g,) R ( ) 
--0-1- ~ --8-0 - 1 . , n ~ = , a. g, u, 

u,(O.o.g,} = u,o(n,y,) (2. 1) 

u,(t.0. 9, ) = 8,(1,g,) 
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• b n.s ddincd nbovc, while G¡(<1.) is the rnte of increa.se or decret\Se of th 1>h)"!<-iolott9c\I 
,wfoblc 9,. wbid1 could be t.1lkc11 to reprcscnt.s t.hc lcvcls of hncmoglobín F. ) 1f";a 
(2 1) d~ibe. t h<' ovolut.ion of 11 popnlation with nn l\dditionnl Sl ruct.urt• whicb t'Ol.dd 
be mn..~. ~icor 1my othür 11t tributc that inílucnccs the dymuuicid bcho,•iour oí in· 
divitluab By mcx.liÍyi 11g thc uxuct form of Sowunmi 's ( 1993) inLCruction fonction lo 

tillll our own puri>osc, t,lte re11ewttl oquation are gfren by (n.lso see Tchuenclu~. 2001, 
2005). 

L fo Ío fo00
[óg) F11 +óg1 F11+ cS~1F12]doda1dg1 d9; 

8,(1.g,) L 111 (ó~~1F12+óg1 F13+cSi;1 Fn +ói~1 F2:i)dn1fo1d9dg' 

B,(t.g,) J. J. { f 00 (óWFn +ói~1 F23 +og1F33)dodn1cl9<l91 (221 
o o .fo .fo 

whcre .:> ~ thc probnbili !.y of luwing u child of ch\S.S /.: from mnting bctwl.'.'1.•n n cl11.. ... 
1·11ulle and J·fomo.le or vice-verst\ (the S gene tnu1s111ission i x indcp ndt>ut, tlu~ 
F1, = F,, ) ru1d, 

F,¡ := i'¡((,., 1(1.,n., q; );/,(<.n'.10),o,o',g.,g;, t). (23) 

rcpn.'Sent thc in1e roct.iou fu 11cLion¡; bctwl.'Cn mnlcs ngcd o ru1d ~ rnnlc:; ngccl o' 111 1111w 
t 
Thc propcnies of F,1 nud ll;{- , ·) ore emimernted in Tchucnche (2005). 
Tbc following assumption¡; wi ll cunble us to prove Theorem 1 b low. 

(i) uo(> O) E l 1(lll+; BI,.) 

(ii) R(· .. ). E C(ll'l+ x O; Ul+) is unifonnly Lipsdlilz conlinuous with rcspcct to it 
\'1Ulnbles nnd houndcd bdow by 1\ sLriclly posítivc consta.nt I , sny. 

(iii) F,,((rn,(t.a,.1J1); f1 {1.,(l.' ,r1;L · , · , t) R! - 14 hRS compnct support, ~ 
l1 ·ml"A.~nrnblt' far c11cl1 (111, (·, ·, ·) / 1 (-. · . ·)) nnd for nny fi.xcxl l. 

U:t C d nolc lhl' func1.io11 sp11cc C(m:: ; L1 (ltt .ll-t }) 1md C? dcuot th product 8Jm« 
C((O. T}: L1f:&+, ll+)) wi th itsclf, for 011y finitc time 1" >O. 111c opcrntor 011 C i1110 C 
d fint'd by 1hc Rll. of t•quni.iou (il.3) bclow is posit.ivc. Let H denote this opcrotor 
h i! importam 1-0 poini. ouL her thuL our nppronch is somcwhat dif~ ·r 1H form tluH 
ofThicrnl' (1900) n.nd Mognl (200 1). Our rcsults with hold in J..' (R¡ X n ;14), wilh 

m(' linlt> modificot i ns, but iii11c wc nccd to npply Cronwa.Jrs lemnrn, the xi::ll<"IK't' 
or luho115 in Cf is more npproprintc. 
Fí 1 u(t.o~ g) ~ O; dd111c Lhu. uorrn i 11 /.} ns: 

u(1,9) := 1111(!.-,g)lli•c• . ... ) := { lu(1.a,g)lda 

1111(1, -.9)11 = 11(111(1,- .9). u,(1. ·,9), u3(I, -.9))1!1.' 
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= llu1 (1, ·,fJ)ll l• + llu,(I, -. 11)1ii• + 1 u3(l.-.g)lli• 
whor w writc l 1 íor f¡hOrl. 

3 Formulation of problem 1 

Flnd 11(/ ,0, fJ) e ·:¡ .. Slll'h t.11111. !'>YS!'Clll (2.1) is solvcd 1111iqucly ror nll t, (l ~ Ü . .f) e n. 

T lico1·0111 l. P roviclcd e ¡:¡:-::¡ < 1, 

tlHJro cxii;ts n uuk¡uc sol11Lio11 11(t,n,y) i11 C.~. th11t salves Problcm 1 nbo, ·c. 

¡( O) 1111d nrc co11st1111ts to be dotcrmim .. xl. Buforo oLLc1upting n dcm o nsLrutio11, 

wo fi ri:;L 11c ·d s me csti11mtes . 

4 A Priori Estimate of Solution 

]11 Lhc rt•g11lnLion oí po1>ulnt.ion growLh t bounclcclncss 1rncl i- tnbility o í cquilibri11 ILrl! t.wo 
co11ccpts to be gi,·cn pro111i11c11cc (Sow1111111i, 1993). 111 working townrd~ . 1 i11111t,io11 of 
1mrn111ol.on;, ccrtnin nssumpt iom; umst be maclc. 
Lot 1 n•pn•scnts t hc 00111111011 lowcr bu11 r1d of R;(o, .tJ;), define 

whcrc 

11(•.,.u,, u,)ll = ll·n1ll llu,ll+llu,11 

= 1 [,

00 11 (l,fl., !J)(/n<f.r¡ 

" ' 

P(I) is l.ho total populntion 

' l'l1c fir!'lt i11t cgm.I n:¡>n.~111 111 io1 1 oí sysl.c111 (2. 1) is gi"c.n by: ¡ u0{1 ,u,9, ) = H(t - o)•,(• ) /J,(1 - u,f¡) + H(o- l)u,o(o - 1.g) "("(• )) 
z , n - 1, 

y;(u) = g,(0)- J. C,(o)do 

('1.2) 

('1.3) 

T hc complt•tí' mNhod OÍ !!iOhlli 11 cn11 b Í und in T chucuche (2002) imd Tclmenchcb 
(2U0ú). lf 9 b •.nkrn n. .. lht' lt'wl oí hn<'moglobin F . lh n it bccomcs nn incrc11s ing 
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function of age. 'Ne d0 n0t wish to belabor the in~egrati0n with respect to g, be­
cause the result is bio!ogical\y meaningless, and the analysis will appeal to Abeli<rn 
or Ta.uberian theorems. VVe can n0w estima.te tt1 as fol10ws:, 

P1 (t) = llu1 I! ::; 1= 1oc e-l,a Bi (t - a, fJl )dadg1 + 

+ ("° rx: e-! , tU1o(a- t , g¡)dculg1 
lo Í0 

:S 1t 1= e-ldt - a)B1 (<t, g¡)dad91 + 

+ fo00 ¡00 e-11 tu 10(a - t,g¡)cladgi (4.41 

Usiug the transform;1ti0H tJ = a - t i.u t he last expressi0n ylelds 

fo00 fo00
u1o(a, q1)<ladg1 = U10 (4.51 

where, after maiüng tl~e afol'e1Henti011ed subst it.ution, a.ne! repladng t • again by a 
(since they are ~lui:n.H1y V(l¡ria.bles), wid1 some little algebra, we obtain (4.5) It is a 
more delicate matter to estimate /J(t, g). 
Now, we define 

10Q 1= F;;do:'dg; :=A;;·) ft(t , ·, ·) (45) 

with the parameters as define~l ear!ier. 
Also, Jet 

(4.71 

Hence, subst ituti.i-1g equatiGns (4 .~-4.6) in t he first expressiou on the RHS of (4.4) 
gives 

r= t '° {r(l) (l ) 1 ) r (l ) ( ! ) 2 
/31(a , y1 Jo Jo u 11 A11 f 1 (a, ·, · + u12 A22 f 1(a, ·,·)+ 

+óg) Agi Ji (a, ·, ·)} cladgi 

'.S Ki~)l\f1' (u, , Jll + Ki:) l\Jf (a, , )1\ + Kjill\Ji(a, . 111 
'.S K, (l\Ji (a. , )11 + l\Ji (a, , )11 + llJ,1(a, , 111) 
'.S K 1 P; (a) '.S K 1 P1 (ni (4.81 

where I<1 := max (I<}~l, J<¡;i , /(~~>) and Pi( ·) is the population of interacting females 

ha:ving normal neonates. 
Therefore, 
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U0 = U1,o + U20 + U30 a.nd I< = rnax(I<1, I<2, I<3) 
p ~ mnx(p¡,p,,p,); p¡ ~ lg,(a) -g,(UH 

P(t) 5 pI<e- 11 l.lt .loo ela P(a)dadg + Uo] 

P(t) 5 Uoc(pK-l)t 

l~y the classical Gr0nwal'l's lemnui. [1]. 

Proof of The0rem l. 
Let Cf denote the pr0duct space 

C([O,T[;L 1(1R+ X >!,IR+)) 

(4.!) 

with i·tself, where L 1(-) has been given the L 1-n0nn. On ej., we use the Hpf>er fommd 

11 · llc¡. ~ O~·:rTe-o'll ll(t) 

for /;::: O and arbitrary. This is kn0wn as the Bieleeki's n0rm (Light, 1§90). 
Let u 1, u2 E C([©, T]; L 1 (IR+ xn)) be tw0 weak sol•Hti0ns of system (2.1), w11e1•e SHfüxes 
1 and 2 ~len0te the s0luti0Hs a.Hd FlOt the ¡~0pulation c0J10rt (AA, AS, $$), 
Let Q = {(1i1,u2) E C.?-} be cl0sed aHd c0r;ivex, then, !et the rlght hand si~le 0f (4.3) 
represer;its an 0pera~0r H : Q--+ Q sHeh that for arbitrary tt1, u2 E Q, 

llu1 - u2ll llH(•")(t) - H(u2)(t)ll ~ llH(u1) - H(u2)1i(t) 

¡00 f 00 {u1(t ,a, g) - u2(t,a, g)}dadg 
o .fu 

::; e-lt fo 00 1t cla{B1(a,g)- B2(a,g)}cfoclg 

::; pl<ae-lt 1t e1"111L¡ - u2ll(ü)dn 

::; ce-lt 1t e1c.l\ui - u:.dl(a)clu , 

where C = pl<a, ancl f0
00 B(a,g)clg = aB(a) 5 u 

Since 11 llq. = supe-rtll · ll(t) , ¡(>O) is arl!>i-trary, ü1en 

llH(u1) - H(u2)ii :5 C l e-l(>-olllu, - u211e0 "da 

5 Cl1u1 - 1i2lle-1t 1e <~(l+-r)"d.a 
5 ~llu1-tt2lle-rt 

l+~ 

e 
:5 l+"""7ll1t¡-1L2\lq.· 

(4.10) 

(4.11) 
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· · ·r d ·r e F' 1 1 1 1 Hcnce. H is a coniract1on 1 an only 1 l + i < 1. or / arge enoug l , t 1e resu t 

follows. 
Conclusion: The uniqueness Theorem l , shows that the operator H has a unique 
fixed point in Cf. Thus, system {2.1 ) is well-posed, its solution exists and is unique. 
This means t.hcre is a 11niq11c funct.ion in Cf which solvcs systcm (2. 1). Thc proof is 
withont any appeal to a general theory which depcnds on a <lecp argumcnt, hopi11g 
to avoid going t.ltrough comp!icated arguments in the particular case to which om 
thcorcm is applicd, for t.hc sakc of simplicity aud mathemat.ical convcnicncc. 
The renewal function 8¡ (t1 .<Ji) captures thc pattern of iuhel'itaucc of t hc hacmoglobin 
S gene (Tchuenche, 2005) , without auy rcference to the selective udvantageof haemog!obin 
S over haemoglobin A in the tnrnsmission dynamics of t he gene. 

Recei ved: Mar ch 2005. Revised : April 2005. 
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