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ABST RACT 
T he nonlinear Enskog equation with a discretized spatial variable is studied 

in a Banach space of absolutely integrable functions of the velocity variables. 
The Enskog equation is a kinetic equat ion of Boltzmann typc which, unlike t.hc 
Boltzmann equat.ion, is applicable to gases in t he moderately dense regime. In 
this latLice model t.he gencrntor of free s t rcaming is replaced by n fin ite dilTerence 
operator. Conscr\'at.ion laws and posit ivity are utilized to extend local solutions 
of a cutoff model to globa l solut ions. T hen compact ncss arguments lead to the 
existence of weak global so!utions of the Enskog \attice cquation. Molecular in­
teractions a re int.roduced vin a ncxt-ncarcst neighbor potent ial, thereby modeling 
a square wel\ pot.ential. 

R ESUMEN 
La ecuación no lineal Enskog con la variable espacial discretizada se estudia 

en un espacio de Bnnnch de funciones absolutamente integrables de la.s variables 
de velocidad. La ecuación de Enskog es una ecuación cinemática del t ipo Boltí'.-
111ann , In cual, no como In ecuación de Bollzmann, se aplica a gases en el régimen 
moderadamente denso. En el modelo de enrejado, el generador de fuente libre 
se reemplaza por un operador de diferencia fini ta . Las leyes de conservación y 
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positividad se utilizan para extender las soluciones locales de un modelo de corte 
a soluciones globales. Luego, argumentos de de compacidad conducen l l la ex­
istencia de soluciones g lobales débiles de la ecuación de enrejado Enskog. Las 
interacciones moleculures se introducen vía el potencial del vecino mlÍs cercano 
siguiente, luego modelaudo un potencial de pozo cuadrado. 

Kcy words nnd p h rascs: Enskog equatio11, b11etic theo''1h 
Boltzma1m/attice 

Math . Subj. C lass.: 82C.¡O, 16P05 

1 Introduction 

Although t.hcrc is an extcnsivc literature on discrete vclocity Boltzmann equations, [! ] 
anda smallcr literat.ure on discrctc vclocit.y Enskog cquations,[2] thc study of kinctic 
cquations on spatially cliscrctc domains is cxtremely limitcd. Here we would likc t.o 
prcscnt a modcl of thc Enskog equat ion on a thrcc dimensional spatial latticc wit.h 
t he fu\l vclocit.y dependcnt Enskog collision opcrator. We will discuss as well a next­
nearcst neighbor intcraction model wliich modcls t hc Enskog cquation with squarc 
well potent.ial, and, more gcnerally, with local piccewisc constant potcntial. 

The Boltzmann equation, first posed in 1876, is the best known cquation in the 
kinctic theory of gascs.[3] Howevcr, t his equat ion, which describes molecules as point 
parLiclcs and yiclds transport cquations only of an ideal gas, is an accurate portrayal 
of a dilut.c gas. In ordcr to havc a more accuratc dcscript.ion of moderately dense 
gases, Enskog in 1921 proposed the equation subsequently bearing his namc.[1J] The 
Enkog cquation, rcviscd in thc l960's to reprcscnt exact. hydrodynamics, takes int.o 
account the nonzcro diametcr of real moleculcs, and has turned out to be an ac­
cural.c dcscript.ion of dense gases u¡) to ten pcrcent of closc packing. Bccausc t hc 
Enskog cqual.ion models only hard sphere collisions without intcrmolccular potcnl.ial, 
Grecnbcrg et al. havc considcrcd an Enkog type collision operator wi1..h squarc wcll, 
and, more gcncrally, local picccwisc constanl., potcnl.ia!.[5, 6] Although discretc vc­
lociy modcls of Lhc Boltzmann cquation have an cxtens! ivc litcraturc going back 
more than 40 ycars, · t.hc spatially discrcl.c BolLzrnann cquation was inl.roduced more 
reccntly by Grecnbcrg ancl coworkers.[7, 8] In thcse modcls Lhc spatial variable is 
replaccd by a finil.c pcriodic latLicc. 

In this arliclc wc will prcscnt a latticc vcrsion of Lhc Enskog equation, studicd in a 
Banach spacc of absolutcly inl.cgrable functions of thc vclocil.y variables, ic. , only Lhc 
spal.ial variable will be discrcLizcd. Wc will discuss both the analog of a hard sphcrc 
collision model and an Enskog modcl wil.h local (ncxt-nearesl. ncighbor) interaction. 
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2 Streaming Lattice Operator 

For pcrspcctive, let. us writc thc Enskog equation in a t hree dimensional spatial d0+ 
muin: 

(2.1 ) 

for a function J : ni X R~ X R+ - R+ rcpresenting the different ial density of particles 
at. position 1-;o at time l wit.h vclocit.y V. Herc, CE(f, !) is the Enskog collision opcrator 

if = V-f < f, V - V1 >, 'ifi = V¡ + f < f , V - Vi > 

for a gas of molccules of diamet.er a, with &.intcgration ovcr {fE R3 : 11€11 = I ,[. (V­
ii¡) > O). 

Wc slmll consider thc Enskog equation on a latt ice: 

~af; (ii, t) + (A f);(ii, t) = J (f, !);. 
(, 

(2.3) 

T he index i is t he spatial indcx dcnoting the it.h latt.icc point in t.hc pcriodic t hrce­
dimcnsional cubic latLice A3 , and V is t hc (dimensionlcss) velocity vector. T hc op­
ernt.ors A and J wi\l be dcfi ncd bclow. We seek soluLions in the Banach spacc 
X = EB;L1(R3 ) with norm 11 111 = L; f~00 1f;(V)j dV, whcrc t hc sums are ovcr N 3 

lat.t.icc sit.cs. V./e denote with T+ the conc of posit.ivc funct.ions in X , and by Y(T+) 
the conc of measurable funct.ions JU : R+ --+ T+. 

Thc operator A wit.h dornain 'D(A) is the fin ite diffcrcnce approximat ion to t.he 
gradient term. To give A specifical!y, let rr be an ident ification between the lat t ice A 3 

ami Z3 . T hcn A is an N 3 X N 3 matrix: 

A;; = ¿:r;; ü)ói~(ii) (2.4) ,, 
wherc 

and thc sum is over the threc orthogonal coord inat.e vcctors ü.. \·Ve ha.ve, far con­
vcnicncc, takcn thc lat.t.icc spacing to be of unit. length. The periodic boundary 
conditions are imposcd by viewing the lattice as a three-dimcnsional torus, and thus 
rr - 1(j) + 1i E A3 for every j. 

A rcprcsent.ntion of A muy be written as follows. lf V:i:, vy, u~ '.2: O and t.he n x n 
matrix E is dcfined by 

g . - {Ó,,,j, i = 1 
IJ - Ói,j+l> i > l 

(2.6) 
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t hen 

A = (u, +v, +v,)J ® 1 ® f -v,(E® l ® 1)-v,(l ® E ® I) -v,(i® l 0 E) (2.7) 

Note En = I and that the rcpresentation of A if v; < O can be obtaincd from 2.5. 
T he discrctized Enskog collision opcrator may be writ ten 

J(f, f);(ü, t) = G0 (!, f);(ü, t) - f;(v, t)L0(f);(ü, t) = 

¿ f d;;, [Vi,;+, f; (V',t)f;+,(~,t)- Y;,;_, f;(v,t)f;-,(v, , tJ]· 
cer }na 

. <i,V-V1 >O(i (V-V1)), 

(2.8) 

wherc O is t he Heaviside funct ion and f!, ~ are given in 2.2. The geometric factor 
Y is a functional of J, Vi ,J = Y(n;(l ),n;(t )), where n;(t) = fna dV f ;(iJ, t ). Thc set 
r e S2 is t he set of unit vcctors in R3 pointing in the direction of ncarest neighbors, 
takcn periodically, eg., t he unit coordinate vcctors in a. rectangular lattice. Indices 
such as Yi,i+( are writtcn in shorthaud for Y;,,,-(ir-l(i)H)· 

Equation 2.3-2.8 is thc di.serete version of the (revised) Enskog cquation 2.1, which 
modcls ha rd sphere coliisions. T he square wcll Enskog equation, derivcd by Davis 
et al. [9] and Greenbcrg et a l.[5), models, in the continuum case, an intcrmolccu!ar 
potential of t hc form 

(2.9) 

for a single square weH of dcpth q and widt h R, and a sequence of such wells for a 
pieccwisc constant. local potcntia l. Thc rcsultant kinetic cquat.ion has a collision t.crm 
cont.a ining prccisely the Enskog collision operator1 on account of thc ha rd sphere 
co\lision, and, in the ca.se of a single squarc well, tluce vcry similar collis ion icrms 
represcnting thc molcculc at llf1 - 1~JI = R (i) entcring thc well, ( ii) cxit ing t he wcl!, 
and (iii) rcflccting off t hc well if encrgy is not sufficicnt for an escape (or a pcnctration 
for a rcpulsive well). T hc last can not t.akc place, o( coursc, for an attractive wcll 
unless an intermediatc collision has occurred while thc particlc is in t.he wclL In t hc 
case that t.he well consis t.s ofm picccwise constant steps, rn1 attractivc t ransitions ami 
m2 rcpulsivc transitions, t hc collision opcrator will contain 3m1 + 2m2 + 1 Enskog-like 
collision tcrms. 

As wc are int.crested in latticc models, wc will dcfcr writing out t he continuum 
equat ion for square wcll potentials, rccommending thc rcadcr to t.hc quotcd litcraturc, 
and rcstrict ourselvcs to writ ing t he latticc cquation. In thc case of a single well, 
which t ranslatcs inlo a st.rictly ncxl-ncarcsL neighbor interact ion , t hc lattice collision 
operator is: 

1(1,f),(ü,1) = ¿ h dv , [Vi,;+, f; (ii', t )f;+<(if,, 1.¡ - Y,_,_, f,(v,t)f;_,c;;, , t)] · 
i:E l'u /P 
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.¡. (v-v,)0(1. (ü- vi))+ (2.10} 

+ ¿ { dv, (Y;,;+,f;(V'',t)f;+,(if.',t)-Y,, ,_, f, (v, t )J, _, (v1,t)] · 
.:e r, Jn3 

·1· (v - v,)0(1· (v-v1)}+ 

1 · (v - v, }0(1 (v - v,) - ,¡;¡;¡¡+ 

+ ¿ r dv, ¡v,,,_,J;(ü',t)j,_,(if,,t) - Vi,;+< f ;(v, t)f;+,(v,, t)] · 
i'E f1 1n3 

·O(,¡;¡;¡ - ¡. (v - v,))1 (v - v,)0(1 · (v - vi)) = 

3 

= l:!Gk(f, !}; - /;Lk(J)d = G(f, !}; - J,l(f) ;, 
k= O 

whcre fo is t he set. of nearest ncighbor vect.ors and f 1 is the set of ncxt-ncarest 
neighbor vectors. Here, the double anc\ triple primed vclocities are derived by con­
servation of momcntum and energy, just as wcre t he velocity transformations in 2.2. 
For example, 

V'' =iJ- ~E{< E'Ji-V1 > -!< l ,V-iJ1 >2 +4q]!}, (2.11) 

V',,'= ü1 + ~f{ < E117-V1 > -[< l,V-V1 >2 +4qj! ), (2. 12) 

with a similar t ransformat ion for ii"', i?.,". (cf. [3]). 
In t hc case of next;-ncarcst. ncighbor interactions for i = 1, · · ,m, there will be 

additional collis ion tcrms as inclicatcd for the continuum equation with corresponding 
transformations of (primed) outgoing velocitiés, obtaincd by the conservation laws and 
taking into account t he encrgy !cvels q;. In this case, t.herc will be summations over 
ncxti-nearest neighbor vectors f; and J(/, /) = L~:'.:~+3"'2 ¡Gk(f,f)- fLk(/)] . As 
thc functional analysis to be considered in what follows carrics ovcr in a transparent 
way to thcse additional collision tenns, we will, far conveniencc, pose the lcmmas for 
thc case of nearest ncighbor interaction only, ie , thc latLice collision operator 2.8, 
comment ing only on any issues for which thc latt.ice modcl with intcrnction potcnt ial 
mig:ht differ. 



18 William Crccnbcrg and t-.ilichael \Villiams P~T 

3 Semig roup and Itera tions 

\·Ve ns.sume t.hat Y is positivc, symmcLric, bounded and jointly cont inuous in its 
a rgumcnt.s, with Lhc conservation (of mass) property 

{ dv {G(!, !), - J,L(!);) = O, f E X. 
}¡p 

(3. 1) 

Throughout. t.his and t lic following scct ion, we will consider only t.hc vclocity cut.off 
modcl, which includcs in thc collision kernel the additional factor O(v - llii- ii1 11) for 
somo fixed p > O. Thcn G a nd L are boundcd functionals: llG(J, f)ll :5 kdl!Jl2 a nd 
ll L(f)l l :5 k2Jlflf for constants k 1,k2 dcpcn<ling on p. 

Throughout., wc wil! supprcss thc position variable (indcx) whcn thc mcaning 
rcmains clear. 

It is easy to seo that A general.es a co-scmigroup UA(t) and A + L(J) a two­
parameter evolution operator T¡, ie, T¡(t, s)fo is a solution of t hc homogeneous equa­
tion 

~ + Ay + L(!)g = O, 

Wc consider the integral equation 

g(s) = <o· (3.2) 

f(t) = UA(t)fo + [ dsUA(t - s ){G(f(s), J (s)) - f(s)L(f(s)) (3.3) 

as wcll as t he equation 

f(t.) = T¡(t,O) fo + [ dsT¡(t,s)G(f(s) , f(s)). (3.4) 

Note that for next-ncarcst neighbor intcractions, the integral in 3.4 will be 

l dsT¡(t, s) f G0 (f(s), f(s)). 
k = O 

(3.5) 

Le mma 3.1 

(a) UA (t ) and T1(t.2, li) nre inva1-innt on lhc conc of positivc fwictions T+ C X Jor 
t trnd l2 - l1 positivc, and J E Y(T+) · 

(b) U(t) is a conlraction semigroup and continues analytically to a bounded holo­
mor¡Jhic som:group U ( z) . 

(e} T1(t.2 ,t1) is a contraction manJing on X f01· l2 - t 1 ¡Jositive mul f E 9(T+)· 

Proo f. Lct J\JN denote t.he union of subspaces of functions of T+ with support 
in thc hypcrcubc abonL l.hc origin with sidcs of lengtb 2N. Sincc l.he off-diagonal 
terms of VA are positivc fo r flny - /\1, i f (-A'" )ki = O, m ::S f, Lhcn (-A1+1)k.;;::: O. 
Thcrcfore, cvcry clcmcnl. of e- tA is a powcr series in t lV· fil wit.h posiLivc cocfficient Lo 
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\owcst a rder. Menee, far t.¡v · 111 sufficiently small, (e-'" f), 2: O far f E T+ n lv/N. By 
cxponcnt.ial addition, t his ext.ends to aritrary t. Therefore UA(t)T+nMN e T+nMN, 
and UA(t)T+ e T+. 

On MN , A (t ) = - A- L(J(t)) is a boundcd operator, and T¡(s, t ) is given explicitly 
by 

T¡(t,s) =s. J;m cxp¡'··· A (t')dt' cxp ¡ "· - • A(t')dt' ... exp l" A (t')dt' (3.6) 
rn-<X> t,,, _ 1 t,,, _ 2 to 

with t.he limit taken ovcr n-partitions l = t.,, > t,,, _ ¡ > · · · > t 1 >lo= s. Using thc 
Lie product. formula and t.he unifonn boundcdness of each of t.hc exponcntials, onc 
catl rcprcsent. T¡ (t , s) as 1.hc doublc limit 

.. {[ (t,,,-t,,,_1 ) -J,'.:·_,L(f(s))ds]" 
T1(t, s) =s. hm hm U A --- cxp · 

>1•-oon-00 n n 

x [ UA ('-' -~-to) exp ---"J,,,_~' _L~"-f'--(s)"-)d_T } (3.7) 

But L is diagonal and positive on T+, and thcreforc so are t.he cxponent ials in 3.7. 
T hus 1/(t, s)T+ C T+, complcting t.hc proof of (a) . 

To provc (b), note tha.t [:¡~.>A"');j = O far any m E Z+. By a simple computa­
Lion, U11(t) is sccn to be isometric on T+. But a T+-invariant contractivc linear map 
is contrnctive on X, so UA(t.) is contract ive on X. 

To prnvc UA(t) cxtends to a bouudcd holomorphic scmigroup, consider fi rst t he 
case V¡ > O. Denote Eo = 1, E1 = E and E0 = Ea- t E. T hen E n+a = Ea . 

Thcrcforc, 
,,_ ¡ ( 00 "'"º ) ,,_, 

e•E = L L (•; + ")! Eo = L ho(s)E • . 
a=O 1•= 0 p a=O 

(3.8) 

Lct w0 be thc primitivc nth roots of unity. Thcn e3111a = L~:ó hp(s)w0 . Substituting 
into 3.8, one has h0 (s) = ~ L'.':1 W- a;e"'"'r, so 

(3.9) 

Writing U11(s) = U:r:(s) ® Uy(s) ® U:(s), to show U..t{s) is a bounded holomorphic 
scnigroup, it. is sufücicnt to show that U:l'(s) and sAU:l'(s) are bounded uniformly in 
a sector So e C, 

So = {zEC) )acgz)< O< ~). (3. 10) 

Thcn from t.hc nbovc, if s = u+ ·iv ancl w¡ = cosO; + 10., U:l'(s) will be uniformly 
boundcd for 

u sin O¡ O, 
- > --- = -cot.- , 
v-cosO;- l 2 

(3.11) 
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l.\!l iucquality which can a\ways be sa.tisfied for posit.ive u. A similar computation 
for v,,, < O shows t.he uniform boundedne&; of UA(t}. The uniform boundeclness of 
sAU(s) is an immediate consequence of t he boundedness of g(~) =~e-~, Re { 2 O. 
This proves (b). 

Finally, since L is positive, exp{- J <ls l(f(s))} is contractive, and by t.he reprc-
sentation 3.7, part (e} is provee\, completing the proof of t he theornrn. 1 

Lemma 3.2 For all f E ~Y, 

N~ N 3 

L (U(t)J)¡ = L f¡. (3.12) 

Let. us salve 3.3 by iteraLion. Define 

¡(ºl(ii, t) = fo(v) (3.13) 

f(" l(ii, t) = UA(t)f0 (v) + l dsU,.(t - s)J(f("- ''. f("- 1l )(s) (3.14) 

Lemma 3.3 For t sufficiently small, llJ<11)ll ::; M, independent of t and n , and 

\IJH'l - f(") ll ~ t\ \J(f("l,f("l)- J(f("- 11 ,f("- ' 1)1\ (3.15) 

~ 2tM\\J\\ llf"1 - f (" - ' 111 · 

The \emma follows from the boundedness of the collision operator. T hus, 

Lemm a 3.4 The ilerative scheme 3.14 converges f.o a soluti on J(t) of 3.3 f01· 

. l l 
t < mm(4\\1\\\lfo\I' 2111\\M ) , (3.lG) 

anti J(t) is a. conlimw1ts function of tite inilial rfotum / 0 . 

Next define t.he iterativc schcme 

g<01(v, t.) = f 0 (v ) (3.17) 

g<" +' l ( ü, t) = T,,, .. , (t, O)fo(v) +J.' dsT,,, .. , (t, s)G(g("l(s),g("l(s)) (3.18) 
u 

As befare, wc havc 

Lemma 3.5 For t sujficienlly small, llg("l (t)l l ::; M 1 <md {g("l (t)} is Ca1Lchy. 

Proof. To see t.he sequcncc is Cauchy, defi ne 
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and writ.e S! for sup0::;. ~ ::;. i· Theu we lmve easily from Lemma 3.1, 

for t sufficicntly small. Again from Lemma 3.1, 

llgl"+ ll(I.) - gi»+ll(t)l l 5 llT,, . .,(t ,0) - T,, .. -.,(t, O)llllfo ll+ (3.21) 

+< llGl lS.:llT,,,.., (t, s) - T,,, .. -.,(t, s)llll.q1"l(s)l l' · 

Deflne x(t) = (1~11 .. ¡ (l,s) - 1~(n - ii(t~s))~o for fixed s . Then x is t.he solution of the 
cottpled system 

g(s) ~<o (3.22) 

x(s) ~o. (3.23) 

Then from 

x (t) ~ l dsT,, . .,(t,.<)L(gl"- ll (s) - gl"l (s))g(s) (3.24) 

wc havc 

Collecting t.hese results, it is sufficicnt to assume O ~ t.:;::; To far r 0- 1 = 8l\GllM 1 + 
BM, + 5llLllllfoll Lo obt,.in 

llo1"+li(t) - g1"1(t) ll 5 ~ s.: ¡ ¡g1" 1 (s) - gl" - ll(s) ll (3.26) 

llg1"+'l(t) - gl .. +ll(t) il 5 ~ s.: 1 101" 1 (s) - gl"-'l(s)l l· (3.27) 

From thc est.imates it. is evident that the scquence {g(")} is Cauchy. 

Lem ma 3.6 Define g{ 11 l(V, l) by the itcrative scheme 3.18. Then for l .m!Jicientl~¡ 
s1nall, g(")(t) conve1·gcs in ~Y lo g(l), and g is a solut-ion. of 3.4. 

Lemma 3. 7 g(t) E T+. 

4 Globa l So lutions 

We will cxt.cnd t.hc mild local solutions of Scction 3 to global-in-time solutions, and 
t.hen provc t.hey are classical solutions (for t hc velodt.y cutoff mode\) . 

Le mma 4.1 Let g¡, 92 be solut-ions of 3.3,3.4, res¡>ecli-vely, satisfyfn.g g1 (O)= 92(0) = 
fo. 1'hen 91 = 92· 
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Proor. Onc can compuLc from 3.11 

92(t.+s) = (4 .l ) 

T,,(t+s,t)[T,,(t, O)fo+ J,'ctt'T,, (t,t')C(92(t'J)) + l +., dt'T,,(t+s,t.')C(.g2(t')) = 

T9,(t + s,t)[.g2(t) + sC(.g2(t.)) + O(s)J. 

Dclinc 'J(s) = IT,,(t. + s, t) - U(s)Jfo . Fl'Om 

éh¡ Bs =-JA+ L(92(t + s))J,¡(s) - L(g2(t + s))UA(s)~o (4.2) 

and 1¡(0) = O, wc ha.ve 

'J(s) = -1' dt'T9, (t+s,t+ t')L(g2(t+t'))UA(t')~0. (4.3) 

Combining t his with 4.1 , wc may writc 

g2(t + s) = UA(s)Jg2 (t) + sC (g2)) - sL(g2(t))g2(t)J + O(s). (4.4) 

On thc othcr hand , 

g¡(t + s) = UA(s)UA(t)fo + J,'ctt' UA(s)U(t - t.')J(g1(t'),g1(t' ))+ (4.5) 

+ [ " UA(t +s- t')J(g1(t' ),g1(t' )) 

= U,i(s)[.g1(t) + sJ(g1(t), g1(t))J + O(s) 

WriLing a(t) = ll92(l) - g¡ (t) ll, wc havc 

o(t + s)- a(t) $ s/IJl/(llg2(t)ll + //g , (t)ll)l/92(t)- g,(t)I/ (4 .6) 

v+cr(t) $ 211.///cr(t) Sllp //g;(t)//. (<1.7) 
i,0$1:5To 

Thc Cronwall Lcmma completes thc proof. 
\Ve wish to show t.hat. t.hc solntion of 3.3 is diffcrcntiablc in l, and thus a solutiou 

of '2.3. Sincc U.4 (t) is a holomorphic scmigroup, it is sufficicnt, by l<ato's t.hcorcm, to 
show that J(f(t), /(t.)) is HOider cont iuuous. po, pp. 487-491) This wil! follow from 
thc HOider conLinuity of f(t). 

Lemm a 4.2 For fo E T+ n V(A) , {!{•1>(t)} yi'ven by the itcmtive scheme 3.14 are 
differentiab/e º"sorne inlerval [0,10J, a11d lhe derivatives {f{")'(t)} are uniformly 
bo1111dcd in t. mui n. 
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Proof. Bstimatc 

¡ i ">(t +h.) - ¡l•»(t) = (U;1 (h) - /) { U;1(t)fo+ (4.8) 

+ [ dt' U;1(l - 1.')[J(Jl"- l)(t'),¡i"- l)(t')) _ J(J(n-l)(t).Jln-l)(t))J+ 

+ [ dt' U;1(t - 1.').J(Jln- l)(l.),Jl"- 1>(t))} + hU;1(h).J(Jl"- 1>(t).Jln- l l(t)) + O(h) 

Thcrcforc, the right derivat:ivc is 

(4.9) 

+A[l U,.( t - t').J(Jl"- 'l(t'),Jl"- 1>(t' ))[ + U;1(t)J(Jln-1>(t),Jl"- ' l(t)). 

Thcn a bound on v+ / <11l (t.) is obtaincd by the cstimatc llAU.;1(t}ll :::; I</t for somc 
constant /( (by analyticity). In particular, for n 2: 2 , 

11/(n- l)(t') ¡ in-l)(t )ll 
llV'"gi"l(t)ll S llAJnll + tI< llJll2m t' = t + llJ llm' (4.!0) 

and a uniform bound is obtained inductivcly by estimating Lipschitz constants I<,. 
for cach / (">. lndced, for n = 1, v+¡(l>(t) = U¡t( l )Afo + UA(t )J(Jo , fo) and ¡ (ll is 
Lipschitz with constant /(¡ = llAfoll + l!Jllll/oll2 . and for n 2: 2 from the estimate 
a.hove we havc 

l lJ1" l(t) - J1"l(s)ll '.5 (llAJoll+ 11Jllm2 + 2tKmllJl lK ,,_,)lt - si, (4.11) 

so that 
(4. 12) 

with a = llA/oll + llJ[Jm.2 a.ne[ {3 = 2I<rnlJ.lll. which is uniformly bounded for t < 
l /(2Km11JJI) . T his completes thc proof 1 

Le mma 4.3 The {f(11l(l)}, as specified by the iterative sclieme 3. 14, are Lipschitz 
with a 1mifomi Lipschitz constant J( = a:(l - Tof3) - 1 for t < To. 

Le mma 4.4 For fo E T+ n D(A), the solution o/ 3.31s differentiable, and tlierefore 
(! solution o/ 2.3, Jor l < To 

Theorem 4.1 S11p¡10se f o E T+ n D(A). Then the1"e ex1:sts a tmique positive solution 
J(t) o/ the integral equation 3.3, or er¡1iivale11tly 3.4, /01" all t 2: O, and J(t ) is a 
contúu1ously differentt.able solution of lhe B11skog lattice equation. 2.3 /or the velocity 
cutoff model. A.irther, /(f.) E T+ and J deve11ds continuously upo11 t.he initial datum 

fo· 
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Proof. lt remains only to note that 11/(l)ll = llfoll for t sufficicntly small. For, 
intcgrating 3.3 ovcr V and summing over 'i, recalling U,.¡(t) is an isometry on T+, we 
have (for t sufficiently small) 

11!11 ~ llfoll + "f;L dv L ds ~IUA(s)J(J(s) , f(s))J;. (4.13) 

Using Lemma 3.2, this becornes 

11111 ~ llfo ll + ¡' ds ~[rL dülJ(J(s),J(s))i;. (<1 .1<1 ) 

But 1 is a collision invariant. Hence the integral term vanishes, and 11! 11 = llfoll· 
Now, the procedure can be repeated, ami the theorcm follows. 1 

Note that t he t.heorem is val id both for t hc lat.tice systcm witb (cutoff) Enskog 
collision operator and with ncxt"'-nearest neighbor interaction for any m. < N. 

5 R emoval Of The Cutoff 

Finally, !et us considcr the latticc modcl 2.3 witb nexti-nearest neighbor interaction 
(without cut.off). Wc continuc to suppress t he spatial indcx ·i when possible. 'vVc 
a&:;ume givcn an initial distribut ion on thc latticc / 0 (if)¡ E T+ with finite mass, cnerg:y 
and cntropy: 

I: 1 dv fo(ii); (l + v2 + l logfo( ü)d ) < oo. 
; /P 

(5.1) 

By the results oí section 4, for cach posit.ivc intcgcr p, t hc cutoff lattice equation 
2.3 has a classical solution /Ü')(V, t.); satisfying f (Pl(V, O); = fo(if'J;. Fix a t ime interval 
¡o, TJ. Then, for t.hese solutions, t hc equality 

(5.2) 

nnd estimnte 

L:j diiv'JÜ')(if,l); '.O k1 L:·j dvv'JIP)(ii, O) ; + k2 (5.3) 
' /?~ ¡ /P 

for t E ¡o, T J and constnnts k 1, k2 depending on T are a result of t he symmetry of t he 
collision kernel (cf. (6]) . 

Lemm a 5.1 H(f(P)(V, l)) :S H(JÜ>l (iJ, O)) + k3, where 

H(J) ~ L:f düf(ii); log f (ú), (5.4) 
¡ /P 

a1Hl k3 is a fu nction of T ancl fo('ü). 



Enskog Lat.t.icc Equat.ion wit.h Squarc Wel\ 25 

Proof. Sincc UA(t ),j ~ O and Í::; UA(t)¡j = l by the proof oí Lcnmw 3. 1, t hcn íor 
flxcd vclocit.y ü, UA(t) is thc trnnsition matrix for a discretc r>.farkov syslem. Sincc 
any space-indcpcndcnt. dist.ribut.ion is a fixcd point. of U11(t) , standard argmncnt.s [1 1] 
provc t.hat. fl (U;1( t )fo(V);) is nonincrcasing. Now thc lemma fo\lows from cst.imat.cs 
in ¡a¡. 1 

Theorem 5 .1 S11p])QSC Í:; f n 3 dV f0(V) ;{ l + v2+1 log fo (17),I} < oo and J (Pl(V, t.); is 
a solution of thc latt:i.ce cquation with cutoffp and f (Pl (V, O); = f o(ü);. Then {j(I')} 
conl(tins a s11bsequer1ce which conve1yes weaHy in X· The fimi t fwiction J(V, t)¡ is 
conlimw11s fo t and s<itisfies /.he in/.egml equation 3.3 wilh unbo1.mded collision kernel. 

P roof. Thc Ounford- Pet.lis propcrty of L1 and t hc mass, cnergy, entropy bounds 
previously demonstratcd prove t.hc cxistencc of a subsequcncc (as p--+ oo) convcrging 
wcakly in x to a íunct.ion f(t) for a dcnumcrablc dense set oí t. Ext.cnsion to ali 
t follows from t.hc cquicont.inuity of thc family {f(Pl}. lndeed, Jet Xv = {! E X : 
(l+v2 )! /((ü) E x}. Since JIPI is a solution of2.3, 11/IPl'(t)JI '.S Jl;l/l1•l(t.)ll+K llf l"lll;, 
with /( indcpendcnt ofp. Furthcr, \IAJ(JJ)ll S 61lf(Pll\v· Then using 11/(p) ll,, S 11/ollv. 
cquicont.inuity of t hc scqucncc fol\ows. 

Sincc ,\' 11 also satisfics thc Dunford-Pcl..tis property, and J : Xv x Xv - x is wcakly 
continuous, J(f(Pl(t)) converges wcakly to J(f(t)) pointwisc in t .. Thcn , using t hc 
integral cquation for ¡<11l, t.hc dominatcd convcrgcncc t hcorem, and 1.hc cont inuit.y of 
J , onc can sec that. t.hc limit function f(t) saLisfics equation 3.3. 1 

Again , t.he rcsult is cqually valid for t.he Enskog latticc cquation and for t.hc lat.t ice 
cquation wit.h ncxt.i-nearcst ncighbor int.eraction. The cost. of treating t hc cquation 
without velocity cutoff is thc wcakness of thc solution and t he loss of a uniqucncss 
pro o f. 
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