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1 Introduction 

Let L be a linea r second-order unifonnly elliptic operntor in divergence form 

(! ) 

in íl , wherc a;(:r)~i ~k 2: / t l ~l 2 fo r every :i: E ft, ~ E R11 , ¡1 = consl > O. Here íl is n 
bounded <lonrn in in R.n, 00 E C 1.1, 

(2) 

and under the rcpcat.ing ind ices the summation convention is und erstood. 
The pnper is concerned with some new formulas for the first eigenva lue ,\ for t;he 

operntor L with zero Dirichlet cond itfons on 8 íl 

{ Lu = Xn in D, 
u = o on an. (3) 

The mot ivat.ion of t his study is t he va licl ity of tbe comparison and nwx imurn principie 
fo r L. l t. is well- lrnown, see [2], t bat the maximum principie for the operator L holds 
if and on!y if thc fost eigcnwi lue ,\ of L wit,h zero Oirichlet daLa is posit ive. It is 
clear that. t.he pos itiveness of the first eigenvalue ,\ is not easy checkable cond it ion 
However, t here flre sorne qtJali t.ativc prope1ties of >. which are used to fi nd out lower 
and upper bounds fo r t hc first eigenval uc, see for example [2]. 

There are a ge nera l fo rm ulae for ,\ , see for example [2, 7, 12], 

.\ ~ snp ;n f (L~N) , ~E C 2(f!) 
<f>> O x 

(4) 

ancl t here are res ults which are only sufficieti t for a wide class of equat ions. T hey 
are gh·en, for example, in j5, 7, 12, 13) (see a lso the references there) and guarnntee 
pos itiveness of t,he fir st cigenva lue ami corres pondingly t he va lidiLy of the maximurn 
principie for ( ! ). 

The aim of t he paper is to obtain sorne new formulas fo r ,\ and t~o invcst.igatc 
precise dependence of ,\ 0 11 t he coefficients aj , a~, IY , b0 . 

Thc main results a re in Sect.iou 3, in T heorem 3.1 , where three equivfl lent formulns 
for t.he first eigenvalue ,\ for nonsymrnct.ric operators are obtained. They are difrerenL 
from t he well known results <l nd are more convenient for lower and upper estimates 
for ,\ in l!Hlll}' cases. Sucb estimnt.es are shown in Theorem 3.2. J\1loreover ,\ is 
obtained ns an ext.renmm of t hc first cigenvalues of some cxplicitly given symmetric 
operators . This is t.he renson to prcsent t he wcll-know n results for t be first e igenva lue 
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for sy rn mct.rk opernt.o rs , short.ly, but from slight ly diffcrcnt point; of view in Section 
2, see (l2, l3J. 

Usi ng t he derivecl expressions fo r ,\ we study t he dependence of ,\ on t he coefficients 
of L in Propositions 4.1 , 4.2 and the behavior of L wit h respect to t.he IMge parmneter 
in t he non synnnetric terms, in Proposition 4.3, 4.4 in Section 4. Asan appl ication of 
t hc concavity result in Proposition 4.1 are shown in Corollary 4.1 some new sufficient 
conditions for comparison pri ncipie fo r quasili near equations. 

2 Pre liminary notes and symmetric operators 

Wc start. with some notations and defi nitions. For matrix P = {P;k(x )}j1,J..·= I• vector 
q = {q;{.c)g'= 1 and function w(x) we' l! use t he not:a t.ions: 

" " 
Pq = {¿ P;k<JJ..T}=1 , Pr/2 = L (ljPj!,</k , 

k = I j, k = I 

and q\lw = L;'= 1 <f;WxJ · Let us denote d = (aº+ b)/2, a = (A+ A'')/2, C\' = a - 1, 

e= (b-aº )/2 +8'Q/2 where Q = (A - At)/2 , A = {a.j}~'.k=I and 8' mea ns d ivergence 
in co!umns of Q and 1 rnea ns tra nsposition . T he operator L in (1) can be wr itten 
clown as L = Le:.= Lo + Ne, L0 = (L + L')/2 and Ne = (L - L• )/2, correspondi ngly 
l' = L; = Lo+ N -r:. = L_r:. where operators Lo and Ne:. have t he form 

Lou = - D(a\ln + dn) + d\ln + b0 'U , Ne.u = D(cu2 )/ u. (5) 

So the operat.or L is rcpresented as a sum of symmetric and skew-symmetr ic parts, i.e. 
(u, Lov) = (Lou, v), (u, Nr:.v) = - (Ncu , v) fa r ·u, v E HJ{f! ), here (u, w) = fn uwdx. 

Fu rt her the first eigenvalue of t he operator L wit b zero Dirichlet data in the 
domain n is denoted by A(L; n) and shortly A(L) if t he domain n is fixed. 

lt is interesting to writ.e dow n some well-known operators with posit ive first eigen­
values - we 'IJ use t hem pmtly in t he fut ure 

M 9 u = - 8(A•\1u + 2gu) 
M;u = - 8A\1u + 2g\1u 
M(d)u = - 8(A"'vu + du) + d'Vu + od2 u, 

(6) 

where A is a nonsymmetric operator in generally. T he operato r 1119 corresponds to 
t.he operator A wit.11 coefficients e = d = g , bº = O. T hc positiveness of its first 
eigenvalue fo llows from t he fo rmula (4) si nce 

A(M9 ) = su p inf (M9 u/u) > 1\191 = O. 
11 > 0 :t 

Our basic a im is to derive fo rmulas and estirnates for the first eigenval ue of t.he 
opcrator Le:. in n connect.i ng t.hern with the first eigenvalues of suitably chosen sym­
metric operators. Far this purpose !et us note t hat operator Le:. is itwariant under 
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every of the trn. nsfer couples 

{rl ~ rL + f ; &0 ~ &0 + an 
{A ~ A + S; e~ e + o'S/ 2) , S' =-S. (7) 

So estimates Hnd propert ies of the first eigenva lue of L should be preserved under 
these changes. "foreover an appropriate extremum over t he admissible vectors f' s 
and skew-symmetric matrices S' s will lead to sharp estimates. The class of such 
vecto rs J and skcw-sy rnrnet:ric matrices S is one and the same 

(8) 

As a beginning Jet us recall t he variational fo rmula of t hc first eigenvalue A( Lo) 
for symmet.ric opcrntor Lo 

>. (Lo) = ; ,~f BL.,[v,vJ, u E HJ(n ), IJvll L' = 1, (9) 

where BL,.Ju, v] is t he bilinea r form for Lo. 
In fact (9) is va l id i f t he coeffi cients of Lo sat isfy 

(10) 

Let us note t hat. positiveness of ,\ (Lo) is sufficient fa r pos it iveness of >.. (Le)· Indeed , 
!et. tjJ is thc first eigenfunction of Le, i. e. Lcr,b = ).. (Lc)t/J, t/J E HJ (fl ), llrl>i1 L2 = l. Since 
BL,,[1t,u] = BL, [11.,u) fo r every 1l E HJ (fl ), t.hen ,\(Lo)= inf1, BL,,[u.,u) :S BLc[r,b, l/>J = 
,\(L,), so 

(11 ) 

In the following propos it ion we formula te t he quali tative propert ies of A(Lo) which 
we' ll need furt her. 

Proposition 2.1 Let the coefficients of the operator Lo sa tis/y (JO). Then 
(i) AL,, is a. continuous function of a, d, bº and n in th e L 00 11o n n; 
(ú) AL,, is a monotone increasing function with respect to a, b0 , monotone decreas­

i119 011 flie domíL'in inclusions anda concave one with respect to a, d, bº . 

'fhe continuous dependence foJ!ows from t he wniational fo rm ula (9) . The monotonic­
it.y of ,\ L., with respect to t hc donwill nis well-know n even under weaker assumpt ions. 
The concavity of t he first eigenvalue with respect to t he coefficient bº was provee! for 
genera l nonsymmct ric operntors in Proposit ion 2.1 in [2J. 

As it is wcll-known, see for exumple /7], t he infinum in (9) is at.ta ined for a pos it ive 
function u E HJ (fl), wh ich in the weak sense solves the equation 

Lou = ).. (Lo)tt in n, u = O 0 11 DP.. . 
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lf t.lie coefllcients of t he opera tor Lo sntisfy smoothness condi1ions a, el E W 1•00 (fl), 
ú0 E U'':i(n) t hc " nm .. "X-min" representation fo rmula, sec {4) for thc íl rst e igenvEd ue 
A(L0) holds 

,\ (Lo) = sup ess inf(Lovf'u), v E W 2 ·n(f2), v > 0. 
" ' 

(12) 

scc [3], [9] nnd (1 O] for more deta ils . 

The integrnnd in (9), wri t.t;en as J = ('Vu, u) ( ~ ~~ ) ( ~u ) ca n be est imated 

from below by in(,(úº - od2)u2 , recall t.hat a = a - 1. Hcncc inf:z:(úº - ad2 ) $ A(Lo) 
nnd t he inva rinnt change (7): d--+ d + f , bº--+ bº +a¡, f E F , leads to 

a(Lo) '.S A(Lo). (13) 

Herc it is denoted 

a( Lo) = Slip ;nf a(Lo;J) and a( Lo; !) = bº +a¡ - o (d + !)2 . (14) 
I _, 

Note t hat (13) is vnlid fo r the open1tor Lo wit h bounded coefficients sat isfy ing 
(10) and t he imbedding t heorems a llow us to weaken once more t he conditions (10) 
ns ci E Lco(n ), d E L" (fl) , bº E L"l2 (fl ). Then a( Lo;/) , f E F has t hc sense of 
cssent inlly bounded from bellow function from L"12 . 

To get t he estima te ( 13) fo r t he first eigenvalue is t he idea of P rot;t.er [ 12] wlti ch he 
dcveloped fur1 her fo r somo nonli nea r problems. For completeness we' ll add t he proof 
1,Jrn t. nctua lly (13) is a n equality: 

Prop osit io n 2.2 Let the coeffi cients of operator Lo sati.sfy ( JO). Then 

A(Lo) = a( Lo)- (15) 

Proof. \Ve will use a spec ia l choice off for t he opera tor Lo wit h smoot h coefficients . 
Let us assume t hat a., d E W 1•00{fli) bº E Lco{n i) a re ex tended in a wider smooth 
domain n1 ::> n preservi ng strong ell ipt icity For every posit ive constant c5 > O, there 
cx ists n smooth domain n6, n1 :J n6 :J ñ such t hat ,\ (lo; ne! ) 2: >.(L0 ) - c5 see Chapte1 
VI , T heorem 3 in !4] . Let u be t he lh st eigenfunction of Lo in 0 6 . From the Sobolevts 
imbeddi ng t heorems, sce Theorem 5, Section 5.G.2 in [7], it fo llows u E w1~·~1 (f2i) for 
cvery fini te r> nnd hence u E C 1(ñ) . Since u> O in ñ nnd Lou = A(L 0 ; 0 6)u easy 
cn lcul ations gi\'C us t hat J = - 0.\71i/1t - <l E F. Indeed 

Of = - 8 (a \7u + d:u )/ it + (a.( 'Vuf) / 112 + dVu/u 

= A(Lo; rl; ) + (a (Vu) 2)/u2 - bº E L~(n) 

and a(L0 ;/) = L0 u.f u. = >.{L0 ; r2,s) 2: ,\ (Lo) - J . This and {13) show t hat equa lity 
a(Lo) = ,\(Lo) holds fo r an operator wi t h smooth coefficients. 

To prO\-c llüs equ nlity (1 5) fo r L0 , we choose fo r every é > O an operator L0 sucb 
Lhat a> a, (a - a)- 1(cI - <l)2 < é . Then fro rn Proposit ion 2. 1 nnd (13) we receive 

a(Lo) = A(Lo) 2: .\(Lo )+ >. (Lo - Lo ) 2: -" (Lo)+ a(Lo - Lo) 
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2 >.(Lo) - sup(a - u) - '(cl - d)2 > >.(Lo) - <. 

Then for a- 1 - a - 1 flnd d - el in L00 for e _, O we get a(L0 ) _, u(Lo) and 
• (Lo) 2 >. (Lo). 1 

In fact a(Lo) gives a di ffore nt expression for t he first eigenva lue >.(Lo) of a sy m­
metric operntor L0 . T he advnntage of the fo rmula (14) in comparison with (12) is 
t he possibility to fine! out a lower bound for i he first e igenvalue A(Lo) by mea ns of 
an appropriate choice of a vecto r f in (14 ), inst;ead of t he choice of a sca lar function 
in ( 12). 

As a conse<¡ uence of Proposit ions 2.1 and 2.2 t he fo llowing monotonicity result 
holds for t.he first eigenva lue. 

Corollary 2.1 Let lhe coefficients of Lo , Lo satisfy (10) . lf a> a and &0 2' b0 - &¡ -
(ci. - a)- 1(! +el- d)2 in O for some f E F, th~n >.(Lo) 2' A(Lo). 

F'inally, using Propositions 2.2 and Theore rn 3.1 we show bellow tJrnt su premum 
in (12) is not atta in ing at a si ngle f E F . More precisely 

Corollary 2.2 Let M¡+d is tite operator in (6) with A = a, then 

,\(Lo) = sup [,\ (MJ+«) + inf •(Lo;fJJ. 
J E F I 

(16) 

In particular, if a(Lo; !) 2: O for some J E F lhen ,\(Lo ) > O. 

Proof. From Theorem 3.1 it follows ,\(Le) s; ,\(Lo+ o-c2 ). Transferring b0 to b0 - ac2 

we Juwe >.(Le - O'c 2) s; >.(Lo) fo r every e E L=(f1 ). Since 

a nd 

L¡+.1 - a(!+ d) 2 = M¡ +" +&º +o/ - a(!+ d)2 = M¡+« + •(Lo;!) 

i1~ fa ( Lo ; J) < >.(M¡+r1) + i ~ f a(Lo;J)::; >. (MJ+d + o(Lo;f)) 

= ,\(L¡+J - o(!+ d)2 ) <; >. (Lo) 

t hen maximizing these iuequal it ies in f E F we get (16). 
Let's add t lwt although >. (M¡+¡1) is strictly positive, it tends to O for f's such t lwt. 

inf.z; a(L0 ; f) tends t.o >.(L0 ) . 1 

3 Nonsymmetric operators 

A n equ ivalent dcfinition of t l1e first eigcnva lue of Le as in Proposition 2.2 by mea ns of 
{ 15) is no more poss ible fo r genera l nonsymmetric operators ( ! ). Thc correspo nding 
expression fo r a(Le) is more complicatcd. In this chapter we' IJ assume t hat t he 
coefficients o f Le in n nre sufficient ly smoot.h, to ensure us that t he correspond ing 
first. eigenfunct. ion bclongs to C/0 e(O). 
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For u E NJ (11), Jet us clcfiue t.hc sets of functions 

M(u; r!) = {z E W1~;(n); fp a('h )2 u2dx < }, 
Al'(v;r!) = {h E L¡0 ,(r!); .Jo"lt2 u2dx < }. 
M0('u; r!) = {h E M'(v;r!); N1,( u) = O). 
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where the condition on the cl ivergence in N1i(v) is in "weak sense.,, i.e . fn(h\Jz)v 2 dx = 
O, for every,; E M( u, 11). The class MQ(v, 11) • zero functionals on M (u, O) is obviously 
no 11 ~empty. lt is casy t.o prove by induction that h E J\/Q (v, 11) iff f1 i = (fAS1kv2)/v2 

where S = S1k is bounded skew·symmetric rnatr ix. 
F'or e:rnmple, Jet. Z = ln(</J/1/J), ii = .¡¡¡;iJj, where the functions c/J , 1/J are t he first 

eigcnfunctions in O of Le and L~ respect ively. According to the forthcoming Lem rn a 
3.l ii E HJ(O), E E L00 (0) n M(v,O) and for e E L<.XJ(O) it holds e - (l/2)a\JZ = 
11 E J\/Q (v, O). Moreover if the coeffic ients of Le are sufficiently smoot b t hen Z E 
L~(n) n c,~, (r!). 

Let us consider all opernt.ors L~ dcr ived by Le with a nonclegenerate tra nsforrnatioii 
L~ it = e-z/ '2 Le("uezf2 ) for every z E Cº' 1(ñ) which preserve the first e igenvri lue of Le 
i.e. ,\(Le) = >.(L~ ). Therc exists a trnnsformation with the extreme propcrty sucb 
t hot t he new trn usformed nonsy rnrnetric operator L~ has t he same first eigenvalue as 
its symmetric part LO = (L~ + L~··)/2. T hus Proposit ion 2.2 is app\icable fo r LO as 
wcll for L; . The nonsymmetry of the operator Le = Lo + Ne results from the vector c. 
We'll star1- with its representat.ion in a rder to fine! a suitable trnnsformat ion function 

Lemma 3.1 For eveq¡ symmetric positively defin ed matdx a E W 1•<.Xl (r2) and jo'I' 
eve1y e E L (O) , time ex1:st v E HJ , v >O, z E L00 (fl ) n M (u, O), h E Mó(v,O) 
.rnch llwt 

e = (a'Vz)/2 + h. (17) 

Proof. For an a rbit rnry z E Cº·1{ñ) we denote L;IL = e-zl2 Le(ue zl 2 ) Rnd the 
computat ions show L~ = LO+ f c(\J z) +Ni. = Lf. + f e('V z) with h = e - (a\Jz)/2 and 
fe (~) =e~ - (a~2 }/4. T he first eigenva!ues of Le, L~, U , iz·· are one ancl t he sri me 
nutn bers and the corresponding fi rst eigcnfunctions are <f;, ip, e-z/2 <jJ , e- z/2·rjJ. Hcnce 

(18) 

Sincc ,\ ( Lo)~ >. (Le) accordi11g to (11) wc get 

.\(Lo + f , ('Vz)) ~ ,\(L, ). (19) 

For u= ./i:iVi, z = ln (</J f'¡/;) it holds v E HJ(O) and z E M (v, 11). ivloreover (L1i + 
/ e(\7z))t1 = ( Lh + fe( \J z ))v. So N1iv = O and (LO + fc(\J z))u = ,\(Lnv. Tbis proves 
the lemma a ncl leads to the fornrn lation of t he nwin t.heorem. 1 

Define a( Lo + fe( \Jz)) = sup9 inf,.,a(Lo + fc( \Jz);g) and u(Le) = sup:a(Lo + 
fo('V z)). 
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Theorem 3.1 Let lhe nonsymmetric opemlor L sati.sfies (2) . Tli en 
(a) >. (L,) = sup , >.(Lo + Jo('Vz)) = a(L,), z E Cº·'(il ); 
(b} >.(L,) = inf,,(B¡,.,[u, ui + /3(u2 ) ), u E HJ( íl), llullL' = 1, whm 

2 Un c'V w 2d:i:) 2 . f 2 2 
/3(u ) = s~p fo a(\lz )2 u2dx = '~~f Jn a(c - h ) u dx, 

z E Cº· ' (iJ) m· z E M (u; íl ),lt E Mó(u; íl ); 

{e) ). (Le)= infs A(Lo + /\llo(S)), 5 t = - S, is boun.ded matrix and 1\l/0 (S) is the 
symmetric opemtor <lefin ed /Jy 

Bu,,15 ,[u, o] = fo o·((c- &'S/2)u - S'\lu) 2dx , 

where (fJ'S)1 = 81SJ1 

Proof. (a) Let us mentían t hat t he first. equaHty in (a) ca n be derived directly 
from [4]. Bu t nevert heless fo r completeness the proof is included. i t should be: \.Ve 
proceed as in Sect:ion 2, for smoothly extended coefficients in some n6 ~ ñ, s uch th nt 
A( Lc; D,s) 2 A( Lc)- ó and use t he representation (17) of e in fl .s . The cor responding 
z and v,:; E Cº· 1(ñ), v E W 2·"(.í1) , V < oo and >. (Le; .í1ó)v = (Lo+ fc{''V z ))v in .í1 
where ·u > O. Thcn from (4) we get. >. (Le; .í1,;) :S >.( Lo+ f e(\J z)) , so .\(Le) - ó :S 
>.( Lo+ fo('V z) ) $ sup , >.(Lo + 1'('\lz)) . 

(b) Consider t he sequence of inequalit ies, sta rting from t.he proved above 

:S inf{B1,,0 [u , u ] +sup[( { c\J zu2dx) 2/ f a( \7 z) 2u 2dx]} 
1J : ln ln 

:S i11f{B1,,0 [u , u]-l-s~ p [ ( { c\7 rn2d~;) 2 / f a(\7z) 2u2d:r,]} 
" z lo lo 

:S in f{Bi,,!u,11.) -1- inf { o·(c - h)2u2dx } :S B i ,,[ u, uJ + f Cl'(c - Ti) 2v 2dx. 
u h lo ln 

Here sup= is over z E Cº· 1 (ñ) ; s up~ is over z E M(n; f!) ; inf11 is over h E /\fe) (u; íl ) 
; h =e- (a 'VZ)/2, E = ln(</J/r/J), V = J<iiíf (normed), so 1i E MQ(ii; S1). The fi.rst 
inequality is dueto \.he clw ngc of extrcmums íl nd t hc majorization of fo f e(k\l z)u2d:r 
over k's; the sccond incqua lity is due to t he foct t hat Co· 1(ñ) e M(u; ü ); nnd t hc 
t hird inequnlity fo l!ows frorn 

Easy computations show t ltat the last cx pression in the drni n nbove is (r/J, Lec/> ) = 
>.(Le) sincc for t.he cl1oscn E, V it holds 

{ o(c - Ti)v2d:1; = ~ ( a(\7Ef2ü2tl.i: = f c(Vi) 2 ii2d.x) 2 / { a(\li)2í/2d:r: h 4k k k 
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= { f o(\l z )' ;;',h = { (V1c\I"' - "'c\l ,P)d., + ~ { o i ( \I~/<') - (\11{1/Vl )i"'''dx. 
Ín Ín 4 Ín 

(e) T he proofis bnsed on t he representation ofauy h E MO(u; ft ) ns (81Su2)/ 2u2 . 

Remark 3.1 llecnll that e= (b - aº) / 2+ D'Q/ 2 with Q = (A- A1)/ 2. T he divergence 
of Q in the exprcss ion of a( Lc) can be avoided . lndeed by the change f _, f + Q\l z /2 
we' ll get 

o( L, ) = sup inflóº + O/ - o(/ + d + Q\l;/2)' + J.( \l z)I, 
¡,,' 

where C = (b - aº )/2. The same cnn be done in (e) if we ta ke S + Q instend of S. 

Using T heormn 3. 1 we can prove the next t heo rem. 

Theorem 3.2 The following inequalities hold 

!.(Lo) $ !.(L, ) $ !.(Lo+ ac' ). (20) 

Moreova with !/Jo, 1/1, 1/1 , the first eigenftm ctions o/ Lo, Le, L; resp., we have 
{i) ,\ (L, ) = !. (Lo) íff "' = f o or >/J = >/Jo iníl , iff cE M0(o; íl) iníl with o = f o 

or v = tP or v = if1 ; 
(i.i) ,\(Le) = ,\ (Lo+ n c2) -iff e= a\lp/ 2 for some p E G°·1(0 ). In this case 

p = ln("'/.¡,). 

Remark 3.2 Reca ll that in (20) e has the fonn e = e + éYQ/ 2 with e = (b - aº)/2, 
Q = (A - A') / 2. r..foreover , applying T heorem 3. 1 (e) , t.he divergence of Q can be 
avoided as was mention in t.he proof. Far S = O in (e) we get ,\ (Le) ::; .\(Lo + a é2 ) 

where L0 u = - 8( A' a A\lu + du + Co·Qn) + (d + éo-Q )V'u + b0u with A = a + Q. 

Proof o/ Theorem 9.2. T he inequalities {20) follow immediately from (11), T heorem 
3. l (a) and the est inrnte 

(2 1) 

(i) The first st atement holcls due to t,he uniqueness of the first eigenfu nction up 
to 1mdt iplicatio n with a constant and t he following statement 

LclL = Lo·n iff e E MQ (u ; O), Le. Nctt. = 8(c11 2}/ u = O. (22) 

F'or instance Nc!/Jo = O i.ff Lctbo = Lo<fio = ,\ot/Jo if! tP =!/Jo and 

íor normed </J. </10 . 

(ii ) Suppose t hat e is a.-potent ial vector Le. e = a\lp/ 2, p E Cº· 1 (Íl). T hen since 
f c(''V p) = a( Vp)2 / 4 = o·c2 , T heorem 3.1 (a) gives 

!.(L, ) 2' >.(Lo+ f , (\lp)) = ,\ (Lo+ o c' ). (23) 
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The right hand s ide of (20) togetber with (23) Jends to eqnnlity. ivloreover, the 
represenrn tion ( 17) of e shows that correspondingly h = c1 \7(p - :::)/2. But the re exist.s 
v > O, u E HJ(11) such t.hat fo h(\7q)v2dx = O. in pa rticul a r fo r (/ = V - z E .M(u; f2 ), 
so Jv(p- :)J = o n.e. in n. 

Let now ,\( Le) = A(Lo + o:c2) a ncl ip is the first e igenfunct iou of Lo + o c2 . We' ll 
go back to t he proof of T heorem 3. 1 ancl denote by ;;J i he corresponding component 
in an extended donwi n O,s ::i 11 , so for small ó > O 

Under t he assumption nbove .J~n[c - a(\7z,s) 2 /2]2¡p2dx < ó and for every srnooth 
w, w e n it holds L a [c - a.(''Vz6) 2 /2]2d:z; < ó/ m 2 /)"'/, = inf,., ip > o. So \lz5 - 2ac in 
l,2(w). According to t he genera lb:ed Poi nea re inequa lity, see p 1 J t.here exist constn nt:s 
/{6 such t hat Z6 - ](6 --+ z in L?0e(w). Note t hat these consta nts depencl only on 
a ppriori a nd arbi trn ry fixed open set Wo i= 0 if for ali srnooth domains in question 
w ::> W0. Hence 2a c = \lz a.e. in f.!. 1 

R e mark 3.3 In t he case e is a.-pot.ent ia l vector, \1 ;;. = (\l</J/<P) - (\11/J/1/J) is boundcd 
in n, where </J, 1f; nre the first eigenfun ction 's o f Le, L~ respect.ively, <P = r/J =o O!l an. 

An open qu cstiou is t:o clwrncterize t he conditions guarnnteeing when ,\(L) coin­
cides wirh a strictly interior poiut. of t ite interval (,\ (Lo) , ,\ (Lo + a c2 ) ) i.e. ,\(Le) = 
A(L0 + g) fo r so rne O :::; g :::; a c2 . However, by mea ns of a family of equations hoving 
one a nd t he sa me " max ima l opernt or" Lo + a c2 t he following exa mple illust.rntes t:lrnt. 
t he first eigenva lue ,\ (L e) covers the whole int ervnl. 

Exam ple 3. 1 Consider n = 81 e R2, Lo = - .ó. , p = jx l, v2 + q2 = 1 a nd Jet 

e = (p i + qS).i:, wiU1 S = ( ~ 1 ~ ) , ! = ( ~ i ) . Since e = g + h wit.J1 

g = p.r: = 'V(pp2 )/ 2, the n ,\ (Le) :::; ,\(Lo + ac2 ):::; ,\(Lo + p2 ) ancl from (18) A(Lc) = 
A(L1i + v2p2) 2: ,\(Lo + p2p2 ) , with h = qS~i: . If <P is t he first eigenfunction of 
Lo+ v2 p2 t hen 4> = <f (p) all(I N¡, ~'>(p) = 24/ h\lp + tj)8h , h\lp = qS'x(x/p) = O, 
Oh = qd iv(x2,- .'l:1) = O. So h E Mó (t/>; D) and from Theore m 3.2 (i) t he equ olit.y 
.\ (L,) =,\ (lo + ¡lp2 ) 

4 P rop er t ies of the first eigenva lue 

In 1his sect ion we' ll give somc a pplicat ions of Theorems 3.1, 3.2 in order to obt.o iu 
some quolitnth·e properties of t he first eigcnvoluc of L. 
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4.1 D e pendance of >.(L, ) on the coefficients 

Let us stmt. with t he follow ing concsvity result. 

Proposition 4 .1 Let L (k) be operntors tuUh one and the same symmetric 11wtrix 
a, d(k), c(k), bO(k) as coefficients and ..\(LCk )) a.re their 's first eigenvalues, k = O, l. 
Denote ¿ (s) = (1 - s)L(O) + sL(l) then 

Proof. The proposition follows from the concavity of A(Le - oc2) = sup~ ,\(Lo -
a(c - a'il z/2)2) in tbe coefficients d f\ncl &0 , see Proposit ion 2.1. Indeed, far e> O 
there exist J (k ), z(k ) such t lrnt for k = O, 1 

rU.:J = bo(k) + éJ¡(~·J - o(J(kJ + fi (kl)2 - a(c<kl - a 'ilz(kl )2 
;::: ..\(L (¡..¡ - aé1··)2) - E. 

(25) 

T ite exp ressions in (25) are linear in ¡p(I.: ) fl.nd concave in J (k), d (k-), c<k), \! z(k). Denote 
by !J(a) = (1 - s).CJ(O) + sgO) fo r vectors gU• ), k = O, l and by T (-') the expression as 
(25) with te rms g<"l instead of r/kl . Then we' ll ha.ve 

lt preves t he concav ity of A(Lc - ac2) i.e. 

We clrnnge bo(k) to&º(")+ a·c{"l2 ancl t hen a.cid (1 - s)oc(0J2 + sac(IJZ to the operator 
¿ (al - a c<-'l2 011 lhe right hand side of (26). Thus t he sum becomes s(l - s)a(c{ll -
c(0l) 2 <t nd (24) is preved. 1 

Example 4. 1 Let us <tpply the Proposition 4.1 t.o two operntors (1} with one nnd 
thc same A. Namcly t he coefficients of L(o) fl.re d(O) = c(O) = b/( l - s), bO(OJ = O 
while the coefficient.s of ¿(1) nre d(I) = -c(l ) == a.º / 2s , bO{I ) = O, s E (O, 1). These 
opcrntors <t re the " positive" operntors flo'fv, M; in (6) with p = b/ (2 - 2s), q = a0 /2s. 
T hen L = ¿ (s) is the opera.tor (1) wit h &0($) = s(l - s)o{p + q)2 = a(aº /k + kb)2 /4, 
where k = ±Js/(t - s} E (- oo, +oo). So t he non-negativeness of t.he matrix J0 = 
( A kb ) aº /k bº leadstoA(L) > O. 

With the inva riAnt chnnges (7) of the coefficients of L = L(5 l in (1) we get tbe 
. ( A + S k(b+f +o'S/ 2) ) .. 

nmtnx J = (aº+ f - a'S/2}/k bº +a¡ and the conclus1on IS formu-

lnted below. 

Coro llnry 4.1 1/ J +J' ;::: O for some choice o/vector f E F , skew-symmetric matrix 
S E F, a11dkE R , thenA(L)>O 
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Let us describe Oi richlet prob lern far the qu usilinea r operntor 

J\l(u) = -élA(x , 'tt, Y'll) + b(x, u, \?u) in O. 

Define the operator in (1) wiU1 coefficients 

a.j( ~c) = J0
1 %?:;(1:,Rt)dt , aJ(x) = f0

1 ~(x, R1. ) dt , 

bÍ(x) = J0
1 ~(x,R,)dt, bº(x) = J~ ~(x, R, )dt, 

(27) 

(28) 

where R, = (u(x) + t(u(x) - v(x)), \7v(.x) + t( \7u(x) - \7v(x))), and u, v E C'(il) are 
weak sub- and s uper- solu t ions of t he Dirichlet problem far (27). Wit h f = f(:i;, u), 
S = S(x, ti) applying Coro llary 4.1 we get a sufficient condition far t he comparison 
principie. fn th is fo rm it unifies and slightly generalizes the condition in [9]. 

Usi ng Theorems 3. 1, 3.2 we' ll show sorne part ial resul ts Rbout. the monotonicity 
of ..\(L) wit.h respect to t:he matr ix tL. There is no such monotonici t;y in gcnernl and 
to illustrat e this we start with an example. 

Example 4 .2 Considcr in n the operators Lo = - t:::.. , Lo = - T 2 t:::.., ITI < 1 ond 
let e = (k, O, . , O) , where k = const. Denote l e = Lo + Ne, Le = Lo + Ne , 
LTe = Lo+ NTe opern.tors with a- potential and ii-potential e correspond ingly. Hence 
-\(L,) = -\(Lo + k 2 ) = -\ (Lo) + k 2 , -\ (L,) = -\ (Lo + k 2 /r') = r 2 -\(Lo) + k' /r'. 
-\(Lu) =,\ (Lo +r2 k2/r2 ) = r 2-l(Lo) + k2 . Then -l (L,) > -l(Lu) bnt ,\(L,) < -l (L,) 
if k2 > ,\(Lo)T2 . Moreover ,\(Le) = ,\ (Lo - Lo) + A(L re) · 

The fo llowing proposition concerns the general situation about rnonot;on icity wit.h 
res pect to a. 

Pro pos it io n 4.2 Let lhe o¡;emtors Lo , lo in (5) have coefficients a, d, bº and a. ,J,b0 

respective/y. such llwt T 2a <a< a for some T , IT/ < l. Then with c,C E L00 (0 ) it 
hofds 

>.(L, ) ~ >.(Lo - Lo) + ,\(L, - (a. - r 2a)- 1 (e - rc) 2 ) . (29) 

Proof. F'rom Theorem 3. 1 (n) and T heorem 3.2 we receive 

ancl 

-\(L,) ~,\(Lo + f ,(r\7z)) ~ -\(Lo - L0 ) +>.(Lo+ f ,(r\7z)). (30) 

f,(r\7z) = c\7 z - ü(\7z) 2 ( 4 - (e - rc)\7z +(a - r 2a)(\7z) 2 /4 
2: f l! (\l z) - (a - T 2a)- 1(é - 1c)2 . 

\Vith supremurn ill z we obta in t ite assert ion. 

R emar k 4. 1 Under (29) varying e, é several relations between >.(Le) a ncl >.(Ld ca n 
be obtained. 

- lf e= TC, t he Example 4.2 for >. (Le) and ,\ (Lre) shows tlrnt. the cq un!it.y in (29) 
is possible; 



Firs l. eigenvn lu c for ellipti c e<¡untions 59 

- If e= aocf-r then (20) becomcs ,\ (Le) ~,\(Lo - Lo ) +A(~aoc(T -oaac2 /1' 2 +ac2 ) 

nnd fo r a-potcnt.inl e t.hcn rioc/T is á-potentia l. So, whe n Lo - Lo in the sense oí 
cocAicients (a - a., b0 - b0 , (l - d) t he t,wo s ides of the inequnJity (29) coincide; 

- If C =e nnd for instance A{Lo - Lo) ;::: (1 -7') 2 {0 - 7'2a)- 1c'2 the n A(Le) ~ A(Le). 

Corollary 4.2 Th e firsl. eiyenvalue A(Le) contin.uously depend.s ili L00 norm on the 
coefficients of Le· 

Prooj. Proceeding ns in Section 3 the given operntor Le can be app roxirnated with 
smooth operator Le ií the coefficients f\re sucb that T 2a <a <a for some 7', ITI < 1 
allCI f¡ -•o, C - e, (a - a.)- 1(d- (l} 2 - O, (ii - 7' 2a) - 1(C-Tc)2 - O in L00 norm, with 
1' incrcns ing to J. 1 

T he next exnmp le shows that t he first eigenvnlue can inc rease on ly due to t.he 
nonsy mmetric pnrt of A (detcr rnined by e) for t he operator L. 

Example 4.3 Let O e R.2, G E C 2(0), ó.G = O and matrix A = ( _1G ~ ) . So 

lu = - ó.u + Gx2 ·1t.r 1 - Gx1 Ux2 , where H is Cauchy-Riema nn conjugnte to G and 
2c= (G,,,-G,,) = (H,,, H,,) . T hen . 

" (L) = ,1(- t> + IVHl'/4) = .\( - t> + 1vc1'/4);,, A(-t>) + ~ i1;r 1vc12 . 

lf G = xi - x~, corresponclingly H = 2x 1x 2 , we get A(L) ~ A( - ó.) + p2 , where 
p = dist (0 ,(0,0) ). Hence A(L) - oo when p - oo. 

<J.2 Dependance of >.(L-r, ) on T 

\Vc' ll study the belmvior of t he first eigenva lue A(Lrc) of the operntor Lrc = Lo + NTc 
for fixed e with rcspcct t.o n large pararneter T. 

Propos it.ion 4.3 let the operator Lre s<itisfies {1}, (2). Titen A(LTc) is a concave 
monotone nondecreQsi.ng functfon of T2 cmd 

(i) A(lrc) is bounded i.ff thern exists ·u E HJ (f2) such tlwt e E MQ(u; f!). Moreover 

Ae = lim ,\(LTe) = inf BL.,[v, v], where \f = {v: e E Mó(v;S1)}, 
r-oo 11EV 

(ii) if ,\(lrc) = con.si. on sorne interval (To, Ti) then ,\(Lrc) = A(Lo) for all T 
and e E 1\IQ(t!Jo; O) where lf>o is the first dgenfu11ction o/ Lo¡ 

{iii) tl1 ere exi.st.s limr__. 00 (,\(LTe)/T2) = I<c E [O, inf z oc2 ] an.d for n-potential e i t 
lwlds Kc = inf.z oc2 • 

Proof. Rccnll Theorem 3.1 (b) and since /3rc(v2 ) = T 2{3c(u2 ) t hen 

(31) 

and it is non-decreasing a nd concave in T 2 . 
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(i) lf for somc u E HJ(D), e E 1\ /0 (u; O) thcn in (31) wc cnn choosc u = u ancl 
11 ns e in J0 o(c - 11 )2 11.2d:c. So ,\(Lrc) :S Biu!u,uJ miel Ac = limr - ,\ (LTc) :S 
inf1.e1' Bt.,!t•, u]. 

Lct now ,\(J...7·,J be bouncled and </>r e is normalized first e igenfunclion of LTc· 
Thcn for ..¡;E HJ(n ) 

,\(L1·,)(<,0, fr,) = 8 1.,.l\O, .Prd + T l c(9r, '\l<p - <p'V,Pr,)<fr. (32) 

lf VJ = 9rc in (32) we get·. Ac 2 >.(Lrc) = BL .. [<l>r c, <l>r cl ~ ko Ín j\74>rcl 2dx - k1 , for 
finite numbcrs k0 , k 1 > O. So t herc cxists <I> E HJ(O) ancla s ubscquencc {<l>rc} such 
thnt </>re - </> and "V</>r c _,, \l</J wcnkly in L2(0 ), <I> ~ O, 114'flu = 1. Divid ing (32) by 
T and !et ting T _. oo wc come to 

since (.,,.9r,) - (<,0,</>) ancl 8 1.,.l'P • .Prd - 8L,.l\O,.P). W ith <p = z</>, z E Cº·'(!'l) 
cc1unli1y (33) c<'n be written d own ns f0 c(\7z)<l>2dx = O, i.e. e E Mó (</>; D) nncl 
according to 1 he firsL step Ac :S 81,0 [</>, 4'J. Since t..hcre cx is ts limr -.00 l1,,,. [4>rc, l/>rc] = 
Ac, thcn 

= J!'_•,:.(81.,.[q\r ,,q\,,.,) - 2/h ,.[,P,</>rd + 81.,.[,P,q\) = A, - 8c.,.[,P,q\) '.5 O. 

So <?re - 9 in the norm of NJ(!1) rLlld Ac = 81.0 [1/>1 ,P]. 
(ii) íle<'.all t hnL in Thcorc1n 3.l (b) t.hc cxtremums are nt.tn incd nt u = m, 

;; = ln((J/v), h = e - (/'Vz/2 mid t.hc corrcs ponding funct"io11 J3c( u2) = ~ J0 (l\!z2u2<h. 
Let V¡, ;;1 , h 1 corrc.spoiid to Lr1c, t licn 

;?: inf{BL.,[v,u]+ { (\·(Toc - h)2v2cl:r} + ~ ( I - ~) { Cl{'Vz1)2u?ci:r. 
h .u ln ·I 1 ¡ ln 

Sincc tlw infinum in 1 he right hnnd s icle is equnl to A(/.i'l;ic) = ,\(LT1c) t.l1cu 
J0 a(\ .:i)2Lifd.r = O, so z1 = ln(t/>·r Jr/Jr1 ) = co11sl. J\pplying T hcorem 3.2 wc 
get Cr 1 = co11sl1/Jr 1 = co11 sl </io, hc nce ,\(LT1c) = A(Lo) nnd A(Lrc) = ,\(Lo) for 
T E ¡o. r ,¡. 

Thc resuh for T > T 1 is n conscqucnce of the concavity, i.c. .\(l.,·,1:;>·<L,.) is 
nonincreasing in T rrnd no 1111cgnLivc s ince ,\(Lrc) ;::: ,\(Lo). So 
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(iii) T he snme inequalit.y ns ab0ve shows t!rnt hhere e:dst fini lie ](e where 

We !rnve 
!l(LrJ 1 [ [ { º º 
~::; 'f'iBL., ·u,v + Jn o.(c- h )- 11-&t 

for ·u E HJ (O) , h E Mó(v;n). 80 Kc::; fn o.·(c - h )2·u2dx, choose h == 0 in w ¡u:1. cl 
h =e in n \ w, t hen h E Mó(v; O) far every v E HJ(w} and 

Kc ::; SHP a·c2 far every w C !1. 
•Ew 

ilfo1irniz.iog (34) in w e n we reaoh the c0nclusion. 

(34) 

Remark 4 .2 In view of (i} the re¡wesentatioR (b) in T beorem 3.1 caR be written 
clown ns 

nnd A 11 (g) = lim1·~oo A(Ln, + g). N0te t hat 

A¡, = s u¡~ /\(Lo + h\Jz) = sup>.(Li.+/ - aJ2 ). 

' f 

lndeed , from Theorern 3.1 (a) wi·th the change :z-> :z /T E Cº· 1 (0) we luwe 

sup.\(Lo + h'h) :> sup.\(Lo + fr¡,(Vo/T)) 

1 o 
= ,\(Lr1i) 2: >.(Lo+ h\Jz) - 4T 2 s~p a.(\Jz)-

nnd 

,\(L¡,+¡ - aJ2 ) ~ st;t>,\(Lo + h'Vz - a(!- aVz/2) 2 ) $ s~p!l(Lo + h'Vz), 

su.p>.{L1i+/ - &f 2) 2: sup ,\(L11 +/ - o.f2) 

I ' """ª "~ 
= sup >..(L1i+/ + a(h + !)2 - nh2 - a'f 2} 2: sup >.(Lo -1- h\Jz). 

/ = t1'V : 

Here {l8} is used in t he sense tha~ if g is a-p0tentia l t he n >.(Le)= >..(Lc- g + crc2 -

«(e - g)'). 

Remay k 4.3 Fa r t he 0¡~ero.t0r rTc1l = -C!.u + Tc\Ju, divc = O in [1] i t was sh0w1'l 
t1hat >. (r rc:) is bounded iff t here exists w E HJ(n) ,w-:/; O such t hat c\Jw =©a.e. ~n 
O. lt wns provee! in [8] t hat I<~ = infu /3c ('tt2) and I<c >O iff t.here exis!is z E Cº· 1 (D) 
such t hnt c\l::. > O in ñ, a sufAcient com!ition wns proved in [6]. 
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\\'e' ll giw au mrn loguc of Proposit ion ·1.3 in 1 he selfodjoi nt case. [f e is (1-potcnt i11 I 
then ,\(lq-c) = ,\(Lo+ T 2oc2 ) so it. is nccessery some infornrn lion about lhc bcluwior 
of ..\(Lo+ T 2g) wi1h respect 10 g. 

Proposit ion 4.4 Le/ th e 01)em/.or Lo sotisfies (2) m1d g E L""(D). Th cu >.(L0+T2g) 
is a co11caL1e fimclion ofT2 a.11(l noudecreasin9 if g ~ O twd 

(i) /or g ~ O. >.(Lo+ T 2r1) is úo11nded iff tl1e set Go = {.r E n : g(:r) = O} f1os a 
¡JOsiti 11e mcas11re. In tfris case lim'f_.00 ,\ (Lo + T 2g) = >.(L0;G0). 

(ii) /or e11e 1·y g E L00 (0 ) it lwlds 

. .X (Lo + T2g) . 
. ,!!.!_1~ --T-2-- = 1 ~f g. 

Proof. (i) lf meas(Go) > O, thc tno11otony in sets gives >.(Lo+ T2g) $ ,\ (Lo + 
T 2g: G0 ) = ,\(L0 : G0 }. Lct ,\ (J.,0 + T 2g) is bounded nnd <f>r is tite 11ormcd first cigcu­
function of Lo + T 2g, t l1en wit.h so rne positive and fi11it c co11st a1 1ts k0 , k 1 ít. l1olds 

,\(Lo+ T 2g) = B1,,,[r/J.,.,</JT] + T 2 fo g¡/)~d.r 2: ~·o fo IV'<?rJ 2d:r - k1 + T 2 In g</J~·<l.r. 

Then there exists <PE NJ (O}, 11</>ll = 1, if> 2: O nnd a subsequcncc {<Pr } such tlmt for 
T-· oo 

· 2 1 º ,\ (Lo + T 2g) + k 1 <?r - </> 111 /,, , \11iT --' V' </J wcakly, g</Jrd:r -:::; ,, - O. 
n T-

So f0 g92<1T = O nnd g = O ill {:i; E n: </>> O} , o bviously mcosG0 > O. Purthcr, 

ancl hencc 

li<u !.(Lo + T'g) = 8 1,,,[.P • .P) 2'. ;,,r 81,,,[.,,u¡ = .l(Lo;Go). 
T-oo uEll,\(G,,) 

(ii) lt holds ,\(Lo+ T 2g) 2: ,\ (Lo) + T 2 infn g a ud 

,\(Lo+ 1'2g) ~,\ ( Lo+ T 2g;w) $ ,\ (Lo:w) + T 2 sup g 

for w en. So 

illf r¡ < li111 >.{Lo +,T2 g) < iuf s upg = inf q. 
n · - T -oo T - wcn .., n · 

The followi ng rcp rcsc111'a tio11 of f{c as n consequenc(.' o f Propositio11 •l.:J cn 11 be 
deri\·ed. 



Coro lla ry 4.~l Kc h"s lh e 1YJ. prcsenl.Mion 

i-·, = in f(,\ (L,) - ,\(Lo)). 
Lu 

(35) 

where i11.fin1m1 is 011er ali opeml.ors Lo with arbitrary d , b0 and tl1 e same a and ·1uith 
l e co1·1'Cs¡>011di119 lo lo , Le = Lo + Ne. 

Proof. From the concavity in T 2 in Proposit ion 4.3 

!{ = inf ,\(L-¡-, ) - ,\ (Lo ) < >. ( L ) - >. (L ) 
e 'l' ]'2 _ e O 

nud from Rernnrk l\.3 , Kc = inf,. .Bc(u2 ) , u E HJ (fl ) and llull = l. So I<c does n't 
depcnd on the coefücients d, ú0 in Lo nnd the inequality in (35) from above is obta ined. 

Furthcr , we' ll choose rl nnd úº = nd2 , then 

,\(Lo) = inf BL,,(·n, u] = inf { o(a\7 u + ud)2<i:r > O 
11 " ln 

nnd accorcling to T heorem 3.1, wit!t u E HJ(n) and Jl ull = 1, h E /l'/ó(u;n) ,\(Le) $ 
81,,,[ 11 , uJ + Pc (u2) $ BiJu,uj + J0 a(c - h) 2u2d:r;. So 

>.( L, ) - ,\ (Lo) ~ ,\ (L , ) ~ fo a(a'Ju + ud)2dx +fo o(c - h)'u'&,. (36) 

Prom the fo rmu la for I<c in Remark 4.3 , for E> O, there exist 11 E HJ (f2) , u > O und 
/¡ E J\lQ(u; fl ) such t hat Jn a(c - h) 2u2d:i; $ f<c + e. There ns well exists Ót > O sucb 
t haL fo<u'5ó, l1 (\711 )2<h <E:. Wit.h ·v = nrnx('!L,ót) ~ ót: >O and d = - a\7v/v the left 
hnnd side of (36) with su ch d and tbe same u, h becomes 

wh ich prO\'CS ihe rest inequality in (35) from below. 
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