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ABSTRACT
In this report a stochastic model of money flow i
can be applied for both small and big regior
ential equations is established. The def

considered. This model
. Connection with stochastic differ-
tions of absolute stability and relative

instability are introduced. A stochastic model with a delay (lag) is considered.
The suggestion about a critical total amount of money of organizations wor
stably is made to get over situation.

RESUMEN
considera un modelo estocdstico del flujo de dinero. Este
car tanto a regiones pequenas como grandes. Ademds, se

En este articulo
modelo se puede apl

e introducen
las definiciones de estabilidad absoluta e inestabilidad relativa y se considera un
modelo estocdstico con un retardo. Se hace una sugerencia acerca de una can-
tidad total critica de dinero de las organizaciones trabajando establemente para
superar una situacién de crisis.
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1 Introduction

The report is devoted to the study of economical systems with the help of stochastic
and differential equations that is the novelty in the study of this kind of systems.
Absolute stable and relatively unstable economical systems are defined in terms of
Markov's matrices. It is not difficult to transform a Markov's chain, corresponding
to our discrete time system, to stochastic differential equations. The definitions of
stability of discrete time systems are transformed to the definition of stability of
continuous time systems. For completeness Markov’s chains with lags are considered.

Each economical system with its own degree of development defines some value
Seritical- 1f the amount of total money of organizations working stably is less than
Seritical » then the infrastructure will be destroyed in the course of time and any
economical system falls into a deep economical crisis.

2 Markov’s matrices in economics

Let us have n organizations. Each of them has commercial trades with the others.
We can consider a state like one of them. Let us numerate the organizations and
the moments of time. Let us consider an organization with the number i,i € 1: n.
Let the i-th organization have at the t-th moment an amount of money s, in the
bank account. We will denote by ]11] a fraction of amount of money paid by the i-th
organization to the j-th organization at the moment ¢. It is obvious that

0<pl<1, 0< ) piy<l VijeT:n.
J=1#i
We will also denote by pf; the means that the i-th company has at the i-th moment
of time. It is clear that pf; = 1.
Let us introduce the following matrix

Pir Pia - Pin
pt=| Pan P2 - Pan
Pai Pha - Pha

that we will name the industrial matrix of expenses or simply the matrix of ex-
penses at the moment f.

Let us calculate the amount of money that the k-th client (organization) has at
the t + 1-th moment of time if it had s{ amount of money at the t-th moment of time.
We will write down an equation describing the flow of money from the ¢-th moment
to the t + 1-th moment.

The sum of money paid by all companies to the k-th company at the t 4 1-th

moment is s

3 sl

J=1¢k

T
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The k-th company has the following amount

n

Z P 8+ sk (1)

Wi#k

together with its own money without payment to the others companies at the ¢ 4 1-th
moment of time.
Let us introduce a vector-column s*

where the element sf, i € 1 : n, is the amount of money that the i -th company
i€ 1:m, has.
[t is obvious that (1) in matrix form is

(PY)'st.

where the sign ' means the transposition.
Now let us calculate the sum of money that the k-th company pays to the others
companies with which the first one does business. This sum of all payments is

sk Z Py (2)

e

at the ¢ + 1-th moment of time.
Considering together (1) and (2), we can confirm that the sum of means at the
t-th moment, obtained by the k-th company, is

Lot () ol 3
Z DikSj Sk = Sk Z Pii

Ik gk

®

We suggest in this model that the j-th client makes a payment to the k-th client and
the k-th client pays back all debts at the same moment of time, namely, at the & 1-th
moment of time.

Bquation (3) can be written in the following matrix form

L
Siig Phi 0* 0 i
(PYY'st = 0 Lm_” Phi: 0 32 ¢
0 0 o DijignPhi B
= ((Pl)' o ,l)sl = ghtl (4)

(A
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where =
Pii i 0 0
e 0 TiigaPhi 0
9 0 w Liign Phi
We will denote by Y
Q' =(PY) - I*

We will have from above that
QF st = st (5)
Let us prove that @' is a stochastic matrix. According to the definition we need
to prove that

1. all elements of the matrix @' are nonnegative;

Bty

2. thesum 35, qf; =1 Vi, j €
where is the gf; -th element of the matrix @)
Really, as soon as
Z ”:1 =1l
Ji#d

1—2]}1120.

2i#)

then

Consequently, all diagonal elements of the matrix Qf are the nonnegative elements,
The other elements are nonnegative obviously, as far as the elements of the matrix
P* are nonnegative.

Let us prove the second quality. For this we should find the sum of the elements
of the matrix Q' staying in the columns. We have for the j-th column

z [ll“ +1- Z ])j‘zl.

i i=1i%)

We will take into consideration that the columns of the matrix Q* are the lines
of the matrix P'. Consequently, the matrix Q" is really stochastic. So we proved the
following lemma.

Lemma 2.1 The matriv Q" is the stochastic matrizr.
We have from here

Corollary 2.1 The sum of all money of all companies or organizations is constant
at any moment { i.c.

n
> s =const ¥t >0. (6)
J;

T
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Proof. According to equation (5) we have

Let us write this equation for all coordinates. We have then

5
DB iy = skt @)

4=l

where gf;— are the elements of the matrix @', The sum on i of both sides of (7) is
equal to the following number

n n

Z Z Gy =

i=1 j=1

Let us change the order of the sum above. We will have then

n n n
0 ¢ 41
E 85 E qi 5 Lydz

i

j=1 =l i=1
As soon as o
¢
Z =1y
i=1
then
n
g=1

The conclusion is proved.A

Remark 2.1 The Conclusion 2.1 follows from the general properties of the stochastic
matrices.

Remark 2.2 If s is a part of the common sum of means which the company j has
at the t-th moment of time, then equality (6) is satisfied with the consideration of
inflation. We have in general case the following equation

n
84 =const =1 Vit >0.

0

Stability of any economical system can be defined correspondingly to stability of
(5). It is known from the theory of the stochastic matrices that stability of (5) is
defined by means of the multiplicity of the root equal to the one. We will say in this
case that absolute stability has place.

The explanation of this fact is the following.
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If the matrix Q' has the several roots, equal to the one, then the matrix Q° can
be decomposed and has the following form after several transpositions

where the matrices Q!,i € 1: k, have the eigenvalue A = 1 with multiplicity 1. Then
any solution of the system

tends to the set
X

when t — 0o, where 2; is a solul

It points to instability of system (5). We will call this kind of instability as relative
instability as far as stability and instability are defined by quality of control of any
economical system in every case.

If we take into consideration additional subsidies or transmissions of money from
one branch to another, then equation (5) can be rewritten in the form

+1 )

Q'st + Bt =
where u' is a control-vector and B is a matrix of effective control elements. The
vector u® is usually chosen in the form

ut = C'st.
The additional condition on the matrix C* can be given for equation (9) to describe
a stochastic process. We will study (9) later.
Let us rewrite equation (5) into a system of differential equations. Write (5) in

the form
s(t 4 h) = Q(t + h)s(t),
E,, an initial value of the stochastic matrix Q(t) . Then
(1) = s(t) _ QU+ h)~ By
G Ei h
Take the limit on h — -0 . We will get the following differential equation

s'(t) = A(t)s(t),

Denote by Qp =

s(t).

where

Al = iy, 1=4100-+1) -

The matrix A(.) exists if the matrix Q(.) is differentiable. The obtained matrix A(.)

has the following quali
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1. au(t) < 0;
2. ai;(t) >0 for i # j;
3, %, ay(t) =0.

The question about stability of an economical system is reduced to the question about
stability of the differential equation system

(t) = A(t)x(t).

This problem can be solved with the help of Laypunov's functions [1)-[3]. The same
problem about effective methods of control can be formulated by means of the control
vector for the following system of differential equations

() = A(t)z(t) + B(t)u(t). (10)

It is not difficult to see that the system (10) is stochastic if the matrix A(t) +
B(t)C(t) is stochastic for all t in terms of the definition given above. The problem
about possibility of transference of an economical system from one state to a more
beneficial state is equivalent in mathematical terms to the problem about total con-
trollability of system (10). System (10) is well studied and the necessary and sufficient
conditions of total controllability of system (10) are found [1)-[3).

If we have a delay of a tax payment or a loan in k years then model (5) can be
rewritten in the form

S = Qbst 4+ QU st QU280 4 L+ QLRst, (11)
The condition of stability of system (11) is

Theorem 2.1 It is necessary and sufficient for system (11) to be absolute stable that
the matrix

Q=Qo+C1+Qa+..+Qk

has the eigen-value equal to the one with the multiplicity equal to the one where for
any sequence ty, — 00
lim Q'A,'""' = Q%
ty =00

The goal of any government is to make its economy stable so that all basic com-
panies would develop proportionally. It means in the mathematical terms that it is
necessary to find a stationary point of a set valued mapping C*(.) : R — 27" with
the images

C'(s) = {As| A€ ="}

T
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whert Z° is a set of the stochastic matrices at the moment ¢ with the help of which
the government tries to stabilize economy i.e. it is necessary to solve the problem

s € CY(s"). (12)

The conditions are well known when the set-valued mapping C*(.) has a stationary
point. The future studies are to use these conditions in order to find the stationary
points of the set-valued mapping C*(.). It is important for economics.

As soon as the matrices A in the definition of the set valued mapping C(.) are the
stochastic matrices, then the mapping C(.) transforms the compact

R = {z'= (21522, En ) E ] 2’::. =1}

in itself. Since C(.) is continuous and, consequently, upper semi-continuous, C(.) has
a stationary point according to Caratheodory’s theorem [5]. The following step is
construction of a numerical method of looking for a stationary point s* and a matrix
A € E* for some ¢, for which

= As®.

The methods of looking for the stationary points are described in [6].
The problem (12) can be paraphrased as the following optimization problem

FAz)=Az -z =0, (13)
under constraints

z€K"={zeR"|z=(21,22,..,2n), Z:. =1, z>20Vi€l:n},
T

n
Zu., =1Vj€l:n, a;; 20, a; <1 Vi,j€l:n.
i

There are sets of matrices Ay and A for credit and tax politics correspondingly that
the following constraints A € Ay and A € A have to be satisfied. It is possible to find
the best economical politics changing the sets Ay and A, or, by other words, changing
the lines and columns of the matrix A, corresponding governmental organizations, and
solving (12), or (13).

The problem (13) can be solved using developed algorithms (see, for example, [7]).
We are looking for the elements of the matrix A = (a,;) and all coordinates of the
vector x = (xy,72,...,#,). The formulas for gradients are the following

aF
—mz;Vi,jEl:n,
Dayy
and
ay -1 ayp ayy .. Ayn
ar N agy an-1 axn .. A2n
Or 4
apy ap2 Opl «: Opn—1
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The last one is the matrix of dimension n x n.

Thus, it is necessary for efficient control of economics that, the first, the economical
system was controllable totally in some region and, the second, all basic companies
would work stably.

To fulfill to the last one we will introduce two operations. The first one is a
combination and the second one is a separation of the companies. We will prove that
these two operations are sufficient to make the companies working stably.

Let us introduce a matrix Q' in the form (8). If S; # 0, then as it is known
l'rom [4] the matrix Q% can not have the eigen-values equal to the one that means

bility of the second comy . If we unite the first two companies the matrix Q°
will have the form

Q'l Sy Sig
Q= Sz Q) Su x| (14)

TEbll 47 B frees GF
The united company 1-2 will have the eigen-value equal to the one that means its
stability.
If we use the separation operation of the companies 1 and 2 we will get the matrix
Q" that has Sy2 = 0 and Sy, = 0. The matrix Q" will have the form

QL 0 S3 .. Su
Q' = 0 % S . Su : (15)
U O Ot QF

The matrices Q} and Q4 of (15) have the eigen-values equal to the one that means
stability of the companies 1 and 2.
Thus, the following theorem is proved.

Theorem 2.2 The two operations: combinations and separations of the companies
lead to the situation when the new organized companies will be absolute stable.

The numerical experiments were done for a model economical system. The conclu-
sions were done about efficiency of the fiscal and credit pnlmu\ The results say that
development of small and medium business: more efficient politics for reviving of
economy. The last one is not difficult to understand. The elements of the matrix Q' |
corresponding to the small and medium businesses, are much more than the elements
of the same matrix, responsible for the government’s economical politics. The more
elements we can change the more efficiently we can change the eigen-values of the
matrix. That is right if we have widely developed small and medium business. The
examples can be given.

3 Conclusion

A situation is possible when the matrix Q has the several eigen-values equal to the
one. We saw above that the matrix @ can be presented in this situation in the form

7
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of matrix (8) where the matrices Q¢, i € {1 : k}, have the eigen-values [ = 1 with the
multiplicity equal to the one. Let us denote by s,y the summary money that the
basic companies that correspond to the matrices Qf, i € {1 : k}, have.

It is not difficult to prove that some critical number 0 < 5. < 1 corresponds to
each economical system that if sgri¢ > Syum then the economical system falls into a
deep economical crisis.

Received: May 2006. Revised: Dez 2006.
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