
([JlUl..Ifil{Q) A Mathematical J ournal 
Vol. 9, f.f! 1, (1 - 11). A¡n-il 2007. 

Connectedness in Fuzzy bitopological 
Spaces 

M.K.Gupta 
Departmcnt of Mathematics. Ch. Charan Singh Univcrsity 

Mcerut-250005. (INDIA) 

Rupen Pratap Singh ' 
Dcpartment of Mathcmat.ics. Ch. Charan Singh Univcrsity 

Mccrnt-250005. (INDIA) 
r_p_rp@rediITmail .com 

ABSTRACT 
In t.his paper, we extend the four not ions of conneetedness introduccd by Aj­

mal and Kohli [1] to pairwise connectedness for an arbitrary fuzzy set in fm:zy 
bitopologica\ spaces (X,T1,T2) aud d iscuss the implicat.ions that exist between 
them. These conditions are called Ck- painvise connectedncss (k = t , 2, 3, 4). 
We establish t hat the 11nion of an arbitrary family of Ck- painvisc connected ( k 

= l , 2) fuzzy set which are pairwise intersecting is Ck - pairwise connected (k = 
1, 2) . Also t he uuion of arbitrnry fami ly of ck- pairwise connected (k = 3, 4) 
fuzzy set which are overlapping is Ck- pairwise connected (k = 3, 4) . [t is also 
shown that (r;, Tj ) - closure of a c1 - pain visc connected fuzzy set necd not be a 
c1- pairwise connccted fuzzy set. \.Ve also discuss t he preservation of Ck- pairwise 
conncctedness (k = t , 2, 3, 4)under fuzzy pairwise continuous mapping and fuzzy 
pairwise open rnappmg. 

RESUMEN 
En este art ículo extendemos las cuatro nociones de conexidad introducidas 

por Aj mal y Kohli ( 1] a conexidad por parejas para un conjunto difuso arbitrario 
en espacios bitopológicos difusos (X ,r1,rz) y discutimos las implicaciones que 

1Thc sccond author s inccrcly acknowlcdgcs to t hc Couucil of Scicntific nnd Ind ustrial Rcscarch 
(C.S.1.ll..) Ncw Dclhi, for providing thc fi nancia! support in thc forrn of Senior Rcscarch Fcllowship. 
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existen entre ellos. Estas condiciones se llaman conexidad por parejas Ck (k = 
1, 2, 3, 4). Establecemos que la uniíon de una familia arbitraria de conjuntos 
conexos por parejus Ck, (k = 1, 2) que se intersectan por parejas es conexo por 
parejas Ck , (k = l, 2) . Además, la uniíon de una familia arbitraria de conj untos 
conexos por parejas Ck, (k = 3,4) que se sobreponen es conexo por parejas Ck , ( k 
= 3,4). T1lmbién se muestra que la cerrndura (r;, Tj ) de un conjunto difuso por 
parejas ci no necesita ser un conjunto difuso por parejas c 1 • Además discutimos 
la preservació11 de la conexidad por pares Ck (k=l, 2, 3, 4) bajo la aplicación 
continua difusa por parejas y la aplicación abierta difusa por parejas. 

Kcy words and p h rases: Fuzzy bitopologica/ spaces, Juzzy pairwise 
connectedness, fu zzy pairwise contin,.ity, overlappíng. 

A MS S ubject C lass.; 54A40 

1 Introduction 

A fuzzy bitopological spacc [5] (in short, fbts) is a triple (X, 1"¡ , r2) where X is a set 
and 1"¡ , 1"2 are two fuzzy topo!ogies on X . 
Let f : X - Y be a mapping from X into Y. Jf ,,\is a fuzzy set in X and µbe a 
fm:zy set in Y then f(A) a nd ¡ - 1(¡t) are defined os follows: 

f(:I)(') = { sup{A(x)) ¡¡¡- '(¡¡)is no.n-emply 
y O otherwise 

and ¡ - 1(1i)(x) = ¡•(f(x)) for every x E X. 
A fuzzy mapping f : X - Yü; said to be fuzzy continuous if the inverse image of 
cvery fuzzy open {closed) set in Y is fuzzy open (closed) in X. 
A fuzzy mapping f; X - }'"is said to be fuzzy open (rcsp. fuzzy closed) if the imagc 
of every fuzzy open (resp. closed) set in X is fuzzy open (closed) in Y. 
A ma.pping from fuzzy bit.opologica! space (X,r1,r2) to (Y,a1 ,0"2) is callcd fuzzy 
pairwise continuo us (rsep. F'uzzy pairwise open) if thc induced maps f ; (X , r;) -
(Y,O"¡) i = 1, 2 a re fuzzy continuous (rscp. fuzzy open) . 
For a fuzzy set ,,\ of X, t hc·) 1"¡ - closurc and T; - interior are dcfined respectively, as 

r; - cl(A) = in f{1.1 ; v ~ A, l - v E r;} 

1"¡ - int(A) = sup{v : v S A, v E r;} 

2 Fuzzy Pairwise Connectedness 

D efinitio n 2.1 Lel (X ,r1,r2) be afuzzy bilopological space. A fuzzy set,\ o/ X is 
saúl lo have a 1"k·J)(1.irwise discvnnection (k = 1, 2, 3, 4 ) if lhere exists r;- fuzzy open 
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setµ and Tj- fuzzy open set v in X for i-::/:- j i,j = 1, 2 such that, respectively, 
C¡ : ,\ s µV V JL /\ /1 s 1 - ,\ ,\/\µ-::/:-o and ,\ /\ V -::/:- o 
c2: ASµ V v µ/\11/\A = O A /\ ¡t-::j:.O and AAv-::j:.O 
c3: AS¡t V v µ/\vS l -,\ µi:.1 - ,\ and vi:. 1 -,\ 
c4 : A$¡J.Vv µ/\v/\ A = O µi:.l-A and vi:.1-,\ 

Definition 2.2 A fuzzy set,\ in a jbts (X, T¡, r2 ) is said to be CJ..-pairwise connected 
{k = 1, 2, 3, 4) if there exists no C>..-pairwise disconnection {k = 1, 2, 3, 4) of ,\ in 
X . 

In a fbts (X, r1, r 2 ), ck-pairwisc conncct.ed (k = l, 2, 3, 4) fuzzy sets can be dcscribc<l 
by thc following diagram: 

\.Ye demonstratc through cxamplcs that thc inclusions are proper , moreover the in­
tcrsection of t hc classcs of cr pairwise connectcd and cr pairwisc conncctcd fuzzy 
sets may not be empty. In that, therc cxist fuzzy sets in fbts which are c2- pairwise 
conncctcd as wcll as cr pairwisc conncctcd but not c1- pairwise conncctc<l.So, c2-

pairwisc conncctcdness and c3 - pairwisc conncctedness evcn togcthcr do not imply 
c1 - pairwise connectedncss. 
Implicat ions of the above diagram are immcdiate from the definit ions. Hcrc, we illus­
tratc ali the reverse implications by countcr examples. 

Exa mple 2.3 Fuzzy set which is c4 but not c3 . 

Let X = /O, 1} an d define fuzzy sets ¡.t and 11 as follows: 

- { 1 i/ o sxs5 
µ.(x) - l ·¡ l < < 1 

3 t 3 - X -

v(x) = { !1 if OS x S 5 
if5 SxS l 

Then T¡ = {O,µ, l} and r 2 = {0,11, 1} an~ fuzzy topologies on X. Define fuzzy set,\ 
by A(x) = ~ if O S x S l. Then ,\ is c4 - pairwise connected but not c3- pairwise 
connected. 

Exam p le 2.4 F'uzzy set which is c4 but not c2. 
Let X = /O, Jj and define fuzzy sets ¡1 anrl v as follows: 

(x) _ { 5 ij Ü S"; X $ ~ 
µ. - o if iSxSl v(x) ~ { ~ 

3 

if0SxS1 
ij 5 $X S"; 1 

Then T¡ ={O,µ, l} and T2 = {O,v, 1} are fuzzy topologies on X. Define fuzzy set,\ 
by A(x) = ~ if O $" x S 1. Then ,\ is c.1 - ]Jairwise connected but not c2- painuise 
connected. 
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Example 2.5 Fuzzy set which is C3 and c2 but not c1• 

Let X=/ O, 1} and define fuzzy sets ¡t and v as follows: 

if Ü '.S X '.S j 

if :\ '.S X '.S l 

Then r 1 = {O, ¡t, 1} rmd r 2 = {O, 11, 1} are fuzzy topologies on X. Define fuzzy set >. by 
>.(x) = ;\- for ali x E X . !Jere >.is c3 - pairwise connected and c2- pafrwise connected 
but not c1 - pairwise connected. 

R e m a rk 2.6 Example 2.5 also establishes the fact that the intersection of the classes 
of c2 -vairwise connected and c3 -pairwise connected fuzzy sets in a jbts may not be 
empty. 

Example 2 . 7 Fuzzy set which is c3 but not c2 . 

Let X = [O, Ij and define fuzzy setsµ an<l v as Jollows: 

( )- { 3 if O :Sx:S~ 
J.iX - Ü i/ 3:Sx:S1 { Oif O :Sx:S~ 

v(x) = _1 2 
3 if 3 '.S X '.S 1 

Then T¡ = {O, ¡i,, l } and T2 = {O, v, 1} are Juzzy topologies on X. Define fuzzy set >. by 

{ 
~ if 0 :S x :S 3 

>.(x) = . Then >. is c3 - pairwise connected but not cr pairwise 
! if 3 '.S X '.S 1 

connected. 

E xample 2.8 Fuzzy set which is c2 but not c3 . 

Let X = [ O, Ij anri define fuzzy setsµ and v as follows: 

{ 

l 
1 

v(x) = ~ 
if Ü '.S X '.S 1 
if 1 $X '.S} 

Then r 1 = {O, ¡t, 1} and r2 = {O, 11, 1} are fuzzy topologies on X. Define fuzzy set >. 
by >.(x ) = ~ for all x E X. Here >. is c2- pairwise connected but not C3· pairwise 
connccted. 

Remark 2 .9 Example 2. 7 and 2.8 establish the fact that the classes of oi -paú·wise 
connected and c;rpairwise connected fuzzy sets in a fbts may not be comparable. 

By cboosing fuzzy set .>. to be fuzzy whole spacc (constant function lx) in all four 
forms of pairwise d isconncctions, it is casily verified t hat we gct t he same pairwise 
d isconnccLiou of funy spacc l x which wc rcfor as c-pairwise disconncction of fuzzy 
spaccs lx i.e. t.here exits non-zcro r ;-fuzzy open setµ and Tj-Ím~zy open set. v such 
t ha t µV v = J and ¡t /\ /1 = O. 

( 
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D efinit ion 2.10 A fmzy bitopological space (X, T¡, r2) is said to be c-pafrwise con­
nected 'if lhere exüs no c-pai1wise disconnection of lx . 
Wc obserne that a fuzzy ¡JOint x 0 is c2- as well as c3 pairwise connected and hcnce c4 

pairwise co11necte<l but not necessarily c1 pafrwise connected. 

Example 2.11 Let X = {x, y} define fuzzy setsµ and v as µ(x) = j- , /J,(y) = ~ and 
1J(x) = fi, //(y)=~- ThenT¡ = {O,µ,l} andr2 = {01 1J1 l} arefuzzy topologies on 
X. Here the fuzzy point x~ is not c1-pairwise connected. Moreover, we obsenie that 

the fuzzy set O is c-pairwise connected and hence Ck ·¡>airwise connected {k = 11 2, 3, 
4). 

Definition 2.12 Two Juzzy sets>.¡ and A.2 in a f1Lzzy bitopological space (X,r1 ,r2) 
are said to be in.lersecting if A1 /\ >.2 #O. 

De finition 2.13 Two fuzzy sets >.1 and >.2 in a fuzzy bito¡¡ological space (X,r1 ,r2) 
are said to be n on-overlapping if >.1 :S 1 - A2.A 1 and >.2 are overlapping if lhere exits 
a point x E X such thal >. 1 (x) > 1 - >.2(x) . 

In this case >. 1 and A2 are said to overlap at x . 

Theorcm 2.14 Jj >. 1 and >.2 are intcnecting c1-pai1wise connected fuzzy sets in 
(X, r 1, r 2 ), then >.1 V >.2 is a C¡ -pairwise connected fuzzy set. in X. 

Proof. Sincc >.1 and >.2 are c1-pairwisc connected fuzzy sets thcrcforc t hcy have no 
c 1-pairwise disconnection i.e. thcrc cxits ¡.t aJl(l IJ be T;-,Tr fuzzy open sets in X such 
that 
>. 1 :S µV// /J, /\ v :S 1 - ..\1 >. 1 /\µ = O or A/\ v = O 
>.2 $ µ.Vv µ/\v$l-A2 A.2/\¡t=O or A/\v=O 
=?).¡V >.2 $ µVv µ/\v $ 1- (>.1 VA.2) --(! ) 
(A 1 /\¡t = Oor>.1 /\v= Ü) and (A2/\ft=Oor>.2/\1J=0)--(2) 
Suppose >.1 /\ ¡t =O. Since >.1 and >.2 are intersccting, there exits x 1 E X such that 
>. 1(xi) f. O f. A2(x1}. we claim that >.2 /\ /J f. O. Let if possiblc A2 /\ v =O then 
(>.2 /\ v)(x¡) =O but >.2(x1) f. O implics that ¡1.(x¡) =O. Hcnce (µV v)(x1) = O this 
contradict {l ) as (>. 1 V A2)(xi) =O. Thercforc wc havc >.2/\11 #O this gives from (2) 
>.2 /\¡J. = O and hencc (>.1 V >.2) /\ ¡.t = 0--(3) 
Again suppose A. 1 /\ v = 0.we can show as above that >.2 /\µ = O is uot possiblc, hencc 
..\2 /\ v = O. T hcrefore (>. 1 V >.2) /\ /J =O --(4) 
So >. 1 V A.2 is c1-pairwise connected. 1 

T he proof is similar for c2-pairwise conncctedness. 
T he following examplc shows that the above thcorcm is not va\id for nou-intersccting 
fuzzy sets. 

Example 2.15 Let X = f O, 1} and define fuzzy sets ¡t and 11 as follows: 

t(x ) = { j ij Ü $X $ j 
l Ü ij ~ $X$ i 

() - {O if 0 $x$~ 
/I X- 1_ ·¡ 1< < J 

3 l 3 - X -
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Then r 1 ={O,µ., l} an.d r 2 = {0, 1/,1} are fuzzy f.opologi.es on X . Let ...\1 and >.2 be 
defined as 

. - {o if o :s;x:s;~ 
>.i (x)- k if ~sx:s; 1 

llere ...\ 1 /\ ,.\z = O, also it can be easily verified that ...\1 and ...\2 are c2-pairwise connecled 
fuzZ?J sets but ...\ 1 V ,.\z is not c2-pairwise connecletl. 

T heorcm 2.16 Lel {...\;};e / be <t family of C¡ - pairwise connecled (c2 -pairwise con­
nected) fuzzy sets in fbts (X, T¡, r2) su.ch that / 01· i 'f:. j i, j = 1, 2 the fuzzy sets ...\¡ and 
,.\i are intcrsecting liten V;e 1>.; is a c1 - pairwise connected (cz-pairwise connecled} 
fuzzy set in X 

P roof. Let ,.\ = V;e¡...\;. Let /.l and v be r;- ,rr fuzzy open sets in X such that ,.\ ::; µVv 
and ft /\ v S 1 - ...\. Now !et >.,.0 be any fuzzy set of givcn family thcn ...\;0 ::; µV v and 
¡i /\1/ S 1 -,.\ => ¡t /\ I/ S l - V;e1...\; =>¡t i\ //::; /\;e1(l - ...\;) => ¡¡,/\¡/ $ ...\;0 • 

But ...\;0 is c1 - pairwise connected thercforc ,.\io /\ µ = O or ...\;0 /\ v = O. 
Now if ...\;0 /\ ¡t = O thcn as in thcorem 2.14, we can prove ...\; /\ I/ = O for cach 
i E J - {i0} Thcrcforc V;e1(...\; /\ ¡t) = O 1.his irnplics ,.\/\µ=O. T hercfore ,.\ is c1-
pairwisc connectcd. 1 

Corolla ry 2 .17 Let {>.;};e / be a family of C¡- pairwise connected (c2 -pairwise con­
nected} fnzzy sets in fbts (X ,r1 ,r2) and /\;e 1>.; 'f:. O then V;e1...\¡ is a e¡ - pairwise 
connected (cz-¡mirwise connected) fuzzy sel in X. 

P roof. - Follows by using theorcm 2.1 6. 

Corollary 2.18 lf < >. ,. > be a sequence of c 1 - pairwise connected (c2 -vairwise con­
nected) fuzzy sets in fbts (X, r1, r2) such that for wch n, >.,, and >..,+1 m·e intersccting. 
Titen Vi.:: 1...\,,is a C¡ - vairwüc connectcd {c2-1mfrwise conncctetl} fuzzy set in X. 

Proof. Fol\ows by inducl.ion and nsing thcorem 2. 14. 1 Thc 
following cxamplc show:; t hat tbc thcorcm 2.14 fai ls for c3- painvise connectcdncss 
(c,1 - pairwisc conncctcdncss). 

Example 2.19 Let X = f O, l j mid define fuzzy sets /.l and vas follows: 

{ t if osxsg 
v(x) ~ 

~ if t :5 X :5 1 

Then T¡ = {0, µ , l} ami r2 = {0,v, 1} are fmzy to¡Jologies on X. Let >. 1 and ...\2 be 
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dejine<l as 

,\¡ (x) ~ { 
if o ::; :z; $ g 

if t::; X$ 1 

Here ,\ 1 /\. A2 '#-O, and we can be easily ve1i fied that ,\1 and A2 are c3 -pairwise connected 
fuzzy sets but ,\1 V >.2 is not c3-pai1wise connected fuzzy set in X. 

Por c3- pairwise connectedness (c4 - pairwisc connect.cdness) we have the fol\owing 
theorem. 

Theorem 2.20 lf ,\ 1 and A2 are overlapping c3 -pairwise connected {c4 -pairwise con­
nected}fuzzy sets in (X ,T1 ,r2), then ,\1 V >.2 is <i c3-pairwi.se connected (c,1-pairwise 
connected) /1LZzy set in X . 

Proof. Since A1 and >.2 are crpairwisc connecte<l fuzzy sets thercfore t.hey have no 
crpairwise disconnection i.c. t herc cxits JI· and v be r;-,rr fuzzy open sets in X such 
that. 
,\¡ ::; /.t V// Jl· /\ V ::; 1 - A1 /.t $ 1 - ,\ ¡ 01' V $ 1 - ,\¡ 

A2 $ ¡_tVv µ/\v :S: l - >.2 ¡.1. 5 1 - >.2 0 1 v S l - >.2 
::} >.1 V>.2 :S ¡.tV11 µ /\ 11 :S 1 - (>.1 VA2) --(l) 
(¡i S 1 - Ai or /1 S 1 - >.i) and {¡_1, S 1 - A2 or 1; :S 1 - >.2)--(2) 
rvlorcover A1 ami A2 are ovcrlapping fuzzy sets, therc cxists x 1 E X such that 

.\1 (x¡) > 1 - ,\2 (x1) - - - - - - - -(3) 

Suppose /J. S l - >. 1 ::} J.L(x1) S l - >.1(x1) this implics in view of {3) 

µ(x¡) ~ ,\2(x¡) - - - - - - - - (4) 

We claim v 1:. l - A2. Far if v S l - >.2 

¡u sing(3)] - - - - - - - - (5) 

By (4) and (5) (1.1. V v)(x¡) < (>. 1 V A2)(xi)::} A1 V >.2 1:. 11 V u this contradicts (1). 
Hcnce v 1:. 1 - A2 Thercfore I"' S 1 - >.2 . 

Wc have ¡1 S 1 - >.1 and Jt S l - >.2 implics /J. S (1 - A1 ) /\ (1 - >.2) . 
Again suppose 1; S l - >.1. Wc can show as above ¡t S I - >.2 ü; not possible, hence 
1; S l - >..2 and t.hercfore v S 1 - (>.. 1 V A2 ) . Thus A1 V >..2 is cr pairwisc connect.ed. 1 
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Theorem 2.21 Let {A, }¡e/ be n f(unily of c3 - pairwise connected (c.1-painui.se con­
nected} fuzzy sets infbts (X ,r1,r2) such lluitfori f:. j i,j = 1, 2 thefuzzy sets ...\ , and 
..\1 a.re ovedappi119 then V;e1 A, is a c3- p(tinuise connecled {c.1-pairwise connected} 
fmzy set in X. 

Proof. Lct ,.\ = V;e1...\;. Lct ¡t and /1 be T; - ,Tr fuzzy open sets in X such thaL ,.\ S µ V v 

and ¡1/\11 S l - ,.\. Now Jet ,.\¡0 be any fuzzy set of given family thcn ...\;0 ::; /J, V 11 and 
JI· /\ 11 S 1 - ,.\ :::} ¡i /\ 11 S 1 - V;e/ ..\; :::} /' /\ /1 S /\;e1 (1 - ...\¡) :::} ¡t /\ v S ..\;0 . 

13uL ,.\in is c3- pairwisc conncctcd thcrcforc /J, S ...\¡0 or 11 S ...\¡0 . 

Now if ¡.i S ...\;0 t hen as in thcorcm 2.20, wc can provc ¡t S ...\; for cach i E f - {i0 }. 

Since ...\¡0 ami ...\, are overlapping, cr pairwisc connccted fuzzy sets we ha.ve 

/J, S /\;erU - ..\;) = l - V;e1A; = 1 - ,.\ 

Similarly if /1 S ..\;0 wc can easily show that /1 :S ,.\. Menee,.\ is C3 - pairwi.sc connectcd. 
1 

Corollary 2.22 If < ...\ 11 > be a sequence of c3 - pairwise connected (c4 -pairwise con­
nected) frtZzy sets in fbts (X, T¡ , r2) such tlwt far each n , ,.\,, and An+I are overfapping. 
Then Vi,'=1..\,,is a c3- pa.irwise connected {c4 -pairwise connected) fuzzy set in X. 

Theorcm 2.23 lf ,.\ is a c3 -pai1-wise connected{crpairwise connected)fuzzy set in 
(X,r1,r2) a.nd ,.\ :S J :S (r;,rj)cl - ,.\. Titen J is also a c3- pairwise connecle<Í {c.1-
pairwise connecled} /nzzy set in X. 

Proof. LcL JI· and 11 be T;-,rrfu;1,;1,y open sets in X such that ó S µV11 and ¡.i/\11 S 1- J. 
Sincc ,.\ is a cr pairwise connccted then ,.\ S 1 - µ or ,.\ S 1 - v 
If ,.\ s 1 - ¡i =;.. (r;,Tj) -el,.\ s (r; , Tj) -d(I - ¡.t) 

= 1 -(r¡, Tj)- inl¡.L= 1-µ. 

Thcrcforc ó S (r;, Tj) - el,.\ S l - ¡J,. 

If ,\ S 1 - 11:::} (r;, Tj) - el,\ S (r;, Tj ) - cl( l - 11) 

= l - (r; ,Tj)- int11 = 1 - 11. 

Thercforc ó :S (r;, Tj ) - cV.. S l - 11. 

Hence ó is c3 - pairwisc cormectcd. 1 Howcvcr the nbove theorcm fails in Lhe case 
of c1- pairwisc conncctedness (c2 -pairwisc councctcdness). This example shows t.hat 
thc (r;,rj)- closurc of a c1 - pai rwisc conncctcd fuzzy set need not be a c1 - pairwise 
connccted fuz;1,y set. 

Example 2.24 l et X = f O, l j <tnd define fuzzy sets /J,¡ , ¡.t 2 , ¡13 and µ ,1 as /ollows: 

'" (x) = { 
o if ~ S x_ S ~ 112(x) = { 

if ~~:~1 1 if 3 SxS I if 

¡•3(.>0) = { if ~ ~'.;,. ~ 1 ,,.,(x) = { if Ü $X :5 ~ 
if if 3 $X$ J 
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Then T i = {O, ¡t1, /t2, ¡.t3, l} and T2 = {O, µ,4 , 1} are fuzzy tovologies on X 

{ O ifO<x<~ ... 
Define fuzzy set,\ by >.(x) = 1 i/ ~"S. x ~ j Here ,\ is a c1 - pammse connected 

fuzz1J set but (Ti, Tj) - el>. is not c1 - pairwise connccted. 

3 Fuzzy Pairwise Connectedness And Fuzzy Pair­
wise Mappings 

In thc following thcorcms, wc discuss t hc prcservation of c.1;-pairwisc connectedness 
(k = 1, 2, 3, 4) undcr fuzzy pairwisc continuity, pairwisc open mappings. 

Theore m 3.1 lf J : (X , T¡, r2) ..........._,, (Y, a¡ , a2) is a fuzzy pairwise continuous bijectíon 
and ,\ is a C¡ - paú-wise connected fuzzy set in X , lhen /(>.) is a c1 - pairwise connected 
fuzzy set in Y. 

Proof. Supposc /(,\) is not C¡ - pairwisc connectcd then /(,\) has a c1- pairwisc 
disconncction i.c. thcre cxists IJi - fuzzy open setµ, and IJj - fuzzy open set// in Y , for 
i-:/: j, i,j= 1, 2 such that, 
f(>,) $ 1' V V 1' A V$ [ - f(A) f(J-) A 1' # Ü o.· f(A) A V# Ü 

The.-cfo1e !- $ ¡ - 1(1•) V ¡ - 1(v) aud ¡ - 1(1•) Af- 1(v) $ 1 - ¡-1 J(!-) $ 1 - !. 
wherc ¡- 1(1i) and ¡- 1(v) are T,·,Tj-fuzzy open sets in X. since f is fuzzy pairwise 
continuous mapping \Ne claim that ,\ /\ ¡- 1(1.t) -f:. O and ,\ A. ¡ - 1 (v) -:/: O. suppose 
i. A¡-1 (¡•) =O=> f(!.) A f ¡ - 1(1•) = O=> J(!-) Aµ = O. Wlüch contrndict f(!.)A1• #O. 
T hus ,\ is not a c1- pairwise connected fuzzy set. 1 The proof is similar for 
c2-pairwise connectedncss. 

Theorem 3.2 lf J: (X, r¡ ,T2) __..._. (Y,a1 ,a2) is afuzzy pairwise continuous surjec­
lion and ,\ is a c3- pairwise connected fuzzy set in X , then /(>.) is a c3 - painuise 
connected fuzzy set in Y. 

Proof. Suppose /(>.) is not c3- pairwisc conncctcd then /(>.) has a c3- pairwisc 
disconncction i.c. t hcre cxists IJ;- fuzzy open setµ, and llj - fuzzy open set v in Y, for 
i-:/: j, i,j= 1, 2 such that, 
!(!.) $ µV V µ.A V $ 1 - !(!.) I' i l - f(!.) and V i 1 - !(>-) 
Thcreforn ). $ ¡ - 1(µ) V ¡ - 1(v) and ¡ - 1(µ) A ¡ - 1(v) $ 1 - ¡ - 1 f(!.) $ 1 - ). 
whcre ¡-1 (µ.) and ¡-1(v) are T;,r;-fuzzy open sets in X. sincc f is fuzzy pairwisc 
cont inuous mapping. Now since ft '1. 1 - f(A.) and I/ '1. 1 - / (>.) t hcrefore there exits 
Y1 , Y2 E Y such that 

µ(y¡) > 1 - f(!.)(y¡) 

v(112) > 1 - f (!.)(y,) 

Also sincc f is onto,J- 1(¡.t) ancl ¡ - 1(v) are non-empty subsets of X. 
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By dcfinit.ion ¡ - 1(p)(.1:;) = fL(y1) for cvcry X¡ E ¡ - 1(y1) 

and f(>.)(y¡) = Sup{,\(x,) ) 
Wc claim f - 1(¡1) 1_ 1 - ,\ ancl ¡ - 1(v) 1_ 1 - ,,\. Supposc if possiblc ¡ - 1(¡1.) S 1 - ,\ 
=> ¡ - 1(¡i)(x,)::; 1 - >.(x1) for cvcry x; E ¡ - 1(y¡) 
=> ,\(x,)::; l - ¡- 1 (µ,)( :c¡) for cvery x ; E ¡ - 1(yi) 
=> .\(x;) S 1- (µ)(yi) for cvery x; E ¡-1(y1) 

=> Sup{>.(:1:;)}::; 1 - ¡t(y 1 ) => f(,\ )(y1 )::; 1 - 1.i(y1 ) t.his contradict.s( l ) . 
Similarly ¡ - 1 (v)::; 1 - .,\ contradicts (2) . 1-!cncc ,\is not. a c3 - pairwisc conncct.ed. 
Thc proof is similar for c,1- pairwisc conr1cctcdncss. 

T heore m 3.3 lf f: (X,r1,r2)--+ (Y,a1,a2) be afuzzy pairwise open bijection and 
>. be a fuzzy sel in Y then ,\ is c1 - pairwise connecle<l implies that ¡ - 1 p. .. ) is c1 -

¡mirwise connecletl. 

P rnof. Suppose ¡ - 1(,\) is not c1- pairwisc connected thcn ¡ - 1(>1) has a c1-pairwisc 
disconnection i.e. t hcrc exist8 7;- fuziy open set ¡.t and 7j - fuzzy open set v in X, for 
i i= j,i,j= 1, 2 such that, 
¡-1(>.)51•Vv l'·A v5 l - / - 1 ( ,\) ¡-1p)A 1• f D 01 ¡-1(>. )Avf O 
=> f ¡-'(,\) 5 /(¡'.)V f(v) , f (p) A f (v) 5 l - f ¡ - ' (>. ) 
=> >. 5 /(p)v /¡,,), ! (1,.)Af(v) 51 - >. 
Whcrc /(¡.t) is a;-fuzzy open set aud /(v) is a j- fuzzy open set in Y , since f is fuzzy 
pairwisc open mapping. 
Now wc clnim that ,.\ /\. J(¡.t) f. O ami ,.\ /\ f(v) f. O. 
Supposc). A / (¡') = 0 => ¡ - •¡.A¡-• f (1<) = 0 => ¡-1 (.\)A1' = 0 
Which cont.radicts t.hc ¡ - 1 ( ,.\) /\. ¡.ti= O. 1 Thc proof is s imilar for c2-palrwise 
connectedncss. 

Theore m 3.4 1/ f: (X , 71,72) --+ (Y,a1, a2) be afuzzy pairwise open bijeclion muí 
,.\ be a fuzzy set in Y then ,\ is c 1- pairwise connected implies that ¡-1( ,.\) is c1-

paú-wise connected. 

Proof. Suppose ¡ - 1(,.\) is not c3- pairwisc connected then f - 1 ( ,\) has a c3-pairwise 
d isconncct.ion i.c. t.hcrc cxists 7;· fuzzy open set. f.t and 7j - fuzzy open set. 11 in X , for 
i f= j , i,j= 1, 2 such t.hat, 
¡ - 1(>.)5 1,.Vv l' Av S, l - / - 1(,\) µi l - / - 1 (,\) and vi l - /- 1 ( ,\) 

=> f ¡ - '(,\) 5 /(1<) V /(1,) , f(/•) A f(v) 5 1 - f ¡-' (!.) 
=>). 5, /(1<) V /(1,) , f(I') A f(v) 5, 1 - ). 
Whcre /(11) is a;-funy open set ami J (11) is ªr fuzzy open sel in Y , sincc f is fuzzy 
pairwise open mnpping. 
Now s incc µ, ~ l - J- 1(,\) and /1 'f; 1 -J- 1 ( ,.\ ) thcrcfore thcre cxits x 1,x2 E X sucb 
that 

11(x¡) > L - ¡-' (>. )(xi) 

v(x2) > L - ¡-'(>.)(x2) 

Also / (x1} = y 1 and /(l:2) = Y2 are non-cmpt.y subsets of Y. 
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By dcfinition J(µ)(y,) ~ Supfµ(x;)) 
ami ¡ - 1(>.)(x;) = ,\(yi) for every :i:¡ E ¡-1(y1) . 

Wc claim that. J(¡t) 1::. l - ,\ and f{v) 1_ 1 - ,\ 
Suppose J(¡t) :$. 1 - ,\ =? J(¡i}(y¡) :S 1 - A(y1 ) for x; E ¡ - 1(y1) 

=> f(¡, )(yi) <;'. 1 - ,\(y,) for X; E ¡-'(yr) 
:> Sup{µ(x;) ) <;'. 1 - J- '(>.)(x,) 
=?µ.(xi) :S 1 - ¡-1 (,\)(x1) this cont.radicts (1). 
Similarly we can show J(1/) 1::. 1 - >.. Thcrcforc ,\ is not c3- pairwise connccted. 
Thc proof is simihn for c,1- pairwisc comiectedncss. 
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