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ABSTRA CT 
rhc .stnt1011nry diffcront.i nl sys l.cms with polynominl right sid cs nrc co11 sid­

Crt'<I :-;l"Ct'SSnry nnd s11Hkic1it. cor1d it ions nrc íormu lntcd whcn n g iw~n dm1 1oi11 is 
n donuun oí nsyrupt.otic st nb ili t.y nnd t.hc origi 11 oí coordinBLcs 1s cit hc r t ilo foc us 
or lhc ccntcr . '\'he probl cm of construction of n srnbilizing control in n form of 
polynominl is studicd . 

llESUMEN 
Considcrnmos los s i ~ tcmns di fc rcucinlcs \.>s tacionnrios con Indo derecho poli­

nonunl y íormulnmos condiciones 11e<;csad ns y sufi cientes cunndo el dominio clndo 
es de eootnb1hdnd nsint.6ticu y el origen ele coordcnnda.s es el foco o el centro. 
Además sc a.t uclin el prob!cmu de la coustrncdón de un cont rol cslnbilizndor de 
íormn poli nominl. 

Kcy words u nd p hrusos: D1ffcl'c11t111I ~y11IClll$ o/ n-lh ordcr. a1111m11totic slali/c s11s tcm s, 
srab1ll;; 111g control. domauu a/ as11m1Jfoti c 11 fub1lity. 
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1 In trod uct ion 

In t he ¡grh cenltll"Y Lhc g rcflt Prell cb mnthemntician l-lenri Po incn ré fo rmuln tecl the 
problem of finding s1·11 1J ilit.y condi t ions for differem ia l syst ms withou t cnlcu tation be­
inga solut ion. At. t ilo und of t he 1911' nud nt the beginning of t bc 20111 cent.uries 
the grent Hussinn nrnthernnticinn A.J\1!. Lyapunov developed lhe mnthcma t icnl stnbi­
lization thoory for diffcrent.ia l systerns. Fo r this purposc he devcloped two met. hods. 
The first one is bnsed on t he cllflnH.: teristic numbers of the fundamenta l nrnt,rix. T he 
seco nd one is based on construct io11 o f specin l funclions callee! Lyn pu nov's fu nctions 
whid1 haw proport.ies similur to distance from a considerecl point to t hc origin of 
coord inates (i t is supposcd t ha t t ite zero solution is stntiona ry). Lynp 11nov's mcthods 
recc h·cd world recognit.ion. 

In this paper, ditfo rc nt;ial systems wi t h a right polynomial part f(.) of 

are considcrcd i .e. 

wherc 
J,,(.1:) = ¿ oWJ,, ... . 1 .. x'11.r.~i .•. i:~·, 

11.h .... ,l.,Ef,, 

p E l : n, / 1, 12 , ..• /,. nrc no1H1egntivc integcrs and "' is the transposit ion s ign, o):'.t, .. ,l., 

are renl·\'8lued mnnbcrs, / 11 is n set of deg rees of the polynominl f11(:r ). 
To 1.111nly1.e t he systcm 

n nl{'thod is s11ggcs1cd t lwt. is d iffcrcut from Lya punov's methods nnd bnsed on n 
systl'm trans fo rmat ion idcn , so thnt wc nrc nblc to sny somel h ing defi nit.e abouL 
~tobilit\". 

Fro;u 1he 1edmicn l point of view the importnnL problem is find ing a do 111 ni 11 of 
nsymptotic stnbility ( ! ]·[~] n 11cl dcfining bchnv iou r o f trnjectories of such n system in n 
:;.11rnll ndghborhood of t ltc o rig in o f coordinntcs 16]. Condit ions me g ivcn so t hat nny 
domo.in includi ng 1hc o rigi11 o f coordinates is one of 1hem. Necessnry n11d sufficici iL 
conditions nre found wltc11 t hc o rigin of coordin ates is e i1he r 1he foc us or t he ce ntcr. 

The ca..<;{' is considcrcd whc n t he cocfllcients C1l;!11 , . • l., depend on t. T hc suffi cient 
conclitions nre g iw11 for the problcrns fonnuln1ed abovC'. 

Thc sy~h:'ms considc rcd nrc i111 cresting because osympto tic stnb ilily of t.hc zcro 
:solution is N1uiw1lc 111 to t.ltc following stntement , thnt any solu tion of o ur syst.em 
startin~ from nny poinl, o f sorne smul l region of 1 he origin of coord inntcs t nded LO be 
wro: this is uot C'O rrect i11 gcm .. ·rnl cnse. 

Further, wc soln• t.hc problcm of conslrncting n stnbilizing comro l in nny givcn 
donrnin of th<.• o rigin of coo rdil rn tcs fo r n sy~tcm 

r = /(.r, u), 



nstruction of n stn bili:dng control nnd. 

wlil•re .1· E Rº is n phose \'CCIOr , u. E nr is o control, / (.r, u)= (/1(:r., u) , h(x, u),. 
/ 11 (J', u)}º i:l n \'l"CIOr polynornio l of :r; nnd tL Le. 

f 11(J·, u) = L a~:'.111 , .. ,1 .. , 111 1 ,mJ , 
11 ,1,, .. f,. .m¡,m,, ... ,m. E I,, 
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p e l : 11 , l¡,12, ... , 111 , 1111 , 111.2, ... , '111,. nre non-negotivc integers, a}~.t ..... l., ,m,,m, .... ,m,. 

urc 1·rnl-\·n luC'd nu mbcrs, 111 is n sot. of dcgrees of t.he polynomial f p(:r, u). We n~surne 
th nt. thr z ro vector O= (O, O, ... , O) E !R" is n so lu tion of the S)""Stem i.e. /(O, O) = O. 

Thc thcorem wns proved t hnt nny dorn nin incl uding the origin of coordinnt:cs cnn 
be 111 nd n domoi n of nsy mptot.ic stn bili ty if wc d1oosc a suitablc cont rol u(.1:). The 
conlrol u(:r) is choscn ns n polynomia l wit.h dcgrcc not higher ihan degree of the 
vcctor-function f(x, u) ns o fu 11ct.io 11 of :r. 

Tho formulnted prob lem nbo ut 11syrnpt.ot.ic stnbility of n system wit.h n rig:ht; poly­
nomiol pnrt is vcry import11 11t for prnct icn l npplicntions in physics nnd t.echnics nnd 
con be fou nd in thc book by V. l. Zubov "T hc lectures on thc control t.hco ry", Hl75. 
p.60. 

2 Doma ins o f asymptot ic stabili ty 

L('\ us consicler a diffcreut.in l systom 

(1) 

whl't'l' .e = (x¡, .r2, .. , In) E ff~" nnd 

f( x) = (/1 (x), j,(x) , .. ,J.,(r))". 

Tite vcc tor-polynomi nls / 1,(.) nnd t bcir coefficients C1f, , , ~ .. _,1,. satisfy the condit io11s in 
th<· lntroduction. 

Wt.• n.ssume tlmt /(.r) ,¡., O for 111 1 x ,¡., O in some neighborhood of t be origin of 
coorclinnt<'S O. 
W~· will cnll thc order clcy(J,,(.)) of t.hc polynomiill f p(·) the mi»:i rn nl dcg rec of t ~ ltc 

polynominl /p(-) in the vor inb les :i;i•.i E 1 : 11, in totnlit.y i.e. 

dcg(J,,(x)) = 11 111x (1 1 +1, + ... +l.,). 
11,h ..... l., E /1, 

So if for n = 2 oncl 1,1 ,¡., O 

/¡(r) = 111.r~ + l 1 2 :l·~ + l 13:r1.r2 , h(.r) = l21r~ + '22x2 + l23.-r::¡, 

thl•n tlu.• ord r of / 1(r) is cqu11l to two nnd the ordcr of h(x) is equnl to t. hree. 
Wc will cal l t h ordcr of t ite ftrnct. io n /(.) t.he mnximal degree of thc pol_ynominls 

f 1,(.r ).1>E 1: n. with rcspcct to the vn ri nbles x, . j E 1 : n, Le. 

dcg(J(.1·)) = ~~\':~ deg(Jp(I)). 



16 l.r.. l.Proudnikov 

Con~uent l y, t.lic Ol'dur of !.he function / (.) for the e.\:nmple wrilll'll nbow is cc¡unl 
lO 11ULX(2, 3) = J. 

\Ve nssu mc 1hnt. t.hc de flnitions of stnbility nnd nsymp1 01k ~ t nbilit y nrc known 

(sre liJ-l~J). 

De fi n ition 2. 1 / !}, (2/ A tlomri'in D, O E mtD, co11sistmg o/ whole lrnjcctories o/ t11c 
systcm {!}. is ca llcd a domaúi. of a1;ymptotic sta/Jfilty if thc lim1t 

11x(t,xo,lo)11- O (2) 

as t -· t.s ft1/fillrd for any üútú1l po i11t x0 E D aTid any solution :r(·), .1;( to) = To, o/ 
lli e systcm ( 1 ). In this case we will cnll the system ( J) asympfotic st.nble i11 D. 

The fo llowing problcm is importnnl. for pract ica! npplications. 

P roblc m 2. 1 (/ 1/, /2/) !t 'is kno wn that lite zero solulion of a sys tem 

T= Ax, (3) 

Aln x nJ, x E 9?", is asymplol:ic stable if ali eigerivalues o/ U1e mal7·i.x A lwve ncgalit:e 
real parls. 1n lhis C(I SC /.he sys/.e1n (3) is asymplol'ic st(lble in 9?". 

Consfrlcr· 1iow a di.fjerentio.l sysf.em 

:i:= A.1: + r.p(x) 

wliere t..'(·) is a vecl.or voly11omútl wilh <legme not less tlian two, r.p(O) = O. 
\Fliat are the conditi.011s on the coefficients of the vector- polynom.ial r.p(.) /mm (4) 

for u1hicl1 the sys t.em (4) 'is asymptotic stable in a giuen domoi11 D, O E in / D, i.e. for 
ar1y solu tion of l/if' sys/.em. (4) and any initfal point xo E D lhe li.mit. (2) is /.,.ue? 

The considercd circl e of qucst ions includes thc problem nbout t hc ccnt.er nnd t.hc 
focus. This prob lern is fonnulnt:ed iu the fo llowing wny. 

Proble m 2.2 As.rnme lfwl th e o·ri9i11 of coorrlinales (O.O} for /he system (3), 11 = 21 

I E :R2 i.s the cen ler. Nf'cessm·y rmrl s11fficie11t co11dilions for this are llrnt ali eige1wal­
ues of tlic mal.rü A ore inw9inary. By adding a uector palyriomiol r.p(-) {syslem (./)) 
llic cr11lcr {0,0) can be lhe foc11s. Co1ulitio11s on th e coefficicn ts of the polynomiol ip(·) 
are nccdcd to fi11d thnl lhc voint (0,0) was thc ce'1tcr o/ tJie d1fferential syst.em (4) . 

Lct us rewri! e 1lu.: syste111 (J) i11 nn e<¡ui \"nlent form 

x= A(x)x. (5) 

Th(' clenwn1s a 11 (.r) o f a nmLrix A (.1·)1u x nJ nre rontinuous polynomial fu nctious of 
x. Con\"er:sion (11) to (5) is not uniquc. 1t cnn be done in nn infi11ite number of wnys. 
In ÍOC'l. 

011(.I') ¿: o~'.l .. 11 . .1..CI/I1,1 r~J- .I~1 1 .. I~; 
1,11,.+- ... -tl,.~dt<g{/) 



onsl n1c·1 iou of n srnbil i1.ing contro l nnd ... 

if lJ ~ 1. \V{' luwt' thc fo llowiug corrclntion fo r thc cocfficients 

L 0 ~'.l 1 .1.1 .... ,1Jc) = a~; ~' l· ,1., 

for nll J' from so11 1c rrgion /) , O E iut D. 
For iustnnc(', lct t hc system { 1) lrnve t he right pnrt. 

T hcn 
J\ (.r) = ( 0·1.c 1:r.2 + 02:r~ 1 + tJ1xi + fh:r 1::r1 ) 

- 1 +11 :r 1.1· 2+12 :r.~ Ó1xf + 6:z:r1x1 

wlwrc e cflicicnt s o,, /J,, ')',,{3,, i = ! , 2 such 1,liot 

0'1+ !31 = 1, "'11+61 = 3, 

0'2 + fh = 2, / 2 + 62 = - 2. 
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(6) 

Th<.· systl~m (-1) fo r tite vector funct.ion f (-) cn n be rcwriue n in thc followi11g fo rrn 

:i:= A0 :s: + C(:r:)x (7) 

Whl'íC 

Ao = ( -~~) 
Siucc cigcn\'nlucs of 1hc matri x Ao ore ,\ 1,2 = ± i, thc ¡>oint (0 ,0) is t he ccnt:er fa r tbe 
tltu.•nrizcd S) t m. But it is qucst ion far t hc nonli ncnr systcm (7). 

\Ve will oons icler ni\ possible co11t inuous matrices A(.r) whose clc mcnts a rc po lyno-
111lnl íunctions of x. T hc syst.em (5) h; eq ui vn lent to die system {l ) We will denot;c 
the sl't. or R.11 such mnt.riccs by A. 

Let us solvc Problem 2. 1. 

T hcorcm 2. 1 In ordcr tlrnl (t domaú~ D co11sisti119 of whole tm;cctolics o/ th c system 
(1) 1.e . .r(· , .ro,to) E D,x0 E D, /or· oll t > t0 i.s c1 domorn oj asym¡,lot-ic stc1biW.y ü 
i., 11cce.uory and sufficicut tlw.t. lhere is " míllr-i:r A(·) E A oj tJi e sy.~ l.em (5) iu lhc 
<iomam D u:host cl9e11 ualues lwve 1ie9atiue real part.s at any porn t x E D, x f. O. 

P l'oo f. cccss it y . Lct t'hu clo111ni11 O be nsymptotic stable. Consider rllly trajee· 
tory .r(·,.r0,t0),r( t0) = x0 . T here is s uch n trnnsformntion { = X(x) of U ~" i11 n 
11elghborhood of n ¡>ain t .r 1 = x(t 1) t hnt. trnnsfo rms the system (1) to o di fforc ntia l 
systl'm 

{ = B({){ (8) 
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where n nml rix B lrns eig:cnvnlues wit;lt negntive ren l pnrts. 
lndeed, for nny poi 11t: :1;(1. 1, .1:1¡, /.0), t 1 > t0 t here is n linen r t. rnnsformnl:ion T.x 

defined in n smn ll nc ig hbo rhood or !..he point x(l 1 , :ro , lo ) r111d t;hnt, is t he linen r pn rt. of 
t.he trnnsform nt.ion X(.) in 1;h is neighborl1ood. so Lhot. t he system { l ) is t:ra ns forrned 
by t his trru1sfonn nt;io 11 to t hc cl ifforent ia l system (8) nnd t.he vect;or 

is trn nsformed t·o a vect;o 1· 

Any diffe renl'i a l eq1mtion ca n be clefi·ned by its cu r rnnt of tn ngent vcctors. ! r we choose 
nn nsymptot.ic stable liltefH dHl'ernntia l system li ke t.he syst:cm (3) current of t;n 11gent. 
vectors of which is clase to the c11rrent of tn ngent vecto rs of our sys\:e111 locn lly fo r ench 
po int x of t be doma in D, t hen e igenva lues of a matr ix o f t his asy mptotic stable linem 
diffe rential systern will lrnve negative real parts . Conseq ue nt ly, the above rnent;ioned 
t rnnsformat.ion X (.1;) ex ist;s . 

As soon as t;he systern. (8) is tnu isfor med to t.he system 

u11der t he li nea r t ransfo n nation 

~ = Txx 

in a neighborbood of t he ¡~oint ~ 1 a nd a li loca ll y linea r t~ ran sforma.t io ns o f t he system 

(1) have t.he fo rm (5), then a rn at. rix A(-) E A exists for wh icb 

(9) 

nnd e igenva lues o f' t he rn1.i.tr ix A (:i;(t¡)) are eq ua l to e igenva lues of the ma.trix B. 
Since t.he 1;ransfornmt;ions T,, a.ne! Y,; 1 are cont inuo us with respect tiO :t:, the matr ix 

A(.) is nlso coutinuous wi th respect to :1; E D . 
Su.ffici e ncy . Let. t lie system (1) admi t; s uch a transformation t:o t he fo rm (5) \".hat; all 
e igenvn lues o f a rnat ri x A(.1;) ha.ve n egat~ i ve real pnrts for nll :i; E D ,:i; f: O. We preve 
t.hat t he donlfl in D is n region of asym ptotic stability. 

Fisl. wc rem nrk t;llflt i n genera'[ C<lse not; nny sol ut ion of i he system (l) 

:i.: (I.) = '.t:(l ,:i.:o,lo), '.t:(to) = xo 

can be reprcsenl.ed i1 1 t he íon 11 

.'l:( I.) = e f,'., A (x(r))t/.,. Xo (10) 

where ihe i111..egn1tio1i is t nke 11 along t hc integra l curve x(.). 
lnstcad of ( 10) we will use seqwmtinl npprox inmlions {xk(t.) } o f t hc system (1) on 

n segmem [t0 , t.J IH1.vi 11g t li e forn 1 

( l l) 



whern { 1,} is n subcli,,ision se\; oí t he segrnent ¡1.0, /.] and 

:i;i+ l = etl(:i:i){l.¡+ i -i¡)X;, ·i E Ü: (k - 1). (12) 

lf we subsbitute (12) into {11), 1'.hen we get 

X¡,,.(l) = eA(x"' _ , )(1. - 1l· - 1 l e A( .i: J.: -~ Hh·- 1 - l· J.: -l) ... e A(.ro)(11 -r-0) xo . (l3) 

Since A(x 1) - · x, _ x(r} A(:i:(t.)}, where :z:(.) is a so lution oí (5) , we lrnve 

l¡ - T 

xk(r) => x(r) (J<l} 

uuiform ly on r E [t.0, t.¡ as k - 1 oo nnd 

mn.xiEl:k l l ¡ - l ;-1 1-k O. 

[ t is obv ious thnt nll rnatrices A(.'l:¡),i E O: (k - 1}, hnve eigenvnlues with negntive 
renl.vnluecl pnrts far enough big k. 

Denote by ,\ ;(xj ) nll eigenvn lues oí the matrices A(xj) , i E l : n,j E O : k - 1. 
Then a number e > o e."X iSt.s that 

lle tl (.i:, _ 1 )( r - l.J.: - L)eA( . ..:l· - ~ )(1."' - 1- t"' - ~ ) .. . eA(.,,.)( 11 -1.,)xo ll ~ C e >.(r.)(r.- t.o) ll:i:o 11 

where 
>.(t) = li m max Re ,\¡(x1 ). 

k-oo j E 0: k - 1, 
i E l :n 

Since ,\(t} <O for any t > to, 
,\(t)(t- t0 ) <O. 

- a< ,\(t)( t - t.0 ) < O,a >O. 

T his relntion menns t lrnt the t~rajeotory x( ·) cn n not go to n st.nt ionnry point ar be a 
stationnry orbit. lncleecl, i f the trajectory x(.) has n st:ationary point. ar is a stationnry 
orbit then 

~~~~ ,\(t)(t - f.o) = -OO . 

Consequently, 

ns t - • . \Ve obtnin t he contracliction. T hus, the origin of coordinates can be only 
a stm.tionnry point .. The sufficiency ancl the t heorem nre pr0\1ed . O 

Rc:imark 2.1 lt /o llows /rom. fhe NecessÜ'Y o/ Theo nmi 2. 1 tlwt. tJ1 ere is one·tO· one 
corrnspo11de11ce bet.ween matrices A(x) E A o/ the sysf.em (5) and /ocnlly linear trans· 
formatio11s Tz of t./1e syst.ern {I} defined úi a n.eighborhood oj the point .'l:(see (9)). 
hulced, there i.s a mot.1·ix A(.) for a.ny tmnsformation Tx m1d, on the contranJ, then; 
·is owr1 coonlinate syst.em fo1· any matn'x A(x) E A, in wh:ich t11e equation (9) is trne. 
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Co i-o llary 2.J . lf fol/ows frorn /he Nccess1ly o/ Theorem 2. 1 tlrnt tlegree o r1 x o/ nny 
clcmcnt o/ a ma lf'ix A(:r ) lhnf we rle'llole by a,1(x),j E 1 : 11 1 tlwt. i.s a ¡>oly11ominl of 
I, does not occcd degree of /he 1ieclor-fu.11ction f(·). 

Proof The sum of a ;j (.1;) · :-i:i over j is equn l to zero far thosc element·s t hat do not, 

belong 10 /,c.). And 0 11 t ite contrn ry, t ite sum of tbe coefli.cient.s o}'.l1 .1i .. .. ,I .. over j 
is not zero for t.hose element:s tJw.t nre t he terms of J,(·). lt follows from bere thnt 

choosi ng oC'.li,1 , ... ,/,. froni tbe system (6) we cnn only consider elern ents of t~ he vector~ 
polynomirl j ( -). O 

Coro llary 2.2 For (/syw.plolic sfob·ilüy o/ a sol11tio11 x(., .1:0, to), x(t.o) = xo, of llic 
,Jifferential eqt1nlio11 (1) it is S'ufficient lhat tl1 ere was ó(to,t) > O for any l o,E >O 
tlwtfo,.11xo11< ó 

ast - · oo. 

P roof. As soon ns eigenvalues of the matrix A(·) IH\\'e nega tive ren l part:s in nny 
neighborhood of Ow origin of coo rdi nntes from wbich any so lution tends t:o zero­
,·ector then for nny k we bnve from (13) t hat 

and in limit on k 
11,c(l. ,xo,lo) 11<;11xo11<' 

i.c. nll solutions a re in an E -neighborhood of t he origin of coordinat.es . The lot.te1 
mem1s stabilit.y. T he Corollary is proved. D 

3 To proble m abou t t he center and the foc u s 

The fo\lowi ng problem is intcrest.ing from t.ecbuica l point of a view: t.o recognize focus 
or cenler i.e. 10 givc sorn e conditions wben trnjectories turn nround a nd go to the 
origin of coordi nnt es or renrn iu closed 

F'rom the stnrt. we will g ive defini tions of t he focus nnd the ce11ter. Beforehand 
we define trajecto ries t.un1i11g infinitely often oround some ray wit.h t he ini t ia l point 
OE ~". 

De f1ni t. io n 3 .1 /,,e/, us S<ty llwl a tmjectory .i·(t. :r0,t0) turns a1Ynm d a ray l E ~~n 
w1tl1 tJ1e 1nt twl ¡winl O E D~" ú1fi11:itely often if rudius 11eclor r(t) = .1:(l, x0, 10) jorn1s 
U'llh the roy f mi (1119!P cp(I) tr1ki11g afl uafues from a segment (cp 1 , cp2 ] infinite rwmber 
of time~•· 

Oe fi n ii.io n 3.2 \lle will coll th e point O E !H" /h e focus of the system (1) 1J 
1} thc 110lnt O i.s usym1Jtot.ic s /.(lble ; 
2) any solu lion .r(t , :ro,lo ) of lh c systcm (1) turn.! aro1m d a my l E 9in wilh th e 

uultal J)Omt O E ff~ " i11fi11it.e 11umber aj times. 



Olll'IO 
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Consl ruct io 11 of o fltnbilizing co1lt rol and . 

De f\11i t. io 11 3.3 ll'c wilf call the point O !he ce fl ter o/ the system ( 1) if 
J) th e µo111t O 1.s .<; table : 
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2} ali solutwri.s .r (t,.ro,to) o/ lhc system ( t ) remoin i11 some ncigl1borhoorl of /11e 
poi11l O <111d ar't' closcd /oops. 

Doílni t. io n 3.4 We wi /I call lhe poinl O E !Ji"' /h e node oj tire systcm { ! ) if 
1) lh e pomt O is asymµlotic .~to!Jle; 

2) th ere ore not" my l E !)·~ n wi.th th e ú1ilial poi11t O E !H" anda sofotio 11 ~r(l , .1:0, 10) 
of /he .'iystcm ( 1) t11nii119 m'0111ul the my 1 infinUe rwmbe.r o/ times. 

T ILco r c m 3. 1 ¡,, ordc1· tlwt tl1e point O E V?" is th e focus o/ thc system (1) with a 
1'i9/il ¡10/yr1omial 1mrl / (.), f (:r) #- O fo r .1; '!- O ·it is 1Jecessary and sufficien/. t.h at. 

/ . Th ere 1s s11cl1 r1 co11tin11011 .~ mal.l'i:r. A (-) E A o/ th e syslcm (5) llrnt ali ils eigen­
ulllocs at any ¡>0i11 t .r, .r t- O, fro 111 some 11 ci,ql1bor-l100tl D o/ the ori,qi11 o/ coordi-
1mtcs. consisting from wl1ole t.rnjeclories. hcwe negalitie real ¡Klds mul 11on-ze1·0 
111w9i1w,.y parts. 

1!. Tlierc 1.s 110 motri.r; A(-) E A of /he .~ystem (5) 111ith negative 1Y:a /-val11 ed eigen­
uulues al all ¡>0i11 l.s ;i; E D, ~; f O. 

P roof. ecessit.y. Ll'L 1 he po int O be t:hc focus far the system (1 ). T here is such 
11 t.nrnsfornmtion ~ = X (.r) so t lrn t. t he syste rn (1) Cfl ll be rewritt en in n neig lt borhood 
of sorne point .r 1 , .r1 i O, in tbe form 

whnc B(e) is n mnt rix wbosc e igcnvnhu.:s ltnvo ncgn1 ivc real pnrts nnd nonzcro im11g­
ilmr.v pnns. 

Considcr nny trnjectory :r: (· , ~:0 , lo), :i:(t0) = :i;0 . T hen far a ny point x 1 E :i;(t, :1;0 , /.0 ), 

.1· 1 f O, lhN<' is a trn11 sfo rrn nt, io11 TJ. 1 i1l n 11eigll borhood of the point:r: 1 t. l1at tbc systc1n 
(1) rn n be rC'wrilte n in the fo rn1 ind icntcd above. 

lf l rnjectories o f t hc sys\0111 ( ! ) do not. t.urn around nny rny I E D?11 wi t.h t hc 
iniLinl point O E )~" in li nit e 1111111bur of t.imes t hen such system ca n be trn rn;formed 
by SOlll l' continuous 1rn nsformnt.io 11 t.hnt corresponds to so rne mat rix A(-) E A t lmt 
is n 1natrix of thc systcm (5) whose cigcnvn lucs nrc negat h·e ren l-n1 lued num bcrs at 
1111 points ..r E D (lhoo rc tn 2. l}. The \ni.ter is im possible nccording to co ndi t ion 2 of 
t he t hcor •m. 

S u ffi c i n cy. LC't t hC' cond it.ions l ,2 o f t·he t·hcorcm be true. P rovc t hat. t hc point 
O is thc focus of thC' systcm ( l ). 

Any solution .r(·,:r0 , 10 ), :r (l 0) = :r0 , is n limit o f some sequence :rk(t) on k -• oo 
obt11in{'d from ( 13). Accordiug to t he co nd itions nll mntrices A(x;) •. i E 1 : k, lrnve 
cigc nvalues ,\,(r,).j E 1 : k, l E 1 : 11 with negfltive ren l-vnlued pn rt s a1(-) <wd nonzero 
inrnginnry part~ b1(·): A¡(.r) = o¡(:r) + ib1(.1.:), i2 = - 1, l E 1 : n , th nt nrc nonzero nt 
n11y point r E D. l t fo llows from hcre t hnt t hc point O is either the foc us or t he node. 
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We will prove 1 hnt undcr thc condition 2 nll 1rnjeclories t urn riround n rny f E !R" 
wil h the iniliril point, O E D~" infinite numbcr oí times. If it is nol lruc, Lhcu t.here i8 
such n t rnnsíornrnt.lon whicl1 corresponds ton mriu b: A(·) E A whose eigenvrilucs nrc 
ncgatiYe renl-w1lued mmibcrs for :1' E D,;r f; O. T his contrndicts the condition 2. Thc 
sufficiency nnd the t.Jieorern ilre proved . O 

Coro lla ry 3 .1 lf instCf1d of /he co 11dition 2 of Thcon::m 3. 1 we require lhal lhere is 
a matri.r ..l(.) E A of /he systcm (S} with cigenvalues ,\ ,(:r), i E 1 : n, tlescribctl in 

cond1llon I for wh ich 
frn ,\ ¡(:t:) >a, a > O 

or 
1 m ,\ (:r) <a, a < O, 

wlicre {m,.\¡(.) <le11oles 11.n ünnginciry 1m1·t of ,\k(.) , fo1· :i: E D, :r f; O, th e" (l/l lmjcc­
lones tun1 arotmd a. ni.y l E ff~" with tlie initial poin f. O E 9~" i11fi111te m1.mber of t.imes. 

Proof. F'rom t.he repre::;entfltion oí any solut ion oí t he sysl em {!)as n limit oí a 
scc¡ucncc {x1 (.) } from (13) it follow:s t hnt n solution x(-,:ro, to) has a fi n it.e numbcr 
of turns nround M y rny l E lW1 wit h t.he iniLinl point O E 3?" if and on\y i f for nny 
1El:11 l he sum 

j E l :k 

whcrc r 1 (.) wns dcf11 ied in (l3) , o r iu the limit on J.: - l he integrn l 

is convergent. Bu1, u11der the condition oí Corolla ry 3.1 t his i1H egral i:s d ivergcnl . Thc 
corolla ry is provcd. O 

i\ lat henml id nns wcrc conccrned nbout 1 he problem oí rccognit ion of cent.er ore 
focus far fl long 1 i1ne. T he t bcorem given below for two di mens ionril systcm wirh n 
right 1>0lyno111 inl pnrt. lta:s Lhe point. O = (0,0) as thc center. 

T hcorc m 3.2 In on.Ier lha.I. lhe poinl O = (O, O) be the center /01· the two-dimensioMI 
systern ( 1) if is ncces.w ry 0:11d :mj}icie11t llwt there was a molri .. r /\(.) E A of lhr 
.systcm (5) wf1 ose eige11:vnlw~s a.re 1w11-zero imaginary rwmbers fo a 11eigf1borf1 ootl S 
o/ thc ongln of coonlúuil.es, co11.~istin9 fro m whole tra;cctories, wf1e1"e /(.e) f; O for 
r f:,0 . .t E S. 

P ro o f. Ncccssily. Let t.hc poinL O = (0,0) be the center oí t h system ( 1) . Provc 
t hnt the condit ion oí Llie t heorcm is true. 

Take such n smnll 11e igl1borl1ood S of thc origi11 oí coordinat es whcrc a li trojectorics 
.:.-tnrting in S nre c:losed loops. Considcr nny t rnjectory x(·,.ro, to), .i:(t0 ) = .r0 . Tnke n 
l>Oint 

.r 1 = x(t1,.co,to). 
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ThNt' i:; such n trnnsfor mnt ion T .... i11 fl smnll cnough neighborhood of t lic point. 
.r 1).r 1 f O, llmt thc systcm (l) Cf\ ll be rcw rit.t.cn in the form 

nud 1.ht' nmtri.x 8 (.) hns i11rnginmy eigenvnlues fer ni! € E 5. As wn.s proved nbovc 
(Tl1t'Orc1n 2. l , lhe Proof of th c Necessit.y) t.ho mntrix B (·) corresponds to soine mntr ix 
A(·) thnt. lik t hc mntrix 8(-) hm; imnginnry cigcnvri \ues . The necessity is provee!. 

Su ffi c ie ncy. Lct tbc cond it.ion of tbe thcorc m be true. Pro\"e t hnt. thc poiut 
O - (0,0) is the center. 

As soon ns ri ny m rnsformnt.ion 1".c, is dcfincd in n smnll neighborhood of t:he point 
.r, thc11 the nbovc stnt c me nt. is not. s ufficicnt. fo r the point O = (0,0) to be t.he centcr. 
Tite point O = (O, O) nrny hnppen to be thc focus convergcnt (nonconvergcnt.) wit.h 
11 fiu i!l' munbc r of turns flround uny rny I E ff~ " with the initinl point. O. 8 111, it. is 
irnpossible becausc frorn thc li nliL of t hc scqucncc ( l3) we conclude 1Jrnt. for nny k 

11 .,;c(I.) il=ll"oll 

F'l-0 111 (14) it follows thl\t so lu t.iou x(-, :r:0 , to) cn n not go to the o rigin of coord illntes. 
A :;et of closccl nnd 11ot. closed loop~ could occur . F'rom t he rep rcsent.n t ion of 

intl'grnl cur..-e r(· .. r 0 , t0 ) in t he fonns (13) nnd {l •I) it fo llows t hnt t hcre is not n 
rnntrb: A(·) E ...t wit h imnginnry cigenvn lues nt nll points o f n smnll neighborhood of 
tl w origin of coordi nnt cs. The lnt:t.er cont.rndicts t he condition of the theorcm. 

Thcre is nuother cnsc when for nll i E 1 : 11 t.he sum 

L 1m,\ ¡(:i;;_ i)(l.j - 1j_¡) 
;e 1:k 

or iu t. he limit on J.: - oo 1'11e int:cgrnl 

loo hn ,\ ;(X(T))clT 

'" 
hns n fini tc \'Dlue wherc ,\ 1(-), i E 1: n , nrc eigcnvnlucs of a nrnt rix A(-) E A. In t h is 
l'R.SC t rnjec:to ry r(-,x0 , t0 ) goes to some stttt ionory point .TE ,i" # O. l t mcn ns t hnt 
/(.i') = O. This cont rndict s t.hc co nd it.ion of the t beo rem. Conseq ue nt:ly, t he poin t 
(0,0) i.s th~ center. The sufri cicncy f111d t hc theo rem nre pro..-ed. O 

Ol'O l!ary 3.2 lf ll m(l/1·i.-r. A(.) E A of thc systcm (5) cxists wit11 im o_ttinary eiyen­
Vll litcs ,\,(z} jor ali x E S whern S 1s a ne.ighborhood o/ the origin of coonlinates O, 
ro,,sisti119 jrom wliolc tmjcctori.es, rmd 

/ 111 ,\,(:r:) > o 

l m ,\ ;(:i:) < O 

/ 01· 11ll x E , r '#O, and i E 1 : H , lh e11 lhe ¡>oi11t O is tli c ce.n ter o/ /h e n-dimensionul 
systcm {1}. 
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Proor. lndeed. if t he conditions of Corollnry 3.2 hold, then 1 he condit ions of T heorem 
3.2 hold as well. O 

Corollary 3.2 does uot requirn t hot / (:r) '# O for ni! :r. '# O from some neighborhood 
of the origin of coord inn.tcs. 

R e mark 3.1 The lheorem can be ¡noued for any 11-e11e11-dimc11siom1f spaces. 11 is 
not difficult to see tlwt for n r#mcmsiomd spaces w1tJ1 r1 odd. n = 2~· + 1, k is ti 1wtural 
number. the sysf.em (1) can not haue lite origino/ coordina/es as the ce11ter. lmiccd, 
there is 110 imagi11ll1'Y 11.1imber a.mo119 eigenualues o/ a11y matrix A(·) for odti ri. 

Re ma rk 3.2 Let. 11s cm1súle1· lhe differential system 

(15) 

wf1ere :r_ = (x1, :r2 ••. , :i;11 ) E !J~11 a.nti 

f(":,I.) = (!1(x, t), /,(7, I), .. ,f,, (x ,t))" . 

The l'ector-f1111ction J1,(.) ·is c1. pol·ynomial o/ :r i.e. 

J1,(.,;) = L a~;.t .... 1 .. (t)x111 x~, .. .r~· , 
l1.h ..... 1 .. e 1,. 

p E 1 : 11, 11, 12 , •.. In are non-ne!Jnl.iue i11tegers, a~;.t .... .I., (t ) are co11tú111011s rcal-1whied 
fu11ctio11s and •is the /,1rmsposil:io11 sig11, l p is a fir1ite sel of indexes of the poly11omfo/ 
fp(.). We wJ/l assume //ui/, J(.1;, l) f. O f or ali :r f. O in some neighbod1ood of tlie origifl 
of coordinates O trnd 1 > lo. 

fo tllfs case we wi ll dcnof.e b1J ,\,(:i; , 1), i E 1 : n, cigem•alues oj a malrix A(.) E A 
o/ the systcm S. lf we de111(111.<l tlwt ali ciletl aboue slaternenl.s abo11t eige11valllcs 
,\,(r.t).i E 1 : n, ore f,rne for all 1 > lo then u1e obtairi sufficient co11tlitions jor lhe 
c1tcd abo11e tl1conm1s (111(/ comlla.ries. 

P roble m 3.1 For llie sysl,e111 

x= J(x.1 ) (16) 

whcre f ( .. • ) i.s a poly1iomio/ of ,i; tmd 1 it is rcq11ircd to find sorn e contlitions wf1en ll1c 
systEm {16) i.s a.symplol.ic sf.{lble i1t a donwin D,O E rnt D. 

The ideas stoiecl obovc do nol npply to the srstem (16) becflusc the tcrms of 
f( .. . ) can be unboumk~d 11lo11g: sorne solution .r(-, .r0 • t0 ) in D. lf w requirc Lhe terms 

oí /( ... ) to be boundcd nlong t.rnjcctorie> f ll1c system (16) a 11d thnt Ux (t , :r0 , lo) 11 

goes to zero uniform ly 0 11 :1:0 111:1 1 - · , then this s~~tcm c1rn be trnnsformed 10 nn 
cquivalcnt stntionnry sy.stern . T his iden will be ck•vcloped in following arlicles. 
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4 Sta b iliz ing co ntro l 

Lct us go to c¡uc-s1ion of find ing n stnbilizi ng control. 
LC't us consid('r 1 he.· cli ffNent iol system 

.r = J (:r,11) (17} 

wlit't't' ,,. = (r 1 • .r2 •... ,.1;11 ) E lH" is 11 pl wsc vector, 11 = (u1.u1, ... ,1ir) E V'?,. is n 
co111rol, J(r,u) = ( f¡ (:r , t1),h.(:r,11) , ... ,f 11 (. r u))• is n vector.poliniminl of x nnd u 
wi1h roustr1111 rer.t.vnlued coelficicnt.s, i.e. 

/,,(.r,u) = ¿ r1.f:'.t .... 1.,.m1,m1, ...... .r'11r~, ... :r :;·u~n111~•1 .. 11;'.1,' 
l1.l1 .. ./,.,m¡,m1, ... ,m. E I,, 

fJ E l : 11 , l1. l2, ... , 111 , 111¡, 1112, ... ,in,. ore 11011-ncgnt ive integers and aJ;1? .... 1,,,,,,,, .. 
111't' rt•nl-va lued mnnbcrs, 11, is fl fin it.c set of indexes of thc polynomial / 11( .). 

L1.·t us nssume t llflt 1 he zero-vcctor O = (O, O, .... O) E !H'" is n solut ion of t.he syst.ern 
(17) foo· u = O E 31". 

Ocf\11i t io 11 4.l T/1e conlml 11.(.7') = (u.1{ :r.),1t2(x) , ... ,ur(.r)) E :w f,s C11llctl sl.a.úilizing 
111 tt <loma111 DE !W1, O E iulD, for //i e system {11} i¡ a11y olution of {17) x(I.) = 
.r(l,.ro , lo , u(.r(t))) S(l /i sjies lhe li11ril. 

(18) 

as t - oo, .r(to) = .to E D. 

As 111ention<'d nbovc cond it ion ( 18) is sufficicnt for the system (17) to be n.-:;y mptot:ic 
11t11bk· in D. i.e. thc zt"ro :-;olu t. ion of t he systcm {17) is nsymptotic stnblc nllCI t ho limi t 
(18) is ll'UC' fo r anr ini1inl point. :i:(to) = :1:0 E D. 

P ro blc m il . l lt is l't't¡11if'c1l /.o jind such a slnbiliúng control u = 11.{.i:) in r1 gi.ven 
doma i11 D.O E rn tD ,::r E D llwt jo·r any soluhon .r(t ,.r0 , to.u).:r{ lo) = x0 of lhe 
s11stem {17) tJ1e com:lfllion {18} 11ws ll'll.e. 

For thc linear syst.c111 

:i·= Ar + 811 , ( 1 ~) 

whC'rC' Bln x rJ is n mn t rix of nt npli ficflt.ion cocfficient s, n stabilizing control u E 9~·· 

c111l bl' chOl::'ien in the fo rrn ri = C:i: so t lrnt (18) is true. 

T hcol'Cm 4. 1 / I/./,¡/. lf lli e nm~: of lh e system 

B, AB , A2 D, ... , J\'1- 1 B 

is cqrwl to 11 thc-11 wc can alwa:11s constrnct n stabili::ing cor1trol in 9·~n in the fonn 

u = C:r, 

wlit' l't' c¡r '( 11J r.s 50111(' 111(/fl'i:r.. 
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Sincl' thl.' nrntrix /J is d t'fi 11l'd by techuic;ll t~..;('nu• oí 1l syslt'lll, we cnu choosc il by 
oun;{'lw~ ron:;trncting tbis :-:y:-:tc•111 . Thercíore th\' rondition oí tlw tlu,>or<'m con hl' 
nlwoys!>•lli.:-fied. 

Tht' tht.>orcm w11s w rl!.f L'll for co m pnrison with 1he rc:mlts hdow. 
Our goal is 10 com;!ruet. 11 st abiliz ing contro l 11(r) thnt ll donrnin /) were n domnin 

oí nsym¡>totic stnbili ty. In commo n cnse it is not f\ lwoys cnu be douc. IJut ií \\'(' 
clumgc the sy~t em (17) n litt,lc bit t hc problem Cf\n be sol\"L'<I. lnstcnd of ecpmt ion 
(17) wc will considcr t.he cquf\tfon 

,;·= f (x, u) + "(u) (20) 

where .;(·)is n v<'Ctor-polynorninl ip(1L) = (r.;> 1 (u),~2 (u), ... ,o;:i11 ( u)}0 wil h degrl'<' 1101 
biggcr thnn degree of t;bc f1111ctio 11 J (z) ns n funcl ion of;; = (.r, u), 

!/'¡;(u) = L b~;'~•2 ... ·'• "~1 u~1 .. u~' 
i 1 , •7 . ..• ,., E,\f1, 

where p E l : n and l>~~'!¡.,,. .. ,i, a re conslimt. real-valuecl numbers, i 1, i21 . ., ir a re non­
negnti\"(' integers, JU" is n finitc set o f indexes of the po lynominl rpp(-) . 

In prn.ctice il is possible to construct rp(·) becnusc we choose a control 11(·) by 
oursel\"es. 

\\'e will look for n s1 nbilizing control u = u(.r ) in a form of polynominl i11 .I'. 

Theorc m 4 .2 For (111.y domaú1. D, O E inlD, uector-polynomials u(.) mu/ ip(.) ca11 be 
clwse11 sud1 lhal 
l } D 1s a ri'gion o/ asym11/.olic stobility for the differe11tial sysfem (20); 
2) dcgri'c o/u(.r) does not excee<l degrce ofveclor-voly11omial f (.r, u) os a fi111ctio11 o/ 
r: 
3) dcgrrc o/.,:(.) is 11ot big_qer thr111 degree o//(.) (t5 c1 /unctfon o/ 

(.r.u). 

Proof. \\'e will prove 1hn!. n vector polynominl u(:r) cnn nlwnys be choscn sntisfying 
llll.' rollowing condit io11s 
1) degrreor u(x} does not. cxcccd clcgrcc of t he vector-polynomial / (.r., u) ns n fu nction 
of .r: 
2) u(.r) is n slllbiliziug l"Ollt.rol for (20) in the clomnin D. 

\\'(' will u~ tht• rcsulis obtni1u.:cl befare (Thoorem 2.1). 
let u.s subs1itu1e in (20) control 11 u(.T) iu n form o í n'<'tor-fonction of :r. ThC' 

s~._,,h,'lll (20) is n: writ lt' ll 11s 

r f (r) (2 1) 

r· A(r )r. 

Wl' c~u1 writt' c-011di1io11s for th~· mntrix A(r) 10 luwt• t'i!];t·mnlucs wi1 h negntivc rcnl 
J)Mh 
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Tht•t\' is no diflk'uhy rn k11 l11ti11p; dt~grees o f fum: tions /(.r. u) ;u1d .¡(u) n.s f111 ic tio n.s 
of J' 11Íll'I' :oiu b:-.1ilut rng u 11 (.r ). 

L(' \ us <k•nOI(' by lz 11 1Hl l., dt•gn.:t•s of 1 lic f1111ction / {.r. u) in the vn rinbles .r nnd u 
c·o rrl•s po1ull·ntl ~·· Tlw11 f\ Í1t' r s 11 bs1.itut ing u = u(.r) deg r(>(' o f the func1 io11 .f(., .) ns n 
fu iwtion of .r is 1101 biggt•r thnn 1.r ·! l"I" nnd d egrcc of the function ..p(.) ns n funct ion 
1)f ,/'is not biAAc r th 11 l.r' (l .r + /,,). lt is ensy to scc th nt 

(, 1 1,1,. :<; 1,(1, + 1,.). 

1!11vi ng cho~n th t:' fu11r 1ion '100, the cocflkicuts o f 1he vector polyno rninl j (:1:) 
n111 be cho..;en so thnt tlll' 11111trix ;\(.1:) lrns cigcnvnlucs with negnt ivc renl pnrts. T lw 
tlworvm is pron'<I. O 

111 11 11 nnnlogous wny it cn 11 be prov<'<I thc fo llow ing theorem. 

Tln:>o1·0 111 ti. :) For thc <f1[fe1'(' 11l.inl 8!J.~lem {20) 1uitl1 ft'rn n t·cctor-¡'°lynomiols 11.(-) 
11111/ ip(·) f"ilH IH rhost:n such lha/. 
J) thf uny111 o/ coo n/ill(lfC,'1 O is lh f' re11l er for th e system (20); 
:!} df9rrc o/ 11(.r) docs 1101 r..rr.:cf'd dr:gree /(.1;111 ) (JS a fu11ctlo11 o/ I 
.Y) dryn"C o/.;(.) 1.~ nol b(fJ!JC I' llian deyree off(.) os ti f unct1on o/::= (.r, u). 

Thi"l lhrorem c1m bl' 11scd iu pl!ysics o f plnsmn s¡>e<:inlly far s lnbiliznt ion of pl fls 1nn 
in n•uctor. 

Hem nrk 4. L /rJ thc msc whcn lhr cocfficie11 ts a);!h.- .1 • .,m,·.m,, -·"'· devend on l. th e 

corj)ic1rnl$ b~;~, 1 • ·'· wil/ depend on t as wcll. \Ve can try to fi11d tliese coejficicnls 
lhot lht <"011dltio11.s o/ the ll1 corc111s of !h e ¡wevious sectio11 were tnie far oll t > /,0 . 

5 Onc aspect o f applicat ion 

\\ll• will Ntucly far ins tnnc<.' ltow to clioosc n contro l u(-) so that. a gi"en do inni n D 
ronsisling from whok· t rnjec:torics of u diffcrcntia l systcm werc n region o f nsy mptot ic 
:;t11bility. For tlmt '''"' hnw to sa lve t.hc fo llowing optimiw1io11 problem. 

Ll' l us sub~titu l e n \'t'Ctor-cout,rol 11.() in n form of ¡>oly nomia l of .r wit;b dcgrec 111 

uot higgcr than degr('(' o f t.hu vcct.or-poly110111i a l /(.r , u) ns n func tion of :¡; in eq untion 
(20) 1u1d rt;>wrih.' (20) in 11ic for m (2 1). Denote cigcnvn\ues of a mot.rix AO in (2 1) 

hy ,\ 1 (.r . o,,.J,~~'l· , ,,., b ~ :'~·l····· ;,) whc n.: o ,J nud d~:~•J .. ,., are the coeffi c ients of t.ho 

11111trix A(-) nnd 1he ver!or- funct io u u(-) corrcs ponclingly, b~;"!.J.- ·'•, p E 1 : n , nre tbo 
l'O('llidt•nts or the \ 'C'<.' l o r- fuuct.ion '10(.). Tlu.m o ur p ro blem is red uced to t he fo llow ing 
optlmlzntion problcm : lo find out such co nt inuo us funct.io ns o,,(.r), i,.i E 1 : n, :¡;E D 

11 11d th t.• mnnbers J.~~., ...... • b~:)~1 ~·····' · , p E \ : n, 1\mL the fol lowing correlo1.ion 

(22) 

wus trm~ íor ali r E D ,.r ~ O, whcre o,1(.i· ), i,j E 1 : n, are co nnccted wit.lt cacl t 
ot hi:r by lim.• .. v equntio ns far cach .,. E D, .r -:F O, by othc r words, wc s ltould salve t he 
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followi11g problem 

su1~ ~,',r Re ,\1 (.:r., o,,, el ~ : ~ ;,, .... .. , b ~ '.1\, . . . ,; ,) < O 
.i E J :n 

'' E D\B,\'(0) 

Vó > O.w here BJ'( O) = {z E ff~ " 111 z ji:::; ó},d- is nny suffic ie11 t s11u'll l 11 umber for 
whicb D ::> BJ1{0). 

lt is obv ious t.Jw t: the inequa li t ies (22 ) cn n be replaced by nn equivnlent syst:em of 
inequnlities fo r coefficients of chnrnc~erisLic polynomi a l o f t;he nrnl;rlx A(.) 'Ii'o salve 
rhis system it is ens ier UrnH to fh1d eige11values of 1 he nrntrix ;Í (. ). 

RGceived : DEic 2005. Revised: May 2006 . 
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