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ABSTRACT 
\Ve charact.e rize t.he classical covering properties of f\ lenger. Rot liberger , Hurewicz 

and Cerlits.Nngy in t.erms of cont lnuous lmages in IH'"'. 

RESUMEN 
Carnc.tcrizamos las propiedades de recubrimiento clásicas de l\lcngcr, lloth· 

bcrger, Hurewicz y Gerlits·Nagy en términos de imágenes continuas en lll'"' . 
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1 Introduction 

It is often the cose t lmt the preseuce of some t.opological property in a t.opologicnl 
space can be detccted by the propertics of the images of thc spacc under ccrtaiu 
maps into '' nice" spa.ces. We are iulcrested hcre in t.his scherna in co11uectio11 with 
covering propert ies described by clossicol selection principies. This iden (for selection 
principies) was init.iatcd by Hurewicz in [10], ond tben used by many aut.hors (for 
example, Sierpiríski !23], ¡211], Rothbcrgcr [201). Typical results of that sort assert 

1Thc r~arch i!L íundccl by Lhc Europcnn Socinl 1'\ md (ESF), Opcrntionnl Progrnm for &lucationnl 
nnd Voc::ation11.l 1'nlining JI (EPEAEK 11), nnd paniculnrly the Prognun PYTHAGORAS 11 
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that a set of real lllllllbcrs Ita:; somc propcrty if ami only if coch its contiuuous image, 
usually into some special spaces with uice combiuatorifll properties, has the same or 
another property. 

To describe somc of thosc rcsults wc need somc definitions. 
Endow the set w of nonnegative integers with t he d iscrete topology. Let '"'w be 

the Tychonoff product of countably many copies of this space. T here is also a natural 
pre-order $ " defined on '"'w: f $ ' 9 mea ns that J (n) $ g(n) for ali but fi nitely many 
n. A subset D of '"'w is said to be dom.úrnting if for each 9 E '"'w t herc is a function 
f E D such that 9 $ " f. A subset fl of '"'w is called bounded if there is an g E '"'w 
such that J $ " g for each J E B . 

Hurewicz proved [JO]: 

• A space X has the tvlenger property if and only if for each cont inuous fmictiou 
f: X -+ '"'w t he set J(X ) is nota dominating family in '"'w. 

• A space X lias t.hc H nrcwicz property if ancl only if each cont inuons image of 
X iu '"'w is a boundcd family iu '"'w. 

A charactcrizatio11 of t lic 1-!mcwicz propcrty in ali tinitc powcrs has bccu foun<l in 
[26] (in terms of cont iimous images into '"'w) , an<l ¡-sets have been characterh:e<l in 
a similar spirit in [18] (iu terms of continuous imagcs into a notbcr intercsting space 
- thc spacc [U\1J00 of all infinitc subsets of ~'J"). Somc classcs of :-;paces rcl/\tcd to 
selection principies bave been described by properties of Borel hnages of ::;paces iut.o 
~w o•· [INJ= (sec, for cxample. [4), [5], [18[. [17], [22J, [26J). 

ln t his article we give pure topological characterizations of thc classical covering 
propcrties of l\ lcngcr. Hurcwicz, Rothberger and Ccrlits-Nagy (scc [12] for more in­
formation about sclcct.io11 principies) in tcrms of continuous imagcs iuto thc spacc 
IRº. 

O ur notation and tcnninology a re standard as in [7]. All spaccs are assurncd to be 
Tychonoff. In part.iculnr, for a spacc X , C,,(X ) dcllOtcs t he space of ali co11ti11uo11s 
rcal-w'l!ued functious on X wit. li the topology of poiotwise couvergcnce. Q denotes t he 
constamly zcro function l'rom ( 1,(X). Rccall that ;_\ space is said to be an f.-s¡mce [8] 
if 1111 its finit.e powcrs ure LindelOf. 

2 T h e properties of Menger a nd Rothber ger 

A space X is said to lrnvc the M enger p roper-ty if [15], j9J if for each sequence (U,, : 
n E ~~) of open covcrs of X Uiere is a sequcnce (Vn : n E IN') such that. far each 
n E IN' , V11 is a fi nite subset of U11 ancl the set Une IN Vn is an open cover of X . Rccall 
also that a spacc X has counfoblc Jan t.ightness !J ]. !2J if for each x E X and cach 
countnblc collccLion {A,,: n E Tu'\J} of subscts of X snC'h tlmt .r E A: for cad111, t hcrc 
is 11 sc<1ucncc (D,,: 11 E lN) snch t hat for cach n E IN. D,. is a fin itc subsct of A,, and 
.e bclongs to tlic closurc of t.iic scL U .. ew B,,. 

In l3J it was shown t.he followiug: 
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T heore m 2.1 Let. X be ll .spuce such tlrnt each its co11t11wous se1mmble mctriwble 
fowge is u -compllcl. 1'hen: 

(a) 1/ X is Lfo delO/, theu ü has the Menger 1uvpe1t y; 

(b) 1/ X is Li11<leliif in ali finite vowers, thcn i t has the Menger J)m¡1ert.y in ull finite 
powers. 

Let. us ment.ion firs t. t.ha t. by an appropriate modificat ion in 1he proof of Theorem 
2. 1 nnd using the Arhangcl'skil t.hcorcm which stntcs tha.l a.11 finite powcrs of a spacc 
X hnvc t.hc ~ lcngcr prnpcrt.y if ami only if t hc spncc ( 1,(X ) has co1111rnb\c fnn tightncss 
[I], [21, onc Cflll provc t hc fol lowing t.wo thoorcms (sec thc similnr proofs of tlworcms 
bclow conccrni11g t l1c ílot.Jibcrgcr m id H11rcwicz propcrtics). 

T heore m 2.2 For ci fAndelO/ s¡mce X the followmg are equivalent: 

( 1) X has thc Menger proper·ty; 

(2) For each conlimw11S fnnction f : X - IR'"' , the spacc / (X ) lios lhc Mcngcr 
prvper l y. 

T heo re m 2.3 Fo1· ll11 f. - .~wtcc X lhe followi11y are cquwalent: 

( 1) Each ffoite power o/ X has the Menger proper-ty: 

(2) For encl1 cont.inuous funclion f : X - lll'"', ali fir1itc powers of thc s¡mce J (X ) 
haue U1e Menge1· ¡nvperty. 

Arhangcl'skiÍ [3] obscrvcd tlwt from the well known lúH.clOv's chflrnct.cri:mtion of 
parncom1>actness (a '1'¡ space X is pürncompf\Ct. if and only if for each open cover U 
of X there are a. metric space M of weight JUI, a contim1ous mapping / froin X 011to 
i\f and a.n open cover V of 114 such tha l.. ¡ -(V ) refines U , see [7]), il.. can be obt.ained 
thc following p roposit ion, which wc shall use in what follows. 

Proposit.io n 2.4 1/ (U,. : n E JN) is a sequence o/ open covers of a L'i.wlelO/ space X , 
ll1en there exist a contim1.ow; mav¡ring / : X - IR'"' and a scq11e11ce (V11 : n E IN') o/ 
open covers of f (X ) such !ha/. for ench n E ll"'. ¡ -(Vn) refines U,. . 

Recall t hat a space X has the Rothbc1YJcr property !I 9] if for each sequence (Un : 
n E IN) of open covcrs of X therc is a scqucnce (U,.. : n E IN) such that the fami ly 
{U,. : n E N} covcrs X nnd for cach 11 E II'\1, U,. E U,.. X hns cmmtablc .dmng Jan 
tightness if for each x E X nnd cach countnblc collection {A11 : n E IN'} of subscts of 
X such tlrnt x E A.;' for cnch n, t hcrc are a,. E 11 ,. , n E IN. such t lmt x bclongs t.o t hc 
closurc of the set {(l ., : 11. e IN} [21J. So.kni ¡21] prove<I the followiug thcorcm. 

T heore m 2.5 Ali finüe vowc1·s o/ a T'tJchonoff spocc X liavc the Rothber9c1· vroperty 
if aud only i/ t11c srmce C1i(X) has cotmtablc strong fart t1ghtness. 
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T he llexL two t.hcorerns clmractcrize t.he Rothberger proper ty and t.he Rothberger 
property in ali fi nite powers. 

Theorem 2.6 For a Lindelüf 1q1ac.e X the f ollowing are t:<¡uivalenl.: 

( 1) X has lhe Rothberger ¡n'Oved.y; 

(2) For each continu011s junction f: X ___. IR"', the space f (X ) has the Rolhbager 
property. 

Proof. Let. us prove that (2) imp\ies ( l ) because the opposite implication follows 
from the fact that t he Ro t.hberger propcrty is preserved by cont inuous mappings. Let. 
(U,. : n E IN) be a sequence of open covers of X. By Proposition 2.4 there are a 
continuous mapping f from X into lll "' and a sequence (V,, : n E IN) of open covers of 
Y = J (X ) sud1 that for cach n E .h\J' , ¡ -(v.,) refi nes U,, . Sincc Y has thc Rothbcrgcr 
property t.here are sets V,, E V11 , n E J.¡'\J , such that the set {V., : n E IN} is a.n open 
cover of Y . For eacb n , pick an elenient U,, in Un such that ¡ -(v,,) e U,.. Thcn 
{U,. : n E IN} is an open cover of X witnessiug t.hat X has the Rothberger property. 
1 

Theorem 2. 7 For an €-spacc X lhe following are cquivalent: 

(1) Each finite vower of X has the Rothbe1ye1· property; 

(2) Fo1· each continuous function f : X - IR"', all finite powers of the space f(X ) 
have the Rot.hberger proverty. 

Proof. Wc provc only non-trivial part {2) => (1). To prove that (2) implics that for 
each n E IN, X" has the Rothberger property it is enough, accordiug to Theorem 2.5, 
to prove t.hat t he functiou space Cp(X) has countable strong fau t ightness. 

Let (A 11 : n E lN) be a sequence of subsets of Cr(X ) such thaL º E A: for cach 
n. E IN . As X is a n €-space, by the well-known Arha ngel'ski\-Pytkeev theorem [2], thc 
tightness of Cp(X ) is count.ablc, so that onc can suppose t hat al! A,. 's are countable. 
Let. B = U{ A., : n E lN} U rnJ and Jet g be the diagonal prod uct. of mappi ngs from B. 
Then gis a continnous mapping from X onto thc set Y = g(X ) e IR"' . Sinee by (2) 
<Lll finite powcrs of Y bave the Rothbcrger property, the spacc ( 11(Y ) has connt.ublc 
st rong fan lightness. Ü!l the other lrn 11d , Lhe set Z = {! o g : f E Cv(Y)} is a subset 
of ( 1,(X ) whicb is horncomorphic t.o Cp(Y) ¡2] and, as it is casily sccn , contains B. 
So, Z has countablc strong fau t ight.ncss. T lms t.hcre ex.ists a scqnencc (!,. : n E 1N) 
such thaL for each n E ll" , j ,, E A ,, and º belongs to the Z-closure. and thus to the 
Cp(.X )-closure, of t he set.{/,.: n E lN' }. This means that Cp(X ) has countnble s trong: 
fon tightness and completes thc proof of t he t heorem. 1 

3 The Hurewicz and G e r lits-Nagy prope rties 

In l!J] (se<' also j!O]), W. Hmcwicz introduccd thc following covcring propcrty uf 11 

spncc X. nowadays know[l as t.lic lhn-ew;.cz f11"0per·ty: For cach scqncncc (U,. : 11 ~'J ) 
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of open covers of X t.here is a sec¡uence (V,.: n E IN) such that for ench ·11 E h'l', V11 

is n finite s ubset of U,, and each element. of X belongs to ali but finitely mnny of t.he 
sets UV11 • In [14J Lhe Hurewicz property was charncterized by a S¡;,,-t.ype selection 
principie and shown (scc a lso [13]): 

T heor em 3.1 For an ~-svace X th.e following are equiualent: 

( l) E(lc/1 fi11ite vo11ie1· o/ X has tite flm~wicz property: 

(2) The space Cv(X) has countnble Jan tight11ess as well as ll1e Rezniche11J..:o vrope1't.y. 

Tlccnll thnt o spacc X hnlj t hc Rezniche11ko proverty if for cnch A e X 1111d cnch 
~1; E A thcrc is 1\ scc¡ucncc {D., : n E IN) of finitc, pnirwisc clisjoint suhscts of A snclt 
t.Jmt cnch ncighborhood of :i: mects B,. for ali but finilely many 11 . 

Wc givc 11ow d111rnctcriz11tiom; of thc Hurcwicz propcrty und 1 l1c H11rewicz propcrty 
in nll finitc powcrs iu terms of inwgcs iuto lll"'. 

Thc first of thcsc t.hcorcnis is provcd in n simi\11r way ns Thcorcm 2.6 was provcd. 

T heore m 3.2 F01· " Li11del0f s¡mce X tite followmg are equwalrnt.: 

( 1) X has the lforcwi.cz vroverly; 

(2) Far each con.tinuous f1tnction f : X - Ill"', tite spacc J (X) h"s tite Hun:wicz 
properly. 

T hco1·e 111 3.3 Far af/. f. -s¡mce X tite following (lr"C equwale11I: 

( 1) Ali fimtc ¡wwers of X ha11e lhe 1-forcwicz JH"OJJCrty; 

(2) Fo1· each co11t.im1.011B f1Lndirm f : X - 01"'1 thc space / (X) lw8 thc Humwicz 

11roperty in oll finil.e 1JOW<ff.~. 

Proof. {l} => (2): IL fo llow¡; from Lhc focl. thut. thc Hurcwicz propcrt.y in 111\ íinite 
powers is preserved by continuous moppinb'S-

(2) => ( 1): Accordiug to Thcorcm 3. 1 wc hove Lo provc tlmt ( 1,(X) hns (a) Lhc 
Reznicheuko propcrty nud (U) countaUle fon tighl.uess. 

(a) Le t. A be o subsct of C,,(X) ond Q E A. Bccnusc X is 1rn c-spacc, ugnin by t.hc 
Arhangcl'skiÍ-Pytkcev t.hcorcm, t.hc t ight nc:;s of e,,( X ) is count.11blc, 80 t lml Ol\C Cl\ ll 

suppo:se thst. A is co1111lable. Pul. B = A U {Q} ami !et. y : X - IR~ be t ite diugorml 
product oí ms ppings from B. Dy the assumpl.ion sil finite powers of the set Y = 9(X ) 
have the Hurewicz propert.y, so thnt the funct.iou space Cp(Y') has t.he Reznichenko 
property. T he set Z = {/ o 9: / E C,1(Y)} e Cp(X) is homeomorphic to C11(Y) nnd 
thC'rcforc hns thc Rcznichcnko propcrt.y. Sincc B e Z thcrc is a fomily (A11 : 11 E ~'J") 
of fin itc. pairwisc disjoi11t s 11l>scts of A such t.lmt. cnch Z-ncighborhood of Q mcct.s 
ali bnt finit<'b· nm1i,v sets A,,. Thcu c11ch C1,(X)-nc ighborhood of Q intcrsccts a li bnt. 
fi 11itcly uuu1y A,., i.<•. C1,(X) ha .. ; t hc ílcznichcnko propcrty. 
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(b) Le t. (A n : n E U'J) ben scquence of subsels of Cp(X) such tlta t Q E A;; for cach 
n E ~'J. As in the first pmt uf the proof we may assume that ali A ,, ·s are couutable. 
Lctling B = U{A 11 : 11 E JN } U {Q} a11CI g = 6.{I: f E B} wc gel again a continuous 
mapping from X onto the set}"= g(X) e IR .... Since Y" has the Hurcwicz properly 
for each n E N. t.he space Cp(Y ) has countable fan tight,ness. Let Z be as in the first 
parl of t.he proof. Then Z has countable fan t ightness and contains 13, só that t here 
cxists a sequencc (Fn : n E IN) such that for each n E IN, F., is a finitc subset of An 
11ncl Q bclongs to 1 he Z-closurc, hcncc to thc Cµ (X )-closurc , of thc set U{ F11 : n E IN}. 
This mcans that ( 11(X) liH8 conntablc fan tightncss and thc theorcm is shown. 1 

Theorern 3.2 allows us to give one more ZFC counterexample to the famous 
Hurewicz conjecture [!O] that a space has t.he Hurewicz propcrty i f and only if it 
is a-compact. (Lct w; say tlmt thc firs t. ZFC conntc rcxamplcs to this conjcct.mc wcrc 
found only recent ly; see [11], [G]. See also [16) for t he tv[enger conjcctm e.) In [25] 
it was constructed a Lindelüf E-space which is not 11-compact hut ali its continuous 
imagcs into IR.w are Hurcwicz. So, by Thcorcrn 3.2, that space is Hnrewicz, too. 

In 1982. Cerlits and Nagy [8] int roduced a covering property denoted (*): a space 
X has that property if and only if it has the Hurcwicz propcrty as wcll as t hc Rot.b­
bergcr propcrty. l n [14] t his propcrty has becn chmacterized by an 5 1-t.ype selcction 
principie. 

Combining t hc proofs of T heorems 2.6 and 3.2 it is easy to prove: 

T h eore m 3.4 For <t Lindeliif space X the following are equivalent: 

(1 ) X has Uie Gerlits-Nagy property (*); 

(2) For each cont.inuous function f : X - IRw, the space J (X) has the property (*)· 

In !14J (see and [13]), it was proved that ali fini tc powers of an t:-space X hnve 
thc property (*) if ami only if ( 1,(X) h;.L-; countablc strong fon tightncss iL-; wcll as t.hc 
Hezniclienko prope1ty. 

Using this result om.l combiuing t he proofs of Thcorems 2. 7 a11d 3.3, one can provc 
the fol\owing t.heorcrn . 

Theor e m 3.5 For an t:-spacc X thc jollowing a.re cquiualent: 

(1) For each n E IN, tite space X " has the Gerlits-Nagy ¡noperty (*); 

(2) For cach conti.nuons f1mdio11 f : X - Illl<', ali fiuitc powcrs oj thc spacc J (X ) 
havc thc ¡mipe1·ty (*). 

Hecnll t ha t a spncc X is said to be w-simple [2] if ench coutinuous sepa rable 
metrlzable image Y of X is counlable. (For example. ni! Linde lóf P -spaces and ali 
Linde!Of scattered spaces nrc w-s imple.) 13y the previous t heore m cach w-s imple t:­
space has lhe C erlits-Nagy property (*) in al\ finitc powers. (F'o r each n E IJ.~, l' " 
is both Rothbergcr ancl l[urcwicz bc ing countablc.) Dut . we have something more: 
cach suc.h spAce is a ¡-set , which is strongcr tlmn thc propcrty (-.). In [Sj, CNlits 
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nud Nngy introduccd 1 he notion of 1 -set: n spncc X is a 1-sct if cnch w-co,,c1· of X 
(n11 open covcr which clocs not co11t,11in X , but cnch finitc subset of X is co11t11i11cd 
iu a mcmbcr of thc covcr) contnius a co1111t nblc subsct V which b 11 ¡ ·-covcr (i.c. V 
is infinitc nnd cnch poi11t of X bclongs to nll lrnt fiuite ly mnny clemcnts o f V). To 
concludc t lmt w-simplc c-spnccs me ¡ -sets wc sho11\d combine thc rcs1d1, 11.7.10 i11 [2] 
(which stntcs Lhnt for lln w-sirnplc 1:-spncc X thc spacc Cp(X ) is Fréchct- Urysohu) 
und thc C crlits-Nagy 1.bcorc111 st.nting t.lmL Cp(X ) is Fréchet-Urysolm if uml 011ly if 
X is u ¡-set . 

Similnrly to t.hc proof of Thcorom 2.G (orto tlw proof of Thcorcm 2.7, having 
in mind thc fnct. t lrnt, cnch fi n itc powt:r o f a ')'-set is nbo a 1-sc1), wc provc nlso t lic 
following rcsult. 

T hcor c m 3 .6 For r111 E-s¡mce X the / ollowing are eqmualent: 

(1) X is a ¡ -set; 

(2) For Cllcli cm1l.in1w11.'I f1mction f : X - IIl..., tl1e space /() • .") fs n "{-set. 

Received: Jan 2005. Revised : F"eb 2005. 
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