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ABSTRACT 
In this pnper, sorne definitc applications of the theor)' of reproducing kcrn cls 

to the Tik honov rcgulnrizut.ion reprcscnt.i ng thc ex tremo! íunctions in thc rcg11-
l11rizntio11 nrc estoblishcd. 

RESUMEN 
En este nr t.iculo se establecen algunas aplicaciones definidas de In t.coria de 

miclcos reproductores a la reg ulur izo.ción ele Tikhonov que representan lns fun­
ciones ex tremnlcs c11 In rogula rizoción. 
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1 Int rod uction 

Let E be an arbitrnry set, nncl lcL /-/ g be a reproducing kernel HilberL spacc (RIO.IS) 
admitting the reproducing kernel J{(p,q) on E. F'or nn.v llilbert space 1-f we consider 
a bounded linear opcrntor L frorn /·11, into 'H. \Ve slrnll consider Lhc bcst approxirnntc 
problem 

inf llL/ - dll,, 
/ E l/¡.: 

for a \"ector d in 'H. Then, we IHwc 

(1) 

Proposit io n 1.1 (/1,9/) For ri 11ect.or d in 'H. , there. erists a function j in /-//\ suc/1 
tlrnt 

inf llL/ - d lf,, = lfL[ - <lll,, 
/ EHn 

if arid only 1/. /01· lh e J?f(HS /·lk admilling l he re.prod11ci11g ker11el defi1ied by 

k(p,q) = (L' LI<(-,q), L' LJ<(-,p)),,", 

(2) 

(3) 

(4) 

Furthennore, if fhe úest approximt1f,io11 j sat.is/ yi11g (2) exists, then thern eiists " 
unique ert remal funcl:ion f c1 wilh lhe 111úlimm11 1io1·111 in HI( , a1)(/ fhe /1mcfio11 / et is 
expr-essible in tJ1e form 

f <1 (¡¡) = (L' d, L ' LK(·, p))H, on E. (5) 

In Proposition 1.1, note t lwt 

(L'd)(p) = (L ' d , K (., p ))i.1< =(el, LK(., p)),,; (6) 

that is. L"d is exprcssiblc in terms of the known d , L . K (p,q) ami 'H. f<1 in (5) is 
the ~loore-Penrosc genernlized invcrse solution Lld of the equation Lf = d . T hcre­
fore. Proposition l . l givcs 11 11cccssary and sufficicnL condition for the cxistencc of 1 he 
~loore-Penrose genernlizcd iuvcrsc. Sce [3,13j for the details. P roposition 1.1 is rigid 
and is not prncl icnl in prnctical npplications, becnuse, practicn l dntn contain noiS<'s 
or erron; nnd the critcrin (•1) is not suitnble. So, we shall ronsider the Tikhono'' 
reguhuization nnd we slwll estnblish a good relntion between the Tikhonov regular­
iwtion and t he t heory of reproducing kernels. F'or t he 'Tikhonov regularization, sec, 
fo r example, [2,3]. 

In this pnper, wc, in pnrticu!ar, cstablish thc important error cstimntcs 'Theorcm 
3.l nnd T hoorcm 5.1 n11d n11 important genera l discrctizntion Theorcm 6. 1 wiLh thc 
relntcd error estirnnte. 'Thc nuthor now thinks that the applicntion of thc 1heory 
of reproducing kerncls to tite TikhonO\' regulnrization is completcd , iu a scusc, in n 
gcnernl thoory. 



Tik honov rcgul nri'l.n.tion nnd t be bheory of reproducing kernels 67 

2 Spectral theory 

In a rder to diSCl!SS ope rntor equ o.tio ns far genernl bounded linen r operatlors L, fol­
low ing [2] we slmll fix tihe well-estCtblis hed t heory nmo ng specHal t heo ry, t he t-.foorn­
Penrose genern lized inversa n.ncl 11he Ti khonov regu lnrizntion. See 13] for tbe con e­
sponcling rcsul ts fa r c0mpC1ct opernto rs L. 

Let {E.\ } be n spectrn l fo.mil y for the self-ndjoiu t ope rnto r L· L. J'f L • L is contin­
uous!y inver tlible, t.hen 

(L' L) - ' = j ~dE,. 
111 t:his en.se, t he i\foo re-Pem ose genernlir.ed inverse (5) can be representad by the 
Gnussian normnl eq untion 

(7) 

If 1?.(L) is non-closed nnd cl t/: 'D(Ll) 1 i. e. if tlhe eq untion Lf = d is ill- ¡~osed, then 
llhe integral in (7) does not e.'l:ist. Then, we s lmll define 

[<1, 0(7') = J ,!-<LE.,L'd. ,, +a (8) 

By construction, t he operato r 0 11 the dght-h nnd side of (8) nct.ing 011 d is coHtin­
uous, so tihnt., for noisy E!nt;a dJ with lid - EIJ ll"H ::; ó, we crui bound t he error l~etweeH 
Íd,n nnd 

ns fo!!ows: 

Proposition 2.1 (/2/, ¡;ages 71-73) Fo1· <iny d E 'D(LI), 

lim --1- L"d = lim !d o= fd· 
Ct' - •O U L + er/ n-0 · 

(!©) 

fihrtl1e1n1ore, 
(11} 

tmd 
(12) 

Proposit ion 2.2 (/2/, pages 117-118} For any d E V(Ll ) wi.Ui li d -d6[l1-1 $ ó, the 
f1m cl·i.011 f~ .n defincd by (9j fa the 1mü¡ue m.in:i.mizer of U1 e Tikhonov functional 

(13) 
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lf a = o(J) ;,s such lh nt. 

mid 

th en 
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lirn o(ó) =O ,_, 

3 R epresenta tion of the extre ma ! fun ctions in 
Tikhonov regulariza tion 

Our mnin purpose here is to give an effective representnt.ion oí t he ext rema[ funct ions 
/ d.a or Jt0 in t he T ik honov regula rizntion, since t.he represcni-ntion by spectrn l t.hcory 
is abstract. in many practi ca! proble rns. 

\ Ve set 

I< ,,( ·, p;o) ~ L· D1+ a1 1' ·C.p). 

Then , by introd ucing t he inncr product, for nny fixecl positive a > O 

( 15) 

we slrnll construct. t he 1-l il bert spnce /·/ K(L;a ) comprising fu n<.:t ions of Ng. Th i~ 

s¡mce, of course. nd mi ts n reprodu cing kernel. Fu rthermorc, we obt.nin, dircct.ly 

Pro p osit ion 3 .1 ({IS, 14/) The e:1:tremal fu11cf'io11 Íd ,o(P) in /h e Tikho110v n:gu/ar­
iza lio11 

1;•:f, {ali f llli, +lid - LJlll, ) (16) 

is represcn tcd i11 l prms of the kern el /( L(p, r¡ ; o) o.s folloU.'s: 

(17) 

urliere tlie J.:crnef ¡,-i,(p,q;o) is lh e reprotfociri,q kernel / or tire lhlbert space Nl\ ( L;o) 
arid il is dcten11i11crl as !he uni r¡ue .wlulio11 k (p, q; o) o/ tJ1e cquMion: 

(18) 

1cith 
/( 1 = ¡~·(- ,<¡ ; o ) E Ng for q E E , (19) 

and 
K v = f,·(·,p)E H1¡ /or pEE. 
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In ( 17) , when d continins errors or noises, we need its eíror est1imate. Far t his, we 
cnn obtnin t he gcnern l 11esult: 

T heore m 3.1 fo {17) , we obtain the es f.im.at.e 

Proof. 
From (15), we lrnve 

lf •.o (v)I l(a I +1 L · L L' d , I<(.,p)) u.I 

,; ll a I -:L· L L'd llu.JI<(p,p). 

As we see from the spect0rnl t heory, since 

__ l_L' ~ L'--¡ ­
Cl' ! + L· L a l + LL· ' 

we hnve t he ineq unli ty 

11 oI +l L' L L ·c1 ¡¡¡.," ( L·--1- d L' - -1- d) 
crl + LL· ' a l + LL• ¡.¡/( 

( LL' - -1- d --1- d) 
a.J + LL· ' o / + LL· 11 

([3] , pp. 71- 73), nnd so, we 0 l~ta i H t he desired result. 

For many concrete npplicnti0ns of t hese genern.l t heorems, see, for exnmple, [4-
8, l0- l2!. 

4 N ew a lgori t hm 

In several concret.e exnmp les, we consider flS t he reproducing kernel Hil be11t spnce HK 
llhe Sobolev Hil bert, spnces en llhe whole spnces which fldmit concrete rep r0d ucing 
kernels nnd ns the Hi! bert s¡mce 'H. Uhe Hilbert spnces L2 on the whole s ¡~nces. Then 
llhe relnted rcproducing kernels I<L(P ,<1;0 ) nnd the extremal functions Íd, n can be 
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determined concretely ii t t.errns of t be Fourier imegrn ls from t he gencrn l ec¡untion 
( 18). See. H-8, 10-12). Hcre, we sli all propasen new algorithm to solve numericn lly 
the equation ( IS) wh ich is, in geucral, au integra l equntion of F'red holm of the sccond 
kind. Our nlgori t hm will give fl ncw type discreli'zfll io n whose e ffect.iv il")' wns proved 
by examples (18]) , since t;o salve \;he cquation (18) is decisively importnnt t·o obt.a in 
t lie concrete representatioll (17). 

\Ve take n complete orthononnnl system { e1 }~ 1 of t he Hilbcrt spnce 'H. 
Fa r fixecl {,.\i}~ 1 (,\j > O) , we cons ider the genera l ext re nw l prob!em fo r ( 16) 

inf { allflll1, + f ,1,l(d - Lf,e,)><I' } . 
JEl-11< i j= I 

(20) 

That is, 

lld - LJlll, 
is replaced by 

00 

L ,1,l (d , e,)·H - (LJ,e,),,12 . 

j = l 

Then, we shall give an algorit hm constructing the reproducing kernel J(0 ,>.J(v,q) of 
t he Hilbcrt space H 1(., .,, 1 with t he nonn squa re 

00 

<>11!11),,, + L~;l(LJ,e,)><1'· {2 1) 
j= l 

Here, of course, we assume that. (21) converges fo r {>.J}~ 1 (,\j > O). Howevcr, in f\ 

pract ica \ applicf\tion , o f co urse, we consider o nly fini te term s in (21) m1d by finitc 
terms we cn n give f\ good flpprox irnat ion of (2 1). 

\Ve sha ll st:Rrt wit l1 t l1e fi rst step. The reprodu cing kernel /\·(i)(p, q) of the Hil bert 
space with t he nonn sq unre 

' 
<> ll! ll l1,, + ¿:,1,l(Lf. e,),,I' (22) 

j-.= l 

(23) 

j( IO)(p, q) = ~ f( (p.q ). 

For thc second step, !J1c reprod uci ng kernel f( C1l(p.q) of the Hilbcrt spoce with t be 
norm sc¡uarc 



.~,, Tikhonov regul nriz11t.io 11 nncl che t·heory of rc producing ke rnel:s 71 

' otl / tll,. + I>, l(L/,e, )><I' 
J=• 

by using H1e reprod uci ng kerne l J((l)(1J, <¡). In t.his wny, we CfUl obt·fl in \;he desired 
representn1ion oí K0,,,,(7J1 q) = J(( l(p,r¡). T ben, weobcnin 

Proposition 4 .1 Por n.ny el E 'H. , the exl.remal f1m ction / a.>..d in the exlnmwl 7nvb· 
lcm (20) is gi.ue11 by 

00 

/o,,\,d(P) = L .\;(d, e;)·H(e¡ , LK0 ,., , (., 1>)),, , 
j c: l 

where we C1ss11me lhr1t {21) converges on E. 

(26) 

We conside r n genera l ext;re tual problem in (20) by cons ideri ng a genera.[ weight 
{ ,\i }. This menns t lrnt far a lnrger ,\;", tbe speed of t he co1wergence 

(Lf,e;.,)>< ~ (d ,e,., ),, 

is highcr. This t.echnique is a very irnportnnt for prncticnl npplicntions. Far exam ples , 
see [6,8J. 

5 Error estímate 

In thc represent.fllrion o í (26), when t he dnt.o (d ,ej)-H contai n e rrors or noise::;, we 
need its erro r est.i nmte . F'or t;his we obtrdn the good resu lt , which is co rrespond ing to 
Theorem 3. 1: 

T heore m 5. 1 hi {26}, we obtai.n lhe est-im at.e 

l/.,,,<i(p)I 

1/ 2 

S ~ (f: (.l;l(d,e,),,I')) / K ú>, p) . 
J• • 

(27) 
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6 D i cret e point d a ta case 

As n ,·cry genernl nlgorit.bm, wc shnll considcr the discrete point dntll cnsc such t.hnt : 
In (20). we shall considcr 1 he corresponding problem: 

;nr { allflll,, + ¿; .\, lf (11,) - &, I' } . 
/ E/h ,.1 

(2 ) 

for lh:ed discrete points {PJ }i of t he set E and far given valucs {b, }J. T hen, thc 
corresponding kernels fa r (23) and (25) nre given similnrly 

nnd 

r lll( . {· }) _ g (U)( ) .\1K<ºl(11.111)1<!0l (111, q) 
\ /) , (/ , 1Jl - p,<¡ - l + ,\¡ /{(O)(p¡ ,¡J¡ ) ' (29} 

¡-!'l( ·{ })- rlll( ·{· }) .\2Klll(p, ¡r,;{pi) )K<1l(q,p,; {fl1}) (30) 
\ p.q, P 1-P2 - ' 71,r¡, /11 - l + ,\2 /(( l )(/J2,TJ'.li {¡)¡}) · 

In this wny, we obtnin die reproducing kernel /(0 _;i.,(p,q; {p1 }) nnd t.he corresponding 
resuhs: 

T hco re m 6. 1 F'or a.nu {lij }, thc extrema/ f1111clio11 fo ,>..{b,} in l.he exl.remaf vroblcm 
(28) is 9ive11 by 

~ 

Í<>,,,fb; )(V) = L .1, b, f(.,,,(·,fJ: {fJ,}), (:! l ) 
J C I 

wliere we assume that (31} converges on E. F11rU1ermore, we oblafo lhe estima/e 

lfn.A,(O,J(fJ) I 

$ Ja ( f: (.\;lb;I')) 
112 

J• I 

f((p,11). (32) 

The most prototype F1pplicctl;ion of t hc general thoory of th is pnp r is n simple 
construction of 1 he i\'loorc-Pcmosc gencrnlized inverse for nny mat rix: 

A Const.ruct.io n o r a Nu t u ra l Inve rse o f A ny Matl"i.x by Using t. he T heory 
o f Re produc ing: Kerne ls by K. lwo.murn, T . i\ latsuura ancl S. Snitoh (PAJ~ I S Vol. 
1 no: 2 (Oecembcr 2005)). 

Received : Jan 2006 Revised: Hay 2006. 
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