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ABSTRACT 
We consider a semi-classical SchrOdinger operator - h2 f:. + V with a degen­

crate potential V (x , y) = J(x )g(y). 
9 is a.ssumed to be a homogeneous posit ive function of m variables and f is a 
s trict\y posit ive íunction of n variables, with n strict minimum. \Ve give sharp 
asymptotic belmviour of \ow eigeuvalues bounded by sorne power of t he paro.me­
ter h, by improving Born-Oppenheimcr approximation. 

RESUMEN 
Consideramos un operador de SchrOdingcr semi-clásico - h2 tl + \f con poten­

cial degenerado \f(x, y) = f( x )g(y) 
Suponemos que g es una función positiva homogénea de m variables y f es una 
función estrictamente positiva. de n variables, con un mínimo estr icto. Domos 
un comportamiento asintótico óptimo de autovalores acotados por aba jo poro al­
guna potencia del parámetro lt, mediante perfeccionamiento de la aproximación 
de Born - Oppenheimer. 
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J'vlnth. Subj. Closs .: 35P!JO 

1 Introduction 

In our paper p lj we have considered t he Schrúdinger operator on 
L2 (R~ X R;') 

ÍÍ,. = h2 D; + h' D; + f (x)g(y) 

wi t h g E C00 (R"' \ {O}) homogeneous of degree a> O, 

,ll'll:>D, 

(1.1) 

g(µy) = µ"g(y) > O, Vµ> O and Vy E 111"' \ (O) (1.2) 

h >O is a semiclassical parameter we assume to be small. 
We have investigated t he asymptotic behavior of the number of eigenvalues less 

than ,\ of iih, 
(13) 

(tr (P) denotes t he trace of the operator P) 
lf P is a self-adjoint operator on a Hilbert space 1{ , we denote respectively by 
sp( P) , sp.,u( P) and sp,¡(P) the spectrum, the essential spectrum and t he discret 
spectrum of P 

\Vhen -oo < inf sp(P) < inf S]JeH(P) , we denote by (>.k(P))~·>O t.he 
increasing sequence of eigenvalues of P, repeated accord ing to t hei r multiplicity: 

sp,¡(P) íl J - oo, lnf sp.,,(P)[ = {A1(P)} (1.4) 

In this pape r we are interested in a sharp estímate for some eigenvalues of fl,, 
\Ve make the followi ng assumptions on the other mul ti pli cative part of the potential: 

f E C 00 (11!"), 'lo E N", (lf(x) J + 1)- 1 0; / (x) E L00 (111") 
O < / (O) = üif,e•" f(x) 
/(O) < Hmlnf¡,¡-oo f(x) = /(oo) 
82 /(O) > O 

{/!/(a) denotes t.he hessian matrix: 

82/(a) = ( 8' ) --/(a) 
8x;éJXj l:=;i,J:=;n 

By dividing fh by J (O) , we can change t he parameter and assu me t hat 

(15) 

/(O) = 1 (16) 
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Let us define : h = h2/(2 +(1) and change y in yli.; we can use the homogeneity of 
g {1.2) to get : 

sp (Hi.) = /¡º sp (H") , (1.7) 

with [./li = li2 o; + n; + f(x )g(y) = li2 D! + Q(x, y, D11 ) 

Q(x, y , D,) = n; + /(x)g(y) . 

Let us denote t he increasing sequence of eigenvalues of D~ + g(y) , (on L2(1R"')) , 
by {JJ-j)j>O · 
The associatecl eigenfunctions will be denoted by (ipj)j 

D;<P;(Y) + g(y)<P;(Y) = µ; <P;(Y) 
(<P; l <Pk) = ó;, 

and (ip;); is a H.ilbert base of L2(Rm ) . 

(1.8) 

By homogeneity (1.2) the eigenvalues of Q;,,(y, Dy) = n; + J (x)g(y) , on 
L2(!R"' ) ) , for a fixed x, are given by the sequence (>.;(x));>O• where : >.;(x) = 
Jlj ¡ 2/(2+a)(x). 

So as in [1 l J we get 

fjli ~ [ /¿2 n; + /J,¡f2/(2+a)(x)] 

T his cstimate is sharp as we will see below. 
Then us ing the same kind of estimate as (1.9) , one can see that 

(1.9) 

(1.10) 

We are in t he Born·Üppenheimer approx.imation situation described by A. Mni·· 
tinez in [10] : the "effective " potent ial is given by A1(x ) = µ 1 ¡ 2!<2+a)(x), t he first 
eigenvalue of Q:z, and the assumptions on f ensure that t his potential admits one 
unique and nondegenerat.e well U = {O}, with minimal value equal to ¡t¡. Hence we 
can apply t heorem 11.l of [10] and get : 

T heore m 1.1 Under the above assumptions, for anu_ arbitrary C > O, there exists 
lio > O such that, if O < li. < lt0 , the openLlor (H" ) admits a finite numbff o/ 
eigenvalues Ek(li) in !11.1, µ 1 +Cli], equ.al to the number o/ tite eigenvalues ek of n; + 
ffi < 82 / (0) x. X > in ¡o, +C] such that : 

Ek(li) = !.,(H 1;) = !., (h'D~ + µ1¡ 2/12+0 >(x)) + O (li2 ) (1.11) 

A1ore vrecisely Ek(h) = Ak(ii';) has an asymptotic expansion 

Ek(li) ,...., µ 1 + li ( ek + L ak; fii/2 ) . 

i2:1 

(1.12) 
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lf Ek (!i ) is asymptotically non degenerated, then there exists a quasimode 

satisfyi,19 

tj>~'.(x, y) ,...., n - "'k e-1J;(x )/ll ¿ 1íi l 2ak;(x, y) ' 
i ?:O 

CQ1 :::; ll li-m•e- iP (x)/liako (x ~ v)ll $ Co 
ll /i.- mke- 1/' (:i:: )/liak; (x ,y) [I :S: C; 

JI ( ¡¡i; - fl ¡ - !iek - :Li s;::;J ak/íil2) 

/¡- rn~e - .P (x)/li L o::;; ::; J fí.i/2ak;( x, y)JI S: CJfí(J+ l )/2 

T he formula (1. 12) impli es 

(1.1 3) 

(1.14) 

>.k(H' ) ~ µ 1 + n>., (D; + __!!_1_ < a'f(O) x , x >) + o (r.'i'), (1.15) 
2+a 

and when k = l , one can improve O{!i.312 ) into O (lí2 ) The fu nction 1/J is defi ned by 
: 1/J(x) = d(x, O) , where d denotes the Agmon distance related to the degenernte 
metric µ 1 J2f('!+al(x)dx2 . 

2 Lower e nergies 

\.Ve are interested now wit h the lower energies of ¡.¡r.. . Let us make t he change of 
variables 

(x , y) - (x, ¡1/(2+ol(x)y) (2. 1) 

T he Jacobian of t his diffeomorphism is ¡m/(2+a)(x ), so we perfonn t he change of test 
functions : u --+ ¡ - m/( .i+ 2ª\x)u, to get a uni tary transformation. 

T hus we get t hat 
sv (H") ~ sp (H") (2. 2) 

where [í li is t he self~adjoi nt operat or on L2(JR:" x IR"') given by 

H' = r.' L· (x, y , D,, D, )L (x , y,D., D , ) + ¡ 2i l2+0 l(x) (D; + g(y)) , (2.3) 

wit h 
1 .m 

L(x,y, D., D,) = D, + (2 +a)f (x )[(yD, ) - •2 JVJ(x). 

We decompose ¡¡i; in fo ur parts : 

H' = li2D; + J'i(2+o)( x ) (D~ +g(y)) 

+ li' (2+oJIM (V f (x)Dx)(yD,) 
+ili2 (2+o)1¡ >¡x) (['7 f (x)[ 2 - J( x )t;f(x )) [(yD, ) - i'f] 

+ li\2+0 )! ¡>(x) ['7 f( x )[' [(yD, )2 + 'f J 

(2 .4) 
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Our goal is to prove that the only significant role up to order 2 in /í. will be played 
by the first operator, namely : Ñ{i = 1(1 D'; + ¡ 2/C2+0 )(x) (D~ + g(y)) . 

Let us denote by 11j\ the eigenvalues of the operator /i.2 n; + µ1J21(2+a)(x) and 
by 1/JJ,k the associated normalized eigenfunct ions . 

Let us consider the following test functions : 

where the ¡p/s are the eigenfunctions defined in (1.8); we bave immediately : 

We will need the following lemma : 

Lemma 2.1 For any iriteger N , thern exists a positive constant C depe1tding 
only on N such that for <my k ~ N , the eigenfunction 1/JJ,k satisfies the following 
iner¡ualit·ies : for any a E N'' , lal ~ 2 , 

with li1 = fiµj 112 . 

Proof. 

11 li\º11' ID~ ,¡,;'.kl 11 < C 
11 (~)° w;'.k 11 < n\º11'c 

Let us recall that it is well known, (see (5] ), that 

'V k ~ N, µ¡111J.k = I + O(/i;) 

It is clea.r also that 

[n;n; + ¡ 2t(2+0 >(x) - /.tj111J.k] 1/JJ,k(x) = O. 

(2.5) 

(2.6) 

We shall need the following inequality, that we can derive ea.sily from (2.6) and the 
Agmon estímate (see ¡sj) 'V é E ]O, l[ , 

< J [f2/ (2+a)(x) - µ-:- 1 11~ .] e2(i -i-)112a;. ~ (:¡,:)/~; l1/J~ (x )l2 dx ~ 
J J ,k + J ,k 

J [¡'/ (2+•l (x) - µj 'vj:k]_ lwJ,, (x)I' dx , 
(2.7) 

where di,k is the Agmon distance associated to the metric [¡21c2+11>(x) - ¡tj 111J.k] fx~ 
Let us prove the lemma for la\ = l. 

As j [1;~ ¡D, .P~,.(x)l2 + (f'/(2+•1(x) - 1•j 'vJ.Jl.PJ,.(x)I'] dx = O , 

¡J.¡111f,k - t = O(li1), and ¡ 21<2+a)(x) - 1 > O, 

we get t hat f<;li ID, wJ,.(x)l 11 2 :5 C. 
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Furt.hermore, we use that c- 1 ¡\7 f(x} l2 :::; ¡ 2J(2+a>(x) - 1 :::; Cl\7 f( x)l2, 
Cor lxl :::; c- 1 , t he exponential decreasing (in lij) or 1/Jji.k given by (2.7) and the 
boundness a r /V J(x)I/ /(x) to get 

lll 'Vfc~~)l.pj',dx) ll' $ C f i!211''°l(x)- IJ lt/JJ,dx)f2 dx $ li;C . 

Now we st.udy the case la/ = 2 
lf eo EJO. l j is large enough an<l lxl E ¡n;12eo, 2eo), then we have 

lxl2/C s; ¡2/(2+n.l(x ) - 1ij 1v;'.k ::S C1xJ2 (2.8) 

Therefore there exists C1 > 1 such that CJ 1 lxl2 ::S dj,k(x) ::S Cilxl2 , 
nnd then 

(2.9) 

T hen t he lnequaHty' c- •¡x[ $ ['V/(x) I $ C[x[, wlth (2.8), (2 .9) ancl (2.7) 
ent.ail that. 

f¡,, 12 c01i~1 1~<~:r 1Wj;,k(x)l 2dx 

::S lijC J [¡2/(2+11l(x ) - µj 1 v;'.k J + ed, ,dx)/n;¡,¡.ji,k(x)j2dx 

::S !i.iC J [¡2!(2+a.)(x)- µj 1vJ,k]_ Jt/JJk(x)l2 dx 

:::; n;c. 

h. remai ns to esrimate !i.Jll D~l/Jj',k(x)ll with lal = 2 
We use t hat -li; t:i. ipji,k(x) = [- J21(2+al(x) + µj 1v;i,k]1/Jj',k(x) , 
and that. we have proved that /j[- J21{2+"l(x) + µj 1vj'.kJt/JJ,k(x) lf ::S li.jC ; 

so llD~v;,,(x)ll '.O C/ H; ir lol = 2. 
\Ve will need t.he fo llowi ng result. 

Propos it ion 2.2 Let. V(y) E c=(JR"') such that 

3 s > O, Co > O s. t. - Co + lvl ' /Co $ V(y) $ Co(lvl' + !) 
Vo E Nm, ( ! + l v l 'Jl•-l 0 ll/23~V(y) E L=(R'" ) . 

lf u(y) E L2 (R"') and o:u(y) + V(y)u(y) E S(R"' ) , 
then u E S(Rm). ( S( !R"') is the Schwartz space) . 

(2.10) 

T he proof comes from t.he fact t hat there exists a para metrix of D~ + V(y) in 
saine closs of pseudod lfforential operator: see for the more general case in [7), or for 
t his specinl case in Shubin book [17). 



OUlBl4J Accuracy on eigenvalues for a Schródinger operat.or . 

Theorem 2.3 . 
Under the assumptions {1.2} and {1.5}, /or any fixed integer >O, there exists 

a positive constant ho(N) veri fying : for any fí E]O, ho(N)[, / 01· any k $ N anti any 
j $ N such that 

/Lj < /J.¡f2/(2+a)(oo)' 

there exists an eigenvalue >..i k E sp¡1 ( iJ li ) such that 

1>..i k - >..k (n20;+ /J.j /2f(2+a)(x)) $ li2C. 

Consequently, whcn k = 1 , we have 

1 >. _ [ . + r ( ·)' 1, tr((82 f (O))' f') ] I ~¡¡'e. 
J I µJ i, µ J (2 + a)l/2 

Proof. 
T he fi rst part of t he theorem will follow if we prove that : 

ll(Í'i' - H[')(uJ.dx,y) ) 11 = ll(H" - uJ.>uJ,k(x,y)ll O (lí2 ) . 

Let us considera function X E C00 (!R) such that 
x(t) = 1 ;¡ ltl ~ 1/ 2 and 
x(t ) = O ;r ltl > 1 . 

T hcn (Di+ g(y))( l - x(lyl))\O;(y) E S(R'" ), 
and Proposition 2.2 shows thnt (1 - x (lyl))<,0;(Y) E S(~m) . 
As o;\O;(Y) = (µ1 - g(y))\O;(y ) , we gct t hat 

(2.11) 

(2.12) 

V k E N, (1 + IYll'ill';(Y)[2 + ID,l';(y)l2 + 10;\0;(Y)l'I E L' (R"' ) (2.13) 

T he quantity (Hli - n:i)(uJ.k(x, y)) is, by (2.4) 'composed of 3 parts. According 
to Lemma 2. 1 and the estimate (2.1 3), the two last parts are bounded in L2-norm by 
n'c , (µ; ~ e ) . 

To obtain a bound for t he first part , we integrate by parts to get. t hat 

11 V f (x ) D ·"' 11' < e [1102· ' -'' 11X11 1" /(x)I' .</.l 11 + llD ·"' 11X11 1" / (x)l _,/i 11] / (x) z'f'1,k - :z'f'3 ,k /2(x) 'f'3,k :z. Y-3,k / (x) ~· 3,k 

'Vf(x) ,, 
and then we use again Lemma 2.1. Thus : 11--¡(zjD:xW;,kll ::; C. 

'Vf(x) • 
According to est.imate (2.13) we have finally ll--¡(zjDz(YDy) u¡,kll $ C. 

3 Middle e n ergies 

We are going to refine t.he preceding results when o. ~ 2 nnd / ( ) = oo. It is possible 
t hen to get sharp localizntion near t he Jt¡ 's far much higher values of j's. More 
precisely we prove : 
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Theore m 3. 1 We ossume {1 .5) with f(oo) = oo , (1. 2) with a ;:::: 

g E C00(R"'). 
Let u.s consider j such llw/. J.I J $ ¡¡,- 2 ; 

tlien /or <rny iri tcger N , th ere e:dsts a constant C depending only on. N 
/or cmy k $ N , tl1ere eTists <m eigenval'Ue A1k E spd (ii 11 ) verifying 

I ·\~· - A" (n2 D; + /.t1f21(2+a>(x)) 1 $ Cµ1ñ2 . 

Corisequeritly. U'hen ~- = 1 , we have 

1 !. _ [ _ + 1"( ·)1¡ 2 tr((V2 /(0)) 112 )] 
JI /11 1 µ:J (2 +a)l / 2 

P roof 

lll1llO 
pmR9n 

arid witli 

such that, 

(3.1) 

(3.2) 

Let us define the class of symbols S(p"(y, 11)) , s E IR , with p(y, 17) = 
lryl2 +g(y)+ I. 

q(y ,,¡) E S(v'(y,,¡)) iff q(y, ry) E C 00 (R"' x R"') 

nnd for any o nnd {3 EN"', 

p-'(y,,¡)(1111+1)- l"l(IYI + Wi'ID~D~q(y,r¡) E L00 (R2"'). 

For such a symbol q(y , 1¡) E S(¡l(y, 17) , we define t he operator Q on S(R"') : 

Q/(y) = (2rr) - "' J. q(y + ', ~)e'I•-.¡, f (z)dzd1¡. 
IR~"' 2 

\Ve will sny lhnt. Q E OPS(¡J''(y,r¡)). 
lt is well known , (see [7]) that (D~ + g(y))" E OPS(p"(y, 77)) 
As a ;:::: 2 , we get t hat yDy E OPS(p(y, 11)) , and t hen t hnt yDy(D; + 

g(y))- 1 E OPS(!). 
Thcrefore yD11 (D; + g(y))- 1 and (yDy) 2(D; + g(y)) - 2 are bou nded operntor 

on L2(R"'), nnd we get as a consequence t he followi ng bound : 

As in t he proof of Theorcrn 2.3, using (3 .3) instead of (2.13) , we get easily that 

ll (H' - Ñ')u~.,11 $ CI 7'2µ; + 7'3µ; 12) $ e~'µ,, 

nnd lhen Theorem 3.1 follows. 

4 An a pplicat ion 

\\"e consider a SchrOd inger opcrutor 0 11 J., 2 (JR.~) with d;::: 2 , 

pi. = - h2ó + V (z) 

(3.3) 

(4.1) 
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with a real and regular potent ial V (z) satisfy ing 

V E C=(11t" ; IO, +oo[) 
lim inf¡:¡-.00 V(z) > O 

r = v- 1 ({O} ) is a regular hypersurface. 
(4 .2) 

By hypersurface, we mean a submanifold of codimension 1 Moreover we assume 
that [' is connected and that t here exist m E N• and C0 > O such that far any 
z verifying d(z, r) < col 

C01d2"'(z, r) 5 V (z) 5 Co d""(z, f) 

( el( E , F) denotes t he euclidian distance between E and F) . 
We choose an orientation on r and a unit normal vector N(s) 

on each s E r , ancl t hen , we can define t he fonction 0 11 r , 

/ (s) ~ (2~i)! (N(s):,) '"' V(s), V s E r . 

T hen by (4.2) and (4.G), /(s ) > O, V s E r 

(4.3) 

(4 .4) 

F inally we assume that t he funetion f achieves its minimum on r on a finite 
number of discrete points: 

~o = ¡ - 1({170}) = (s i , . . , St0 } , i f TJo = 1;~ip f( s) , (4.5) 

and t he hessian of f at each point si E Bo is non degenerated: 
3 171 > O s.t. 

~ (d((df ; w)); w)(s; ) 2'. ~ilw(s; )I' , 'Vw E T r , V s; E l:0 (4.6) 

Ir 9 = (91;) is t he riemannian metric on r , t hen lw(s)I = (g(w(s),w(s)))112 . 

T he hessian of f at each s; E B0 , is the symmet ric operator on T!J¡ r , Hess(J) ,; , 
associated to the two-bilinear fonn defined on T!J1r by : 

(u,w) E (T,;f)2 ~ ~(d ((df; V)) ; w)(s;) , 

V (iicúí) E (Tr)' sL (ii(s; ),iü(s;)) ~ (v,w) . 
Hess(J),~ has d - 1 non negative eigenvalues 

( P;(s; ) > O) 

In local coorclinates, t hose eigenva\ues are the ones of t he symmetric matrix 

(4.7) 

1 1/2 ( ª' ( ) ,,, zG (sj) éJxk{i':r.t f s;) t 5 k, t5d- L G (si)' ( G(x) = (9k.t(x)) ¡5k.e511- 1 ) 
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The eigenvalues pf(si) do not depend on t he choice of coordinates. We denote 

d- 1 

Tr+( H ess(!( s, ))) = :L Pi(s,) (•1.8) 

\Ve denote by (11; )J ?. l the incr<'!asing sequence of t he eigenvalues of t he operator 
d2 

- d(i + t2"' on L2(R) , 

l.\nd by ( 1 (t) )1 ?. 1 t.he associat ed orthononnal Hilbert base of eigenfunct ions. 

T heorem 4 .1 Uruler the above assumptions, for any N E N · , there exist h0 E 
JO, l] a11d Co > O such that, if /.Lj << 1t - •lm / {rn + l )(2m +3), 

tmd if o E Nd- I <md lcv l :S N , 
lhe11 V sl E E0 , 3 >.~'ec. E SJJ<1(P") s. t. 

1 ).~lo - h2m/(m+ I ) [7/6/(m+l )µ j + h ' /(m+ l ) µ~ /2 At(a)] 1 

:S h 2p J+3/ 2mc0 ; 

.mt11 Ai(o) = /(2 +,/ [2op(si ) + Tr +(H ess(!(si))) ] 
11;• "' (m + J)l / 2 

(op(st) = o,p1(st )+ . . a 11- 1Pc1- 1(sc)) 

Proof: 
Let 0 0 e Rd be an open neighbourhood of S¡ E E0 , such that t here exists 

4> E C°°(0 0 ; R) satisfy ing 

r o = r n Oo = {z E 0 0 ; ~ ( z ) = O} ; 
l 'V ~ ( z ) I = 1 , V z E Oo. 

(4.9) 

After chnnging 0 0 into a smaller neighbourhood if necessary, we can fi nd 'T E 
e (Oo; Rd- I) such t hat T(s¡) = o and V z E º º ' 

'V r; (z ). 'V f (z ) = O, Vj = ! , . , d - 1 
rank{'Vr 1(z), . , 'Vr,1_ 1(z )) = d - 1 . ('1.1 0) 

Then (:r,y) = (x 1, . . ,x,¡_ 1 , y) = (T1, ... ,Td- 1.<P) are local coordi na.tes in 0 0 

such th nt 

1:; = ¡91- 112 L: 1<•.J <d- 1 a,, (liil11' g'Ja,;) + 101- 112a, (1911 128, ) 
V ,; y2•11 f{x, y) with f E C00 (Vo); 

Vo is nn open neighbourhood of zero in IR" , 
ii''(x,y) = ii' ' (x, y) E C00 (Vo ; Ill), IJl- 1 = del (!í''(x ,y)) > O. 
x = (:r 1• . , :r11 _ 1) are local coord inates on r 0 

nnd the metric g = (g ,; ) OIJ ro is given by 

(4.11 ) 
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lf w E CJ(00 ) then 

P 11w = pi..u wit h 

u = liil 1''1w a nd (4.12) 
fi1• = - h2 Í: i:5 i,i:5d- I 8x, (g'"iO:i:,) - h2éJ~ + V + h2 \lo, 

for some Vo E C (Vo ; IR) 
Let us write 

V (x, y) = y2"'f(x ) + y2"'+'¡,(x) + y'"'+'f,(x,y) (4.13) 

f (x ) = f(x, O) and ¡; E c = (V0 ) . 

We perform t he change of variable (2.1) and t he related unit ary trnnsformation, 

(x,y) - (x , t ) (x1/1/(2(m+l)) (x)y)' 'U - V= ¡ - l /(4(m + l )tL' 

to get t hat 

Í31"n = Q"v wit h 
Q'• = Q~ + t2m+IJ?(x) + h2 Ro + +h2tR¡ + t2m+27~ (4.14) 

Q~ = - Ji' L:19.,~d- l a ,. (g'ia,,) + ¡•/(m+ll(x) (- li211i + t2"' ) 

a nd Ro = ta(x, t )(il, f (x )8,)8, + b(x, t)t8,+ 

L b;,(x, t )8,J (x)8, J (x)(t8.)2 + c(x, t) , 

H1 = L 8x, (o,J(x, t)Ox; ) , ali coeflicients are regular in a neighbourhood of 
1:5;,J:5d- l 

t he zcro in Rd . 
Let JLJ be as in t he theorem 4.1. We define h1 = h1/(m+l)f¡.i~/2 

Let Oó be a bounded open neighbourhood of zero in Rd- i such t ha t 0~ e 
0 0 n ((x, O); xER'- 1). 

'vVe consider t he Dirichlet operator on L2(0~) , ¡.¡¿•¡ 

H;1 = - hj L /),_ (g"(x)IJ., ) + ¡t/(m+ ll(x). (4.15) 
1,5k,t,5d- I 

[t is well known , (see for example [2] or !SJ, t hat for any o E Nd- l satisfy ing t he 
assumptions of t he t.heorem 11.1, one has : 

3 ..\~,o E sp (11~1 ) s. t . IAJ,0 - ¡,,¿f<m+ l) + /11A1(o)I :::; h}C ; 

A1(a ) is defined in theorem 4.1 in relation wit h our s1 E E0 

C is a constant depending only on N . We will denote by .:.i;',!.(x) any associatcd 

cigenfunction wil h a L2-norrn equal to 1 . Let \'o E C 00(R) such that. 

\ o(t) = 1 ;r ltl ~ 1/2 and x(t ) =o ;r ltl ~ 1 . 
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\Ve define the followi ng function : 

u;,o(x,t) = 1i-1/(2m+2)Xo (l/f.o},P~'.~(x) [!l'i(h-l f(m+ l l t.) - 1i. •J(m+ l l pj',(x,t)J' 

with 
FJ'(x, t) ~ J?(.•)¡-1/(m+ll(x)~;(h- l /(m+l ) t) , 

where ,PJ E S(R) is sol ution of : 

-f.,~,(t) + (t2"' - µ; )~; (t) ~ t2"'+ 1\0;(t), 
o.ne! fo E ¡o, l J is a smaJ I enough constant, but independent of h and j. 
</J1 ex.ists because µ1 is a non-degenerated eigenvalue and the related eigenfunction 
CfJ; (see l. ) verifies JR t2"'+ 1ip](t) dt = O, since it is a real even or odd function. 

Using the similar estima tes as in chapter 3 , one can get easily that 

µ;-lllt8,\0;llL'(R ) + /Jj'll(t8,)'\0;llL'JR) '.Ó C 

ancl V k E N, 3 Ck > O s.t. fl jk/2"'1itk<p;ll L1 (R) $ C,., 
lt is well know n that t here exists € 1 > O s.t. 

IJJ, - 11tl ~ €1 , ve i: J , then the inverse ar -~ + t2m - µ1 is 

L2(R}-bounded by 1/€ 1 , (on the orthogonal of 'Pi ) So in the sume wuy as in 
chopter 3 , we get a lso t hat 

µj 2- 112"'lll8r</>jll1,2 (R) + µjJ - l / 2"'ll(t8t)2</>ill L2(R) $ C 

nnd V k E N, 3 Ck > O s.t. ¡.1. j l - (k+ l)/2"'1itk</>iil L2 (R) $ Ck. 
As in the proofofTheorem 3.1, we get easily that 

1110'' - µ; >.j,o]Xo(l :c l /fo)u~'.10 (x,l) lli2¡00) $ h2µyi"'+ 3>l2"'c 
ond 
l ll\o(lxl/<o)u~,'0 (x, t)llL'(Oo) - l I = 0(1!1/("'+ 1>µj2"'+l)/'"') ~ o( l) 
So the theorem -1. l fol lows easily. 

Rem a rk 4.2 !/in Theorern 4.1 we assmne that j is a/so bounded by N, the11 , as 
in /6/, we can get (1 full asymptotic expansion 

+= 
>..jln ,..., h2rn /(m+ l ) L cjlkohk/(m+I )' 

k :.0 

and /or the related eigenfunction, a quasimode o/ the fo1m 

+= 
1.1i1o(x, t) ....., c(li)e-\/'(z)/ l• 11( •n + i) Xo(t/fo ) L hkl(2"'+2)aJtko(x)t/JJk(t/h11(m+ I )). 

h ::O 

Recei ved· June 2006. Revised; Oct 2006. 
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