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ABSTllACT 
\\'e gi\'C.' somc s ufncim11. conclit io11s which do cnsurc thc cxl5tcn e 1111d uniquo­

ncss oí ps<.'Udo nlmost pc riodic solutlons to n ncutml ddny intcgrnl cquntion of 
ach-nn«'d 1ypc int roduccd by T . A. 13urton 111 thc litcrnture. \\'e ncxt mnko use 
of the prcvious r ·ult to clu1rnctcrizc ¡>Seudo nlmost 1><>riodic solutíons to t hc so­
nlk'<I logistic CC"¡1111tion. 

R ESUMEN 
Entrt'gnmos condicio1ws suflcit'nl08 <1uc nscgurnn In ~i51cncln y uniciclnd de 

una *>lucton~ M:!udo cn.<1i porl6dic11s 11\ In ccu1u::i611 integO\I con rctrnso mmtr11l del 
tipo 1wan1.Ado mtroducidn e n lr1 lit('rnlum por T.A Burton Luego, utiliwmos 
r~ultMIOl'i pn.-\·ios 1>nr11 cnrnctcrlwr lns soluclonoi seudo Cft:!i pcrióclicns de lt1 lln· 
mnda ttiuu·ión logb1lic11. 

K ey ... -ordt1 n 11d p h r 111Hlt1: p~rudo olmo.ti penoclu: J1mcfton. olmo.,t pcnodic /tm c/.1011; 
rlt'utrnl drloy •nlqru/ C"qV11hon, logo1.1111c cq11111io11. lnfegml 
cquollon o/ odt'Once.I lllJW 

M•'h obj. l11J1.s.: '3A60; 3$815; '18SS 
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1 Int rod uc t io n 

Thb pnpcr is ronccnicd wl1 h t ltc cxistcncc and uniqucncss of p._..;(.·udo o\most. pcriodic 
solutions to th<.' nbstnict. intcgrn l cquation of thc form 

u(I) = / (.,(h,(I) )) + 1 Q(s, u(s), u(h2 (s)))C(I - s)ds + g(I) (!) 

íor cach t E R, whcrc f,!J , li1 , h 2,C: IR- R arc continuous functions wit.h h, (IR:) =IR: 
for 1 = l, 2. and Q : IR: x IR x IR .,_. IR is jointly continuous. 

tting. li1 (t) = h2 (t) = t. - v whcrc p >O is a constam , in Eq. (1), onc obtnins 
the so-cnllcd ncutrnl dclny integral e<¡11ntion of advanccd Lypc 

u(I) = / (u(I - ¡>)) + ¡~ Q(s, u(s), u(s - ¡>)C(t - s)ds + g(t), (2) 

which was introcluccd in thc litcruturc by T . A. Burlan l4J ns nn iutcrmcdiut.c stop 
whilc studying thc cxiste11cc 1.111d uniqucness of {pcriodic) boundcd solut ions to thc 
\oghitic diffcrcnlia\ cqunLion givcn by 

u'(t) = "'"'(!) + ou'(t - ¡>) - q(t, u(t), u(t - ¡>)) (3) 

whcrc a >O, O :S lol < 1, 1md p > O are rcspcctivcly constants. 
Undcr somc suitnb\c m;s111nptio11s, thc exislence and uniqucncss of a pseudo nlmos1 

pcriodic solution to Eq. (1) is obtnincd (T hcorcm 3.1). Ncxt wc mnke use of 1hc 
prcviollS rcsult to provc t.ho cxist.cncc nnd uniqucncss of a pseudo ulmoot pcrioclic 
solution to the logis! ic cqu11tiori (Thcorcm 3.3). 

me contribul ion:s rclatcd to pseudo nlmost pcriodic solulions to nbs trnct cliffcr­
cntial nnd pnrtial diffcrc11ti1.1l cquations hnvc rcccntly bcen mnclc, nmong thcm ar<' 
p. 2. 3. 6, 7. l l j. Howcvcr, 1.ltc cxistcncc of pseudo nlmost pc riodic solutions to in­
tegral cquntions. espccially thosc of t.hc form Eq. ( ! ) i::. an untrcnt.cd topic 1md this 
is thc main motivat.ion of tho prcscnt papcr. In particular, wc will mnkc use of our 
rcsult r lntcd to Eq . ( 1) to discuss t hc cxistcncc nnd uniquencss of pseudo nlmost 
pcriodic solutions to thc logist.ic diffcrcntinl cquntion, thnt is, Eq. (3). 

Thc cxbtcnce of 11lmost poriod ic, nsymptoticnlly nlmo:;t p riodic, imd pseudo al­
most pcriodic solutions is umong thc most nttractivc tapies in the qunlital ivc th ry 
of diffcrentinl cquntions duc to thcir 1ipplicntions, cspcdnlly in biology, cconomics, 
llnd physics. 

Thc ronccpl of pseudo nlmost pcriodicity, which is th ccntrnJ issuc in this pll­
!>Cr. w~ imroduced by C. Y. Zlwng jl•I, 15, 16J in thc cnrly ninctics. Sincc thcn, 
such a notion becamc of grcaL intcrcst to i.cvcrn.I mnth mnticiam;. Thc> ~udo 11lmost 
pcriodicity is a nnl urnl gc11oralizatiou of Lhc clnssical nlrnoM periodicity in thc s nsc 
of Bodmcr. Thu::. :rnch 11 concopt is wclcomc Lo impl<'mcnl su1other cxisling g nernl­
iwtion of nlmost pcriodici!.y, t.hc so-cnllcd n.symplotically aJmO!:>t pcriodicity cl11 to 
Fh.X-lll't. M.'C', c.g., [12J. Far more on Lhc con~pts of nJmosl pcriod icity nnd ~udo 
almO!tt pcriodicity nncl rclntcd is:;ucs, wc rcfcr to ¡s, 10. 12, 13J r r both thc nlmost 
¡><'riodicity nnd n:;ymptotic 1dmosL pcriod icity, nnd to p. 2, 3, G. 7, • 9, 11 , 11, 15, 16] 
for thc pseudo nlmost pcriodiciLy. 



Pseudo AlmosL Pcriodic Solutions 

2 Pseudo A lmost P e riodic Functions 

l.t•t (X, 11 ·ID be n Bunnch spacc and Jet (BC(X). IJ · 1100 ) be thc Bunuch s pncc of 
l>ou nd('(( cont inuous fu11ctions fro rn IR in to X cnclowed with thc sup norn1 

11~11~ = sup ll~(t)ll. 
<ER 

Lct (Y.11 · llv) be nnothcr B1.11mch spucc. l f n e X is an open subscL, t:hcn IJC( IR. X 

n. \')denotes thc vector spncc o f boundcd continuous functions q) : IR X n ........ w. 

Oc fl n ition 2.1 /5/ A fu11 ct.ion J E /3C(X) is callcd almost penodic if for cach € > O, 
01cre tn.$1.s 1, > O such tlw.t eue1y i11t.erva l o/ length l, contams a mm1ber r wi fh lhe 
/ollowrng pro¡>erty: 

11 / (t + r) - /(t)ll < E, Vt E •. 

'fhc numbcr r nbovc is Lhcn cu llcd nn €· lr'an.!lat1on 1iumbcrof f , nnd thc collcction 
of .!iUCh functions will be donotcd AP(X). 

imilnrly. 

Oc flnit.io n 2.2 A function F' E DC(JR X n, Y) is collcd almotrt JHWiodic in t. E IR 
rm1/or'1nly in ony /( e n "· bomulcd subsel i/ /or cach € > O, thcre exisl .. ~ 1, > O such 
llwt <:urry mtcnml o/ len.gth l, > O co11tair1s a nurnbcr T wtlh tite /olfowiu.g 1H'Of)Cl'l.y: 

l lcrc again, 1 he numbcr -r nbovc is cn llcd nn c-trnn~lation numbcr of F, ancl t ho 
clru;s or such funct ions wi ll bo dcuot.ccl A P (R X n, Y). 

For more on AP{X) (rcspcctivoly, AP(R x n, V)) and rda.tcd issucs, we rcfcr to 
[5, 10, 12. 13) nnd thc rcfcrcmccs thcrcin . 

From now on, w • supposc n = X und sel 

1 j ' A 1'0 (X) '= {! E /JC(X) ' lim -2 ,._..._ ,. _,. /( lid =O). 

Similarly. APo(R X X, V) cknotcs thc collcction or ÍllllC'lÍOl\S FE /JC(IR. X X, W) 
such thnl 

1 j ' ,l_!!n 2;: _, llF(t, u)llvd< =O 

u11iformly in u E X. 

1 c fln ition 2.3 A /1111ct1011 / e DC(X) 1$ rol/al 1ucudo almo$I pcriodic i/ it C(Ul be 
C.qJN.'$~ttl o...c f - 9 + ó, "'''"""ge AP(X) orad ó E APo{X). 

Thc tolln-t ron o/ 6urli /11rict101M 11..•111 be d('nottd by PAP(X). 
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Thc functions !J und 4> 1tppe11ri11g in Dcfinilion 2.3 are rcspcctivcly cn ll d t hc (lfm osl 

pcriod1c ruid t he <'l!Jodic pert.11rbat.io11 componcnls of /. In odd il ion, thc dccomposit.ion 
gh•cn in Dcfini tion 2.3 is 11niquc, scc, c.g:. , ¡i:.1 , 15, 16J. 

\Ve now cquip PA P(X) Lhc cot!cction oí pseudo almost pcriodic fnn ct.ions from IR 
into X with thc sup 11orm. 11; i:; wc l l ~ k11owu that. (PAP(X), IJ.lj ) is 1\ Bunoch spncc, 
scc clctails in jl 1 J. 
De finit io n 2 A il ftmcl.ion f E B C(IR. x X, Y) is cnlled pseudo almos/. pel'iotlic 111 

t E !R uni/on11/y in :r. E X 1J 'ÍI. can be cxpressetl as f = g + </J, wher-e g E A P(IR x X, Y) 
11 r1 d <f> E APo(R x X, V). 

The collccf ion of such fu.n c/:io11s will be denoted by PAP(IR x X). 

3 T he Main R esult 

Throughou t t he rcst. of t.he papcr, we supposc t. lrnL X = V = IR eq uippcd t.hc clnssicnl 
al>solutc valuc. Note however Llmt. whc11 dcaling wiLh Lhc pseudo 11lmosL period iciLy 
of Q it would be more convcn ic11l. to choosc X= IR x IR, scc (H.3). 

Our scLting requires t.ltc follow ing: 11.':iSUITlpLiorn;: 

(H.1) The funct.i on f ,fJ: IR._. IR arn pseudo alrnosL pcriodic and f snLisflcs, 

lf(";) - f(y)I S ". lx - YI, o$ o< 1, 

for o.11 :r., y E llt; 

(H .2) Thc funct.ion h; : IR._. IR is continuous, '1 ,(IR) = !R, a nd 11(/i.;) E PAP(JR) 
(i = 1, 2) whencver u E PA P(IR) ; 

(H .3) The function Q: IR.x(IR.x!R) ._. IH:, (t .• ~r=, y) ,_. Q(l . x,y) is pseudoulmost.pcriodi c 
in l E R uni form!y if ( ~1;,y) E !R xl!t ScLLing: Q = Q, +Q2 wiLh Q 1 E AP(!RxRx 
iR, iR) nnd Q, E APo(lll: x 11! x llt, 11! ), wc supposc LhnL Q2 (·, u(.¡, u(h,(-))) E ¡) (!!!) 
for cnch u E PJIP{Llt) w herc h2 is t.hc fun cLion nppcnring in (I-1.2). F'11r1.hcrmorc, 
Lhcrc exist.s O $ k $ l ::illd1 tlmL 

IQ(I., '"• y) - Q(I., w, z) I S (k. ¡x - ••I + ( 1 - k ). ¡y - zl) 

fo r a.11 x,y,z:, w E IR; 

(H A ) o < J. IC(-s}lds =e, <OO. 

Our mnin rcsu lt. requil'cs the followi ng tcchni cnl 1 rnmn: 

Lcmm n 3.1 Untlcr C1s.rnmplúm.~ (H.2) -(H.3)-(H A), thejunct1on dcfi11 ccJ by 

l'u (I.) ;= l~ Q( s, u(s), u(h2 (s}) )C(t - •)ds 

maps PAP(R) mi.o 11..~ c lf. 
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P roor. LN 11 e PAP(R). First of oll , note lhnt t - u(hJ(t)) i:; p:;cudo nhnosl 
pNiodic, by (H .2). Vf'ing (H .3) il fotlows thnl s - Q(.:;.u(s), u(li2 (s))) is pseudo 
nlmoot pcriodic, M"C, c.g., [3, 6]. 

Now writc Q = Q 1 + Q2 whcrc Q 1 E AP(IR: x R2 ,R) and Q2 E AP0 (11t x !R2 1 1R). 
Co11~e<1ucntly, r u = r'1(u) + r 2(11) whcrc 

1'1u(t) := !~ Q1(s, 11(s), u(h,(s)))C(t - s)ds 

nnd 

r ,u(t) := ! Q,(s, u(s), 11(h2(s)))C(t - s)ds. 

To compl l lhc proof, it rcmui ns lo provc t hnt r 1 u E AP(R) and f 2u E AP0 (!R) . 
incc Q1(-. u(·), u(h2(·))) E AP(IR), for cach E> O, thcrc cxists ó > O such t.lml 

for ali"), thcrc is TE ['Y,¡+ ó) with 

IQ1(• + T, u(s + r), u(h2(s + r))) - Q1(s, u(s), u(h2(s)))I < f;. (4) 

for cnchseR 

Notcthal f 1u(t +r)) = J Q 1(r+T,u(r+T),u(h2(r+T)))C(t. - r )llr, bysctting 

,. = S-T. Considcring r1u.(t + r) - r' 11t(t) il cnsily follows thnl 

jr111(t. + r) - 1'1u(t)I <e, 'lit E R, 

by Eq. (•I) and ( H .4 ), ond hcncc 1' 1(u) E AP(IR). 
Thc ncxt Mcp consists of :;howi ng Lhnt f2u E APo(R). 1t is clca.r t hul s - r:z(1t)(s) 

is n boundcd continuo11s fimct.ion. Thus, it rcnmins to show 1hnt 

1 1' lii11 - 11'211(t)l dt =o. 
r-oo 21' - r 

Clcnrly. 
1 ¡· 

whcrl' 

Hm - 11'211(!)1 dt S 1 +J. 
r- 2r ·r 

= .'~'.!. ~ r. dt ([ IQ,(s. u(.1), u(I»( )))l. IC(t - >)lds) , ond 

J - }~" ~ f ', dt J IQ,(s. u(•).11(h2(•)))I IC(t - s)lds. 

To ~how 1luu 1 - J O, wt· mnkc \L"4-' of thl' following argumcnts: 

(J\O) r. C(I •lldt J,'" 1C(-<•)11lu S Co for 1\11 r +,;::O; 
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(Al } Q2 ( •• u¡.), u(h2(-))) E Al'o(IR); 

(A2) Qz(·.u(·), u(h,(-))) E L'(lll) . 

lndccd. by dinng ing t.he order of in~cgrnt.ion wc ob1ain: 

, l~n ~ L IQ2(s, ><(s) , u(h1(s)))i ds (L IC(t. - s)ldl) 

Cn (' 
$ ,~'.;, Z,: ./ _,. IQ,(s, u (s), u(ho(s)))I ds 

o, 

by (AO)-(A 1). 
Similnrly, 

j }'.!:;.. ~ l oo IQ2(s, u(s), u(h,(s)))i ds i ', IC(t. - s)idt . 

•. ~'.;, ~ l oo IQ2(s, u(s), u(l.,(s)))lds L:' IC(-v)idu 

}~'.;,loo IQ2(s , u(s) , u(/".!(s)))I 4>,(s) ds, 

[
~+ .. 

whcrc t¡'.1,.(s) = ~ . . ~- ·· IC (- 11)jdu. 

e ¡ ··+• Clcarly, t¡'.1,.(s) ~ i/:• by .. 1-1· !C( - u}ltlu ~ C0 far alis ~ r . And hencc ¡p,.(s) - O 

, Since Q2 (., ·n(-) u(hi(·))) E U(!R} iL follows that. 

,.l~'.;, l oo IQ2(s, ·u.(s) , u(h,(s)))I. 4>,(s) ds = O, 

by (A.2) nnd thc Lcbe.sgue dominaled convcrg;cncc Lhcorcm. And t.hcrcforc r 2 u E 

APo(R). 1 

T h core m 3.1 U11<hff ussu.111.11tfo11s (I-1.1)-(H.2)-(H.3)-(HA). Eq. { !) /ia,., a imir¡uc 

1Jseudo almost ¡mriorNc; .wbd:ion wheneucr o + C0 < 1. 

Proo í. Let. 11 E PAP(l!t). Dcfinc t.hc nonlincnr opcrnlor 

¡\ (u)(I) •= f (u(h, (t.)))+ .f.00 
Q(s, u(s)u(l<,(s)))C(L - s )ds + g(I ), t E !!t. 

First of ali. lel us mcnt,ion t lmL /(u(h1 (·))) E PAP(IR). which follows immcdint.cly 
from thc composit.ion 1,bcor01n of p.soudo ulmost p riodi íunctions in [3, GI. Thus, 
in vicw of Lhc prc"ious fo c;!,S uncl Lcm11u1 3.1, it ru;ily follov.· 11m1. /\ nmps PAP(!R:) 
inlo itsclf nnd t hnt r 111 u1id l"'.!11 nrc rcspcct.ivoly Lhe nlmOl>l 1> rioclic 1md crgo dic 

pcnurbntion componcnl~ of 1\ (IL). 
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To complc1c 1.hc proof, wc rnw;t. show t.huL A : PAP(R)- PAP(llt) hu.s n uniquc 
fi x11tl-poi11L. 

Far u, u E PllP(X), 
l1l (u)(t}- A(u){l}I 

$ o llu - ull + j l(Q(s, u(s), u(h,(s))) - Q(s, u(s), u(ho(s))))l. !C(t - s)ld·' 

$ ollu - ull + j [klu(s) - u(s) I + (1 - k)lu(h2(s)- u(ho(s))[. IC(t - s)lds 

$ o-llu - ull + 11" - ull . j 00 
IC(t - s}lds, 

nnd hcncc 
llA(u.) - A(v) lloo $(o·+ Co) llu - ull 

Thcrcforc. by t.hc Bunach íixod-poinL principie, t.hc opernlOr A lrn.s i:i uniq11c fixcd 
poiut. whcncvcr o + C0 < 1, wllich obviously is t.hc only 1>scudo nltnoot. periodic 
:ioliu,ion to Eq. ( 1 ). 

ScLt.ing li 1(t) = h2 {l) = /. - p, one cnn cnsily :scc t.hnt. (H.2) holcls, m1d hence the 
ncxt corollnry is u st.rnight;forwt\l'd co11se<¡11cncc oíThcorcm 3.1. (In ru;slm1ption (H.3), 
wo8uppose thnt. t.he crgodic compononl. Q2 of Q is givcn such t.hat. Q2(·, 11(·)1 v(·-v) ) E 
l 1(R) for cnch u E PAP(Ill).) 

Corollary 3.2 Uruler a.s.s11.m.vlio11.s (H.1)-(H.3)-(H.4), Eq. {2) has et 1mir¡1te vsemlo 
almost 1:iertod1c solul ion whcnever a+ C0 < 1. 

' Ph rc:st of Lhis pnpcr is dcvoLecl Lo t.hc cxistcncc nnd uniqucness of pseudo ulmosL 
pcriodic solutions Lo Eq. {3). 111 wlrnt. fol\ows wc define thc func1ion 

ij(l , :u,y) :=11(1,.r,y)-aoy 

for 1~\l t e nnd x,y e llt, whcrc c1,a und q nrc rcspccti\'cly thc com;l.nnt.s nnd Lhc 
funclion oppcaring in Eq. (3) . 

Wc re<¡uirc thc follo wing U$SllmpLion: 

(H.5) Thc íunc1io111¡: JR: x (J!t x IR)....., IR., (1. r, y) - tj(t,x.y) is pseudo 11\1nost pcriodic 
in te iR uniforml)• if (:u, 11) e IR X R. ScLLing ;¡ = ql +'h whcre </1 E AP(IR. X IR X 

IR, IR) ond q2 E APo(Ill x Ill x IR, IR). wo SUJ>l>OSC thnt '12(·, u(·}, u(- - p))) E L1(Ill) 
for cnclt ,, e P.AP(l!t). P1.1rt.hor111ore. supposc. thot o ,a >O, nnd 

llJ(l., .,,y) - q(I. w, :)1 $ (1 - oo}l.r- wl 

ror nll t . .r.y,.:,111 E R. 

T hoorc.m 3.3 Und~r n.mm11Jlior1 (1-1.6), thc logt$l1c cquol1on. Eq. {!l), lws c1 rmú¡ue 

,,.~1·udo olmo.ti pcnodrc .~ol11lio 11 wlumc11cr a+}; < 1. 
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P roof. Onc fo llow::; nlous t. bo snmc liu~ ª" in ¡.a j. \\'e nn• intcrcstcd in bo11 11dcd 
s.uhuion .... only. Tb11s if 11 i.-; 11 bo1111dcd holution to Eq. (3), thcn 

.'.!.¡(u( t) - ou(t - p))e- '"J = Jc.au(I - p) - q(t , u(I), u( t - p))Jc-"'. 
di 

'lcnrly. 

u( t ) = nu( I - p) + .f Jq(.•, u(s), u(s - p) ) - oou(s - 1>)Jc0 «--> c1s, (5) 

for cnch t E R, by 1~ 1 1 i(u.(l) - 0- 11.(l - p}) e-n'J =O (11 is bounded ). 

To oomplc1c tite proof, in 8q. ( 1), tukc / (t) = ot, /1 1 (t ) = 111 (t) = 1- p, '(I) = rª1 , 

g(t ) =O. nncl 
Q(t ,·u(l),u(t - ¡>)) = i¡(I, u(I), u(t- p)). Vt E 11!, 

and follow nlong 1 he su nio linc:; m; i11 t.he proof of Thcorcm 3.1. 

Recei ved : Oct 2005 . Revisad: Dec 2005. 
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