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ABSTRACT 
We consider a mathematicnl moclel oí the Permi theory of weak intemcLions 

ns paUcm cd according to the well-known current-currcnt coupling of quantum 
electrodynrunics. \Ve focuss on the exnmple of the decay of the nmons into clcc­
trons, positrons a nd neutrinos but other exnmplcs are cons idcrcd in the S6me 
way. We pro\·e thnt the Jfo.miltoninn dcscribing this model hns a grouncl state 
in the fermionic Pock space for a sufficient\y smHll coupling cons ta.nt . Furthcr­
rnore we determine thc nbsolutc!y cont inuous spcctrum of thc Hamiltoninn nnd 
by commut.ato r cstimatcs wc preve that thc spcctrum is absolutely continuous 
nway from a small neighborhood of thc thresholds of the free lfomiltoniun. Por 
ali these rcsults we do not use a ny infrared cut.off or infrnred regularizat ion cvcn 
if fermions with zero mnss are involvcd . 
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RESUME 
Consideramos un modelo mat.emótico parn In teoría de F'ermi de interacciones 

débiles como modelo ele acuerdo al bien conocido acoplado corriente-corriente do 
In electrodiná mica quántica. 

Nos foca\iznmos en un ejemplo del decaimiento de muons en electrones, positro­
nes y neutrinos. Otros ejemplos son considerados igual mente. P robamos que el 
lfom ilt-Oriano descrito por este modelo tiene un estado fundamental en el espacio 
fermionico de r ock para una constante de acoplamiento suficientemente pequefia. 
Además determ inamos la parte absolutamente continua del Hamil toniano y me­
diante estimativas del commutador probamos que el espectro es absolutamente 
continuo lejos de veci ndudcs pequeiias de umbrn!es del Hnmiltoniano libre. Para 
todos estos resuh.ados no usomos truncamiento infrnrojn ni regulnriznción in­
fraroja incluso s i son involucrados fermiones de masa cero. 

K ey words u nd p hruscs : Fenn i IVeak intem ct1on, decoy o/ muons, existe11ce 
o/ grow1d state, absofotly continuous spectrum 

Mnt.h. S ubj. C lnss. : 8/V/5, BIQIO, 8/Q/5 

1 lntroduction 

In this note we consider l.l nwthenwticl.ll model of the Fermi theory of weak interac­
tions as patterned l.lccording to the well-known current-current coupling of quantum 
electrodynamics (see [9, 17]). The weak interaction processes are well described nt 
low energy by the cm rent-current coupling. 
\\"e choose the example of t ite decl.ly of the nmons into electrons, positrons and neu· 
trinos. The beta decay of the neutron could be considered too. 

The mathemat.ica! fra rn ework invo!ves a fennionic Fock space for the particles and 
the a.ntiparticles and the internctiou is described in terms of annihilation nnd creation 
operators together with an L2-kcrnel with respect to t he momento. The total Hamil­
tonian, which is the surn of tbe free e11ergy of t he particles and the anti particles and of 
t he internction, is a self-ndjoint operato r in the Fock space. \Ve prove t hat this Hamil­
tonian has a ground stnte in the Fock space far a sufficiently small coupl ing constant. 
Furthermore we detcrmiue the abso\utely conti nuous spectrum of t he Hamiltonian 
and hr commutntor estimates we prove that the spectrum is absol utely continuous 
away from a small neighborbood of the thresholds of the free Hamiltoni an. 
From the mathematicnl point of view, the interaction is no more invariant by trnns­
lation nnd the si ngularity of thc kernel at tbe origin is not too strong. In fuct the 
physical formaJ kernel is local ly bounded at t he origin. This means t hat t here is no 
infrared problem even if fermions with zero mnss are involved in the model in contrast 
to t.he case of QED. Detl.lilecl proofs are only given far the Hamiltonian associated 
with the decay of muons. 
\\'e also describe t he mathematical model far t he beta dacay of qunrks u and d for 



.'l'l!!:1!n A maLhemnt.ical model far thc Fermi weak interactions 39 

which the rcsults will be thc same. Wc also consider the decay oí the massive bosons 
w+ a11CI w-. 

For t he proofs we essentia!ly follow t he met hods cleveloped in l4J [3] a nd in [l j for 
the cxistence of lhe ground statc and those developed by [4] and p-1] far t he study of 
t.he cont inuous singula r spectrum. 

Lct us finnlly ment.ion that t he same results should hold in Fock spaces associuted 
t.o the Dirac ec¡uation in Schwarschild, Reisner-Nordstrpm and J<err black ha les as 
soon as a gcneralized eigenfunction expansion for the Dime equation in t hat context 
is known. 

2 The model 

Tite dccay of the muons involves four species of particles and antiparticles, t hc muons 
{L- and ¡1+, the electron e- and the positron e+, t he neutrino lle and the antineutrino 
fie t\SSOciatcd to the electron and t he neutrino 111, and t he antineutrino V1, associated 
to t.he muon. 
In t his nrticle we consider t he neutrinos lle and 111, togethcr with the antineutrinos 
Ve nnd iJ1, as neutrinos and nntineut rinos with d ifferent quantum leptonic numbers 
(see j9], [12]). T hus, according to t he convention describe<l in section 4.1 of [16] and 
from t he mo.thematical point of view, in what follows the corresponding creation 1rnd 
atrnihilation operators for 11e and lie will anticommute with those for 111, ancl fl1,. O ur 
proof clocs not work if t he neutrinos lle and 111, are considered as particles of diffcrent 
i;pecies i.e., if t he corresponding creation and annihilntion operators for "e and 1ie 

commute with t hose for 111, ond 171,. 

Concerning our notations from now on the particles and antiparticlcs 1 will be t he 
elcctrons e- and the positrons e+, t he pa rt icles and ant iparticles 2 will be the neutri-
11os lle, Ve, the particles and 1.mtiparticles 3 will be t he neutrinos 111., V 1, ancl, fi nally, 
t he particles and antiparticles 4 will be t he muons ¡.1- and 11+. 
Let ~ = (p, s) be the qunnt um variables of a particle of spin 1/ 2. Here p E IR3 is the 
moment um, s E {-1/2, 1/ 2} is t be s pin polarization of particles and antiparticles 1 
!\nd 11 1.md s E { - 1, 1} is t he he!icity of ¡mrticles ancl nntiparticlcs 2 and 3. We set 
E 1 = IRJ x {- 1/2. 1/ 2} for the particles and antipnrt icles 1 and 4 and E2 1R3 x {- 1, l} 
for particles and antipnrticles 2 and 3. We will denote by ( the quantmn variables of 
an nnti particle. 
Let us define the Fock space. Set 

Q = (q,</,r,f,s, S, t,t) E N8 

whcre q (resp. r, s, t.) is t he number of particles l (resp. 2,3,4) nnd <l (resp. f', S, t) 
is the number of antipnrticles 1 (resp. 2,3,il). For i. = q, r, s, t and 1 = </, f, S, [ we 
lutroduce the following sets of variables: 

Noticc t hnt for the neutrinos and antlneutl'inos we could use another sets of variables 
by ndding leptonic qunnt um numbers to t he {'s in order to get an equivn\ent frame-
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work. 
Let us denote by ..¡, (Q)(·) a measurnble function of t he set of variables 3q , :=:.,. , ... , .::.1,.::.¡ 
which is antisymmetr ic with respect to each set of variables :=:, and 3 ¡ separntely and 
which is square integrable: 

ll "'(QJ11' = f l' ,(Ql(=,.=,. =,,=,.= .. =,, =,,=·l l' . n d=; n d=, < 00 

•=(q,r, .f ,t) i'={q,t', J,f) 

wbere c/2 , = n~= I df.k, d~ = L:,, J d3p and d31 = íl ~ =:: I d(k , d( = L .. f d3p. When 
i = O or I = O, the corresponding variables do not appear in i¡r (Q) . 

The space ;:(Q) = {\J!(Q) 1 lllJ1(Q)ll < oo} is an Hilbert space a nd the Fock space is 
defi ne<! by 

F = EBQeNsF (QJ 

where .rro¡ = C. The vacuurn n is tbe state (W<Ol)Q with W(Ql = O fo r Q '#O and 
'1_.r {O) = l. :F is an Hilbert space and i f W = (iii (Ol )q E :F we have 

ll'l'll' = ¿; 11 .¡, (Qlll' · 
QEN~ 

We can now defi ne t he formal an nihilation and crea tion operators bj,<(e) and bj,«{ ) 
fa r each type of particles a nd antiparticles. We have 

(b1.+({) '11 ){Q)({ 1, ... , {q;2i¡; 2r;2r;2., ;2 1;21; 2 r) = 

/<i'"+11JJ(<¡+J,1¡, .. .,í)({, {¡ , . ,{q; 2q; 2r; '.:::,.; 2 ,; 2 , ; 2t; 2r) 
(2 .1 ) 

and 

(b,__(O>l• )<Ql(=,; (,,. .. , (1 ; = .. ; ... ; =rl = 

J.f+l(- J)'"v<•1 .. <+' .... ·" (=,;<.(,, .. . ,e,; =,.; .. ;" r). 
(2.2) 

The operators b2,±(~) (resp. b.1,±(e)) are defined similarly by subst ituting ,. and i' 

(resp. t a nd t) fa r q ancl {j in lU1 obvio us way. 
F\.irthermore, tnk ing in to account t he anticommutation between b3 ,± and b2 ,±, we 
ha"e 

(bJ.+(0 >11)<Ql(=,,; =,; = .. ; =,; {1, ... , <,; =,; =, ; =rl = 

..fS+T(-1r+" lJ1 (q.1.r,r, .H L,f ,t, í) (2q; 2q¡ 2 r; 2 1'; {, {¡ , . . , {., ; S , ; 2e; 2 r) 

a nd 

(2.3) 

(b,._(O<V)(Q)(=, ;=, ;=,;=,;= .• ;(,, .. ., (,; =·;" ;) = ) 
l§"+T(- 1r+r+• q, (<i.'7.r,r,,,1+ l ,i ,r¡(2q; 2 q; 2r ; 2 ,; 2 .,; {, l1, . . ,{,; '.:::e; 2 t) . (2.4 
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As usual bj,,({) is the formal adjoint of b1,,({), for example 

(bi,+ (e)W)(q+i.17.r.l',•.•.i.f)({1, .. , {r¡+1; ::::,,.; 3 r; =:r; 3 .1; =:1; :='.1 ; 3 r) = 

l t¡+I 

17.-:LT I:<-1>;+ 1ó(< - <;)w ''"·'·'·""'·~(, ,, ... ,{,,. .<,+•; "4; =:,; =:,; =:,; =:,; =:,; =:,) 
víf + ~ ¡. 1 

where: denotes t hat the ith variable has to be omitted. 
T he fol\owing canonical anticommutation relations hold 

{b;.,W.bj,,-cen = ó,, •• ;c' -n. 1 = 1, 2,3,4, ' ·" = ± 

where ó({ - €') = Ó.1,,,1 J(p - 7/), 

{b,,.{(),b;,,•(0} = {bj,, ((),bj ,,.((')} = O, j = 1, 2,3,4, <,<' = ± 

{b,,,((), b\,,.((}) = {b;,,((),b\,,.(nJ =o 
where (} is b or b· . 
Note that 

[b;,,((),b¡,,,(()J = [b;,,((), bJ,,. (()J = O, j = 1, 2, 3, 4, ; = 1, 4 and j ,¡, i. 

(2.5) 

Let. :Fo be the s ubspace of functions IJ1 = (W(Q))Q such that iV(Q) is a funct ion in 
the Schwartz space and 1]1 (0) = O for ali but fi nitely many Q. T he bj,(({)'s are 
well defined operators on :Fo but t hey are not closable. lt is better to introd uce the 
followiug operators: 

b", (~) = j b;,.CO~Wd<, 
bj,.(~) = J bj,,({)~(()d{ 

where </>E L2(E) and E = E 1 when j = 1, 4 and E= E2 when j = 2, 3. Bot h b;Atfl) 
1md bj,«<P) are bounded operators on F ancl 

T he bj,((<Ji)'s and t he b;,c(t/>)'s satisfy similar anticommutation relations (see [15]) . 
T he free Homih.onian I-/0 is given by 

where 

/!0 = t L j d<w;(()bj,.({)b,,,(() 
j:l 6=+,-

w<({) = w,(¡>) = VIPJ2 + ml 

w,,(() = w.<(p) = VIPI' + nil 
w;(() = w;(p) = IPI, j = 2, 3 

(2.6) 

(2.7) 
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and t he mass m 1 and m,1 are strictly posit ive. We know t hat m 1 < m4 • 

Ho is essentially self-adjoint on Fo , we still denote Ho its self-adjoin t extension. 
T he interaction, denoted by 1-!1 is given by 

H¡ = L J dl;¡dl;2d6dl;.¡G,A<1.6,i;,.i;,) 
qit' 

&¡ " (' 1 )&;". (6 )bj"(<,)b., ..(I;.¡) 

+ L J dl;1d6d6d«1G""(< ¡, ¡;,,¡;,.¡;.¡) 
~#e ' 

(2.8) 

b4 ,,(«1)b3 ,< ((J)b2 .<' (6)b¡.<(<I) 

where Gl ,l•({1,{2,{3, {,¡ ) is a kernel. 
In particular this internction describes the decay of t he muon /ti nto an electron ond 
two neutrinos ii" mHI Vw 

The total Hamil tonian is then 
H = Ho+9 H1 (2.9) 

where g E R is t he cou pling constant. 
We first show t hat a self-adj oint operator in F is associated with t he total Hamiltonitu1 
H if the kernels G l ,l ' are in l 2. 

Let {e+ ... e-,¡, i, 7 = 1, 2, ... } (res p. U+.1. 1- ,1• i, I = 1, 2, . . . }, {9+ ,1 1 g_ ¡, i, 1 = 
1, 2, ... ) , {h +.,,h - ,¡, i,i = 1,2, .. )) be two basis of L2(E¡) (resp. L2(E2), L2(E2), 
l 2p::: 1)) . We assume t hat the e's, j's, g's and h's are smooth funct ions in t he Schwartz 
space wit h respect to p. 
For every Q = (q, q, 1·, r, s, S, l, l) E N8 we now consicler vectors in F of the fo llowing 
form: 

IJl (Q) = bi .+(e+; ,) . . bl,+(e+ 1.)bi ,- (e_71 ) •• bi .- (e_ 14 ) 

&2.+U+;, J ... &2.+U+;.)b2. - U-; , ) . . &;.-U-;.) 

&; .• (9+k,) ... &;,+ (g+k.Jbj,_ (g_") .. bj, _ (g_, , ) 
(2.10) 

b.t .+(h+11 ) • • • b.i.+(h+i.)b,i .-(h_r1 ) • • b,¡ ._ (h _r,) n. 

The indexes are ordered such that i¡ < < iq, 71 < < i4 and simil arly fo r the 
indexes J, k ,I . The set {1J1 (QJ / Q E N8} is an orthonormal basis of F (see [ISJ) nnd 
t he set 

:Fr,n = { finite lineo r combination of t he basis vectors of the fo rm (2 .10) } 

is dense in :F. 
As the fornml expression of H shows, we have to <leal with operators in :F built from 
t he product of creation ond unn ild! ation operators. 
f'o r H,,,.c-, ·,·)E L2(E 1 x 2::2 x E2) t he formal operator 
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is defined as a quadrnt ic íonn on :Ffi,. x Fr;11 : 

By mimicking the proor of T heorem X.44 in [13], we get an operator, denoted by 
A~.(' , nssociated with t he fo rm such that A,,,, is t he unique operator in :F such that 
:Fn,, e D(A,,,-) is a core for A~, (' and 

ns a qundrat.ic forms on :Fu,. x :Fr¡,1 • Note t hat the formal operator 

is ::iimilarly associni.ed with A~,i' and we hnve 

os l\ qundratic forms on :Ffi" X :Friu· 
T he prooís oí t he fo\lowing propositions are similar to t hose in j3J. For sake oí com­
pleteness we give here complete prooís. 
We have 

P roposit ion 2.1 Sup¡wse that H(,(•(·, ·,·) E L2 (E1 x E2 x E2 ). Then A~, (' and A~,t' 
are bo'lmded opemtors in :F with 

Proof. Let ,¡,CQ) be n vector of t he forrn (2.10). For simplicity we nssume t hnt 
{i1, . .. ,ir¡ } = {l. ... ,q}, {I1 , .. . ,'l1r} = {l , . ,</},etc . . Let us consider A+.-• t he 
other choices oí f ami f 1 are t reated similnrly. A straightforward computation shows 
that . ' ' 

A+,- '¡,(Q) = L Í:: L:<- I)º+.0+..,+ 1(1-l +,-,e+" ® /-p®9+ ,.)L-2p: 1 xr:~xE~> 
a•I /J• l 1'• 1 

q r¡ r ,. 

íl 0i+(e+;) íl b¡ _(e_¡) íl •;+U+;) íl b¡_ (f_¡) (2.11) 
••I 1J!:ca ~-1 j • I )::! k-;l-jj 

• I 1 í 

IT bi+(g+d íl o;_(g_<) IT •·i+U•+•l IT o;_(io_¡} n. 
k • l i.--¡.,. k • I l • I Í = I 
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As the right lmnd si de of (2.11) is a linear combination of orthogonal vectors, we get 

llA+.- 'J'(Qill' = t t t l(H+.-•"+• ® f -p®g+,)1 2 

o = l {J= l 'Y= I (2.12) 

'.O llH+.- 11'11.P (Qill' · 
Therefore, in arder to prove proposition 2.1 , it is enough to show that (2. 12) holds for 
any fi nite li near combination of t he llJ(Q) 's. This can be done as in the proposition 
3.4 of [3J. \Ve omit t he details. 1 

We now investigate operators in F a.ssociated with the interaction !·! ¡. Let us 
int roduce the operators number of each particle: 

N; = z;= J d¡;b;,(l;)b;,(I;) i = l , 2, 3,4. (2. 13) 

Each N, is self-adjoint in F and :Ffi,. is acore for it . 
Far Gf .<'(-,-,·,.) E L2 (E 1 x L:2 x E2 x E 1) t he formal operators 

r di; , d¡;,d¡;,di;.,c ,,,. (¡;, , '" ,,, i;.,)bj,,{<1 )b;,,.(6)bj,,(l;3)b.,,,(<.,) 
Jr:. 1 xE,xE,xE1 

and 

f di; 1 d6d6dl;.G,,,. (1;1, ¡;,, ¡;,, ¡;.,)b,j ,,('4 )b3 ,,(6)b,,,. (1'2)b1, , ({1) 
l f.1>Cl:1 x J:3Xl:1 

are defined ns a qundrutic fo rrn 0 11 :Fr;., x :Fr;.,. Again by mimicki ng the proof of 
Theorem X.-14 in [13], we get nn operntor, denoted by B<,('• nssocinted with the forrn 
such thaL B,,r' is t he unique opero.tor in :F such thnt F r ... e D(A ~.c') is n core for 
B •.• • and 

B,,,. = f d6d6di;,d{.,G,,,·(i;1,6,6, {.1)bj ,,(i;i)b; ,<'(6)bj ,, (6)b,,,,(f1) 
f r. 11( t:1xE1xl'.: 1 

nnd 

B;,,. = f d( 1d{,d¡;,d¡;,,G, ,,. (¡;,,¡;,,¡;, , (, )b¡ ,,((,)b3..((, )b2.<'(1'2)b,,,(i;,) 
Ír:., x E1 1( l'.:2Xl'.:1 

ns quadratic fo rms on :Fr;,, x :Fr¡.,. 
We then ha.ve 

P ropos it io n 2.2 Svppose thatGG,c• (·,·, .,) E L2(E 1 xE2xE2xE1). Then D(Bt,<'), 

D(B;,,~) ::> D(N.:12) and 

ll B,. ~,iJi)I ~ /IGM'llL1(I:1 xl'.:1xI:2xE 1 ) !1 N~/2 \JI JI, 
11 a;,,. ••11 o0 11a,,,.11 i'("""""""'111 ;' 'w11. 

(2. 1•() 
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P roof. Wc only iiw st. ignte B+,-. Tito proof for t.he othe r cases is quite similar. Set 
Q = (q,t¡, r,r,s, S,t,t) nnd Q' = (q+ l ,c/, r, r+ 1,s+ l ,S,t- t ,l). Let. \f.' (Q) nnd 1¡1(Q') 

be Lwo vcctors in :Ff,., n F(Q) nnd :Fr;., n y:(Q') respcctivcly. 
V.lo havo 

('~(Q'l,B+.- '1> (Ql) = { di;1d6d6di;., 
Jr:.11eI:21er:.~xE 1 

( G+,-(/;1, ¡;,, 1;,,1;,)b,,+(6)b2,-(l;2)b1.+(/;1) '1>(Q'l , bu(l;.)>!>lQ>) 

(2.15) 

nncl by Lh F'ubini t.heorem, we gct 

l(>!>lQ'l, B+.- '' lQl)I' = lh, cll;.1(b.1,+(l;.) 'T' lQl, 

f G+.-(i; , ,¡;,, i;,, 1;., )b,,+({,)b,,- (6)b1.+(<1)w<0 '>) I'· 
J r:.1xI:,xI:2 

(2. IG) 

By t.he Cauchy-Schwnrz incqunfüy nnd proposition 2. 1, we obtain 

l (q,(O'l, B+.- .¡, lO>¡I' $ 

( { cll;.1i1b.1,+(<.)••(Q)ll ( { dl;,dl;2di;,IG+,-(i;,,i;,,i;,,i;.)1') 11' )
2 

il q, (Q')ll'. 
h1 h11eE2xE2 

(2.17) 

Applying agn.in Lhe Cauchy-Schw1.uz inequnlity and by the definition of b4+(~4 ) wc 
finnlly gct 

Since B+,- ..¡..CQ) E ~Q') we deduce 

for ovcry 11'1 E :F,.11 • Now, sincc (1) E Fr¡11 is dense in :F, t.hc last incqualit.y still holds 
for ovcry 11"1 E F and evcry Q E N8. T herefore we hnve 

which yiclds 
(2.18) 

for evcry ..¡.. E :Fr.11 • Sincc :Fr.., is n core for N.:12 ond B+.- is closable (see Theorcm 
X.ilil in [131) we ha,·e D(N.:/2) e D(B+,-) ancl the incqunlit.y (2.1 ) is still true for 

cvcry ..¡.. E D(N112). 1 
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Set 

\/,'" = r dt;,dt;,dt;,c;,.(t;i,t;,, t;.,) 
J r.1 xE2xE 1 

bj , (t;,)bi ,. (t;,)b,,,({.,), 

\/," ' = r dt;,dt;,dt;.,c:,.(t;,,t;,,t;,) 
J r. 1x E2xE 1 

(2. 19) 

bj, (t; , )b;,. (t;,)b« (t;,,), 

where e~<' E L2(E 1 X E2 X E 1), j = 2, 3. vr'' j = 2, 3, a re defi ned as q undratic forms 
on :Fr.,, x Fr .... As above we thcn bave 

Propos ition 2.3 Suppose that G~i' E L2(E1 x E2 x E1) , j = 2, 3. Then D(V1u') , 

D(11/'1
" ) :J D(Ni 12 ) and 

ll\1t ' ~1 11 :S llG~t' llL2(I: 1 xE1 xEi)IJN,:12 iV ll, 
ll\1;u'•-w¡¡ ::; llG~t 'lli 2 cr: 1 xE2 xEi)ll N.: 12 * 11· 

for iV E D(N] 12) a11d j = 2, 3. 

1'he proof of proposition 2.3 is exactly t he snme as t he one of proposition 2.2. 

(2.20) 

The following t beorem shows that t he formal total Hamiltonian is associo.ted wi Lh 
a self-ndjoi nt operntor in :F, stil l denoted by H , if t he interaction kernels are in L2• 

T heore m 2.4 Sup]JOSC that c~E·(-. ·, ·,·) E L2(L: 1 X E2 X E2 X E¡) /01· € ~ €1. Tli cri 
H = Ho + g H 1 is a .9elf-adjo1:nt o¡Jen:itor in F /01· every g E R with donwin D(Ho). 

Proof. Recnl l Lhat, Ho witlt donmi n :Fr;., is esse ntially self-ndjoint. By proposition 
2.2 we hnve, for every 1]1 E :Fr;,. , 

and we get for every € > O, 

llHi'' ll ~ 2 (r: llG" ·lli>) ( J.7211N, >I< ll + ,'._.,11 '' 11) · 
~¡oS(' v2t 

F\irlhermore, s ince w,1(p) ~ rn.i, we hnve 

Thus 

llHi '' ll ~ 2 (r: llG .. ·lli') (_l__ J.7211Ho>I< ll + ;,,.,11 '' 11) 
~¡oS~ · m ,1 v2t 

whid1 means thnt H1 is relotively bounded with respect. lO Ho wiLh zero relnlive 
bound nnd Lhe Lheorem follows from t he Knto- Rellich Lheorem. 1 
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3 T he resu lts 

Our nmin rcsult stntes t hnt 1-J has o. ground stnte for g sufficient ly smn-11. We hnve 

(3.1) 

where ~i = (pJ , sJ), PJ E R3, j = l , 2, 3, •I rmd whe1Y! 8 (0, 1) = {(p1 ,P:z, p3 , p4) E R.12 1 
¿:;_, IPJI' s 1 ). 
1'he11 thel'e exists go > O s11ch tlw.t H has an uriique grourid state /or 191 $ 90· 
F\ir01ermore o ( fl ) = o,.c(H ) = ¡inf a(H),+oo) . 

Notico thnt Thoorem 3. 1 is true for shnr p cutoffs, Le. , when Cu•= \'A , /\ > O, wit h 

\1'(P1,J)2 ,¡13, J)11) = l if IP1l $ /\ , j = 1, 2, 3,4 

= O otherwise. 
(3.2) 

T his menns thnt. the ground stnto exists wit hout infrnred regularizntion even if pnrt i­
clcs with zcro mnss nre involved. 
Tho stntemcnt. concerning t.he absolutely cont inuous spectrum of H follows ensily from 
th cxistence of asymptotic Fock represeutnt ions of t he CA R. Precise) y, for / E L2 (R3) 

we defino the operators 

T hen for f E C0 (R3 ) and 1/J E :F t he strong l imits of b~(,1 (/) exist: 

,_11~~ b~(,t(/)·l/J = b~,.± (1)"1. 

T he bJ~.±(/)'s sntisfy Lhe CAR nnd if q, is t he ground state of H , we havo, for / E 
08"(1113 ), 

b~, .• U)<I> =o. 
T hc foct that a(H) = oM( /-/ ) = [iufa ( H),+oo) follows by mimicking [IOJ. 
Now t he uext thoorem concerns t he ttbsolutely continuous speclrum of H . We defi ne 
Sos the · t oí threshold of Ho: 

S = {km1 +lm.i l 1..·, l EN}. (3.3) 

T hoorom 3.2 Suppose lliat for e i- E.1, Gu•(- , ·, ·,·)E L:i(E1 x ~ x E 2 x E 1) stllisfy 
(:J. I) (Uld thal for l = 1, 2, 3, 4, JJ; . v,,;Gu· and v?ilp,Gu• are all in L2(E1 X E2 X 
E:i x El). Thcn the:~ en.sis a constm1t C > O such tlrnt, / or g sufficie11tly smoll, the 
.9¡>cctrum o/ H m R \ ( + 1-C ¡g, C J91) is absolutely contirwous. 
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4 P roo f of t beorem 3.1 

Let 1-11•0 be che operntor obtft ined from (2.8) by substituling 

fo r Gu• where a is a strictly positive parnmeter. \Ve then define 

Hrr = Ho + gl-I/ ,o · 

H0 is a selí ndjoi nt operntor in :F wit.h domnin D( Ha) = D (Ho) fo r nny g E R nnd 
nny o >O. 
Set 

We consider HJ as a self-adjoint operntor in the Fock space :F1 associnted with t he 
pnrticles and a nt. ipnrticles l nnd 4. We t hen hnve a(HJ) = {O} U [ni1 , +oo) bccnuse 
m 1 <rn-1. 
For O < A < m 1 Jet P(>.) be t he spectral projection of HJ in F1 corresponding 
to (- ,>.J and Jet Po .. ~ .. , be the orthogonnl project.ion on the vncuum state of the 
neutrinos and ant ineutri uos 2 t\nd 3. We consider Pn,, ... , ns a projection in t he Pock 
spnce :F2 nssocin t.ed with the ncutr inos and nnt ineutrinos 2 a nd 3. Note that. :F = 
F1 ® :F2. As in !J] nnd [4] t heore rn 3. 1 is the consequence of the follow ing t heorem: 

T h eo r e m 4.1 Tf1 ere exi~· ls g0 > O such lfmt f or every g sat.isfying 19) ~ 9o t11e 
/ollowing propertfos hold: 

(i) For evcry t/; E D( H0 ) we haue /-10 ·ifJ ..... l h /J as o_. O. 

(i1) For euery o E (O, l], Ha has n nomwli.zcd 91'0u11d st ate q,,,. 

(i1i) We lurne /or eveq¡ o E (O, 1) 

("'ª' P(!.) ® Pn,,,,,,<Pa);:: l - ó9 (,\) 

u_./iere ó9(..\) fe1uls f.o zern 111/i.en g ter1ds to zer'O and O 5 ó9(.>. ) < 1 / or lgl 5 go. 

Proor. We first estiml.\t:e E0 = inf o( H0 ), o E (O, lJ. O ne ¡>roves that E0 5 O as in 
lemmn 4.3 of l3J. 
Recal.I t hat there exi.st n constu 11 t C > O s uch tha t far every '1 > O nnd for evcry 
u E (O, lJ 

l 
ll H1 .• v1ll::; C(J.illHovill + ¡¡¡llwll), V E D(Ho)· 

T hc.refore il follows frorn t he I<ato·Rellich t.heorem t hat 

151<~ 
ª - Jii - lglqC 

(4.2) 

(4.3) 
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whou 191 .jijC < l. 
(i) follows from the followiug inequrdity ond from t.he Lebesgue·s thoorem: 

ll(H - H.)~11s 2Clyl(L 11 c , .. - c ;"ll i•Hfilll l·lol'>ll 

(ii) h1 proved ns in j4J or in [31 (theorem 1\.10). We omit lhe deta.ils. T hus we hnve 
11 .</>. = E.</>. wi<h 11 </>. ll = l. 
Writing HocPa = H.,(j>(I - gH1 ,ar/Jo we get using (4.2) nnd (4.3} 

ll Ho</>. 11:,; (IE.I + lal!;;;)(I - folylC)- 1 

v 'I 

:,; 1111!;;;)(1 - .falylC)- 2(2 - lglft,C) 
v 11 

far every o E (O, IJ and for ji;JglC < 1. 
ll rernnins to prove (iii). Note that (iii) is equivalent to 

for evcry o E (O, lj. 
Note t hnt 

((P(>.)J. 181 Pn ..... , + l 181 PJ .... J <I>. ,</>.)$ 6,(>.) 

O = (P(>. )J. 181 Pn,,.,,,)(f/ 0 - E. ).p. 

= P(>.)J.(HJ 181 1 - E. ) 181 Pn ...... <P. + g(P(>.)i 181 Pn_,)ff¡ ..<f> • . 

H.e1mtrking tlmt. P(,\ )..l. HJ ;::: rn.1 P (.-\).l nnd using E,, :S O, we get. 

(P(>.)i 181 Pn ..... ,</>. ,<P.) :,; _ l!!l.( P(,\)J. 181 Pn.,., 1!1 .• 9.,<f>.). 
1H ¡ 

Purthermore it follows from ('1.2) t lL(lt t here exists a constnnt C > O such t lmt 

l(P(>.) J. 181 Pn ..... Jl1 .• </>.,</>.) I $ e 
n11d thus 

(P(,\)J. 181 Pn ....... <P.,</>.) $ el!!!. 
m¡ 

('1.4) 

(4.5) 

('1.6) 

('1.7) 

0 11 the other hand one ensily veriHes thnt there cxists n constant C > O such thnt 

llPJ ... ,., <l>o ll $ C(llNi1' <1>.ll + 11 Ni1'~.ll) (4.8) 

far cvory <J E (O, l j where we rocall tlwt. Nj =Le J b;tC~)b,.~ (~)d~. 
T he proof of (iii) then foUows from (4.5) 1 (11.7) , (11.S) n.nd the following lemmn 

Le mmo 4.2 There exi.st.s a constant C > O such tlwt 

for j = 2, 3 ond for Ct-'Cry o E (O, l J, 
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P roof. Recall Uint, 

nccording to our convention. lt fo!lows from the CA R und {4. 10) thnt we hnve t.he 
following pull-through formu la: 

whcre far l f:. l' 

\·Ve luwe 

112'""(0 = .! d( ,d6d(<C;., (<. ,(,(,,{.,)b¡,.((¡)bj,.(6)b.,"(«) 

v,'""<<l = / d(, d(,d(,, c ;,. «,, <o , e , ., )bi .(<iJb¡,. (6)b,,.((.,). 

b;..(01>. = - g(H. - E. +w;(<W 'll,"'"(<),P •. 

By proposition 2.3 wc get 

ancl 

ate t hnt 

¿;= .! l l b;,,(()~.ll 2dl; = llN) 12.P.ll' j = 2, 3. 

(<111) 

The lemma then fo llows frorn (4 .12), (4.13) nnd (d.l il) and t heorern 3.2 is preved. 
Note thnt the un iqueness (up to t\ phase) of t he ground stnte follows as in [! ] nnd 
j!OJ. Thus theorem 3. 1 is provee! . 1 

Let. us remnrk tlw t t be proof of !ernmu 4.2 is rnther formal but, by mimicking [10j, 
one cnsily gct.s n ri gorous proof. Wc omi t t he detnils. 

5 P roo f of theorem 3. 2 

In arder to preve th e nbsence of continuous singular spectrum nwsy from the t hrcsh­
olds of Ho, we use t.he Moul're 1s rnethod which originates from p l ]. Actually t his 
mct.hod has bcen npplied successfoly to QEO models (see for instnnce [11, 5, 7, 8, 2]) . 
Tu Lhis cnd, we esLirnnte from below the commu tator oí H wiLh nn unt i-sclfadjoinL 
operntor A = - A· . Our choice fo r A is t he sum of t hc seoond quanLizot ion of di­
lnlion generntor on eoch pul'ticle and unLiparticle spnce. Namely, denotin g ª i = 
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(PJ · \11,J + 'Vv, · p1 ), the ge nernt.or of d ilnt ion in t.he pa.rticle j a.cting on L2(R3 ), we 
set 

•I 

A = L L 'lr; ,(a;) (5.1) 
••± J• I 

wltcre giving nn opernt.or a on L2(Ilfl ), t he operntor df1t(a): :F - :F is defl ned by 

(5.2) 

Not.e t.hot i A is essent.inlly self-ndjoint on :Fr ... . lt remnins Lo compute [A, H]. We 
bogiu wit h Lhe remnrk t lrnt t~he second qunnt izntion respects commutnto rs, Le., for 
given ope rntors a, a' on Lhe one particle spnce L2(R3) a.ne! given / E L2(1!f1) s uch 
Lhnt a/ nnd a' / belong to L2 (1R.3 ), we hnve for j = 1,2, 3, 4 ande=±: 

[clr ;,(a), dr;,(a' )i"' = dr ,,([a,a'))\;I 
[dr;,(a),bj,(f))"' = bj, (af),P 

[dr;, (a), b;,(!JI"' = - b,,(a' J) .P, 

oud nl::io for i,j = 1, 2,3, 4 nnd E,E1 = ± wit h (j,e) f.; (i,E'): 

for very Y, E :Ffln· 

Recall thnt. 

[dr ;.(a),c1r,,. (a')Jw = o 
[dr;,(a),b¡,.(f))ib = O 
[<lr; , (a), b;,•(J)).P = O 

•I 

Ho = L ¿ c1r ;,(w;) 
••±1- 1 

and n st.rnightforv .. nrd cnlculus !ends to 

(5.3) 

(5.4) 

[A, Ho["'=(2=dl'1, ( ,¡ P' , ) +c1r ,,([¡¡l) +dr 3,([pl)+dl'., ( J v' , ) ) ~, 
t•± p'2 + m 1 p2+m,, 

(5.5) 
for ijJEFn,l' 
Let. us remark thn1. !A, H0J is relotively bounded with respect to H0 . 

Propos it ion 5 .1 1.A!t 6. be a. closed subset o/ R such thot n S = 0 and set {J = 
disl(ó. , S) >O. Tlicn 

wl1e r~ Eu(flo) dtnotc~ tl1e spccl.ml projection o/ H0 for tlie interoal 6.. 
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Proor. Using (5.5), we have for u. given stntc "1 (Q) E ;¡:(Q) such thnt Ea( Ho) 1J1 (Q) = 
1}1{0), 

'l .., ., -" 

[A, HoJ wCQl(=:,, .. . , 3 ¡) =( L: j 1' i! . + L: ~ 
j= l 7Jii + mi j= l \I P¡i + mi 

" ' 
+ L: lr2; I + L: 11>2;1 

j::: l i = l 

.. . 
+ L: lr,, I + L: 17";1 

j = I j= I 

t 2 f - 2 

+ ¿~+ L--'1'-'' -)11i (Ql (2,,. .. . , 2r). 
j = I ~ j= I JP!ij -1- Ol~ 

T he free energy of such st nte q,(Q) is given by 

Wilh 

" ' /·/o\]r(Ql(:=:q ,- ,2r) = (L Jvi; + mi + L /Pi;+ mi 
j cd j :1 l 

" ' 
+ L':lv2;I + L':l1'2;I 

j = l J• l . ' 
+ L':l11,,1+ L':l1>2; I 

j • l J= l 

' 
+ L: ,_, ' 7J~1 + m~ + L 

}• I 

" ' 
11t+ m'f + I:Wi;I+ l:: IP2; I 

;- 1 , .. 1 

+ t ll,,; I+ Í:11»; I+ t 
j• l J• I J• l 

' P~J + m¡ + L /ff1, + m: E ó.. 
j•d 

(5.6) 

(5.7) 

(5.8) 
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Wc docompose H0 \Jl (Q) ns foltows 

H0wCO>(=:, , .. , =:r) = [Cq+ ij)m1 + (t + i)m.1 

' ' + I:( J vi; + mi - m 1) + L (Jiíf; + mi - m i) 
J•l j :: l 

" ' + L IP,,I+ ¿17,,,1 
j•l J • l 

• 1 

+ LIP11, I+ L lfo1I 
J•I j • I 

' l 
+ L(JP~; + mJ - m.1 ) + L< 1>~:1 + m~ - m-1)] ljl<O>(=:'I , . , 3c). 

J• I j • I 

By {5.9) we gcL nccording to t he defü.lit ion of {3 

' ' LJ/ vi1 + mi - mi) + L)/ 1>i; + mi- m1) 
j• I j "" I 

r r .• I 

+ ¿ IP2,I + ¿ l1!2j l + ¿ ¡,,,,¡ + ¿ lfi,,I 
J•I Jml j a l J= l 

' [ 

+ ¿ ( ¡J~; + m.~ - ·m,1) + L(J11~J + m~ - m4};::: f3 
J• l J=l 

íor (p1, p2 ,PJ,p.¡} sntisfying (5.8). 
T herofore using 

__ P_'_ = (J¡;2+m2- m)~+ m 
Jv2 + rn2 Jp2 + ml 

~ Jv2 + m 2 - m 

wo coucludc the proof. 

(5.9) 

(5.10) 

(5.11) 
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\ Ve now estim11tet; he co rnmu tator (A, H1]. By (2. }, (5.3) , (5.'1) 1tnd si nce11; = - a1 

we hnve 

" 
IA, u ,¡,¡1 ~ (:[ :[ J d{ ,di;,d6d{,,(a;G,,.)({,,{,,6,{.,) 

~r;il'c' J= I 

bi ,< ( { L )&;,,. ( {>)bj,, (6)b,,,.({4) 

" + L L J d{1d6d6d{,(a;G,,. )({1 , {,,6,{.1) 
~.¡,.i • j => l 

(5. 12) 

b,i ,, (<.i)b3,.({J)b,,..(<,)b,..({1)) 1/1 

for r/; E F fln· Therefore, if we as!:i ume t hnt a1Gu' E L2 fa r end1 j = 1, 2, 3, '1 nnd íor 
ench E-::¡.:. é, we deduce ns in thc proof of t heorem 2.4 t lmt !A, H ,] is 110 relat.ivoly 
bounded nud in particula r there ex.ist e> O such thnt 

E,;, (H0 )[A,H,¡ E,,( Ho) ~ -cE,;,(Ho). (5. 13) 

\Ve deduce 

Proposit. io n 5.2 Assume that ajGo~ ' E L2 for cach j = l , 2, 3, ,¡ ancl for each E 'f. e'. 
There exi.sts e > O .mch l.lw.t. if 6 is a closed úiterual o/ R verifyi1lg ó n S = 0 th en 

f3 cg 
E,,( H)[A , HjE,,( H ) ~ (2 - -p)E,,(H ) 

whcre Ea(H) denot.cs /.he s¡1eclrnl ¡irojectio11 of H /01· 01e ititerval .6 tmd/3 = dist(ll, S) > 
O t.s uficientJy snwll. 

P roor. Let ó. ' be t:he closed intervol s uch thnt. t::. = t::. ' + 1-.8/2,,6/2] nncl ossumc 
thot O < fJ < l. Using t.he Hclffe r-Sjéistrnnd F'unctionnl Calculus (sce far insloncc 
j6J), we find that, 

for some constant c1 > O indcpend eut of t::. , g ond (J. 
Ther fore, using drnt. [A, HJ is H bounded (see t.he proof of theorem 3.2 just below), 

E:.(H )!A. ll J E~(H ) ~ E,,( H)E,,.( H0 )[A, HIE6.( H0)E~(H) - c2»E6( H ) (5. 14) 

for sorne constont c2 > O. 
On the other hand, from propos it;ion 5. 1 nnd (5. 13), we ha,·e 

(5. 15) 
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for somo constont c3 O. 
lnsurt.iug (5.15) in (5. 14) wc gct. 

Ea(HJIA. HJE,,.(H) ~ (~ - c3g)Ea(H)Ea·(Ho)E.:.(H)- o,~E6 (H ) 
{J c,g 9 

<? (2 - c,g)( I - 7f )E6 (/I) - o,-E,,.(H ) 

() cg 
~ (2 - {j)E6 (H) 

for somo e > O independ nt. of 6 , g nnd {J. 

55 

Proo/ o/ theorem 3.2 1'hcorcm 3.2 is a conscquencc of proposition 5.2 und t hc 
t-.folll'r t.h ry. Act.unlly it. only renrni 11s Lo veri íy t.hc opplkability of t.his Lheory. 
T his rucnns thot we hnv to vcri fy t.hnt. [A, H J nnd [A, IA, HJI are JI bounded. From 
(5.5) wc deduce thnt. !A, 1-loJ is Ho boundcd. For t.hc second commut.nt.or o simple 
calculus giw~s 

JA. JA. HolJY = [ L:>ir,, (( 2 
1'2 "'l,,,,) + df,,(lpl) + df,.(lpJ) 

t•± 11 +m1 

( ,,,,,., ) l 
+ dr .,l-(2 i)l/ 'J 1/1 /) +m,¡ 

for t/1 E JC"n11• Thus !A, IA, /·/o]J is /-/o bouudcd. 
\Ve lmvc nlrendy no tcd t.hnt. jA 1 N,] is H0 bouncled ns soon ns a,C 0 • E L2 for cnch 
j 1, 2, 3, •I and fo r nch t: 1:- t:1• Thc cornput at.ion of t he commutotor of A wit.h t hc 
C':<pres:ilon of (A.H1J givcn by (5. 12) shows thnt. [A. [A, H1IJ is H0 bounded nssoon 
08 a,a1Gu• E L'J for ench J = 1,2,3, 4 nnd fo r coch t: #-¿. These conditions on Cu' 
(U'(l sntisficd when p,. 'iJ,,,GH' o.ncl vrll,,,Gu• o.re o.11 in L2(E1 X I:'J X E2 X Et) for 
i - 1,2,3, •I and t: "# e'. 
/\s iu 12] lcmmo 4 .-.1 , one easlly chcd cs tho othcr r.. lourre hypothesis. 

6 Other examples 

T hc 1110.i n other examples of t.ho l:Cnni-wenk intcroctions are the beto clccny oí t h 
uo11t ron nnd o í thc quarks u 1.111d d. Lot us consider the decay of the quark <l . 'fhis 
dccny invol~ íour spccics of pnrt.iclcs ancl nntiporticles: the quarks u a nd d and t h ir 
nnt.i¡>nrticles ü a.nd d, the el et.ron - nnd t.hc positron e+, t hc neutrino 11e1 nnd its 
n11t inout.rino ¡¡'- (see p1, 9j). T he Pock spnce is t he i rmionic Foclc spoce o.ssociotcd 
lO Lh S • four species OÍ J>Ort icJcs nnd Lho intcroction is gi\" ll by 

11, J d( ,d{,d{3d( 1 J (( 1,6,(,,(,,) bi.+((1}b;,_ (e,}bi+((J)b,,+((, ) 

+ J d{,dt,,d{,d(, ./((, ,(,,(,,(,) b; ,+((,}b,,+((,Jb,,-((2}b1.+ ((,) . 
(6.1} 
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Here the particles and antiparticles 1 are the electrons and the positrons, t he particles 
and antiparticles 2 are the neutrinos Ve and De, the part icles and antiparticles 3 are 
the quarks u and U and, finally, t he particles and antiparticles 4 are the quarks d and 
J. 
Obviously t heorems 3.1 and 3.2 remai ns valid for the associated Hamiltonian under 
appropriate conditions on t he kernel J. 
We can also consider the decay of the massive bosons l•V± into electrons, positrons 
and neutrinos V e and D,, (see [17, 9)). The Fock space is the tensor product of the 
fermionic Fock space associated to the electrons, the positrons and the neu trinos 11e 

and iíe and of the bosonic Fock space associated to a massive boson of spin 1. The 
interaction is t hen given by 

H1 = L j d<1d6df., I<.,,,(<1.'2 ,6) bj.,(<1)b2.,.(<,)a,,,(6) 
(#(' 

+ L J d<1d'2d6 K,,,•(<1,6,E,,) aj.,(f.J)b,,,.('2)b1., (<1). 
!#(' 

(6.2) 

Here t he particles and antiparticles 1 are the electrons and the positrons, the particles 
and antiparticles 2 are the neutrinos Ve and il.,, and a+(~3) (resp . a_({J)) is the 
annihilation operator for the meson l,v - (resp. w+). 
Once again t heorems 3.1 and 3.2 remains va!id for t he associated Hamiltonian under 
appropriate conditions on the kernels / ((,E'· 

One cou!d also give a mathematical model fo r the decay of t he massive boson zo. 

Recei ved: Nov. 2006. Revised: Dec. 2006. 
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